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11. CKM quark-mixing matrix 1

11. THE CKM QUARK-MIXING MATRIX

Revised March 2012 by A. Ceccucci (CERN), Z. Ligeti (LBNL), and Y. Sakai (KEK).

11.1. Introduction

The masses and mixings of quarks have a common origin in the Standard Model (SM).
They arise from the Yukawa interactions with the Higgs condensate,

LY = −Y d
ij QI

Li φ dI
Rj − Y u

ij QI
Li ϵ φ∗uI

Rj + h.c., (11.1)

where Y u,d are 3× 3 complex matrices, φ is the Higgs field, i, j are generation labels, and
ϵ is the 2 × 2 antisymmetric tensor. QI

L are left-handed quark doublets, and dI
R and uI

R
are right-handed down- and up-type quark singlets, respectively, in the weak-eigenstate
basis. When φ acquires a vacuum expectation value, ⟨φ⟩ = (0, v/

√
2), Eq. (11.1) yields

mass terms for the quarks. The physical states are obtained by diagonalizing Y u,d

by four unitary matrices, V u,d
L,R, as Mf

diag = V f
L Y f V f†

R (v/
√

2), f = u, d. As a result,

the charged-current W± interactions couple to the physical uLj and dLk quarks with
couplings given by

−g√
2
(uL, cL, tL)γµ W+

µ VCKM

⎛

⎝
dL
sL
bL

⎞

⎠ + h.c., VCKM ≡ V u
L V d

L
† =

⎛

⎝
Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb

⎞

⎠.

(11.2)

This Cabibbo-Kobayashi-Maskawa (CKM) matrix [1,2] is a 3 × 3 unitary matrix. It
can be parameterized by three mixing angles and the CP -violating KM phase [2]. Of
the many possible conventions, a standard choice has become [3]

VCKM =

⎛

⎝
c12c13 s12c13 s13e−iδ

−s12c23−c12s23s13eiδ c12c23−s12s23s13eiδ s23c13

s12s23−c12c23s13eiδ −c12s23−s12c23s13eiδ c23c13

⎞

⎠ , (11.3)

where sij = sin θij , cij = cos θij , and δ is the phase responsible for all CP -violating
phenomena in flavor-changing processes in the SM. The angles θij can be chosen to lie in
the first quadrant, so sij , cij ≥ 0.

It is known experimentally that s13 ≪ s23 ≪ s12 ≪ 1, and it is convenient to exhibit
this hierarchy using the Wolfenstein parameterization. We define [4–6]

s12 = λ =
|Vus|√

|Vud|2 + |Vus|2
, s23 = Aλ2 = λ

∣∣∣∣
Vcb

Vus

∣∣∣∣ ,

s13e
iδ = V ∗

ub = Aλ3(ρ + iη) =
Aλ3(ρ̄ + iη̄)

√
1 − A2λ4

√
1 − λ2[1 − A2λ4(ρ̄ + iη̄)]

. (11.4)

These relations ensure that ρ̄+ iη̄ = −(VudV ∗
ub)/(VcdV

∗
cb) is phase-convention-independent,

and the CKM matrix written in terms of λ, A, ρ̄, and η̄ is unitary to all orders in λ.
The definitions of ρ̄, η̄ reproduce all approximate results in the literature. For example,
ρ̄ = ρ(1 − λ2/2 + . . .) and we can write VCKM to O(λ4) either in terms of ρ̄, η̄ or,
traditionally,

VCKM =

⎛

⎝
1 − λ2/2 λ Aλ3(ρ − iη)

−λ 1 − λ2/2 Aλ2

Aλ3(1 − ρ − iη) −Aλ2 1

⎞

⎠ + O(λ4) . (11.5)
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In the PDG parametrisation, UPMNS is described by three mixing angles ✓`ij and three

phases �`, ↵21 and ↵31. With cij = cos ✓`ij and sij = sin ✓`ij ,

UPMNS =

0
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⇥ diag(1, ei↵21/2, ei↵31/2).

(1.23)

If neutrinos are Dirac particles, the phases ↵21 and ↵31 become unphysical, and the

PMNS matrix is exactly analogous to the CKM matrix. In shorthand, we may write the

above as UPMNS = R`
23
U `
13
R`

12
P .

Neutrino oscillation experiments do not measure the neutrino masses directly, and can

only constrain the mass squared di↵erences �m2

ij = m2

i � m2

j . The absolute scale of

neutrino mass, characterised by the lightest neutrino mass m1, is not known. Moreover,

the ordering of neutrino masses is not yet fixed. While it is known that the first and

second neutrinos obey m1 < m2 (equivalent to �m2

21
> 0), at current experimental

precision it is not known whether the third neutrino with mass m3 is the heaviest, so-

called normal ordering (NO), or the lightest, dubbed inverted ordering (IO). In other

words, the sign of �m2

31
is undetermined, although global fits to data show a mild

preference for normal ordering [36]. For normal ordering, the strongest hierarchy occurs

when m1 is small: for m1 . 5 meV, m2/m3 ⇠ 0.2 meV. Meanwhile an inverted ordering

requires the first and second neutrinos to be similar, i.e. m1 . m2, while the third

neutrino is lighter. Observations of the cosmic microwave background (CMB) puts an

upper bound on the sum of neutrino masses
P

mi < 0.23 eV [37]. Bounds on the

neutrino masses are also given by searches for neutrinoless double beta (0⌫2�) decay.

Specifically, the 0⌫2� decay rate is proportional to the square of the e↵ective Majorana

mass |m�� | = |
P

i U
2

eimi|. Future experiments may be able to place upper bounds on

|m�� | which is in tension with oscillation data for an inverted hierarchy (or conversely,

confirm it).

In Table 1.3 we present the current best fit values for normal ordering to the three

lepton mixing angles ✓`ij , Dirac charge-parity (CP ) phase �` and neutrino mass-squared

di↵erences�m2

ij , taken from the NuFit collaboration [36], as well as the measured masses

of the electron, muon and tau [23].

1.3 The flavour puzzle

The flavour puzzle can be approached in a number of equivalent ways. For instance, we

may ask
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Normal Ordering (best fit) Inverted Ordering (��2
= 4.7)

bfp ±1� 3� range bfp ±1� 3� range

sin
2 ✓12 0.310+0.013

�0.012 0.275 ! 0.350 0.310+0.013
�0.012 0.275 ! 0.350

✓12/
�

33.82+0.78
�0.76 31.61 ! 36.27 33.82+0.78

�0.76 31.61 ! 36.27

sin
2 ✓23 0.580+0.017

�0.021 0.418 ! 0.627 0.584+0.016
�0.020 0.423 ! 0.629

✓23/
�

49.6+1.0
�1.2 40.3 ! 52.4 49.8+1.0

�1.1 40.6 ! 52.5

sin
2 ✓13 0.02241+0.00065
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�CP/
�
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�29 125 ! 392 284

+27
�29 196 ! 360

�m2
21

10�5 eV
2 7.39+0.21

�0.20 6.79 ! 8.01 7.39+0.21
�0.20 6.79 ! 8.01

�m2
3`

10�3 eV
2 +2.525+0.033

�0.032 +2.427 ! +2.625 �2.512+0.034
�0.032 �2.611 ! �2.412
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Normal Ordering (best fit) Inverted Ordering (��2
= 9.3)

bfp ±1� 3� range bfp ±1� 3� range

sin
2 ✓12 0.310+0.013

�0.012 0.275 ! 0.350 0.310+0.013
�0.012 0.275 ! 0.350

✓12/
�

33.82+0.78
�0.76 31.61 ! 36.27 33.82+0.78

�0.75 31.62 ! 36.27

sin
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�0.018 0.433 ! 0.623
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�1.1 40.9 ! 52.2 49.7+0.9

�1.0 41.2 ! 52.1

sin
2 ✓13 0.02240+0.00065

�0.00066 0.02044 ! 0.02437 0.02263+0.00065
�0.00066 0.02067 ! 0.02461

✓13/
�

8.61+0.12
�0.13 8.22 ! 8.98 8.65+0.12

�0.13 8.27 ! 9.03

�CP/
�

217
+40
�28 135 ! 366 280

+25
�28 196 ! 351

�m2
21

10�5 eV
2 7.39+0.21

�0.20 6.79 ! 8.01 7.39+0.21
�0.20 6.79 ! 8.01

�m2
3`

10�3 eV
2 +2.525+0.033

�0.031 +2.431 ! +2.622 �2.512+0.034
�0.031 �2.606 ! �2.413
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Open questions for neutrinos

CP Violation
Complex mixing of these 4 

elements  causes
! "# → "% ≠ ! "̅# → "̅%

Key parameter: ()*

Mass Ordering (Hierarchy)

Normal (NO) Inverted (IO)

!"#$% & ≃
()
(*
(+

(, (& (-

�3

• Neutrino flavours are a mix of mass eigenstates: |!"> = UPMNS |!i> 
• Main Open Questions to be answered: what is the value of #CP? 

what is the mass ordering? what is the value of $23?

OPEN QUESTIONS

Octant degeneracy

Lower ("#$ < 45°) Upper ("#$ > 45°)

Phill Litchfield



CKM vs Tri-bimaximal Mixing
Phill Litchfield

!"#$% & =	?

Tri

Bi
!*+# & =

CKM Matrix Tri-bimaximal Mixing



Tri-Bimaximal Mixing

sin ✓23 =
1p
2
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<latexit sha1_base64="mIIHmAkwrZjQSSPec2xd3j+pO+E=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwVBIV9CIUvXisYD+gCWGz3bRLN5uwOxFLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPzwlRwDY7zba2srq1vbFa2qts7u3v79kGto5NMUdamiUhULySaCS5ZGzgI1ksVI3EoWDcc30797iNTmifyASYp82MylDzilICRArvmaS6xByMGJMjd8+LaCey603BmwMvELUkdlWgF9pc3SGgWMwlUEK37rpOCnxMFnApWVL1Ms5TQMRmyvqGSxEz7+ez2Ap8YZYCjRJmSgGfq74mcxFpP4tB0xgRGetGbiv95/QyiKz/nMs2ASTpfFGUCQ4KnQeABV4yCmBhCqOLmVkxHRBEKJq6qCcFdfHmZdM4artNw7y/qzZsyjgo6QsfoFLnoEjXRHWqhNqLoCT2jV/RmFdaL9W59zFtXrHLmEP2B9fkDAF6Tvw==</latexit><latexit sha1_base64="mIIHmAkwrZjQSSPec2xd3j+pO+E=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwVBIV9CIUvXisYD+gCWGz3bRLN5uwOxFLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPzwlRwDY7zba2srq1vbFa2qts7u3v79kGto5NMUdamiUhULySaCS5ZGzgI1ksVI3EoWDcc30797iNTmifyASYp82MylDzilICRArvmaS6xByMGJMjd8+LaCey603BmwMvELUkdlWgF9pc3SGgWMwlUEK37rpOCnxMFnApWVL1Ms5TQMRmyvqGSxEz7+ez2Ap8YZYCjRJmSgGfq74mcxFpP4tB0xgRGetGbiv95/QyiKz/nMs2ASTpfFGUCQ4KnQeABV4yCmBhCqOLmVkxHRBEKJq6qCcFdfHmZdM4artNw7y/qzZsyjgo6QsfoFLnoEjXRHWqhNqLoCT2jV/RmFdaL9W59zFtXrHLmEP2B9fkDAF6Tvw==</latexit><latexit sha1_base64="mIIHmAkwrZjQSSPec2xd3j+pO+E=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwVBIV9CIUvXisYD+gCWGz3bRLN5uwOxFLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPzwlRwDY7zba2srq1vbFa2qts7u3v79kGto5NMUdamiUhULySaCS5ZGzgI1ksVI3EoWDcc30797iNTmifyASYp82MylDzilICRArvmaS6xByMGJMjd8+LaCey603BmwMvELUkdlWgF9pc3SGgWMwlUEK37rpOCnxMFnApWVL1Ms5TQMRmyvqGSxEz7+ez2Ap8YZYCjRJmSgGfq74mcxFpP4tB0xgRGetGbiv95/QyiKz/nMs2ASTpfFGUCQ4KnQeABV4yCmBhCqOLmVkxHRBEKJq6qCcFdfHmZdM4artNw7y/qzZsyjgo6QsfoFLnoEjXRHWqhNqLoCT2jV/RmFdaL9W59zFtXrHLmEP2B9fkDAF6Tvw==</latexit><latexit sha1_base64="mIIHmAkwrZjQSSPec2xd3j+pO+E=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwVBIV9CIUvXisYD+gCWGz3bRLN5uwOxFLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPzwlRwDY7zba2srq1vbFa2qts7u3v79kGto5NMUdamiUhULySaCS5ZGzgI1ksVI3EoWDcc30797iNTmifyASYp82MylDzilICRArvmaS6xByMGJMjd8+LaCey603BmwMvELUkdlWgF9pc3SGgWMwlUEK37rpOCnxMFnApWVL1Ms5TQMRmyvqGSxEz7+ez2Ap8YZYCjRJmSgGfq74mcxFpP4tB0xgRGetGbiv95/QyiKz/nMs2ASTpfFGUCQ4KnQeABV4yCmBhCqOLmVkxHRBEKJq6qCcFdfHmZdM4artNw7y/qzZsyjgo6QsfoFLnoEjXRHWqhNqLoCT2jV/RmFdaL9W59zFtXrHLmEP2B9fkDAF6Tvw==</latexit>

sin ✓12 =
1p
3

<latexit sha1_base64="EJ//TNPUp8vrqQnLo4ZHxbocKi8=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZVIF3QhFNy4r2Ad0SsmkmTY0kxmTO0IZ5gPc+CtuXCji1g9w59+YtrPQ1gOBwznncnOPH0thwHW/naXlldW19cJGcXNre2e3tLffNFGiGW+wSEa67VPDpVC8AQIkb8ea09CXvOWPrid+64FrIyJ1B+OYd0M6UCIQjIKVeqWyZ4TCHgw50F5KqtmlF2jKUpKlnrnXkJ5mmU25FXcKvEhITsooR71X+vL6EUtCroBJakyHuDF0U6pBMMmzopcYHlM2ogPesVTRkJtuOj0mw8dW6eMg0vYpwFP190RKQ2PGoW+TIYWhmfcm4n9eJ4HgopsKFSfAFZstChKJIcKTZnBfaM5Aji2hTAv7V8yG1JYBtr+iLYHMn7xImtUKcSvk9qxcu8rrKKBDdIROEEHnqIZuUB01EEOP6Bm9ojfnyXlx3p2PWXTJyWcO0B84nz8S0Zui</latexit><latexit sha1_base64="EJ//TNPUp8vrqQnLo4ZHxbocKi8=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZVIF3QhFNy4r2Ad0SsmkmTY0kxmTO0IZ5gPc+CtuXCji1g9w59+YtrPQ1gOBwznncnOPH0thwHW/naXlldW19cJGcXNre2e3tLffNFGiGW+wSEa67VPDpVC8AQIkb8ea09CXvOWPrid+64FrIyJ1B+OYd0M6UCIQjIKVeqWyZ4TCHgw50F5KqtmlF2jKUpKlnrnXkJ5mmU25FXcKvEhITsooR71X+vL6EUtCroBJakyHuDF0U6pBMMmzopcYHlM2ogPesVTRkJtuOj0mw8dW6eMg0vYpwFP190RKQ2PGoW+TIYWhmfcm4n9eJ4HgopsKFSfAFZstChKJIcKTZnBfaM5Aji2hTAv7V8yG1JYBtr+iLYHMn7xImtUKcSvk9qxcu8rrKKBDdIROEEHnqIZuUB01EEOP6Bm9ojfnyXlx3p2PWXTJyWcO0B84nz8S0Zui</latexit><latexit sha1_base64="EJ//TNPUp8vrqQnLo4ZHxbocKi8=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZVIF3QhFNy4r2Ad0SsmkmTY0kxmTO0IZ5gPc+CtuXCji1g9w59+YtrPQ1gOBwznncnOPH0thwHW/naXlldW19cJGcXNre2e3tLffNFGiGW+wSEa67VPDpVC8AQIkb8ea09CXvOWPrid+64FrIyJ1B+OYd0M6UCIQjIKVeqWyZ4TCHgw50F5KqtmlF2jKUpKlnrnXkJ5mmU25FXcKvEhITsooR71X+vL6EUtCroBJakyHuDF0U6pBMMmzopcYHlM2ogPesVTRkJtuOj0mw8dW6eMg0vYpwFP190RKQ2PGoW+TIYWhmfcm4n9eJ4HgopsKFSfAFZstChKJIcKTZnBfaM5Aji2hTAv7V8yG1JYBtr+iLYHMn7xImtUKcSvk9qxcu8rrKKBDdIROEEHnqIZuUB01EEOP6Bm9ojfnyXlx3p2PWXTJyWcO0B84nz8S0Zui</latexit><latexit sha1_base64="EJ//TNPUp8vrqQnLo4ZHxbocKi8=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZVIF3QhFNy4r2Ad0SsmkmTY0kxmTO0IZ5gPc+CtuXCji1g9w59+YtrPQ1gOBwznncnOPH0thwHW/naXlldW19cJGcXNre2e3tLffNFGiGW+wSEa67VPDpVC8AQIkb8ea09CXvOWPrid+64FrIyJ1B+OYd0M6UCIQjIKVeqWyZ4TCHgw50F5KqtmlF2jKUpKlnrnXkJ5mmU25FXcKvEhITsooR71X+vL6EUtCroBJakyHuDF0U6pBMMmzopcYHlM2ogPesVTRkJtuOj0mw8dW6eMg0vYpwFP190RKQ2PGoW+TIYWhmfcm4n9eJ4HgopsKFSfAFZstChKJIcKTZnBfaM5Aji2hTAv7V8yG1JYBtr+iLYHMn7xImtUKcSvk9qxcu8rrKKBDdIROEEHnqIZuUB01EEOP6Bm9ojfnyXlx3p2PWXTJyWcO0B84nz8S0Zui</latexit>

