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Illustration using the SSH model



most elementary nontrivial quantum system
many important systems are TLS:

spin 1/2
photon polarization
“two-level atom”
quantum dot (empty/full)
double well (double quantum dot)
KKbar, BBbar systems, etc
neutrino oscillations (2 flavours)

TLS = qubit = building block of
                 quantum computers

Two-level system (TLS)



An isolated TLS will evolve unitarily:
pure state remains pure
oscillates between the two basis states

              (assuming they are coupled)
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The system studied:

TLS SSH chain Semi-inf.
lead



Outline

TLS in isolation: a rapid review

Su-Schrieffer-Heeger model

“Tripartite” system (TLS-SSH-semi∞ chain). 
Main question addressed: Does the presence 
of an edge state have a strong effect on 
decoherence?



Outline

TLS in isolation: a rapid review

Su-Schrieffer-Heeger model

“Tripartite” system (TLS-SSH-semi∞ chain). 
Main question addressed: Does the presence 
of an edge state have a strong effect on 
decoherence? (Answer: yes.)
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Two coupled states, Hamiltonian:
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TLS

Green’s function:

Time-dependent Green’s function; example:

GDD(E) =

✓
E � ✏1 �⌧
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(energies:
poles of GDD(E) )

What good is it?



TLS

Q: If the system is in the state |1> at t=0,

what’s the probability it’s in |2> at time t?



TLS

Q: If the system is in the state |1> at t=0,

what’s the probability it’s in |2> at time t?

A:

P1!2(t) = |GDD
12 (t)|2/4⇡2



TLS

Oscillation |1>  —> |2> —> |1> —> …

with frequency = energy splitting  �

P1!2(t)

t



TLS

TLS coupled to its environment
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Oscillations are damped
since particle can escape
into its environment



Su-Schrieffer-Heeger Model

Physical context: polymer physics.
One-dimensional polymer chains have 
many interesting and surprisingly exotic 
features.



Physical context: polymer physics.
One-dimensional polymer chains have 
many interesting and surprisingly exotic 
features.
Examples:

-solitons
-fractional charge
-unusual charge-spin relationships

Su-Schrieffer-Heeger Model



SSH Model

One of the most elementary, and also 
interesting and important, polymers is 
polyacetylene, (CH)x 

One free electron per C => conductor.
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NO!
Polyacetylene is one of the best-known 
examples of the Peierls instability, which 
states that a one-dimensional chain with 
equally spaced atoms and one electron per 
atom is unstable.

SSH Model



Roughly, Peierls found that the electron 
contribution to the chain energy is 

reduced by dimerization, a process by 
which bond lengths alternate. So the 

equal-spacing state is unstable.

SSH Model
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The C-C bonds alternate between single and 
double bonds, double bonds being stronger 
and shorter.

SSH Model



Aside: There are two equivalent such states:

A configuration interpolating between the 
two is the simplest example of a topological 
soliton:

But that’s another story…
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The SSH model is a tight-binding 1d chain 
with alternating hopping parameters:

Assume N even for now: 

HSSH =

0

BBBBBBBBBB@

0 t1

t1 0 t2

t2 0 t1

t1 0
. . .

. . .
. . . t
t 0

1

CCCCCCCCCCA

<latexit sha1_base64="UD+nVzo0+djWsb9/vieZqDZDlsU="></latexit>

N = 2M ; t = t1
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SSH Model



Solutions of the SSH model:

Ansatz reflects translational symmetry:

HSSH | i = E | i
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SSH Model



Middle equations determine the relationship 
between E and k and also A/B. In particular:

For any E, there are two solutions with 
equal and opposite k.

E2
= t21 + t22 + 2 t1t2 cos 2k
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SSH Model



Boundary equations determine the ratio of 
the two solutions, and the energies.
Middle equations:

Boundary equations:

E2
= t21 + t22 + 2 t1t2 cos 2k
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r sin(N + 2)k + sinNk = 0
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SSH Model
For CAP 7019 talk

.

MI
Cre 314)

r > 314 r23/4ii ri
.

⇒
ftp.ihf.A.vn

6 solutions 
(as expected)

4 solutions 
(2 too few)



SSH Model
Where are the two missing solutions for

r < rc ?
There are two complex solutions: letting

we find

Two equal and opposite solutions for r < rc.