Allowed at 
3 sigma 

Allowed at 
3 sigma

Excluded 
at many sigma

P.F.Harrison, D.H.Perkins and W.G.Scott, hep-ph/0202074
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<latexit sha1_base64="PuG3b60Z1qipAvl6QSpIFELP5Ls="></latexit><latexit sha1_base64="PuG3b60Z1qipAvl6QSpIFELP5Ls="></latexit><latexit sha1_base64="PuG3b60Z1qipAvl6QSpIFELP5Ls="></latexit><latexit sha1_base64="PuG3b60Z1qipAvl6QSpIFELP5Ls="></latexit>



Tri-Bimaximal Mixing
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<latexit sha1_base64="PuG3b60Z1qipAvl6QSpIFELP5Ls="></latexit><latexit sha1_base64="PuG3b60Z1qipAvl6QSpIFELP5Ls="></latexit><latexit sha1_base64="PuG3b60Z1qipAvl6QSpIFELP5Ls="></latexit><latexit sha1_base64="PuG3b60Z1qipAvl6QSpIFELP5Ls="></latexit>

sin ✓23 =
1p
2

<latexit sha1_base64="XCala5uJ6qJBWHoEea3vqMLfiH8=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZaYKuhGKblxWsA/olJJJM21oJjMmd4QS5gPc+CtuXCji1g9w59+YtrPQ1gOBwznncnNPkAiuwXW/naXlldW19cJGcXNre2e3tLff1HGqKGvQWMSqHRDNBJesARwEayeKkSgQrBWMrid+64EpzWN5B+OEdSMykDzklICVeqWyr7nEPgwZkJ6pnmaXfqgINV5mfH2vwFSzzKbcijsFXiReTsooR71X+vL7MU0jJoEKonXHcxPoGqKAU8Gyop9qlhA6IgPWsVSSiOmumR6T4WOr9HEYK/sk4Kn6e8KQSOtxFNhkRGCo572J+J/XSSG86BoukxSYpLNFYSowxHjSDO5zxSiIsSWEKm7/iumQ2DLA9le0JXjzJy+SZrXiuRXv9qxcu8rrKKBDdIROkIfOUQ3doDpqIIoe0TN6RW/Ok/PivDsfs+iSk88coD9wPn8AFHybow==</latexit><latexit sha1_base64="XCala5uJ6qJBWHoEea3vqMLfiH8=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZaYKuhGKblxWsA/olJJJM21oJjMmd4QS5gPc+CtuXCji1g9w59+YtrPQ1gOBwznncnNPkAiuwXW/naXlldW19cJGcXNre2e3tLff1HGqKGvQWMSqHRDNBJesARwEayeKkSgQrBWMrid+64EpzWN5B+OEdSMykDzklICVeqWyr7nEPgwZkJ6pnmaXfqgINV5mfH2vwFSzzKbcijsFXiReTsooR71X+vL7MU0jJoEKonXHcxPoGqKAU8Gyop9qlhA6IgPWsVSSiOmumR6T4WOr9HEYK/sk4Kn6e8KQSOtxFNhkRGCo572J+J/XSSG86BoukxSYpLNFYSowxHjSDO5zxSiIsSWEKm7/iumQ2DLA9le0JXjzJy+SZrXiuRXv9qxcu8rrKKBDdIROkIfOUQ3doDpqIIoe0TN6RW/Ok/PivDsfs+iSk88coD9wPn8AFHybow==</latexit><latexit sha1_base64="XCala5uJ6qJBWHoEea3vqMLfiH8=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZaYKuhGKblxWsA/olJJJM21oJjMmd4QS5gPc+CtuXCji1g9w59+YtrPQ1gOBwznncnNPkAiuwXW/naXlldW19cJGcXNre2e3tLff1HGqKGvQWMSqHRDNBJesARwEayeKkSgQrBWMrid+64EpzWN5B+OEdSMykDzklICVeqWyr7nEPgwZkJ6pnmaXfqgINV5mfH2vwFSzzKbcijsFXiReTsooR71X+vL7MU0jJoEKonXHcxPoGqKAU8Gyop9qlhA6IgPWsVSSiOmumR6T4WOr9HEYK/sk4Kn6e8KQSOtxFNhkRGCo572J+J/XSSG86BoukxSYpLNFYSowxHjSDO5zxSiIsSWEKm7/iumQ2DLA9le0JXjzJy+SZrXiuRXv9qxcu8rrKKBDdIROkIfOUQ3doDpqIIoe0TN6RW/Ok/PivDsfs+iSk88coD9wPn8AFHybow==</latexit><latexit sha1_base64="XCala5uJ6qJBWHoEea3vqMLfiH8=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZaYKuhGKblxWsA/olJJJM21oJjMmd4QS5gPc+CtuXCji1g9w59+YtrPQ1gOBwznncnNPkAiuwXW/naXlldW19cJGcXNre2e3tLff1HGqKGvQWMSqHRDNBJesARwEayeKkSgQrBWMrid+64EpzWN5B+OEdSMykDzklICVeqWyr7nEPgwZkJ6pnmaXfqgINV5mfH2vwFSzzKbcijsFXiReTsooR71X+vL7MU0jJoEKonXHcxPoGqKAU8Gyop9qlhA6IgPWsVSSiOmumR6T4WOr9HEYK/sk4Kn6e8KQSOtxFNhkRGCo572J+J/XSSG86BoukxSYpLNFYSowxHjSDO5zxSiIsSWEKm7/iumQ2DLA9le0JXjzJy+SZrXiuRXv9qxcu8rrKKBDdIROkIfOUQ3doDpqIIoe0TN6RW/Ok/PivDsfs+iSk88coD9wPn8AFHybow==</latexit>

sin ✓13 = 0
<latexit sha1_base64="mIIHmAkwrZjQSSPec2xd3j+pO+E=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwVBIV9CIUvXisYD+gCWGz3bRLN5uwOxFLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPzwlRwDY7zba2srq1vbFa2qts7u3v79kGto5NMUdamiUhULySaCS5ZGzgI1ksVI3EoWDcc30797iNTmifyASYp82MylDzilICRArvmaS6xByMGJMjd8+LaCey603BmwMvELUkdlWgF9pc3SGgWMwlUEK37rpOCnxMFnApWVL1Ms5TQMRmyvqGSxEz7+ez2Ap8YZYCjRJmSgGfq74mcxFpP4tB0xgRGetGbiv95/QyiKz/nMs2ASTpfFGUCQ4KnQeABV4yCmBhCqOLmVkxHRBEKJq6qCcFdfHmZdM4artNw7y/qzZsyjgo6QsfoFLnoEjXRHWqhNqLoCT2jV/RmFdaL9W59zFtXrHLmEP2B9fkDAF6Tvw==</latexit><latexit sha1_base64="mIIHmAkwrZjQSSPec2xd3j+pO+E=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwVBIV9CIUvXisYD+gCWGz3bRLN5uwOxFLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPzwlRwDY7zba2srq1vbFa2qts7u3v79kGto5NMUdamiUhULySaCS5ZGzgI1ksVI3EoWDcc30797iNTmifyASYp82MylDzilICRArvmaS6xByMGJMjd8+LaCey603BmwMvELUkdlWgF9pc3SGgWMwlUEK37rpOCnxMFnApWVL1Ms5TQMRmyvqGSxEz7+ez2Ap8YZYCjRJmSgGfq74mcxFpP4tB0xgRGetGbiv95/QyiKz/nMs2ASTpfFGUCQ4KnQeABV4yCmBhCqOLmVkxHRBEKJq6qCcFdfHmZdM4artNw7y/qzZsyjgo6QsfoFLnoEjXRHWqhNqLoCT2jV/RmFdaL9W59zFtXrHLmEP2B9fkDAF6Tvw==</latexit><latexit sha1_base64="mIIHmAkwrZjQSSPec2xd3j+pO+E=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwVBIV9CIUvXisYD+gCWGz3bRLN5uwOxFLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPzwlRwDY7zba2srq1vbFa2qts7u3v79kGto5NMUdamiUhULySaCS5ZGzgI1ksVI3EoWDcc30797iNTmifyASYp82MylDzilICRArvmaS6xByMGJMjd8+LaCey603BmwMvELUkdlWgF9pc3SGgWMwlUEK37rpOCnxMFnApWVL1Ms5TQMRmyvqGSxEz7+ez2Ap8YZYCjRJmSgGfq74mcxFpP4tB0xgRGetGbiv95/QyiKz/nMs2ASTpfFGUCQ4KnQeABV4yCmBhCqOLmVkxHRBEKJq6qCcFdfHmZdM4artNw7y/qzZsyjgo6QsfoFLnoEjXRHWqhNqLoCT2jV/RmFdaL9W59zFtXrHLmEP2B9fkDAF6Tvw==</latexit><latexit sha1_base64="mIIHmAkwrZjQSSPec2xd3j+pO+E=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwVBIV9CIUvXisYD+gCWGz3bRLN5uwOxFLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPzwlRwDY7zba2srq1vbFa2qts7u3v79kGto5NMUdamiUhULySaCS5ZGzgI1ksVI3EoWDcc30797iNTmifyASYp82MylDzilICRArvmaS6xByMGJMjd8+LaCey603BmwMvELUkdlWgF9pc3SGgWMwlUEK37rpOCnxMFnApWVL1Ms5TQMRmyvqGSxEz7+ez2Ap8YZYCjRJmSgGfq74mcxFpP4tB0xgRGetGbiv95/QyiKz/nMs2ASTpfFGUCQ4KnQeABV4yCmBhCqOLmVkxHRBEKJq6qCcFdfHmZdM4artNw7y/qzZsyjgo6QsfoFLnoEjXRHWqhNqLoCT2jV/RmFdaL9W59zFtXrHLmEP2B9fkDAF6Tvw==</latexit>

sin ✓12 =
1p
3

<latexit sha1_base64="EJ//TNPUp8vrqQnLo4ZHxbocKi8=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZVIF3QhFNy4r2Ad0SsmkmTY0kxmTO0IZ5gPc+CtuXCji1g9w59+YtrPQ1gOBwznncnOPH0thwHW/naXlldW19cJGcXNre2e3tLffNFGiGW+wSEa67VPDpVC8AQIkb8ea09CXvOWPrid+64FrIyJ1B+OYd0M6UCIQjIKVeqWyZ4TCHgw50F5KqtmlF2jKUpKlnrnXkJ5mmU25FXcKvEhITsooR71X+vL6EUtCroBJakyHuDF0U6pBMMmzopcYHlM2ogPesVTRkJtuOj0mw8dW6eMg0vYpwFP190RKQ2PGoW+TIYWhmfcm4n9eJ4HgopsKFSfAFZstChKJIcKTZnBfaM5Aji2hTAv7V8yG1JYBtr+iLYHMn7xImtUKcSvk9qxcu8rrKKBDdIROEEHnqIZuUB01EEOP6Bm9ojfnyXlx3p2PWXTJyWcO0B84nz8S0Zui</latexit><latexit sha1_base64="EJ//TNPUp8vrqQnLo4ZHxbocKi8=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZVIF3QhFNy4r2Ad0SsmkmTY0kxmTO0IZ5gPc+CtuXCji1g9w59+YtrPQ1gOBwznncnOPH0thwHW/naXlldW19cJGcXNre2e3tLffNFGiGW+wSEa67VPDpVC8AQIkb8ea09CXvOWPrid+64FrIyJ1B+OYd0M6UCIQjIKVeqWyZ4TCHgw50F5KqtmlF2jKUpKlnrnXkJ5mmU25FXcKvEhITsooR71X+vL6EUtCroBJakyHuDF0U6pBMMmzopcYHlM2ogPesVTRkJtuOj0mw8dW6eMg0vYpwFP190RKQ2PGoW+TIYWhmfcm4n9eJ4HgopsKFSfAFZstChKJIcKTZnBfaM5Aji2hTAv7V8yG1JYBtr+iLYHMn7xImtUKcSvk9qxcu8rrKKBDdIROEEHnqIZuUB01EEOP6Bm9ojfnyXlx3p2PWXTJyWcO0B84nz8S0Zui</latexit><latexit sha1_base64="EJ//TNPUp8vrqQnLo4ZHxbocKi8=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZVIF3QhFNy4r2Ad0SsmkmTY0kxmTO0IZ5gPc+CtuXCji1g9w59+YtrPQ1gOBwznncnOPH0thwHW/naXlldW19cJGcXNre2e3tLffNFGiGW+wSEa67VPDpVC8AQIkb8ea09CXvOWPrid+64FrIyJ1B+OYd0M6UCIQjIKVeqWyZ4TCHgw50F5KqtmlF2jKUpKlnrnXkJ5mmU25FXcKvEhITsooR71X+vL6EUtCroBJakyHuDF0U6pBMMmzopcYHlM2ogPesVTRkJtuOj0mw8dW6eMg0vYpwFP190RKQ2PGoW+TIYWhmfcm4n9eJ4HgopsKFSfAFZstChKJIcKTZnBfaM5Aji2hTAv7V8yG1JYBtr+iLYHMn7xImtUKcSvk9qxcu8rrKKBDdIROEEHnqIZuUB01EEOP6Bm9ojfnyXlx3p2PWXTJyWcO0B84nz8S0Zui</latexit><latexit sha1_base64="EJ//TNPUp8vrqQnLo4ZHxbocKi8=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZVIF3QhFNy4r2Ad0SsmkmTY0kxmTO0IZ5gPc+CtuXCji1g9w59+YtrPQ1gOBwznncnOPH0thwHW/naXlldW19cJGcXNre2e3tLffNFGiGW+wSEa67VPDpVC8AQIkb8ea09CXvOWPrid+64FrIyJ1B+OYd0M6UCIQjIKVeqWyZ4TCHgw50F5KqtmlF2jKUpKlnrnXkJ5mmU25FXcKvEhITsooR71X+vL6EUtCroBJakyHuDF0U6pBMMmzopcYHlM2ogPesVTRkJtuOj0mw8dW6eMg0vYpwFP190RKQ2PGoW+TIYWhmfcm4n9eJ4HgopsKFSfAFZstChKJIcKTZnBfaM5Aji2hTAv7V8yG1JYBtr+iLYHMn7xImtUKcSvk9qxcu8rrKKBDdIROEEHnqIZuUB01EEOP6Bm9ojfnyXlx3p2PWXTJyWcO0B84nz8S0Zui</latexit>

Allowed at 
3 sigma 

Allowed at 
3 sigma

Excluded 
at many sigma

s223 >
1

2
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Best Fit Preferences:
s213 = 0.02241± 0.00065
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P.F.Harrison, D.H.Perkins and W.G.Scott, hep-ph/0202074
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3.4 Charged lepton mixing corrections and sum rules

Recall that the physical PMNS matrix in Eq.10 is given by UPMNS = U eU ⌫

TB. Now suppose that U ⌫

TB is
the TB matrix in Eq.14 while U e corresponds to small but unknown charged lepton corrections. This
was first discussed in [55–58] where the following sum rule involving the lepton mixing parameters,
including crucially the CP phase �, was first derived:

✓12 ⇡ 35.26o + ✓13 cos �, (24)

where 35.26o = sin�1 1p
3
. Eq.24 may be recast in terms of TB deviation parameters as [48],

s = r cos �. (25)

To derive this sum rule, let us consider the case of the charged lepton mixing corrections involving
only (1,2) mixing, so that the PMNS matrix is given by [58],
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Comparing to the PMNS parametrisation in Eq.4 we identify the exact sum rule relations [58],

|Ue3| = s13 =
se

12
p

2
, (27)

|U⌧1| = |s23s12 � s13c23c12e
i�
| =

1
p

6
, (28)

|U⌧2| = | � c12s23 � s12s13c23e
i�
| =

1
p

3
, (29)

|U⌧3| = c13c23 =
1

p
2
. (30)

The first equation implies a reactor angle ✓13 ⇡ 8.45� if ✓e ⇡ 12�, just a little smaller than the Cabibbo
angle. The second and third equations, after eliminating ✓23, yield a new relation between the PMNS
parameters, ✓12, ✓13 and �. Expanding to first order gives the approximate solar sum rule relations in
Eq.24 [55].

The above derivation assumes only (1,2) charged lepton corrections. However it is possible to derive
an accurate sum rule which is valid for both (1,2) and (2,3) charged lepton corrections (while keeping
✓e

13 = 0). Indeed, using a similar matrix multiplication method to that employed above leads to the
exact result [59]:

|U⌧1|

|U⌧2|
=

|s12s23 � c12s13c23ei�
|

| � c12s23 � s12s13c23ei�|
=

1
p

2
. (31)

This may also be obtained by taking the ratio of Eqs. 28 and 29. Therefore it applies to the previous
case with ✓e

23 = 0. However, since ✓e

23 cancels in the ratio, it also applies for ✓e

23 6= 0. It is not fully
general however since we are always assuming ✓e

13 = 0.
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angle. The second and third equations, after eliminating ✓23, yield a new relation between the PMNS
parameters, ✓12, ✓13 and �. Expanding to first order gives the approximate solar sum rule relations in
Eq.24 [55].

The above derivation assumes only (1,2) charged lepton corrections. However it is possible to derive
an accurate sum rule which is valid for both (1,2) and (2,3) charged lepton corrections (while keeping
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13 = 0). Indeed, using a similar matrix multiplication method to that employed above leads to the
exact result [59]:
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This may also be obtained by taking the ratio of Eqs. 28 and 29. Therefore it applies to the previous
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23 = 0. However, since ✓e
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general however since we are always assuming ✓e
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• Reactor angle 
generated 

• Third row unchanged 
implies sum rules

Sum rules first derived and studied in: SFK hep-ph/0506297; S.Antusch, SFK hep-ph/0508044; 
S.Antusch, P.Huber, S.F.K and T.Schwetz, hep-ph/0702286; S.Antusch, S.F.K., M.Malinsky,0711.4727 
More recent detailed phenomenological analyses: 
D.Marzocca, S.T.Petcov, A.Romanino and M.C.Sevilla,1302.0423; S.T.Petcov 1405.6006; 
P.Ballett, S.F.King, C.Luhn, S.Pascoli and M.A.Schmidt, 1410.7573
I.Girardi, S.T.Petcov and A.V.Titov,1410.8056,1504.00658,1504.02402,1605.04172,…
For asymmetric texture without sum rule see: M.H.Rahat, P.Ramond, B.Xu, 1805.10684
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Comparing to the PMNS parametrisation in Eq.4 we identify the exact sum rule relations [58],
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The first equation implies a reactor angle ✓13 ⇡ 8.45� if ✓e ⇡ 12�, just a little smaller than the Cabibbo
angle. The second and third equations, after eliminating ✓23, yield a new relation between the PMNS
parameters, ✓12, ✓13 and �. Expanding to first order gives the approximate solar sum rule relations in
Eq.24 [55].

The above derivation assumes only (1,2) charged lepton corrections. However it is possible to derive
an accurate sum rule which is valid for both (1,2) and (2,3) charged lepton corrections (while keeping
✓e

13 = 0). Indeed, using a similar matrix multiplication method to that employed above leads to the
exact result [59]:
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This may also be obtained by taking the ratio of Eqs. 28 and 29. Therefore it applies to the previous
case with ✓e
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23 6= 0. It is not fully
general however since we are always assuming ✓e
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Comparing to the PMNS parametrisation in Eq.4 we identify the exact sum rule relations [58],
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The first equation implies a reactor angle ✓13 ⇡ 8.45� if ✓e ⇡ 12�, just a little smaller than the Cabibbo
angle. The second and third equations, after eliminating ✓23, yield a new relation between the PMNS
parameters, ✓12, ✓13 and �. Expanding to first order gives the approximate solar sum rule relations in
Eq.24 [55].

The above derivation assumes only (1,2) charged lepton corrections. However it is possible to derive
an accurate sum rule which is valid for both (1,2) and (2,3) charged lepton corrections (while keeping
✓e

13 = 0). Indeed, using a similar matrix multiplication method to that employed above leads to the
exact result [59]:

|U⌧1|

|U⌧2|
=

|s12s23 � c12s13c23ei�
|

| � c12s23 � s12s13c23ei�|
=

1
p

2
. (31)

This may also be obtained by taking the ratio of Eqs. 28 and 29. Therefore it applies to the previous
case with ✓e

23 = 0. However, since ✓e

23 cancels in the ratio, it also applies for ✓e

23 6= 0. It is not fully
general however since we are always assuming ✓e

13 = 0.
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3.4 Charged lepton mixing corrections and sum rules

Recall that the physical PMNS matrix in Eq.10 is given by UPMNS = U eU ⌫

TB. Now suppose that U ⌫

TB is
the TB matrix in Eq.14 while U e corresponds to small but unknown charged lepton corrections. This
was first discussed in [55–58] where the following sum rule involving the lepton mixing parameters,
including crucially the CP phase �, was first derived:

✓12 ⇡ 35.26o + ✓13 cos �, (24)

where 35.26o = sin�1 1p
3
. Eq.24 may be recast in terms of TB deviation parameters as [48],

s = r cos �. (25)

To derive this sum rule, let us consider the case of the charged lepton mixing corrections involving
only (1,2) mixing, so that the PMNS matrix is given by [58],

UPMNS =

0

@
ce

12 se

12e
�i�

e
12 0

�se

12e
i�

e
12 ce

12 0
0 0 1

1

A

0

B@

q
2
3

1p
3

0

�
1p
6

1p
3

1p
2

1p
6

�
1p
3

1p
2

1

CA =

0

B@
· · · · · ·

s
e
12p
2
e�i�

e
12

· · · · · ·
c
e
12p
2

1p
6

�
1p
3

1p
2

1

CA (26)

Comparing to the PMNS parametrisation in Eq.4 we identify the exact sum rule relations [58],
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2
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| =
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p

6
, (28)

|U⌧2| = | � c12s23 � s12s13c23e
i�
| =

1
p

3
, (29)

|U⌧3| = c13c23 =
1

p
2
. (30)
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angle. The second and third equations, after eliminating ✓23, yield a new relation between the PMNS
parameters, ✓12, ✓13 and �. Expanding to first order gives the approximate solar sum rule relations in
Eq.24 [55].

The above derivation assumes only (1,2) charged lepton corrections. However it is possible to derive
an accurate sum rule which is valid for both (1,2) and (2,3) charged lepton corrections (while keeping
✓e

13 = 0). Indeed, using a similar matrix multiplication method to that employed above leads to the
exact result [59]:

|U⌧1|

|U⌧2|
=
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|

| � c12s23 � s12s13c23ei�|
=

1
p

2
. (31)

This may also be obtained by taking the ratio of Eqs. 28 and 29. Therefore it applies to the previous
case with ✓e

23 = 0. However, since ✓e

23 cancels in the ratio, it also applies for ✓e

23 6= 0. It is not fully
general however since we are always assuming ✓e

13 = 0.
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After some algebra, Eq.31 leads to [59],

cos � =
t23s2

12 + s2
13c

2
12/t23 �

1
3(t23 + s2

13/t23)

sin 2✓12s13
. (32)

To leading order in ✓13, Eq.32 returns the sum rule in Eq.24, from which we find cos � ⇡ 0 if ✓12 ⇡ 35o,
consistent with � ⇠ �⇡/2. This can also be understood directly from Eq.32 where we see that for
s2
12 = 1/3 the leading terms t23s2

12 and 1
3t23 cancel in the numerator, giving cos � = s13/(2

p
2t23) ⇡ 0.05

to be compared to cos � ⇡ 0 in the linear approximation. In general the error induced by using the
linear sum rule instead of the exact one has been shown to be �(cos �) . 0.1 [59] for the TB sum rule.

Recently there has been much activity in exploring the phenomenology of various such solar mixing

sum rules, arising from charged lepton corrections to simple neutrino mixing, not just TB neutrino
mixing, but other simple neutrino mixing, including BM and GR mixing, allowing more general charged
lepton corrections, renormalisation group running and so on [60].

It is important to distinguish solar mixing sum rules discussed here from atmospheric mixing sum

rules discussed previously. The physics is di↵erent: here we consider charged lepton corrections to TB
neutrino mixing, while previously we considered two forms of the physical trimaximal lepton mixing
matrix.

4 Minimality: The Type I Seesaw Mechanism

4.1 The type I seesaw mechanism with one RH neutrino

The LH Majorana masses are given by,

L
LL

⌫
= �

1

2
m⌫⌫L⌫c

L
+ H.c. (33)

where ⌫c

L
is a RH antineutrino field, which is the CP conjugate of the LH neutrino field ⌫L. Majorana

masses are possible below the electroweak symmetry (EW) breaking scale since the neutrino has zero
electric charge. Majorana neutrino masses violate lepton number conservation, and are forbidden above
the EW breaking scale. The type I seesaw mechanism assumes that Majorana neutrino mass terms are
zero to begin with, but are generated e↵ectively by RH neutrinos [5].

If we introduce one RH neutrino field ⌫R, 7 then there are two possible additional neutrino mass
terms. First there are Majorana masses,

L
R

⌫
= �

1

2
MR⌫c

R
⌫R + H.c. (34)

Secondly, there are Dirac masses,
L

D

⌫
= �mD⌫L⌫R + H.c.. (35)

Dirac mass terms arise from Yukawa couplings to a Higgs doublet, Hu,

L
Yuk = �HuY

⌫L⌫R + H.c. (36)

7A single RH neutrino is su�cient to account for atmospheric neutrino oscillations if it couples approximately equally
to ⌫µ and ⌫⌧ as discussed in [23].
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Solutions

1. (a ) This is simply a matter of substituting the expressions into the PMNS matrix,
using c13 = (1� s
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(c ) Following the hint, one finds,

a ⇡ r cos �  ! ✓23 � 45� ⇡
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2✓13 cos � (16)

a ⇡ �(r/2) cos �  ! ✓23 � 45� ⇡ � ✓13p
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i.e. C =
p
2 and C = �1/

p
2.

Current data may involve for example ✓23 = 40� � 50� and ✓13 = 8� � 9�, leading
to |✓23�45�| <⇠ 5� and hence constraints on the two sum rules, which can be solved
for cos � in terms of the measured angles. (This is a rather open ended question
which the students can discuss in various ways in detail).
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Solutions
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(c ) Following the hint, one finds,

a ⇡ r cos �  ! ✓23 � 45� ⇡
p
2✓13 cos � (16)

a ⇡ �(r/2) cos �  ! ✓23 � 45� ⇡ � ✓13p
2
cos � (17)

i.e. C =
p
2 and C = �1/

p
2.

Current data may involve for example ✓23 = 40� � 50� and ✓13 = 8� � 9�, leading
to |✓23�45�| <⇠ 5� and hence constraints on the two sum rules, which can be solved
for cos � in terms of the measured angles. (This is a rather open ended question
which the students can discuss in various ways in detail).
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Best fit

C.H.Albright and W.Rodejohann, 0812.0436; C.H.Albright, A.Dueck and W.Rodejohann, 1004.2798 

Solutions

1. (a ) This is simply a matter of substituting the expressions into the PMNS matrix,
using c13 = (1� s

2
13)

1/2, etc.

(b ) For r = s = a = 0 the mixing matrix reduces to the TB matrix,
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Assuming s ⇡ 0, a ⇡ r cos �, we find the TM1 matrix,

UTM1 ⇡

0

B@

q
2
3 � �

� 1p
6
� �

1p
6
� �

1

CA . (14)

With s ⇡ 0, a ⇡ �(r/2) cos �, we find the TM2 matrix,

UTM2 ⇡

0

B@
� 1p

3
�

� 1p
3
�

� � 1p
3
�

1

CA . (15)

(c ) Following the hint, one finds,

a ⇡ r cos �  ! ✓23 � 45� ⇡
p
2✓13 cos � (16)

a ⇡ �(r/2) cos �  ! ✓23 � 45� ⇡ � ✓13p
2
cos � (17)

i.e. C =
p
2 and C = �1/

p
2.

Current data may involve for example ✓23 = 40� � 50� and ✓13 = 8� � 9�, leading
to |✓23�45�| <⇠ 5� and hence constraints on the two sum rules, which can be solved
for cos � in terms of the measured angles. (This is a rather open ended question
which the students can discuss in various ways in detail).
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Example of TM1 Mixing: 
The Littlest Seesaw

these forms are more than simple ansatze, since they may be enforced by discrete
non-Abelian family symmetry, as discussed in section 4. For example, TM2 mixing
can be realised by A4 or S4 symmetry [14], while TM1 mixing can be realised by S4

symmetry [15]. A general group theory analysis of semi-direct symmetries was given
in [16].

TM1 implies three equivalent relations:

tan ✓12 =
1p
2

q
1 � 3s2

13 or sin ✓12 =
1p
3

q
1 � 3s2

13

c13
or cos ✓12 =

s
2

3

1

c13
(6)

leading to a prediction ✓12 ⇡ 34�, in excellent agreement with current global fits,
assuming ✓13 ⇡ 8.5�. By contrast, the corresponding TM2 relations imply ✓12 ⇡ 36�

[13], which is on the edge of the three sigma region, and hence disfavoured by current
data. TM1 mixing also leads to an exact sum rule relation relation for cos � in terms
of the other lepton mixing angles [13],

cos � = �cot 2✓23(1 � 5s2
13)

2
p

2s13

q
1 � 3s2

13

, (7)

which, for approximately maximal atmospheric mixing, predicts cos � ⇡ 0, � ⇡ ±90�. ‡

Such atmospheric mixing sum rules may be tested in future experiments [17].
For example, the Littlest Seesaw (LS) model [18] leads to TM1 mixing, for two

cases of light Majorana neutrino mass matrix (in the diagonal charged lepton basis):

Case I : MI
⌫ = !ma

0

B@
0 0 0
0 1 1
0 1 1

1

CA + ms

0

B@
1 3 1
3 9 3
1 3 1

1

CA (8)

Case II : MII
⌫ = !

2ma

0

B@
0 0 0
0 1 1
0 1 1

1

CA + ms

0

B@
1 1 3
1 1 3
3 3 9

1

CA (9)

where ! = e
i2⇡/3. The LS is very predictive since there are only two free (real) input

parameters, where ma ⇡ 26 meV and ms ⇡ 2.6 meV gives the best fit to neutrino
masses with m1 = 0 and PMNS parameters including ✓23 ⇡ 45�, � ⇡ �90� (the latter
two predictions explained by an approximate mu-tau symmetry as discussed later).

‡Incidentally the reason why cos � (not sin �) is predicted is because such predictions follow from
|Uij | being predicted, where Uij = a + be

i�, where a, b are real functions of angles in Eq.1 (hence
|Uij |2 = a

2 + b
2 + 2ab cos �, which involves cos �).

3

these forms are more than simple ansatze, since they may be enforced by discrete
non-Abelian family symmetry, as discussed in section 4. For example, TM2 mixing
can be realised by A4 or S4 symmetry [14], while TM1 mixing can be realised by S4

symmetry [15]. A general group theory analysis of semi-direct symmetries was given
in [16].

TM1 implies three equivalent relations:

tan ✓12 =
1p
2

q
1 � 3s2

13 or sin ✓12 =
1p
3

q
1 � 3s2

13

c13
or cos ✓12 =

s
2

3

1

c13
(6)

leading to a prediction ✓12 ⇡ 34�, in excellent agreement with current global fits,
assuming ✓13 ⇡ 8.5�. By contrast, the corresponding TM2 relations imply ✓12 ⇡ 36�

[13], which is on the edge of the three sigma region, and hence disfavoured by current
data. TM1 mixing also leads to an exact sum rule relation relation for cos � in terms
of the other lepton mixing angles [13],

cos � = �cot 2✓23(1 � 5s2
13)

2
p

2s13

q
1 � 3s2

13

, (7)

which, for approximately maximal atmospheric mixing, predicts cos � ⇡ 0, � ⇡ ±90�. ‡

Such atmospheric mixing sum rules may be tested in future experiments [17].
For example, the Littlest Seesaw (LS) model [18] leads to TM1 mixing, for two

cases of light Majorana neutrino mass matrix (in the diagonal charged lepton basis):

Case I : MI
⌫ = !ma

0

B@
0 0 0
0 1 1
0 1 1

1

CA + ms

0

B@
1 3 1
3 9 3
1 3 1

1

CA (8)

Case II : MII
⌫ = !

2ma

0

B@
0 0 0
0 1 1
0 1 1

1

CA + ms

0

B@
1 1 3
1 1 3
3 3 9

1

CA (9)

where ! = e
i2⇡/3. The LS is very predictive since there are only two free (real) input

parameters, where ma ⇡ 26 meV and ms ⇡ 2.6 meV gives the best fit to neutrino
masses with m1 = 0 and PMNS parameters including ✓23 ⇡ 45�, � ⇡ �90� (the latter
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E.g.  for ma/ms=11 gives Littlest mu-tau seesaw
S.F.K. and C.C.Nishi,1807.00023

The layout of the remainder of the paper is as follows. In section 2, we briefly review

the µ⌧ -LSS model and its prediction of oscillation parameters. In section 3, we consider

how these parameters are modified after including radiative corrections. The concrete

model is given in section 4, where all flavon vacuum alignments are realised explicitly.

Section 5 is devoted to conclusions. In the appendices, we list the basis of S4 used for

model building and discuss the vacuum degeneracy of flavons.

2 The µ⌧-LSS mass matrix

There are two cases of the LSS neutrino mass matrix [29] (after the seesaw mechanism

has been implemented) namely,

Case I: M⌫ = !ma

0

B@
0 0 0

0 1 1

0 1 1

1

CA+ms

0

B@
1 3 1

3 9 3

1 3 1

1

CA ,

Case II: M⌫ = !
2
ma

0

B@
0 0 0

0 1 1

0 1 1

1

CA+ms

0

B@
1 1 3

1 1 3

3 3 9

1

CA . (1)

where ! = e
i2⇡/3. As observed in [31], if ma,s satisfy the special ratio ma

ms
= 11 then this

results in maximal atmospheric mixing and CP violation, as can be checked explicitly

using the analytic formulas in Refs. [26, 29]. Inserting this ratio of masses, the neutrino

mass matrix takes one of the two forms

Case I: M⌫ = ms

0

B@
1 3 1

3 9 + 11! 3 + 11!

1 3 + 11! 1 + 11!

1

CA ,

Case II: M⌫ = ms

0

B@
1 1 3

1 1 + 11!2 3 + 11!2

3 3 + 11!2 9 + 11!2

1

CA . (2)

We refer to them as the µ⌧ -LSS mass matrices. With the µ⌧ conjugation [31],

⌫e ! ⌫
⇤
e
, ⌫µ ! ⌫

⇤
⌧
, ⌫⌧ ! ⌫

⇤
µ
, (3)

one transforms the mass matrix from one case to the other. Both cases predict the same

mixing angles (✓13, ✓12, ✓23), the same Dirac-type CP-violating phase (�)

✓13 = arcsin

✓
c�
p
6

◆
⇡ 7.807� ,

✓12 = arctan
⇣
c+

2

⌘
⇡ 34.50� ,

2

Maximal atmospheric
Maximal CPV 

SFK 1304.6264; 1512.07531 

Two parameters 
fits all neutrino 
data with m1=0

(see later) 
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3 Plato’s Fire

The patterns of Eqs. (5) and (6) should be simultaneously maintained by some symmetry, but

it looks impossible. However, there is in fact a solution, and it is based on the non-Abelian

discrete symmetry A4 [9, 10]. What is A4 and why is it special?