k =
⇡

2
+ i

<latexit sha1_base64="U3b2IV3qcERFsTpofxv7W39E4rs=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEQShJFXQjFN24rGAf0IQymU7aIZPJMDMRSghu/BU3LhRx61e482+ctllo64ELh3Pu5d57AsGo0o7zbZWWlldW18rrlY3Nre0de3evrZJUYtLCCUtkN0CKMMpJS1PNSFdIguKAkU4Q3Uz8zgORiib8Xo8F8WM05DSkGGkj9e2D6MoLJcKZJ2ie1XN4CqkXISFQ3646NWcKuEjcglRBgWbf/vIGCU5jwjVmSKme6wjtZ0hqihnJK16qiEA4QkPSM5SjmCg/m76Qw2OjDGCYSFNcw6n6eyJDsVLjODCdMdIjNe9NxP+8XqrDSz+jXKSacDxbFKYM6gRO8oADKgnWbGwIwpKaWyEeIZOINqlVTAju/MuLpF2vuWe1+t15tXFdxFEGh+AInAAXXIAGuAVN0AIYPIJn8ArerCfrxXq3PmatJauY2Qd/YH3+AIXplt0=</latexit>

sinh(N)

sinh((N + 2))
= r.

<latexit sha1_base64="amgPwhruRiGuPH6UaE/L2kehaLI=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VoEWJSBd0IRTeuSgX7gCaUyXTSDp1MwsxEKKGf4cZfceNCEbfd+TdO2wjaeuDCmXPuZe49fsyoVLb9ZeRWVtfWN/Kbha3tnd09c/+gKaNEYNLAEYtE20eSMMpJQ1HFSDsWBIU+Iy1/eDv1W49ESBrxBzWKiReiPqcBxUhpqWueuYFAOHUl5YNSzR2iOEblcfYu1U4r5R8NXkNhFbpm0bbsGeAycTJSBBnqXXPi9iKchIQrzJCUHceOlZcioShmZFxwE0lihIeoTzqachQS6aWzw8bwRCs9GERCF1dwpv6eSFEo5Sj0dWeI1EAuelPxP6+TqODKSymPE0U4nn8UJAyqCE5Tgj0qCFZspAnCgupdIR4gnZTSWU5DcBZPXibNiuWcW5X7i2L1JosjD47AMSgBB1yCKrgDddAAGDyBF/AG3o1n49X4MD7nrTkjmzkEf2BMvgEEJJ5u</latexit>



SSH Model
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SSH Model
Energy
spectrum
(N=20):

r < rc r > rc
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SSH Model
Bulk state
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SSH Model
Edge state

r < rc r > rc
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SSH Model
Energy
spectrum
(N=21):

r < 1 r > 1
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SSH Model
Zero-mode edge state
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SSH Model
Summary



SSH Model
How to detect an edge state?
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SSH Model
How to detect an edge state?

No. Measuring resistance will not tell us if
we have a L edge state, R edge state or both.

!"



SSH Model
How to detect an edge state?

No. Measuring resistance will not tell us if
we have a L edge state, R edge state or both.

!"

Our proposal:



Tripartite system

H =

0

@
HDD VN 0

V †
N HSSH W
0 W † H1

1

A

<latexit sha1_base64="EHBXsgXU+sW9bzdlu4aTR6LY+Jw="></latexit>

(VN )21 = tc
<latexit sha1_base64="FyBS8ns+vZPx/PAXtZav/nu1OBg=">AAAB9XicbVBNS8NAEJ34WetX1aOXYBHqpSRV0ItQ9OJJKtgPaGPYbLft0s0m7E6UEvo/vHhQxKv/xZv/xm2bg7Y+GHi8N8PMvCAWXKPjfFtLyyura+u5jfzm1vbObmFvv6GjRFFWp5GIVCsgmgkuWR05CtaKFSNhIFgzGF5P/OYjU5pH8h5HMfNC0pe8xylBIz2UGv7tiZ9W3PEl+tQvFJ2yM4W9SNyMFCFDzS98dboRTUImkQqiddt1YvRSopBTwcb5TqJZTOiQ9FnbUElCpr10evXYPjZK1+5FypREe6r+nkhJqPUoDExnSHCg572J+J/XTrB34aVcxgkySWeLeomwMbInEdhdrhhFMTKEUMXNrTYdEEUomqDyJgR3/uVF0qiU3dNy5e6sWL3K4sjBIRxBCVw4hyrcQA3qQEHBM7zCm/VkvVjv1sesdcnKZg7gD6zPHwDskYs=</latexit>

WN1 = tL
<latexit sha1_base64="TB01Z3P7UiTWem35as61Ty7yLBA=">AAAB8XicbVBNS8NAEJ34WetX1aOXYBE8laQKehGKXjyIVLAf2Iaw2W7apZtN2J0IJfRfePGgiFf/jTf/jds2B219MPB4b4aZeUEiuEbH+baWlldW19YLG8XNre2d3dLeflPHqaKsQWMRq3ZANBNcsgZyFKydKEaiQLBWMLye+K0npjSP5QOOEuZFpC95yClBIz22/OzOHV+if+uXyk7FmcJeJG5OypCj7pe+ur2YphGTSAXRuuM6CXoZUcipYONiN9UsIXRI+qxjqCQR0142vXhsHxulZ4exMiXRnqq/JzISaT2KAtMZERzoeW8i/ud1UgwvvIzLJEUm6WxRmAobY3vyvt3jilEUI0MIVdzcatMBUYSiCaloQnDnX14kzWrFPa1U78/Ktas8jgIcwhGcgAvnUIMbqEMDKEh4hld4s7T1Yr1bH7PWJSufOYA/sD5/AOoQkGs=</latexit>

t1 = t2 = 1
<latexit sha1_base64="ZwDFDxHpvibygnjuaFX/p9PUar8=">AAAB8HicbVBNSwMxEM3Wr1q/qh69BIvgqexWQS+FohePFeyHtMuSTbNtaJJdklmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXpgIbsB1v53C2vrG5lZxu7Szu7d/UD48aps41ZS1aCxi3Q2JYYIr1gIOgnUTzYgMBeuE49uZ33li2vBYPcAkYb4kQ8UjTglY6RECrw5Bre4F5YpbdefAq8TLSQXlaAblr/4gpqlkCqggxvQ8NwE/Ixo4FWxa6qeGJYSOyZD1LFVEMuNn84On+MwqAxzF2pYCPFd/T2REGjORoe2UBEZm2ZuJ/3m9FKJrP+MqSYEpulgUpQJDjGff4wHXjIKYWEKo5vZWTEdEEwo2o5INwVt+eZW0a1Xvolq7v6w0bvI4iugEnaJz5KEr1EB3qIlaiCKJntErenO08+K8Ox+L1oKTzxyjP3A+fwB+OI+M</latexit>



Tripartite system

The effect of the channel + lead on the TLS
can be incorporated into an effective TLS 
Hamiltonian.

H !
✓
✏1 ⌧
⌧ ✏2 + ⌃N1(E)

◆



Tripartite system

H !
✓
✏1 ⌧
⌧ ✏2 + ⌃N1(E)

◆

The added term                   is proportional to 
the surface Green’s function of the 
channel+lead,                  .

⌃N1(E)
<latexit sha1_base64="dxDo5zv89SlvR94xe0Lb1IaaxOc=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNyWpgi6LIriSivYBTSiT6aQdOjMJMxMhhPorblwo4tYPceffOG2z0NYDFw7n3Mu99wQxo0o7zrdVWFldW98obpa2tnd29+z9g7aKEolJC0cskt0AKcKoIC1NNSPdWBLEA0Y6wfhq6nceiVQ0Eg86jYnP0VDQkGKkjdS3y949HXLUz249KkKdTqrXJ3274tScGeAycXNSATmaffvLG0Q44URozJBSPdeJtZ8hqSlmZFLyEkVihMdoSHqGCsSJ8rPZ8RN4bJQBDCNpSmg4U39PZIgrlfLAdHKkR2rRm4r/eb1Ehxd+RkWcaCLwfFGYMKgjOE0CDqgkWLPUEIQlNbdCPEISYW3yKpkQ3MWXl0m7XnNPa/W7s0rjMo+jCA7BEagCF5yDBrgBTdACGKTgGbyCN+vJerHerY95a8HKZ8rgD6zPHzd6lHs=</latexit>

GS
N1(E)

<latexit sha1_base64="YrGaAxca4Du7bmWO97McwzDnn5I=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBHqpSRV0GNRRE9S0X5AG8Nmu2mXbjZhd1MIof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zM82NGpbLtb2NpeWV1bb2wUdzc2t7ZNff2mzJKBCYNHLFItH0kCaOcNBRVjLRjQVDoM9Lyh1cTvzUiQtKIP6o0Jm6I+pwGFCOlJc80b54evOyuS3mg0nH5+sQzS3bFnsJaJE5OSpCj7plf3V6Ek5BwhRmSsuPYsXIzJBTFjIyL3USSGOEh6pOOphyFRLrZ9PKxdayVnhVEQhdX1lT9PZGhUMo09HVniNRAznsT8T+vk6jgws0ojxNFOJ4tChJmqciaxGD1qCBYsVQThAXVt1p4gATCSodV1CE48y8vkma14pxWqvdnpdplHkcBDuEIyuDAOdTgFurQAAwjeIZXeDMy48V4Nz5mrUtGPnMAf2B8/gCtHZMI</latexit>



Tripartite system

H !
✓
✏1 ⌧
⌧ ✏2 + ⌃N1(E)

◆

The added term                   is proportional to 
the surface Green’s function of the 
channel+lead,                  .
The rate of escape can then be calculated in 
the same way as for the isolated TLS.