Around the year 390 BCE, the Greek mathematician Theaetetus proved that there are

five and only five perfect geometric solids. The Greeks already knew that there are four basic

elements: fire, air, water, and earth. Plato could not resist matching them to the five perfect

geometric solids and for that to work, he invented the fifth element, i.e. quintessence, which

is supposed to hold the cosmos together. His assignments are shown in Table 1.

Table 1: Properties of Perfect Geometric Solids

solid faces vertices Plato Group

tetrahedron 4 4 fire A4

octahedron 8 6 air S4

icosahedron 20 12 water A5

hexahedron 6 8 earth S4

dodecahedron 12 20 ? A5

The group theory of these solids was established in the early 19th century. Since a

cube (hexahedron) can be imbedded perfectly inside an octahedron and the latter inside

the former, they have the same symmetry group. The same holds for the icosahedron and

dodecahedron. The tetrahedron (Plato’s “fire”) is special because it is self-dual. It has

the symmetry group A4, i.e. the finite group of the even permutation of 4 objects. The

reason that it is special for the neutrino mass matrix is because it has 3 inequivalent one-

dimensional irreducible representations and 1 three-dimensional irreducible representation

exactly. Its character table is given below.

6

Platonic Solids

Plato’s fire
A4 can explain                
Tri-bimaximal 

Mixing 
E.Ma and G.Rajasekaran,
hep-ph/0106291;
K.S.Babu, E.Ma, J.W.F.Valle,
hep-ph/0206292;
G.Altarelli and F.Feruglio,
hep-ph/0504165,hep-ph/0512103



3 Plato’s Fire

The patterns of Eqs. (5) and (6) should be simultaneously maintained by some symmetry, but

it looks impossible. However, there is in fact a solution, and it is based on the non-Abelian

discrete symmetry A4 [9, 10]. What is A4 and why is it special?

Around the year 390 BCE, the Greek mathematician Theaetetus proved that there are

five and only five perfect geometric solids. The Greeks already knew that there are four basic

elements: fire, air, water, and earth. Plato could not resist matching them to the five perfect

geometric solids and for that to work, he invented the fifth element, i.e. quintessence, which

is supposed to hold the cosmos together. His assignments are shown in Table 1.

Table 1: Properties of Perfect Geometric Solids

solid faces vertices Plato Group

tetrahedron 4 4 fire A4

octahedron 8 6 air S4

icosahedron 20 12 water A5

hexahedron 6 8 earth S4

dodecahedron 12 20 ? A5

The group theory of these solids was established in the early 19th century. Since a

cube (hexahedron) can be imbedded perfectly inside an octahedron and the latter inside

the former, they have the same symmetry group. The same holds for the icosahedron and

dodecahedron. The tetrahedron (Plato’s “fire”) is special because it is self-dual. It has

the symmetry group A4, i.e. the finite group of the even permutation of 4 objects. The

reason that it is special for the neutrino mass matrix is because it has 3 inequivalent one-

dimensional irreducible representations and 1 three-dimensional irreducible representation

exactly. Its character table is given below.

6

Platonic Solids

Plato’s water
A5 can explain                
Golden Ratio 

Mixing 
A. Datta, F. S. Ling, P. Ramond, hep-ph/0306002;              

L. L. Everett and A. J. Stuart, 0812.1057; 
F. Feruglio and A. Paris, 1101.0393.



A4 and S4 Group Theory

that there exists only one more irreducible representation, namely the doublet 2. Its

matrix representation is presented, together with the other irreducible representations in

the following table.

S4 A4 S T U

1,1′ 1 1 1 ±1

2

(
1′′

1′

) (
1 0

0 1

) (
ω 0

0 ω2

) (
0 1

1 0

)

3,3′ 3 1
3

⎛

⎜⎝
−1 2 2

2 −1 2

2 2 −1

⎞

⎟⎠

⎛

⎜⎝
1 0 0

0 ω2 0

0 0 ω

⎞

⎟⎠ ∓

⎛

⎜⎝
1 0 0

0 0 1

0 1 0

⎞

⎟⎠

The same table also shows the representations of the S4 subgroup A4, generated by S and

T only. Dropping the U generator, it is clear that both triplets of S4 coincide with the

single A4 triplet. Likewise, the two S4 singlets correspond to the trivial singlet of A4. The

S4 doublet, on the other hand, becomes reducible once the U generator is removed. Hence,

it decomposes into two separate non-trivial irreducible representations of A4, 1′′ and 1′.

The non-trivial S4 product rules in the T -diagonal basis are listed below, where we use

the number of primes within the expression

α(′) ⊗ β(′) → γ(′) , (C.2)

to classify the results. We denote this number by n, e.g. in 3⊗ 3′ → 3′ we get n = 2.

1(′) ⊗ 1(′) → 1(′)

⎧
⎪⎨

⎪⎩
n = even

1 ⊗ 1 → 1

1′ ⊗ 1′ → 1

1 ⊗ 1′ → 1′

⎫
⎪⎬

⎪⎭
αβ ,

1(′) ⊗ 2 → 2

{
n = even

n = odd

1 ⊗ 2 → 2

1′ ⊗ 2 → 2

}

α

(
β1

(−1)nβ2

)

,

1(′) ⊗ 3(′) → 3(′)

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩
n = even

1 ⊗ 3 → 3

1′ ⊗ 3′ → 3

1 ⊗ 3′ → 3′

1′ ⊗ 3 → 3′

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭
α

⎛

⎜⎝
β1
β2
β3

⎞

⎟⎠ ,

2 ⊗ 2 → 1(′)

{
n = even

n = odd

2⊗ 2 → 1

2⊗ 2 → 1′

}

α1β2 + (−1)nα2β1 ,

2 ⊗ 2 → 2

{
n = even 2⊗ 2 → 2

} (
α2β2
α1β1

)

,
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S.F.K., C.Luhn,
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Figure 12: This diagram illustrates the so called direct approach to models of lepton mixing.

h�SUi ⇠ 3 ⇠

0

@
2

�1
�1

1

A , preserves SU breaks T, U,

and the two important SU preserving alignments for 30 flavons,

h�0
atmi ⇠ 30

⇠

0

@
0
1

�1

1

A , preserves SU breaks T, U, (68)

h�0
soli ⇠ 30

⇠

0

@
1
3

�1

1

A , preserves SU breaks T, U. (69)

These flavons �l (identified with one or more of the T preserving flavons) only carefully engineered
to only appear in terms responsible for charged lepton masses. The other flavons �⌫ (identified with
one or more of the S, U preserving flavons) only couple to terms responsible for neutrino masses.

This is the so called “direct approach” illustrated in Fig.12. For example G = S4 can lead to TB
mixing if T is preserved in the charged lepton sector, and S, U are preserved in the neutrino sector, which
can be achieved dynamically by assuming that di↵erent symmetry preserving flavons are confined to a
particular sector. For example the charged lepton mass matrix Me may arise from a non-renormalisable
Lagrangian term �

l

⇤ LHdec where ⇤ is a heavy mass scale once the flavon �l and Higgs Hd get VEVs.
Since only �l (not �⌫) appears in the charged lepton sector, the mass matrix Me therefore respects the
T symmetry (see Eq.61) preserved by the �l VEV. Similarly m⌫ respects the S, U symmetry (see Eq.62)
preserved by the �⌫ VEV.

In such a “direct approach” the full Klein symmetry ZS

2 ⇥ ZU

2 of the neutrino mass matrix arises
as a subgroup of the initial family symmetry G. Given the measurement of the reactor angle, the only
viable direct models are those based on �(6N2) [84–86], with quite large N required. Such models
generally predict TM2 mixing and a CP phase � = 0, ⇡, both of which are disfavoured by current data.
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Figure 12: This diagram illustrates the so called direct approach to models of lepton mixing.
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A , preserves SU breaks T, U,

and the two important SU preserving alignments for 30 flavons,
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0
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A , preserves SU breaks T, U, (68)

h�0
soli ⇠ 30

⇠

0

@
1
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�1

1

A , preserves SU breaks T, U. (69)

These flavons �l (identified with one or more of the T preserving flavons) only carefully engineered
to only appear in terms responsible for charged lepton masses. The other flavons �⌫ (identified with
one or more of the S, U preserving flavons) only couple to terms responsible for neutrino masses.

This is the so called “direct approach” illustrated in Fig.12. For example G = S4 can lead to TB
mixing if T is preserved in the charged lepton sector, and S, U are preserved in the neutrino sector, which
can be achieved dynamically by assuming that di↵erent symmetry preserving flavons are confined to a
particular sector. For example the charged lepton mass matrix Me may arise from a non-renormalisable
Lagrangian term �

l

⇤ LHdec where ⇤ is a heavy mass scale once the flavon �l and Higgs Hd get VEVs.
Since only �l (not �⌫) appears in the charged lepton sector, the mass matrix Me therefore respects the
T symmetry (see Eq.61) preserved by the �l VEV. Similarly m⌫ respects the S, U symmetry (see Eq.62)
preserved by the �⌫ VEV.

In such a “direct approach” the full Klein symmetry ZS

2 ⇥ ZU

2 of the neutrino mass matrix arises
as a subgroup of the initial family symmetry G. Given the measurement of the reactor angle, the only
viable direct models are those based on �(6N2) [84–86], with quite large N required. Such models
generally predict TM2 mixing and a CP phase � = 0, ⇡, both of which are disfavoured by current data.
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Tri-bimaximal mixing from S4
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Figure 12: This diagram illustrates the so called direct approach to models of lepton mixing.
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A , preserves SU breaks T, U,

and the two important SU preserving alignments for 30 flavons,
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1

A , preserves SU breaks T, U, (68)

h�0
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⇠
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@
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1

A , preserves SU breaks T, U. (69)

These flavons �l (identified with one or more of the T preserving flavons) only carefully engineered
to only appear in terms responsible for charged lepton masses. The other flavons �⌫ (identified with
one or more of the S, U preserving flavons) only couple to terms responsible for neutrino masses.

This is the so called “direct approach” illustrated in Fig.12. For example G = S4 can lead to TB
mixing if T is preserved in the charged lepton sector, and S, U are preserved in the neutrino sector, which
can be achieved dynamically by assuming that di↵erent symmetry preserving flavons are confined to a
particular sector. For example the charged lepton mass matrix Me may arise from a non-renormalisable
Lagrangian term �

l

⇤ LHdec where ⇤ is a heavy mass scale once the flavon �l and Higgs Hd get VEVs.
Since only �l (not �⌫) appears in the charged lepton sector, the mass matrix Me therefore respects the
T symmetry (see Eq.61) preserved by the �l VEV. Similarly m⌫ respects the S, U symmetry (see Eq.62)
preserved by the �⌫ VEV.

In such a “direct approach” the full Klein symmetry ZS

2 ⇥ ZU

2 of the neutrino mass matrix arises
as a subgroup of the initial family symmetry G. Given the measurement of the reactor angle, the only
viable direct models are those based on �(6N2) [84–86], with quite large N required. Such models
generally predict TM2 mixing and a CP phase � = 0, ⇡, both of which are disfavoured by current data.
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Figure 12: This diagram illustrates the so called direct approach to models of lepton mixing.
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These flavons �l (identified with one or more of the T preserving flavons) only carefully engineered
to only appear in terms responsible for charged lepton masses. The other flavons �⌫ (identified with
one or more of the S, U preserving flavons) only couple to terms responsible for neutrino masses.

This is the so called “direct approach” illustrated in Fig.12. For example G = S4 can lead to TB
mixing if T is preserved in the charged lepton sector, and S, U are preserved in the neutrino sector, which
can be achieved dynamically by assuming that di↵erent symmetry preserving flavons are confined to a
particular sector. For example the charged lepton mass matrix Me may arise from a non-renormalisable
Lagrangian term �

l

⇤ LHdec where ⇤ is a heavy mass scale once the flavon �l and Higgs Hd get VEVs.
Since only �l (not �⌫) appears in the charged lepton sector, the mass matrix Me therefore respects the
T symmetry (see Eq.61) preserved by the �l VEV. Similarly m⌫ respects the S, U symmetry (see Eq.62)
preserved by the �⌫ VEV.

In such a “direct approach” the full Klein symmetry ZS

2 ⇥ ZU

2 of the neutrino mass matrix arises
as a subgroup of the initial family symmetry G. Given the measurement of the reactor angle, the only
viable direct models are those based on �(6N2) [84–86], with quite large N required. Such models
generally predict TM2 mixing and a CP phase � = 0, ⇡, both of which are disfavoured by current data.
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Tri-bimaximal mixing from S4

3.4 Charged lepton mixing corrections and sum rules

Recall that the physical PMNS matrix in Eq.10 is given by UPMNS = U eU ⌫

TB. Now suppose that U ⌫

TB is
the TB matrix in Eq.14 while U e corresponds to small but unknown charged lepton corrections. This
was first discussed in [55–58] where the following sum rule involving the lepton mixing parameters,
including crucially the CP phase �, was first derived:

✓12 ⇡ 35.26o + ✓13 cos �, (24)

where 35.26o = sin�1 1p
3
. Eq.24 may be recast in terms of TB deviation parameters as [48],

s = r cos �. (25)

To derive this sum rule, let us consider the case of the charged lepton mixing corrections involving
only (1,2) mixing, so that the PMNS matrix is given by [58],

UPMNS =

0

@
ce

12 se

12e
�i�

e
12 0

�se

12e
i�

e
12 ce

12 0
0 0 1

1

A

0

B@

q
2
3

1p
3

0

�
1p
6

1p
3

1p
2

1p
6

�
1p
3

1p
2

1

CA =

0

B@
· · · · · ·

s
e
12p
2
e�i�

e
12

· · · · · ·
c
e
12p
2

1p
6

�
1p
3

1p
2

1

CA (26)

Comparing to the PMNS parametrisation in Eq.4 we identify the exact sum rule relations [58],

|Ue3| = s13 =
se

12
p

2
, (27)

|U⌧1| = |s23s12 � s13c23c12e
i�
| =

1
p

6
, (28)

|U⌧2| = | � c12s23 � s12s13c23e
i�
| =

1
p

3
, (29)

|U⌧3| = c13c23 =
1

p
2
. (30)

The first equation implies a reactor angle ✓13 ⇡ 8.45� if ✓e ⇡ 12�, just a little smaller than the Cabibbo
angle. The second and third equations, after eliminating ✓23, yield a new relation between the PMNS
parameters, ✓12, ✓13 and �. Expanding to first order gives the approximate solar sum rule relations in
Eq.24 [55].

The above derivation assumes only (1,2) charged lepton corrections. However it is possible to derive
an accurate sum rule which is valid for both (1,2) and (2,3) charged lepton corrections (while keeping
✓e

13 = 0). Indeed, using a similar matrix multiplication method to that employed above leads to the
exact result [59]:

|U⌧1|

|U⌧2|
=

|s12s23 � c12s13c23ei�
|

| � c12s23 � s12s13c23ei�|
=

1
p

2
. (31)

This may also be obtained by taking the ratio of Eqs. 28 and 29. Therefore it applies to the previous
case with ✓e

23 = 0. However, since ✓e

23 cancels in the ratio, it also applies for ✓e

23 6= 0. It is not fully
general however since we are always assuming ✓e

13 = 0.
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Figure 12: This diagram illustrates the so called direct approach to models of lepton mixing.
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These flavons �l (identified with one or more of the T preserving flavons) only carefully engineered
to only appear in terms responsible for charged lepton masses. The other flavons �⌫ (identified with
one or more of the S, U preserving flavons) only couple to terms responsible for neutrino masses.

This is the so called “direct approach” illustrated in Fig.12. For example G = S4 can lead to TB
mixing if T is preserved in the charged lepton sector, and S, U are preserved in the neutrino sector, which
can be achieved dynamically by assuming that di↵erent symmetry preserving flavons are confined to a
particular sector. For example the charged lepton mass matrix Me may arise from a non-renormalisable
Lagrangian term �

l

⇤ LHdec where ⇤ is a heavy mass scale once the flavon �l and Higgs Hd get VEVs.
Since only �l (not �⌫) appears in the charged lepton sector, the mass matrix Me therefore respects the
T symmetry (see Eq.61) preserved by the �l VEV. Similarly m⌫ respects the S, U symmetry (see Eq.62)
preserved by the �⌫ VEV.

In such a “direct approach” the full Klein symmetry ZS

2 ⇥ ZU

2 of the neutrino mass matrix arises
as a subgroup of the initial family symmetry G. Given the measurement of the reactor angle, the only
viable direct models are those based on �(6N2) [84–86], with quite large N required. Such models
generally predict TM2 mixing and a CP phase � = 0, ⇡, both of which are disfavoured by current data.
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h�SUi ⇠ 3 ⇠

0

@
2

�1
�1

1

A , preserves SU breaks T, U,

and the two important SU preserving alignments for 30 flavons,

h�0
atmi ⇠ 30

⇠

0

@
0
1

�1

1

A , preserves SU breaks T, U, (68)

h�0
soli ⇠ 30

⇠

0

@
1
3

�1

1

A , preserves SU breaks T, U. (69)

These flavons �l (identified with one or more of the T preserving flavons) only carefully engineered
to only appear in terms responsible for charged lepton masses. The other flavons �⌫ (identified with
one or more of the S, U preserving flavons) only couple to terms responsible for neutrino masses.

This is the so called “direct approach” illustrated in Fig.12. For example G = S4 can lead to TB
mixing if T is preserved in the charged lepton sector, and S, U are preserved in the neutrino sector, which
can be achieved dynamically by assuming that di↵erent symmetry preserving flavons are confined to a
particular sector. For example the charged lepton mass matrix Me may arise from a non-renormalisable
Lagrangian term �

l

⇤ LHdec where ⇤ is a heavy mass scale once the flavon �l and Higgs Hd get VEVs.
Since only �l (not �⌫) appears in the charged lepton sector, the mass matrix Me therefore respects the
T symmetry (see Eq.61) preserved by the �l VEV. Similarly m⌫ respects the S, U symmetry (see Eq.62)
preserved by the �⌫ VEV.

In such a “direct approach” the full Klein symmetry ZS

2 ⇥ ZU

2 of the neutrino mass matrix arises
as a subgroup of the initial family symmetry G. Given the measurement of the reactor angle, the only
viable direct models are those based on �(6N2) [84–86], with quite large N required. Such models
generally predict TM2 mixing and a CP phase � = 0, ⇡, both of which are disfavoured by current data.
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S.F.K., C.Luhn,
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S.F.K.,C.Luhn,1107.5332

Solutions

1. (a ) This is simply a matter of substituting the expressions into the PMNS matrix,
using c13 = (1� s

2
13)

1/2, etc.

(b ) For r = s = a = 0 the mixing matrix reduces to the TB matrix,

UTB =

0

B@

q
2
3

1p
3

0

� 1p
6

1p
3

1p
2

1p
6
� 1p

3
1p
2

1

CA . (13)

Assuming s ⇡ 0, a ⇡ r cos �, we find the TM1 matrix,

UTM1 ⇡

0

B@

q
2
3 � �

� 1p
6
� �

1p
6
� �

1

CA . (14)

With s ⇡ 0, a ⇡ �(r/2) cos �, we find the TM2 matrix,

UTM2 ⇡

0

B@
� 1p

3
�

� 1p
3
�

� � 1p
3
�

1

CA . (15)

(c ) Following the hint, one finds,

a ⇡ r cos �  ! ✓23 � 45� ⇡
p
2✓13 cos � (16)

a ⇡ �(r/2) cos �  ! ✓23 � 45� ⇡ � ✓13p
2
cos � (17)

i.e. C =
p
2 and C = �1/

p
2.

Current data may involve for example ✓23 = 40� � 50� and ✓13 = 8� � 9�, leading
to |✓23�45�| <⇠ 5� and hence constraints on the two sum rules, which can be solved
for cos � in terms of the measured angles. (This is a rather open ended question
which the students can discuss in various ways in detail).
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Figure 12: This diagram illustrates the so called direct approach to models of lepton mixing.
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and the two important SU preserving alignments for 30 flavons,
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A , preserves SU breaks T, U, (68)

h�0
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A , preserves SU breaks T, U. (69)

These flavons �l (identified with one or more of the T preserving flavons) only carefully engineered
to only appear in terms responsible for charged lepton masses. The other flavons �⌫ (identified with
one or more of the S, U preserving flavons) only couple to terms responsible for neutrino masses.

This is the so called “direct approach” illustrated in Fig.12. For example G = S4 can lead to TB
mixing if T is preserved in the charged lepton sector, and S, U are preserved in the neutrino sector, which
can be achieved dynamically by assuming that di↵erent symmetry preserving flavons are confined to a
particular sector. For example the charged lepton mass matrix Me may arise from a non-renormalisable
Lagrangian term �

l

⇤ LHdec where ⇤ is a heavy mass scale once the flavon �l and Higgs Hd get VEVs.
Since only �l (not �⌫) appears in the charged lepton sector, the mass matrix Me therefore respects the
T symmetry (see Eq.61) preserved by the �l VEV. Similarly m⌫ respects the S, U symmetry (see Eq.62)
preserved by the �⌫ VEV.

In such a “direct approach” the full Klein symmetry ZS

2 ⇥ ZU

2 of the neutrino mass matrix arises
as a subgroup of the initial family symmetry G. Given the measurement of the reactor angle, the only
viable direct models are those based on �(6N2) [84–86], with quite large N required. Such models
generally predict TM2 mixing and a CP phase � = 0, ⇡, both of which are disfavoured by current data.
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These flavons �l (identified with one or more of the T preserving flavons) only carefully engineered
to only appear in terms responsible for charged lepton masses. The other flavons �⌫ (identified with
one or more of the S, U preserving flavons) only couple to terms responsible for neutrino masses.

This is the so called “direct approach” illustrated in Fig.12. For example G = S4 can lead to TB
mixing if T is preserved in the charged lepton sector, and S, U are preserved in the neutrino sector, which
can be achieved dynamically by assuming that di↵erent symmetry preserving flavons are confined to a
particular sector. For example the charged lepton mass matrix Me may arise from a non-renormalisable
Lagrangian term �

l

⇤ LHdec where ⇤ is a heavy mass scale once the flavon �l and Higgs Hd get VEVs.
Since only �l (not �⌫) appears in the charged lepton sector, the mass matrix Me therefore respects the
T symmetry (see Eq.61) preserved by the �l VEV. Similarly m⌫ respects the S, U symmetry (see Eq.62)
preserved by the �⌫ VEV.

In such a “direct approach” the full Klein symmetry ZS

2 ⇥ ZU

2 of the neutrino mass matrix arises
as a subgroup of the initial family symmetry G. Given the measurement of the reactor angle, the only
viable direct models are those based on �(6N2) [84–86], with quite large N required. Such models
generally predict TM2 mixing and a CP phase � = 0, ⇡, both of which are disfavoured by current data.
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Solutions

1. (a ) This is simply a matter of substituting the expressions into the PMNS matrix,
using c13 = (1� s

2
13)

1/2, etc.

(b ) For r = s = a = 0 the mixing matrix reduces to the TB matrix,
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Assuming s ⇡ 0, a ⇡ r cos �, we find the TM1 matrix,

UTM1 ⇡

0

B@

q
2
3 � �

� 1p
6
� �

1p
6
� �

1

CA . (14)

With s ⇡ 0, a ⇡ �(r/2) cos �, we find the TM2 matrix,

UTM2 ⇡

0

B@
� 1p

3
�

� 1p
3
�

� � 1p
3
�

1

CA . (15)

(c ) Following the hint, one finds,

a ⇡ r cos �  ! ✓23 � 45� ⇡
p
2✓13 cos � (16)

a ⇡ �(r/2) cos �  ! ✓23 � 45� ⇡ � ✓13p
2
cos � (17)

i.e. C =
p
2 and C = �1/

p
2.

Current data may involve for example ✓23 = 40� � 50� and ✓13 = 8� � 9�, leading
to |✓23�45�| <⇠ 5� and hence constraints on the two sum rules, which can be solved
for cos � in terms of the measured angles. (This is a rather open ended question
which the students can discuss in various ways in detail).
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Mu-Tau Symmetry

maximal CP violation in the lepton sector.

The layout of the remainder of this paper is as follows. In section 2 we introduce and
define different types of µτ symmetry as applied to the PMNS matrix V , the neutrino
mass matrix Mν , and its hermitean square Hν ≡ M †

νMν . In section 3 we give basis
invariant conditions on Hν leading to maximal atmospheric mixing and maximal CP
violation. In section 4 we present a general form for Mν with µτ symmetry leading
to maximal atmospheric mixing and maximal CP violation. In section 5 we show how
the µτ conjugation operation can be useful for relating different neutrino mass matrices
which have the general form of µτ symmetry. In section 6 we apply the results to the
LSS mass matrix and show why this model has approximate µτ symmetry. In section 7
we discuss accidental implementations of µτ symmetry and give an example. Finally
section 8 concludes the paper. The Appendices contain some of the proofs of results in
the paper. Appendix A provides a proof that a µτ symmetric Hν implies and is implied
by µτ symmetric PMNS mixing. Appendix B makes the connection of the general form
of Mν with µτ symmetry with CP transformations.

2 Other types of µτ symmetry: µτ-U and µτ-R

Let us denote by µτ universal (µτ -U) mixing the PMNS matrix V characterized by the
following two conditions: (i) fully nonvanishing first row,

|Vej| ≠ 0 , j = 1, 2, 3, (1)

and (ii) equal moduli for the µ (second) and τ (third) rows [33, 34],

|Vµj | = |Vτj| , j = 1, 2, 3. (2)

In other words the modulus of the µτ -U PMNS matrix elements have the form

|V | =

⎛

⎝
|Ve1| |Ve2| |Ve3|
|Vµ1| |Vµ2| |Vµ3|
|Vµ1| |Vµ2| |Vµ3|

⎞

⎠ . (3)

One can show within the standard parametrization that conditions (1) and (2) are equiv-
alent to having nonzero θ13 together with maximal atmospheric angle and Dirac CP
phase:3

θ13 ≠ 0 , θ23 = 45◦, δCP = ±90◦ , (4)

which are consistent with current data. The condition (1) ensures the first inequality while
(2) ensures the rest. In fact, condition (1) implies that both θ13 and θ12 are nontrivial
(different from 0 or π/2). Notice that the Majorana phases in V are not constrained.

3Also denoted as cobimaximal mixing in Ref. [35].
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Mu-tau reflection 
symmetry

P.F.Harrison and W.G.Scott, hep-ph/0210197

Generalisation of:

Harrison and Scott [33] showed that, allowing rephasing transformations from the left
and from the right,4 any µτ -U PMNS mixing matrix V can be cast in the form

V0 =

⎛

⎝
|Ve1| |Ve2| |Ve3|
Vµ1 Vµ2 Vµ3

V ∗
µ1 V ∗

µ2 V ∗
µ3

⎞

⎠ . (5)

Moreover, when all |Vej| are nonzero, i.e., condition (1) is valid, it is guaranteed that
not all of the phases in Vµi can be removed and V0 is essentially complex. This fact is
consistent with the presence of CP violation in (4). The form (5) can be easily checked by
imposing maximal angle and phase in (4) in the standard parametrization and applying
appropriate rephasing transformations; see Ref. [36] for the explicit form. In Ref. [33] a
different proof was originally supplied and the restriction (1) was not imposed.

Instead of characterizing the mixing matrix, it is often more interesting to characterize
the neutrino mass matrix Mν that is responsible for the mixing in the flavor basis where
the µτ -U PMNS matrix comes from the diagonalization of the neutrino mass matrix.
As condition (2) is insensitive to Majorana phases, it is useful to consider the hermitean
squareHν ≡ M †

νMν of the neutrino mass matrixMν for both Majorana or Dirac neutrinos.

We say a hermitean or symmetric 3× 3 matrix A is µτ -reflection (µτ -R) symmetric 5 if

PµτAPµτ = A∗ , (6)

where

Pµτ =

⎛

⎝
1 0 0
0 0 1
0 1 0

⎞

⎠ (7)

represents µτ interchange. According to this definition, the hermitean square mass matrix
Hν = H†

ν is µτ -R symmetric [33] if it has the form

Hν =

⎛

⎝
A D D∗

D∗ B C∗

D C B

⎞

⎠ , (8)

with A,B real and positive while C,D should have irremovable phases (Im[C∗D2] ≠ 0).
It can readily be checked that, if the hermitean square mass matrix Hν is µτ -R symmetric
in the flavour basis (i.e. has the form in Eq. (8)), then this leads to a µτ -U PMNS matrix,
with the usual predictions of maximal atmospheric mixing and maximal CP violation. In
fact it can be proved that a µτ -U PMNS matrix implies and is implied by Hν being µτ -R
symmetric in the flavour basis (see Appendix A).

For Majorana neutrinos, the complex symmetric mass matrix Mν which leads to a µτ -R
symmetric hermitean square mass matrix Hν (and hence µτ -U PMNS matrix) may take

4The following rephasing freedom from the left still survives: Vµk → eiαVµk, Vτk → e−iαVτk.
5Also denoted as CPµτ in Ref. [40].
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maximal CP violation in the lepton sector.

The layout of the remainder of this paper is as follows. In section 2 we introduce and
define different types of µτ symmetry as applied to the PMNS matrix V , the neutrino
mass matrix Mν , and its hermitean square Hν ≡ M †

νMν . In section 3 we give basis
invariant conditions on Hν leading to maximal atmospheric mixing and maximal CP
violation. In section 4 we present a general form for Mν with µτ symmetry leading
to maximal atmospheric mixing and maximal CP violation. In section 5 we show how
the µτ conjugation operation can be useful for relating different neutrino mass matrices
which have the general form of µτ symmetry. In section 6 we apply the results to the
LSS mass matrix and show why this model has approximate µτ symmetry. In section 7
we discuss accidental implementations of µτ symmetry and give an example. Finally
section 8 concludes the paper. The Appendices contain some of the proofs of results in
the paper. Appendix A provides a proof that a µτ symmetric Hν implies and is implied
by µτ symmetric PMNS mixing. Appendix B makes the connection of the general form
of Mν with µτ symmetry with CP transformations.

2 Other types of µτ symmetry: µτ-U and µτ-R

Let us denote by µτ universal (µτ -U) mixing the PMNS matrix V characterized by the
following two conditions: (i) fully nonvanishing first row,

|Vej| ≠ 0 , j = 1, 2, 3, (1)

and (ii) equal moduli for the µ (second) and τ (third) rows [33, 34],

|Vµj | = |Vτj| , j = 1, 2, 3. (2)

In other words the modulus of the µτ -U PMNS matrix elements have the form

|V | =

⎛

⎝
|Ve1| |Ve2| |Ve3|
|Vµ1| |Vµ2| |Vµ3|
|Vµ1| |Vµ2| |Vµ3|

⎞

⎠ . (3)

One can show within the standard parametrization that conditions (1) and (2) are equiv-
alent to having nonzero θ13 together with maximal atmospheric angle and Dirac CP
phase:3

θ13 ≠ 0 , θ23 = 45◦, δCP = ±90◦ , (4)

which are consistent with current data. The condition (1) ensures the first inequality while
(2) ensures the rest. In fact, condition (1) implies that both θ13 and θ12 are nontrivial
(different from 0 or π/2). Notice that the Majorana phases in V are not constrained.

3Also denoted as cobimaximal mixing in Ref. [35].
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Mu-Tau Symmetry
Mu-tau reflection symmetric Majorana mass matrix:

The best-fit values for ma,s in (33) are [30]

ma = 26.57meV , ms = 2.684meV . (35)

These values result in m1 = 0, m2 = 8.59meV , m3 = 49.8meV and

θ23 = 44.2◦ , δCP = −93.3◦ . (36)

The rest of the parameters are θ12 = 34.3◦, θ13 = 8.67◦. From µτ conjugation, all the
predictions for (34) are the same as for (33), except that θ23 and δCP get complementary
values with respect to 45◦ and −90◦, respectively.

We can immediately see that the values in (36) are close to the µτ -U mixing predictions
in (4). In fact, one can check that an exact µτ -U mixing is obtained if ma,s satisfy the
special ratio

ma

ms

= 11 , (37)

as can be checked explicitly using the analytic formulas in Refs. [28, 30]. Inserting this
ratio of masses, the neutrino mass matrix in (33) becomes, after multiplying by an overall
physically irrelevant phase of ω2,

Mν = ms

⎛

⎝
1 1 3
1 1 + 11ω2 3 + ω2

3 3 + 11ω2 9 + 11ω2

⎞

⎠ . (38)

Clearly, there is no µτ -R symmetry on Mν , i.e., it does not have the form in (9). However,
by comparing to (8), it is easy to check that its hermitean square,

Hν = M †
νMν = 11 |ms|2

⎛

⎝
1 −1 − 2i

√
3 1− 2i

√
3

−1 + 2i
√
3 19 17 + 4i

√
3

1 + 2i
√
3 17− 4i

√
3 19

⎞

⎠ , (39)

does satisfy µτ -R symmetry after we flip the sign of the second row and column. Thus
we conclude that the LSS mass matrix obeys µτ -U PMNS mixing in the limit of Eq. (37).
Since the best fit parameters of the LSS model are close to Eq. (37) then we can understand
why its predictions for the atmospheric angle and CP phase are both close to maximal.
However, since the LSS mass matrix has only two input parameters, which fixes all
neutrino masses and PMNS mixing parameters, there are other predictions including the
reactor angle, the solar angle, the absolute neutrino masses and the Majorana phase,
which µτ symmetry by itself does not address.

Obviously, the rephasing invariant conditions in (10b) are also satisfied. To check that
Hν is essentially complex, we can use (10a) and obtain

Im
[
(Hν)eµ(Hν)µτ (Hν)τe

]
= −113|ms|6 × 24

√
3 ≠ 0 . (40)

Since it is negative, the ambiguity in the sign of δ in (4) is now removed and we have
δ = −π/2 in this case. Alternatively, we could use rephasing with opposite phases for µ
and τ on (39) to eliminate the arguments of the entries (eµ) and (eτ) so that

Hν → 11|ms|2
⎛

⎝
1

√
13

√
13√

13 19
√
337e−iγ

√
13

√
337eiγ 19

⎞

⎠ , (41)
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Harrison and Scott [33] showed that, allowing rephasing transformations from the left
and from the right,4 any µτ -U PMNS mixing matrix V can be cast in the form

V0 =

⎛

⎝
|Ve1| |Ve2| |Ve3|
Vµ1 Vµ2 Vµ3

V ∗
µ1 V ∗

µ2 V ∗
µ3

⎞

⎠ . (5)

Moreover, when all |Vej| are nonzero, i.e., condition (1) is valid, it is guaranteed that
not all of the phases in Vµi can be removed and V0 is essentially complex. This fact is
consistent with the presence of CP violation in (4). The form (5) can be easily checked by
imposing maximal angle and phase in (4) in the standard parametrization and applying
appropriate rephasing transformations; see Ref. [36] for the explicit form. In Ref. [33] a
different proof was originally supplied and the restriction (1) was not imposed.