⌃N1(E)
<latexit sha1_base64="dxDo5zv89SlvR94xe0Lb1IaaxOc=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNyWpgi6LIriSivYBTSiT6aQdOjMJMxMhhPorblwo4tYPceffOG2z0NYDFw7n3Mu99wQxo0o7zrdVWFldW98obpa2tnd29+z9g7aKEolJC0cskt0AKcKoIC1NNSPdWBLEA0Y6wfhq6nceiVQ0Eg86jYnP0VDQkGKkjdS3y949HXLUz249KkKdTqrXJ3274tScGeAycXNSATmaffvLG0Q44URozJBSPdeJtZ8hqSlmZFLyEkVihMdoSHqGCsSJ8rPZ8RN4bJQBDCNpSmg4U39PZIgrlfLAdHKkR2rRm4r/eb1Ehxd+RkWcaCLwfFGYMKgjOE0CDqgkWLPUEIQlNbdCPEISYW3yKpkQ3MWXl0m7XnNPa/W7s0rjMo+jCA7BEagCF5yDBrgBTdACGKTgGbyCN+vJerHerY95a8HKZ8rgD6zPHzd6lHs=</latexit>

GS
N1(E)

<latexit sha1_base64="YrGaAxca4Du7bmWO97McwzDnn5I=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBHqpSRV0GNRRE9S0X5AG8Nmu2mXbjZhd1MIof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zM82NGpbLtb2NpeWV1bb2wUdzc2t7ZNff2mzJKBCYNHLFItH0kCaOcNBRVjLRjQVDoM9Lyh1cTvzUiQtKIP6o0Jm6I+pwGFCOlJc80b54evOyuS3mg0nH5+sQzS3bFnsJaJE5OSpCj7plf3V6Ek5BwhRmSsuPYsXIzJBTFjIyL3USSGOEh6pOOphyFRLrZ9PKxdayVnhVEQhdX1lT9PZGhUMo09HVniNRAznsT8T+vk6jgws0ojxNFOJ4tChJmqciaxGD1qCBYsVQThAXVt1p4gATCSodV1CE48y8vkma14pxWqvdnpdplHkcBDuEIyuDAOdTgFurQAAwjeIZXeDMy48V4Nz5mrUtGPnMAf2B8/gCtHZMI</latexit>



Tripartite system

Some nasty math (1/2): Surface Green’s fcn

! = 2 cos ' = ± )*+ + )++ + 2)*)+ cos 2'- ;	Σ12 = 345;	 6̃8 = sin '-;



Tripartite system

Some nasty math (2/2): Decoherence time

Σ"# = %&'("#) δ"# = (&' − &) − Σ"#))+4.)



Tripartite system

Some nasty math (2/2): Decoherence time

Bottom line:

Σ"# = %&'("#) δ"# = (&' − &) − Σ"#))+4.)

(⌧�)
�1 / GS

N1
<latexit sha1_base64="W6yWqIGEwP+D+UyNmcTKuS8n9pY=">AAACDnicbVC7SgNBFJ31GeNr1dJmMQixMOxGQcughVYS0Twgmyyzk1kzZHZ2mLkrhCVfYOOv2FgoYmtt5984eRRqPDBwOOde7pwTSs40uO6XNTe/sLi0nFvJr66tb2zaW9t1naSK0BpJeKKaIdaUM0FrwIDTplQUxyGnjbB/PvIb91RplohbGEjajvGdYBEjGIwU2PtFH3Aa+LLHDjrZoTf0pUokJM5F5ybIrnwmIhgMA7vgltwxnFniTUkBTVEN7E+/m5A0pgIIx1q3PFdCO8MKGOF0mPdTTSUmfXxHW4YKHFPdzsZxhs6+UbpOlCjzBDhj9edGhmOtB3FoJmMMPf3XG4n/ea0UotN2xoRMgQoyORSl3DFxR904XaYoAT4wBBPFzF8d0sMKEzAN5k0J3t/Is6ReLnlHpfL1caFyNq0jh3bRHioiD52gCrpEVVRDBD2gJ/SCXq1H69l6s94no3PWdGcH/YL18Q3rmJwL</latexit>



Tripartite system

Surface Green’s function in two cases:
No left edge state:



Tripartite system

Surface Green’s function in two cases:
Left edge state:



Tripartite system

Comparison of decoherence times:

Edge state: decoherence
remains high as N

No edge state: deco.
drops off as N



Conclusion:

Measurement of the decoherence rate of a TLS 
attached to a channel, itself attached to an infinitely 
long chain (or as it’s known in the real world: a 
VERY long chain!), can be used to probe the 
existence or not of an edge state on the TLS edge of 
the channel.

Tripartite system



What I have described is a work in progress (keep 
your eyes out for a preprint this summer). Some 
further ideas:

-effect of soliton?

-connecting TLS to an interior state of chain (soliton 
detector?!)

Tripartite system



Thank you

Coming to a preprint near you