Instead of characterizing the mixing matrix, it is often more interesting to characterize
the neutrino mass matrix Mν that is responsible for the mixing in the flavor basis where
the µτ -U PMNS matrix comes from the diagonalization of the neutrino mass matrix.
As condition (2) is insensitive to Majorana phases, it is useful to consider the hermitean
squareHν ≡ M †

νMν of the neutrino mass matrixMν for both Majorana or Dirac neutrinos.

We say a hermitean or symmetric 3× 3 matrix A is µτ -reflection (µτ -R) symmetric 5 if

PµτAPµτ = A∗ , (6)

where

Pµτ =

⎛

⎝
1 0 0
0 0 1
0 1 0

⎞

⎠ (7)

represents µτ interchange. According to this definition, the hermitean square mass matrix
Hν = H†

ν is µτ -R symmetric [33] if it has the form

Hν =

⎛

⎝
A D D∗

D∗ B C∗

D C B

⎞

⎠ , (8)

with A,B real and positive while C,D should have irremovable phases (Im[C∗D2] ≠ 0).
It can readily be checked that, if the hermitean square mass matrix Hν is µτ -R symmetric
in the flavour basis (i.e. has the form in Eq. (8)), then this leads to a µτ -U PMNS matrix,
with the usual predictions of maximal atmospheric mixing and maximal CP violation. In
fact it can be proved that a µτ -U PMNS matrix implies and is implied by Hν being µτ -R
symmetric in the flavour basis (see Appendix A).

For Majorana neutrinos, the complex symmetric mass matrix Mν which leads to a µτ -R
symmetric hermitean square mass matrix Hν (and hence µτ -U PMNS matrix) may take

4The following rephasing freedom from the left still survives: Vµk → eiαVµk, Vτk → e−iαVτk.
5Also denoted as CPµτ in Ref. [40].
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Mu-Tau Symmetry
Mu-tau reflection symmetric Majorana mass matrix:

The best-fit values for ma,s in (33) are [30]

ma = 26.57meV , ms = 2.684meV . (35)

These values result in m1 = 0, m2 = 8.59meV , m3 = 49.8meV and

θ23 = 44.2◦ , δCP = −93.3◦ . (36)

The rest of the parameters are θ12 = 34.3◦, θ13 = 8.67◦. From µτ conjugation, all the
predictions for (34) are the same as for (33), except that θ23 and δCP get complementary
values with respect to 45◦ and −90◦, respectively.

We can immediately see that the values in (36) are close to the µτ -U mixing predictions
in (4). In fact, one can check that an exact µτ -U mixing is obtained if ma,s satisfy the
special ratio

ma

ms

= 11 , (37)

as can be checked explicitly using the analytic formulas in Refs. [28, 30]. Inserting this
ratio of masses, the neutrino mass matrix in (33) becomes, after multiplying by an overall
physically irrelevant phase of ω2,

Mν = ms

⎛

⎝
1 1 3
1 1 + 11ω2 3 + ω2

3 3 + 11ω2 9 + 11ω2

⎞

⎠ . (38)

Clearly, there is no µτ -R symmetry on Mν , i.e., it does not have the form in (9). However,
by comparing to (8), it is easy to check that its hermitean square,

Hν = M †
νMν = 11 |ms|2

⎛

⎝
1 −1 − 2i

√
3 1− 2i

√
3

−1 + 2i
√
3 19 17 + 4i

√
3

1 + 2i
√
3 17− 4i

√
3 19

⎞

⎠ , (39)

does satisfy µτ -R symmetry after we flip the sign of the second row and column. Thus
we conclude that the LSS mass matrix obeys µτ -U PMNS mixing in the limit of Eq. (37).
Since the best fit parameters of the LSS model are close to Eq. (37) then we can understand
why its predictions for the atmospheric angle and CP phase are both close to maximal.
However, since the LSS mass matrix has only two input parameters, which fixes all
neutrino masses and PMNS mixing parameters, there are other predictions including the
reactor angle, the solar angle, the absolute neutrino masses and the Majorana phase,
which µτ symmetry by itself does not address.

Obviously, the rephasing invariant conditions in (10b) are also satisfied. To check that
Hν is essentially complex, we can use (10a) and obtain

Im
[
(Hν)eµ(Hν)µτ (Hν)τe

]
= −113|ms|6 × 24

√
3 ≠ 0 . (40)

Since it is negative, the ambiguity in the sign of δ in (4) is now removed and we have
δ = −π/2 in this case. Alternatively, we could use rephasing with opposite phases for µ
and τ on (39) to eliminate the arguments of the entries (eµ) and (eτ) so that

Hν → 11|ms|2
⎛

⎝
1

√
13

√
13√

13 19
√
337e−iγ

√
13

√
337eiγ 19

⎞

⎠ , (41)
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Harrison and Scott [33] showed that, allowing rephasing transformations from the left
and from the right,4 any µτ -U PMNS mixing matrix V can be cast in the form

V0 =

⎛

⎝
|Ve1| |Ve2| |Ve3|
Vµ1 Vµ2 Vµ3

V ∗
µ1 V ∗

µ2 V ∗
µ3

⎞

⎠ . (5)

Moreover, when all |Vej| are nonzero, i.e., condition (1) is valid, it is guaranteed that
not all of the phases in Vµi can be removed and V0 is essentially complex. This fact is
consistent with the presence of CP violation in (4). The form (5) can be easily checked by
imposing maximal angle and phase in (4) in the standard parametrization and applying
appropriate rephasing transformations; see Ref. [36] for the explicit form. In Ref. [33] a
different proof was originally supplied and the restriction (1) was not imposed.

Instead of characterizing the mixing matrix, it is often more interesting to characterize
the neutrino mass matrix Mν that is responsible for the mixing in the flavor basis where
the µτ -U PMNS matrix comes from the diagonalization of the neutrino mass matrix.
As condition (2) is insensitive to Majorana phases, it is useful to consider the hermitean
squareHν ≡ M †

νMν of the neutrino mass matrixMν for both Majorana or Dirac neutrinos.

We say a hermitean or symmetric 3× 3 matrix A is µτ -reflection (µτ -R) symmetric 5 if

PµτAPµτ = A∗ , (6)

where

Pµτ =

⎛

⎝
1 0 0
0 0 1
0 1 0

⎞

⎠ (7)

represents µτ interchange. According to this definition, the hermitean square mass matrix
Hν = H†

ν is µτ -R symmetric [33] if it has the form

Hν =

⎛

⎝
A D D∗

D∗ B C∗

D C B

⎞

⎠ , (8)

with A,B real and positive while C,D should have irremovable phases (Im[C∗D2] ≠ 0).
It can readily be checked that, if the hermitean square mass matrix Hν is µτ -R symmetric
in the flavour basis (i.e. has the form in Eq. (8)), then this leads to a µτ -U PMNS matrix,
with the usual predictions of maximal atmospheric mixing and maximal CP violation. In
fact it can be proved that a µτ -U PMNS matrix implies and is implied by Hν being µτ -R
symmetric in the flavour basis (see Appendix A).

For Majorana neutrinos, the complex symmetric mass matrix Mν which leads to a µτ -R
symmetric hermitean square mass matrix Hν (and hence µτ -U PMNS matrix) may take

4The following rephasing freedom from the left still survives: Vµk → eiαVµk, Vτk → e−iαVτk.
5Also denoted as CPµτ in Ref. [40].
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the following special µτ -R symmetric form [34] 6

Mν =

⎛

⎝
a d d∗

d c b
d∗ b c∗

⎞

⎠ , (9)

with real a, b and Im[c∗d2] ̸= 0. It can readily be checked that the mass matrix of
the special µτ -R symmetric form in (9) leads to a µτ -R symmetric hermitean square
mass matrix Hν as in (8) when the hermitean square is taken (and hence a µτ -U PMNS
matrix). However it is not necessary for Mν to be µτ -R symmetric, in order to lead
to a µτ -R symmetric hermitean square mass matrix Hν .7 Unlike Ref. [33], we shortly
show that, while µτ -U PMNS mixing is equivalent to having a µτ -R symmetric Hν , it
is not equivalent to having a µτ -R symmetric Mν in the case of Majorana neutrinos. In
other words, (9) is not the most general form of neutrino mass matrix with µτ symmetry.
But, before giving that, we first discuss the basis invariant conditions on Hν with µτ
symmetry.

3 Rephasing invariants for Hν with µτ symmetry

We should remark that the discussion in the previous section was based on a phase
convention where (5) or (8) was valid. If µτ -U mixing follows accidentally (Refs. [38,39]
show one way), we do not expect Hν to be in the form (8) as the flavor basis is unique
only up to rephasing of the e, µ, τ flavors. Therefore, for the task of detecting µτ -U
mixing using Hν , it is more useful to formulate the following three rephasing invariant
conditions:

Im
[
(Hν)eµ(Hν)µτ (Hν)τe

]
̸= 0 , (10a)

|(Hν)eµ| = |(Hν)eτ | , (Hν)µµ = (Hν)ττ . (10b)

See appendix A for more discussions. Establishing the equivalence between the conditions
in (10b) and the form (8) is straightforward in the basis where (eµ) and (eτ) entries of
Hν are real and positive after appropriate rephasing transformations. In contrast, the
first condition in (10a) is merely the requirement of CP violation as, generically,

Im
[
(Hν)eµ(Hν)µτ (Hν)τe

]
= (m2

1 −m2

2)(m
2

2 −m2

3)(m
2

3 −m2

1)J , (11)

where mi are neutrino mass eigenvalues and J is the usual Jarlskog invariant,

J = Im[Ve1V
∗
µ1Vµ2V

∗
e2] = c12s12c

2

13s13c23s23 sin(δ) . (12)

Note that (11) is Im[C∗D2] in the notation of (8) and the sign of (11) is given by the
sign of J for physical cases.

6This form resulting from a model was first proposed in Ref. [37].
7These points were alreay made in Refs. [38, 39] but here we extend their analysis.
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Mu-Tau Symmetry
S.F.K. and C.C.Nishi,1807.00023Littlest mu-tau seesaw

The best-fit values for ma,s in (33) are [30]

ma = 26.57meV , ms = 2.684meV . (35)

These values result in m1 = 0, m2 = 8.59meV , m3 = 49.8meV and

θ23 = 44.2◦ , δCP = −93.3◦ . (36)

The rest of the parameters are θ12 = 34.3◦, θ13 = 8.67◦. From µτ conjugation, all the
predictions for (34) are the same as for (33), except that θ23 and δCP get complementary
values with respect to 45◦ and −90◦, respectively.

We can immediately see that the values in (36) are close to the µτ -U mixing predictions
in (4). In fact, one can check that an exact µτ -U mixing is obtained if ma,s satisfy the
special ratio

ma

ms

= 11 , (37)

as can be checked explicitly using the analytic formulas in Refs. [28, 30]. Inserting this
ratio of masses, the neutrino mass matrix in (33) becomes, after multiplying by an overall
physically irrelevant phase of ω2,

Mν = ms

⎛

⎝
1 1 3
1 1 + 11ω2 3 + ω2

3 3 + 11ω2 9 + 11ω2

⎞

⎠ . (38)

Clearly, there is no µτ -R symmetry on Mν , i.e., it does not have the form in (9). However,
by comparing to (8), it is easy to check that its hermitean square,

Hν = M †
νMν = 11 |ms|2

⎛

⎝
1 −1 − 2i

√
3 1− 2i

√
3

−1 + 2i
√
3 19 17 + 4i

√
3

1 + 2i
√
3 17− 4i

√
3 19

⎞

⎠ , (39)

does satisfy µτ -R symmetry after we flip the sign of the second row and column. Thus
we conclude that the LSS mass matrix obeys µτ -U PMNS mixing in the limit of Eq. (37).
Since the best fit parameters of the LSS model are close to Eq. (37) then we can understand
why its predictions for the atmospheric angle and CP phase are both close to maximal.
However, since the LSS mass matrix has only two input parameters, which fixes all
neutrino masses and PMNS mixing parameters, there are other predictions including the
reactor angle, the solar angle, the absolute neutrino masses and the Majorana phase,
which µτ symmetry by itself does not address.

Obviously, the rephasing invariant conditions in (10b) are also satisfied. To check that
Hν is essentially complex, we can use (10a) and obtain

Im
[
(Hν)eµ(Hν)µτ (Hν)τe

]
= −113|ms|6 × 24

√
3 ≠ 0 . (40)

Since it is negative, the ambiguity in the sign of δ in (4) is now removed and we have
δ = −π/2 in this case. Alternatively, we could use rephasing with opposite phases for µ
and τ on (39) to eliminate the arguments of the entries (eµ) and (eτ) so that

Hν → 11|ms|2
⎛

⎝
1

√
13

√
13√

13 19
√
337e−iγ

√
13

√
337eiγ 19

⎞

⎠ , (41)
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θ23 = 44.2◦ , δCP = −93.3◦ . (36)

The rest of the parameters are θ12 = 34.3◦, θ13 = 8.67◦. From µτ conjugation, all the
predictions for (34) are the same as for (33), except that θ23 and δCP get complementary
values with respect to 45◦ and −90◦, respectively.

We can immediately see that the values in (36) are close to the µτ -U mixing predictions
in (4). In fact, one can check that an exact µτ -U mixing is obtained if ma,s satisfy the
special ratio

ma

ms

= 11 , (37)

as can be checked explicitly using the analytic formulas in Refs. [28, 30]. Inserting this
ratio of masses, the neutrino mass matrix in (33) becomes, after multiplying by an overall
physically irrelevant phase of ω2,

Mν = ms

⎛

⎝
1 1 3
1 1 + 11ω2 3 + ω2

3 3 + 11ω2 9 + 11ω2

⎞

⎠ . (38)

Clearly, there is no µτ -R symmetry on Mν , i.e., it does not have the form in (9). However,
by comparing to (8), it is easy to check that its hermitean square,

Hν = M †
νMν = 11 |ms|2

⎛

⎝
1 −1 − 2i

√
3 1− 2i

√
3

−1 + 2i
√
3 19 17 + 4i

√
3

1 + 2i
√
3 17− 4i

√
3 19

⎞

⎠ , (39)

does satisfy µτ -R symmetry after we flip the sign of the second row and column. Thus
we conclude that the LSS mass matrix obeys µτ -U PMNS mixing in the limit of Eq. (37).
Since the best fit parameters of the LSS model are close to Eq. (37) then we can understand
why its predictions for the atmospheric angle and CP phase are both close to maximal.
However, since the LSS mass matrix has only two input parameters, which fixes all
neutrino masses and PMNS mixing parameters, there are other predictions including the
reactor angle, the solar angle, the absolute neutrino masses and the Majorana phase,
which µτ symmetry by itself does not address.

Obviously, the rephasing invariant conditions in (10b) are also satisfied. To check that
Hν is essentially complex, we can use (10a) and obtain

Im
[
(Hν)eµ(Hν)µτ (Hν)τe

]
= −113|ms|6 × 24

√
3 ≠ 0 . (40)

Since it is negative, the ambiguity in the sign of δ in (4) is now removed and we have
δ = −π/2 in this case. Alternatively, we could use rephasing with opposite phases for µ
and τ on (39) to eliminate the arguments of the entries (eµ) and (eτ) so that

Hν → 11|ms|2
⎛

⎝
1

√
13

√
13√

13 19
√
337e−iγ

√
13

√
337eiγ 19

⎞

⎠ , (41)
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for case I and case II, respectively. They satisfy the following structure

(H⌫)12 = �(H⌫)
⇤
13 , (H⌫)22 = (H⌫)33 , (8)

from which one can directly prove ✓23 = 45� and � = 270�. The di↵erence of H⌫ between two cases can

be rotated away by redefinition of the unphysical phases in the charged lepton sector. Therefore, all

oscillation parameters, including ✓13, ✓13, �, as well as mass parameters �m2
21 and �m2

31, are predicted

to be exactly the same, as have been obtained in Eqs. (3) and (4). Without respecting the Majorana

phase and unphysical phases, the PMNS matrix in both cases takes the same form as

U =

0

BB@

2p
6

c+p
6

c�p
6

1p
6
�

c+p
6
� i c�2 �

c�p
6
+ i c+2

1p
6
�

c+p
6
+ i c�2 �

c�p
6
� i c+2

1

CCA . (9)

The mixing is a special case of the TM1 mixing.

This model is not fully consistent with the oscillation data since both the predicted ✓13 and ratio of

mass square di↵erences ↵ are smaller than the current global data of neutrino oscillation in 3� ranges.

As a comparison, current data give ✓13 ⇠ (8.09�, 8.98�) and ↵ ⇠ (0.0262, 0.0334) in 3� ranges.

2 Radiative corrections to the model

The explicit flavour texture of the µ⌧ -LSS model is corrected due to radiative corrections. We wonder

if the µ⌧ -LSS model can be compatible with current data after the RG running e↵ect is included.

We assume the flavour structure of the µ⌧ -LSS model is preserved at a new scale ⇤µ⌧ . This scale is

su�ciently higher than the electroweak scale ⇤EW for relatively large RG running e↵ect, but low than

the seesaw scale ⇤0, thus heave degrees of freedom do not need to be considered in the RG running. At

such a scale, the neutrino mass and flavour mixing is governed by the dimension-5 Weinberg operator

L � `H̃  `cH̃ + h.c. (10)

where  is a 3⇥ 3 coupling matrix. After the electroweak symmetry breaking, the Higgs gains the VEV

hHi = vH , the neutrino mass is given by M⌫ = v2
H
. In our following discussion, we will always use

M⌫ = v2
H

no matter at the scale lower or higher than the electroweak scale. For scale higher than the

electroweak scale, M⌫ should not be understood as neutrino masses, but just the coupling matrix with

its unit normalised by v2
H
.

The RG equation of the coupling matrix  is given in []. M⌫ at two scales due to the radiative

correction can be written as an integrated from as [?]

M⌫(⇤EW) = I↵

0

B@
Ie 0 0

0 Iµ 0

0 0 I⌧

1

CAM⌫(⇤µ⌧ )

0
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Ie 0 0

0 Iµ 0

0 0 I⌧

1

CA , (11)

where

I↵ = exp


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1

16⇡2

Z ln⇤µ⌧

ln⇤EW

↵(t)dt
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,
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Mu-Tau Symmetry
S.F.K. and C.C.Nishi,1807.00023Littlest mu-tau seesaw

The best-fit values for ma,s in (33) are [30]

ma = 26.57meV , ms = 2.684meV . (35)

These values result in m1 = 0, m2 = 8.59meV , m3 = 49.8meV and

θ23 = 44.2◦ , δCP = −93.3◦ . (36)

The rest of the parameters are θ12 = 34.3◦, θ13 = 8.67◦. From µτ conjugation, all the
predictions for (34) are the same as for (33), except that θ23 and δCP get complementary
values with respect to 45◦ and −90◦, respectively.

We can immediately see that the values in (36) are close to the µτ -U mixing predictions
in (4). In fact, one can check that an exact µτ -U mixing is obtained if ma,s satisfy the
special ratio

ma

ms

= 11 , (37)

as can be checked explicitly using the analytic formulas in Refs. [28, 30]. Inserting this
ratio of masses, the neutrino mass matrix in (33) becomes, after multiplying by an overall
physically irrelevant phase of ω2,

Mν = ms
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⎞
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Clearly, there is no µτ -R symmetry on Mν , i.e., it does not have the form in (9). However,
by comparing to (8), it is easy to check that its hermitean square,
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does satisfy µτ -R symmetry after we flip the sign of the second row and column. Thus
we conclude that the LSS mass matrix obeys µτ -U PMNS mixing in the limit of Eq. (37).
Since the best fit parameters of the LSS model are close to Eq. (37) then we can understand
why its predictions for the atmospheric angle and CP phase are both close to maximal.
However, since the LSS mass matrix has only two input parameters, which fixes all
neutrino masses and PMNS mixing parameters, there are other predictions including the
reactor angle, the solar angle, the absolute neutrino masses and the Majorana phase,
which µτ symmetry by itself does not address.

Obviously, the rephasing invariant conditions in (10b) are also satisfied. To check that
Hν is essentially complex, we can use (10a) and obtain

Im
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(Hν)eµ(Hν)µτ (Hν)τe

]
= −113|ms|6 × 24

√
3 ≠ 0 . (40)

Since it is negative, the ambiguity in the sign of δ in (4) is now removed and we have
δ = −π/2 in this case. Alternatively, we could use rephasing with opposite phases for µ
and τ on (39) to eliminate the arguments of the entries (eµ) and (eτ) so that
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from which one can directly prove ✓23 = 45� and � = 270�. The di↵erence of H⌫ between two cases can

be rotated away by redefinition of the unphysical phases in the charged lepton sector. Therefore, all

oscillation parameters, including ✓13, ✓13, �, as well as mass parameters �m2
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31, are predicted

to be exactly the same, as have been obtained in Eqs. (3) and (4). Without respecting the Majorana
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The mixing is a special case of the TM1 mixing.

This model is not fully consistent with the oscillation data since both the predicted ✓13 and ratio of

mass square di↵erences ↵ are smaller than the current global data of neutrino oscillation in 3� ranges.

As a comparison, current data give ✓13 ⇠ (8.09�, 8.98�) and ↵ ⇠ (0.0262, 0.0334) in 3� ranges.

2 Radiative corrections to the model

The explicit flavour texture of the µ⌧ -LSS model is corrected due to radiative corrections. We wonder

if the µ⌧ -LSS model can be compatible with current data after the RG running e↵ect is included.

We assume the flavour structure of the µ⌧ -LSS model is preserved at a new scale ⇤µ⌧ . This scale is

su�ciently higher than the electroweak scale ⇤EW for relatively large RG running e↵ect, but low than

the seesaw scale ⇤0, thus heave degrees of freedom do not need to be considered in the RG running. At

such a scale, the neutrino mass and flavour mixing is governed by the dimension-5 Weinberg operator

L � `H̃  `cH̃ + h.c. (10)

where  is a 3⇥ 3 coupling matrix. After the electroweak symmetry breaking, the Higgs gains the VEV

hHi = vH , the neutrino mass is given by M⌫ = v2
H
. In our following discussion, we will always use

M⌫ = v2
H

no matter at the scale lower or higher than the electroweak scale. For scale higher than the

electroweak scale, M⌫ should not be understood as neutrino masses, but just the coupling matrix with

its unit normalised by v2
H
.

The RG equation of the coupling matrix  is given in []. M⌫ at two scales due to the radiative

correction can be written as an integrated from as [?]
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for case I and case II, respectively. On the right hand side of Eq. (??), only one parameter ✏ appears.

The RG running e↵ect specifies the ⌧ sector, which breaks the µ⌧ -U symmetry. As a result, two cases

in Eq. (??) gain totally di↵erent corrections.

By perturbatively diagonalising H⌫ , we obtain corrections to both ✓13 and the ratio of mass square

di↵erences ↵, which are determined by ✏. Including the other parameters, the corrected oscillation

parameters are approximatively given by

✓13 ⇡ 7.807� � 8.000�✏ ,

✓12 ⇡ 34.50� � 12.30�✏ ,

✓23 ⇡ 45.00� � 31.64�✏ ,

� ⇡ 270.00� + 3.23�✏ ,

↵ ⇡ 0.0247� 0.0147✏ (18)

in case I, and

✓13 ⇡ 7.807� + 0.345�✏ ,

✓12 ⇡ 34.50� � 13.96�✏ ,

✓23 ⇡ 45.00� � 30.50�✏ ,

� ⇡ 270.00� + 2.33�✏ ,

↵ ⇡ 0.0247� 0.0249✏ (19)

in case II. Here again, I↵ gives only an overall enhancement or suppression to masses and thus does not

contribute to the above formulas.

Let us first have a look at case II. We can see that ✓13 gains a very small correction from ✏. In order

to enhance ✓13 by 0.2�, ✏ should be positive and not smaller than 0.5, in spite of validity of perturbation

calculation. MSSM always gives negative correction and thus, does not satisfy the requirement. SM

gives positive correction, but the correction is too small. Another reason forbidding us to consider

RG running is that ✓13 and �m2
21/�m2

31 gain corrections in opposite directions. If one parameters

runs closer to the experimental allowed range, the other runs farther away for the experimental allowed

range.

Then, we turn back to case I. In this case, both ✓13 and � are corrected in the same direction. To

increase their values, ✏ has to be negative with value �✏ ⇠ O(0.1). Such a value can be obtained in

MSSM with large tan� with value of order 10.

We perform the numerical illustration for RG corrections in the MSSM.

3 A µ⌧-LSS model in S4 ⇥ S4

In this section, we present a flavour model to realise the µ⌧ -LSS flavour structure. We assume the

flavour symmetry to be S4L ⇥ S4R ⇥ Zn in the SUSY framework. How lepton gain flavoured masses

based on specified flavon vacuum will be discussed in section ?? and how flavons gain the specified

VEVs will be given in section ??.
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for case I and case II, respectively. On the right hand side of Eq. (16), only one parameter ✏ appears.

The RG running e↵ect specifies the ⌧ sector, which breaks the µ⌧ -U symmetry. As a result, two cases
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By perturbatively diagonalising H⌫ , we obtain corrections to both ✓13 and the ratio of mass square

di↵erences ↵, which are determined by ✏. Including the other parameters, the corrected oscillation

parameters are approximatively given by

✓13 ⇡ 7.807� � 8.000�✏ ,

✓12 ⇡ 34.50� � 12.30�✏ ,

✓23 ⇡ 45.00� � 31.64�✏ ,

� ⇡ 270.00� + 3.23�✏ ,

↵ ⇡ 0.0247� 0.0147✏ (18)

in case I, and

✓13 ⇡ 7.807� + 0.345�✏ ,

✓12 ⇡ 34.50� � 13.96�✏ ,

✓23 ⇡ 45.00� � 30.50�✏ ,

� ⇡ 270.00� + 2.33�✏ ,

↵ ⇡ 0.0247� 0.0249✏ (19)

in case II. Here again, I↵ gives only an overall enhancement or suppression to masses and thus does not

contribute to the above formulas.

Let us first have a look at case II. We can see that ✓13 gains a very small correction from ✏. In order

to enhance ✓13 by 0.2�, ✏ should be positive and not smaller than 0.5, in spite of validity of perturbation

calculation. MSSM always gives negative correction and thus, does not satisfy the requirement. SM

gives positive correction, but the correction is too small. Another reason forbidding us to consider

RG running is that ✓13 and �m2
21/�m2

31 gain corrections in opposite directions. If one parameters

runs closer to the experimental allowed range, the other runs farther away for the experimental allowed

range.

Then, we turn back to case I. In this case, both ✓13 and � are corrected in the same direction. To

increase their values, ✏ has to be negative with value �✏ ⇠ O(0.1). Such a value can be obtained in

MSSM with large tan� with value of order 10.

We perform the numerical illustration for RG corrections in the MSSM.

3 A µ⌧-LSS model in S4 ⇥ S4

In this section, we present a flavour model to realise the µ⌧ -LSS flavour structure. We assume the

flavour symmetry to be S4L ⇥ S4R ⇥ Zn in the SUSY framework. How lepton gain flavoured masses

based on specified flavon vacuum will be discussed in section 3.1 and how flavons gain the specified

VEVs will be given in section 3.2.
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3 Plato’s Fire

The patterns of Eqs. (5) and (6) should be simultaneously maintained by some symmetry, but

it looks impossible. However, there is in fact a solution, and it is based on the non-Abelian

discrete symmetry A4 [9, 10]. What is A4 and why is it special?

Around the year 390 BCE, the Greek mathematician Theaetetus proved that there are

five and only five perfect geometric solids. The Greeks already knew that there are four basic

elements: fire, air, water, and earth. Plato could not resist matching them to the five perfect

geometric solids and for that to work, he invented the fifth element, i.e. quintessence, which

is supposed to hold the cosmos together. His assignments are shown in Table 1.

Table 1: Properties of Perfect Geometric Solids

solid faces vertices Plato Group

tetrahedron 4 4 fire A4

octahedron 8 6 air S4

icosahedron 20 12 water A5

hexahedron 6 8 earth S4

dodecahedron 12 20 ? A5

The group theory of these solids was established in the early 19th century. Since a

cube (hexahedron) can be imbedded perfectly inside an octahedron and the latter inside

the former, they have the same symmetry group. The same holds for the icosahedron and

dodecahedron. The tetrahedron (Plato’s “fire”) is special because it is self-dual. It has

the symmetry group A4, i.e. the finite group of the even permutation of 4 objects. The

reason that it is special for the neutrino mass matrix is because it has 3 inequivalent one-

dimensional irreducible representations and 1 three-dimensional irreducible representation

exactly. Its character table is given below.

6

Origin of Plato’s symmetry?
Two possibilities:
1. From gauge 

group e.g. 
SU(3) or 
SO(3)

2. From extra 
dimensions 
e.g. string 
theory



Origin of Plato’s symmetry?
Possibility 1:

Y.Koide,0705.2275; T.Banks and N.Seiberg,1011.5120;
Y.L.Wu,1203.2382; A.Merle and R.Zwicky,1110.4891;
B.L.Rachlin and T.W.Kephart,1702.08073; C. Luhn, 1101.2417; 

be obtained after the relevant irrep get a VEV. For instance, some of those subgroup
obtained by irreps up to 13 are shown in Table 1. The minimal irrep for SO(3) ! S4

is a 9-plet, while that for SO(3) ! A5 is a 13-plet. Applying a 9-plet flavon ⇢ and a
13-plet flavon  , respectively, we will realise these breakings in a SUSY framework in the
following.

irrep 1 3 5 7 9 11 13
subgroups SO(3) SO(2)

SO(3)
Z2 ⇥ Z2

SO(2)
SO(3)

1
A4

Z3

D4

SO(2)
SO(3)

S4 1
A4

S4

A5

Table 1: The not systematical stabiliser subgroups in the low-dimensional irreducible repre-
sentations of the group SO(3) [27].

2.2.1 SO(3) ! A4

The simplest irrep to break SO(3) ! A4 is using a 7-plet [26, 27]. In this work, we
introduce a 7-plet flavon ⇠ to achieve this goal. In the 3d flavour space, it is represented
as a rank-3 tensor ⇠ijk, which satisfies the requirements in Eq. (3), i.e.,

⇠ijk = ⇠jki = ⇠kij = ⇠ikj = ⇠jik = ⇠kji , ⇠iik = 0 . (5)

Constrained by Eq. (5), there are 7 free components of ⇠, which can be chosen as

⇠111, ⇠112, ⇠113, ⇠123, ⇠133, ⇠233, ⇠333 . (6)

For the A4 symmetry, we work in the Ma-Rajasekaran (MR) basis, where the generators
s and t in the 3d irreducible representation are given by

gs =

0

@
1 0 0
0 �1 0
0 0 �1

1

A , gt =

0

@
0 0 1
1 0 0
0 1 0

1

A . (7)

The A4-invariant VEV, satisfying

(gs)ii0(gs)jj0(gs)kk0h⇠i0j0k0i = h⇠ijki ,

(gt)ii0(gt)jj0(gt)kk0h⇠i0j0k0i = h⇠ijki , (8)

is given by

h⇠123i ⌘
v⇠
p
6
, h⇠111i = h⇠112i = h⇠113i = h⇠133i = h⇠233i = h⇠333i = 0 . (9)

The VEV of ⇠ is geometrically shown in Fig. 1.
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Origin of Plato’s symmetry?

E.g. 7-plet

be obtained after the relevant irrep get a VEV. For instance, some of those subgroup
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is a 9-plet, while that for SO(3) ! A5 is a 13-plet. Applying a 9-plet flavon ⇢ and a
13-plet flavon  , respectively, we will realise these breakings in a SUSY framework in the
following.
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SO(2)
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1
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SO(3)
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A4

S4

A5
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sentations of the group SO(3) [27].

2.2.1 SO(3) ! A4

The simplest irrep to break SO(3) ! A4 is using a 7-plet [26, 27]. In this work, we
introduce a 7-plet flavon ⇠ to achieve this goal. In the 3d flavour space, it is represented
as a rank-3 tensor ⇠ijk, which satisfies the requirements in Eq. (3), i.e.,

⇠ijk = ⇠jki = ⇠kij = ⇠ikj = ⇠jik = ⇠kji , ⇠iik = 0 . (5)

Constrained by Eq. (5), there are 7 free components of ⇠, which can be chosen as

⇠111, ⇠112, ⇠113, ⇠123, ⇠133, ⇠233, ⇠333 . (6)

For the A4 symmetry, we work in the Ma-Rajasekaran (MR) basis, where the generators
s and t in the 3d irreducible representation are given by

gs =

0

@
1 0 0
0 �1 0
0 0 �1

1

A , gt =

0

@
0 0 1
1 0 0
0 1 0

1

A . (7)

The A4-invariant VEV, satisfying

(gs)ii0(gs)jj0(gs)kk0h⇠i0j0k0i = h⇠ijki ,

(gt)ii0(gt)jj0(gt)kk0h⇠i0j0k0i = h⇠ijki , (8)

is given by

h⇠123i ⌘
v⇠
p
6
, h⇠111i = h⇠112i = h⇠113i = h⇠133i = h⇠233i = h⇠333i = 0 . (9)

The VEV of ⇠ is geometrically shown in Fig. 1.
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Figure 1: A geometrical description of the 7-plet ⇠ijk as a tank-3 tensor with i, j, k = 1, 2, 3.
Points in the same colour represent the identical components, e.g., ⇠112 = ⇠121 = ⇠211 all in
green, etc. As a traceless tensor, points in grey are dependent upon the rest, e.g., ⇠122 =
⇠212 = ⇠221 = �⇠111� ⇠133. These properties leave only 7 independent components, showing in
7 di↵erent colours. For the A4-invariant VEV, only those in red, ⇠123 = ⇠132 = ⇠231 = ⇠213 =
⇠312 = ⇠321, take non-zero values.

The discussion of SO(3) ! A4 has been given in Refs. [26–28]. The main idea is con-
structing flavon potential and clarifying the A4-invariant one in Eq. (9) to be the minimum
of the potential, where v⇠ is determined by the minimisation. This idea cannot be di-
rectly applied to supersymmetric flavour models. In the later case, the flavon potential
is directly related to the flavon superpotential

Vf =
X

i

����
@wf

@�i

����
2

+ · · · , (10)

where �i represent any scalars in the theory, and the dots are negligible soft breaking
terms and D-terms for the fields charged under the gauge group. This potential is more
constrained than the non-supersymmetric version. If the minimisation of the superpo-
tential @wf/@�i = 0 has a solution, the minimisation of the potential @Vf/@�i = 0 is
identical to the minimisation of the superpotential. Since most flavour models have been
built in SUSY, it is necessary to consider if SO(3) ! A4 can be achieved in SUSY.

In order to break SO(3) to A4, we introduce two driving fields ⇠d1 ⇠ 1, ⇠d5 ⇠ 5 and consider
the following superpotential terms

w⇠ = ⇠d1
�
c1(⇠⇠)1 � µ2

⇠

�
+ c2

�
⇠d5(⇠⇠)5

�
1
, (11)
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⇠ijk = ⇠jki = ⇠kij = ⇠ikj = ⇠jik = ⇠kji , ⇠iik = 0 . (5)

Constrained by Eq. (5), there are 7 free components of ⇠, which can be chosen as

⇠111, ⇠112, ⇠113, ⇠123, ⇠133, ⇠233, ⇠333 . (6)

For the A4 symmetry, we work in the Ma-Rajasekaran (MR) basis, where the generators
s and t in the 3d irreducible representation are given by

gs =
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0 �1 0
0 0 �1
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0 1 0

1
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The A4-invariant VEV, satisfying

(gs)ii0(gs)jj0(gs)kk0h⇠i0j0k0i = h⇠ijki ,

(gt)ii0(gt)jj0(gt)kk0h⇠i0j0k0i = h⇠ijki , (8)
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h⇠123i ⌘
v⇠
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, h⇠111i = h⇠112i = h⇠113i = h⇠133i = h⇠233i = h⇠333i = 0 . (9)

The VEV of ⇠ is geometrically shown in Fig. 1.
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Origin of Plato’s symmetry?
Possibility 2:  Extra dimensions (string theory)Effective Theory and Moduli
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The structure of a torus 𝑇2 ≃ The structure of a lattice on ℂ-plane

Without loss of generality,

𝜔1,𝜔2 → 1, 𝜔2
𝜔1

≡ 1, 𝜏

𝜏

𝑂 1

𝑇2

≃
𝜔1

𝜔2

With identification

ℒeff depends on 𝜏. e.g.) ℒeff ⊃ 𝑌 𝜏 𝑖𝑗𝜙𝜓𝑖𝜓𝑗 +⋯

¾4𝐷 effective theory depends on a modulus 𝜏

x5
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x5
<latexit sha1_base64="Jq6DIXDrhmvucMdfM/j1gJ7WFU8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+pd9MoVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t2dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AERwI2k</latexit><latexit sha1_base64="Jq6DIXDrhmvucMdfM/j1gJ7WFU8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+pd9MoVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t2dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AERwI2k</latexit><latexit sha1_base64="Jq6DIXDrhmvucMdfM/j1gJ7WFU8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+pd9MoVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t2dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AERwI2k</latexit><latexit sha1_base64="Jq6DIXDrhmvucMdfM/j1gJ7WFU8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+pd9MoVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t2dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AERwI2k</latexit>

y5
<latexit sha1_base64="vc6Y/dlJMzU3nDllNghXEqN5BrU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK1hbaUDbbTbt0swm7EyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h88mjjVjLdYLGPdCajhUijeQoGSdxLNaRRI3g7GN1O//cS1EbF6wCzhfkSHSoSCUbTSfda/6Fdrbt2dgSwTryA1KNDsV796g5ilEVfIJDWm67kJ+jnVKJjkk0ovNTyhbEyHvGupohE3fj47dUJOrDIgYaxtKSQz9fdETiNjsiiwnRHFkVn0puJ/XjfF8MrPhUpS5IrNF4WpJBiT6d9kIDRnKDNLKNPC3krYiGrK0KZTsSF4iy8vk8ezuufWvbvzWuO6iKMMR3AMp+DBJTTgFprQAgZDeIZXeHOk8+K8Ox/z1pJTzBzCHzifPxNGjaU=</latexit><latexit sha1_base64="vc6Y/dlJMzU3nDllNghXEqN5BrU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK1hbaUDbbTbt0swm7EyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h88mjjVjLdYLGPdCajhUijeQoGSdxLNaRRI3g7GN1O//cS1EbF6wCzhfkSHSoSCUbTSfda/6Fdrbt2dgSwTryA1KNDsV796g5ilEVfIJDWm67kJ+jnVKJjkk0ovNTyhbEyHvGupohE3fj47dUJOrDIgYaxtKSQz9fdETiNjsiiwnRHFkVn0puJ/XjfF8MrPhUpS5IrNF4WpJBiT6d9kIDRnKDNLKNPC3krYiGrK0KZTsSF4iy8vk8ezuufWvbvzWuO6iKMMR3AMp+DBJTTgFprQAgZDeIZXeHOk8+K8Ox/z1pJTzBzCHzifPxNGjaU=</latexit><latexit sha1_base64="vc6Y/dlJMzU3nDllNghXEqN5BrU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK1hbaUDbbTbt0swm7EyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h88mjjVjLdYLGPdCajhUijeQoGSdxLNaRRI3g7GN1O//cS1EbF6wCzhfkSHSoSCUbTSfda/6Fdrbt2dgSwTryA1KNDsV796g5ilEVfIJDWm67kJ+jnVKJjkk0ovNTyhbEyHvGupohE3fj47dUJOrDIgYaxtKSQz9fdETiNjsiiwnRHFkVn0puJ/XjfF8MrPhUpS5IrNF4WpJBiT6d9kIDRnKDNLKNPC3krYiGrK0KZTsSF4iy8vk8ezuufWvbvzWuO6iKMMR3AMp+DBJTTgFprQAgZDeIZXeHOk8+K8Ox/z1pJTzBzCHzifPxNGjaU=</latexit><latexit sha1_base64="vc6Y/dlJMzU3nDllNghXEqN5BrU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK1hbaUDbbTbt0swm7EyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h88mjjVjLdYLGPdCajhUijeQoGSdxLNaRRI3g7GN1O//cS1EbF6wCzhfkSHSoSCUbTSfda/6Fdrbt2dgSwTryA1KNDsV796g5ilEVfIJDWm67kJ+jnVKJjkk0ovNTyhbEyHvGupohE3fj47dUJOrDIgYaxtKSQz9fdETiNjsiiwnRHFkVn0puJ/XjfF8MrPhUpS5IrNF4WpJBiT6d9kIDRnKDNLKNPC3krYiGrK0KZTsSF4iy8vk8ezuufWvbvzWuO6iKMMR3AMp+DBJTTgFprQAgZDeIZXeHOk8+K8Ox/z1pJTzBzCHzifPxNGjaU=</latexit>

y5
<latexit sha1_base64="vc6Y/dlJMzU3nDllNghXEqN5BrU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK1hbaUDbbTbt0swm7EyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h88mjjVjLdYLGPdCajhUijeQoGSdxLNaRRI3g7GN1O//cS1EbF6wCzhfkSHSoSCUbTSfda/6Fdrbt2dgSwTryA1KNDsV796g5ilEVfIJDWm67kJ+jnVKJjkk0ovNTyhbEyHvGupohE3fj47dUJOrDIgYaxtKSQz9fdETiNjsiiwnRHFkVn0puJ/XjfF8MrPhUpS5IrNF4WpJBiT6d9kIDRnKDNLKNPC3krYiGrK0KZTsSF4iy8vk8ezuufWvbvzWuO6iKMMR3AMp+DBJTTgFprQAgZDeIZXeHOk8+K8Ox/z1pJTzBzCHzifPxNGjaU=</latexit><latexit sha1_base64="vc6Y/dlJMzU3nDllNghXEqN5BrU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK1hbaUDbbTbt0swm7EyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h88mjjVjLdYLGPdCajhUijeQoGSdxLNaRRI3g7GN1O//cS1EbF6wCzhfkSHSoSCUbTSfda/6Fdrbt2dgSwTryA1KNDsV796g5ilEVfIJDWm67kJ+jnVKJjkk0ovNTyhbEyHvGupohE3fj47dUJOrDIgYaxtKSQz9fdETiNjsiiwnRHFkVn0puJ/XjfF8MrPhUpS5IrNF4WpJBiT6d9kIDRnKDNLKNPC3krYiGrK0KZTsSF4iy8vk8ezuufWvbvzWuO6iKMMR3AMp+DBJTTgFprQAgZDeIZXeHOk8+K8Ox/z1pJTzBzCHzifPxNGjaU=</latexit><latexit sha1_base64="vc6Y/dlJMzU3nDllNghXEqN5BrU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK1hbaUDbbTbt0swm7EyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h88mjjVjLdYLGPdCajhUijeQoGSdxLNaRRI3g7GN1O//cS1EbF6wCzhfkSHSoSCUbTSfda/6Fdrbt2dgSwTryA1KNDsV796g5ilEVfIJDWm67kJ+jnVKJjkk0ovNTyhbEyHvGupohE3fj47dUJOrDIgYaxtKSQz9fdETiNjsiiwnRHFkVn0puJ/XjfF8MrPhUpS5IrNF4WpJBiT6d9kIDRnKDNLKNPC3krYiGrK0KZTsSF4iy8vk8ezuufWvbvzWuO6iKMMR3AMp+DBJTTgFprQAgZDeIZXeHOk8+K8Ox/z1pJTzBzCHzifPxNGjaU=</latexit><latexit sha1_base64="vc6Y/dlJMzU3nDllNghXEqN5BrU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK1hbaUDbbTbt0swm7EyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h88mjjVjLdYLGPdCajhUijeQoGSdxLNaRRI3g7GN1O//cS1EbF6wCzhfkSHSoSCUbTSfda/6Fdrbt2dgSwTryA1KNDsV796g5ilEVfIJDWm67kJ+jnVKJjkk0ovNTyhbEyHvGupohE3fj47dUJOrDIgYaxtKSQz9fdETiNjsiiwnRHFkVn0puJ/XjfF8MrPhUpS5IrNF4WpJBiT6d9kIDRnKDNLKNPC3krYiGrK0KZTsSF4iy8vk8ezuufWvbvzWuO6iKMMR3AMp+DBJTTgFprQAgZDeIZXeHOk8+K8Ox/z1pJTzBzCHzifPxNGjaU=</latexit>

z5 = x5 + iy5
<latexit sha1_base64="5RYaoMLKX5hpYlJmTF1VHa0iVl4=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBZBEEoiLXoRil48VrAf0Iaw2W7apZtN2N2IMfRvePGgiFf/jDf/jds2B219MPB4b4aZeX7MmdK2/W0VVlbX1jeKm6Wt7Z3dvfL+QVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/vhm6nceqFQsEvc6jakb4qFgASNYG6n/5NWvHr36GUu9uleu2FV7BrRMnJxUIEfTK3/1BxFJQio04VipnmPH2s2w1IxwOin1E0VjTMZ4SHuGChxS5WazmyfoxCgDFETSlNBopv6eyHCoVBr6pjPEeqQWvan4n9dLdHDpZkzEiaaCzBcFCUc6QtMA0IBJSjRPDcFEMnMrIiMsMdEmppIJwVl8eZm0z6uOXXXuapXGdR5HEY7gGE7BgQtowC00oQUEYniGV3izEuvFerc+5q0FK585hD+wPn8A4ViQ6g==</latexit><latexit sha1_base64="5RYaoMLKX5hpYlJmTF1VHa0iVl4=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBZBEEoiLXoRil48VrAf0Iaw2W7apZtN2N2IMfRvePGgiFf/jDf/jds2B219MPB4b4aZeX7MmdK2/W0VVlbX1jeKm6Wt7Z3dvfL+QVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/vhm6nceqFQsEvc6jakb4qFgASNYG6n/5NWvHr36GUu9uleu2FV7BrRMnJxUIEfTK3/1BxFJQio04VipnmPH2s2w1IxwOin1E0VjTMZ4SHuGChxS5WazmyfoxCgDFETSlNBopv6eyHCoVBr6pjPEeqQWvan4n9dLdHDpZkzEiaaCzBcFCUc6QtMA0IBJSjRPDcFEMnMrIiMsMdEmppIJwVl8eZm0z6uOXXXuapXGdR5HEY7gGE7BgQtowC00oQUEYniGV3izEuvFerc+5q0FK585hD+wPn8A4ViQ6g==</latexit><latexit sha1_base64="5RYaoMLKX5hpYlJmTF1VHa0iVl4=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBZBEEoiLXoRil48VrAf0Iaw2W7apZtN2N2IMfRvePGgiFf/jDf/jds2B219MPB4b4aZeX7MmdK2/W0VVlbX1jeKm6Wt7Z3dvfL+QVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/vhm6nceqFQsEvc6jakb4qFgASNYG6n/5NWvHr36GUu9uleu2FV7BrRMnJxUIEfTK3/1BxFJQio04VipnmPH2s2w1IxwOin1E0VjTMZ4SHuGChxS5WazmyfoxCgDFETSlNBopv6eyHCoVBr6pjPEeqQWvan4n9dLdHDpZkzEiaaCzBcFCUc6QtMA0IBJSjRPDcFEMnMrIiMsMdEmppIJwVl8eZm0z6uOXXXuapXGdR5HEY7gGE7BgQtowC00oQUEYniGV3izEuvFerc+5q0FK585hD+wPn8A4ViQ6g==</latexit><latexit sha1_base64="5RYaoMLKX5hpYlJmTF1VHa0iVl4=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBZBEEoiLXoRil48VrAf0Iaw2W7apZtN2N2IMfRvePGgiFf/jDf/jds2B219MPB4b4aZeX7MmdK2/W0VVlbX1jeKm6Wt7Z3dvfL+QVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/vhm6nceqFQsEvc6jakb4qFgASNYG6n/5NWvHr36GUu9uleu2FV7BrRMnJxUIEfTK3/1BxFJQio04VipnmPH2s2w1IxwOin1E0VjTMZ4SHuGChxS5WazmyfoxCgDFETSlNBopv6eyHCoVBr6pjPEeqQWvan4n9dLdHDpZkzEiaaCzBcFCUc6QtMA0IBJSjRPDcFEMnMrIiMsMdEmppIJwVl8eZm0z6uOXXXuapXGdR5HEY7gGE7BgQtowC00oQUEYniGV3izEuvFerc+5q0FK585hD+wPn8A4ViQ6g==</latexit>

modulus

complex extra dimension

two extra dimensions 
compactified on torus

T.H.Tatsuishi
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𝜔1

𝜔2

𝜔1′

𝜔2
′ = 0 1

−1 0
𝜔1
𝜔2

=
𝜔2
−𝜔1

𝜔1′

𝜔2
′ = 1 0

1 1
𝜔1
𝜔2

=
𝜔1

𝜔2 + 𝜔1

𝑆-transformation

There are two independent
lattice invariant transformations.

𝑇-transformation

𝜔1′𝜔2
′

𝜔1′

𝜔2
′

E.g. S, T are generators 
of A4 if T3=1 

Modular Symmetry: 

G.Altarelli and F.Feruglio, hep-ph/0512103
R.de Adelhart Toorop, F.Feruglio and C.Hagedorn, 1112.1340
F.Feruglio, 1706.08749; J.C.Criado and F.Feruglio, 1807.01125; J.T.Penedo and S.T.Petcov 1806.11040;  
P.P.Novichkov, J.T.Penedo, S.T.Petcov and A.V.Titov, 1811.04933, 1812.02158;
T.Kobayashi, K.Tanaka and T.H.Tatsuishi,1803.10391;
T.Kobayashi, N.Omoto, Y.Shimizu, K.Takagi, M.Tanimoto and T.H.Tatsuishi,1808.03012;
G.J.Ding, S.F.King and X.G.Liu, 1903.12588

F.de Anda,S.F.K.,E.Perdomo,1812.05620



E.g.  Weight 2  Y acts as 
A4 triplet:

that there are three linearly independent such forms, which we call Yi(⌧). Three linearly
independent weight 2 and level-3 forms are constructed in the Appendix C. They read:

Y1(⌧) =
i
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⌧
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(28)

Y2(⌧) =
�i

⇡
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⌧
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� + !
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�
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⌘
�
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⌘
�
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�
#

.

where ⌘(⌧) is the Dedekind eta-function, defined in the upper complex plane:

⌘(⌧) = q1/24
1Y

n=1

(1� qn) q ⌘ ei2⇡⌧ . (29)

They transform in the three-dimensional representation of A4. In a vector notation where
Y T = (Y1, Y2, Y3) we have

Y (�1/⌧) = ⌧ 2 ⇢(S)Y (⌧) , Y (⌧ + 1) = ⇢(T )Y (⌧) ,

with unitary matrices ⇢(S) and ⇢(T )

⇢(S) =
1

3

0

@
�1 2 2
2 �1 2
2 2 �1

1

A , ⇢(T ) =

0

@
1 0 0
0 ! 0
0 0 !2

1

A , ! = �1

2
+

p
3

2
i .

The q-expansion of Yi(⌧) reads:

Y1(⌧) = 1 + 12q + 36q2 + 12q3 + ...

Y2(⌧) = �6q1/3(1 + 7q + 8q2 + ...)

Y3(⌧) = �18q2/3(1 + 2q + 5q2 + ...) .

From the q-expansion we see that the functions Yi(⌧) are regular at the cusps. Moreover
Yi(⌧) satisfy the constraint:

Y 2
2 + 2Y1Y3 = 0 . (30)

As discussed explicitly in Appendix D, the constraint (30) is essential to recover the correct
dimension of the linear space M2k(�(3)). On the one side from table 1 we see that this
space has dimension 2k + 1. On the other hand the number of independent homogeneous
polynomial Yi1Yi2 · · · Yik of degree k that we can form with Yi is (k + 1)(k + 2)/2. These
polynomials are modular forms of weight 2k and, to match the correct dimension, k(k�1)/2
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the ring M(�(3)) is generated by the modular forms Yi(⌧) (i = 1, 2, 3).
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⌘(⌧) = q1/24
1Y
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(1� qn) q ⌘ ei2⇡⌧ . (29)
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Neutrino mass matrix depends on the complex modulus 
E.g. Weight 6 

kEi , kL, kd and k' such that kEi + kL + kd + k' = 0. Moreover, to forbid a dependence of
the charged lepton masses on Y (⌧) (and a dependence of the Weinberg operator on 'T ),
we take, for instance, k' = �3. The superpotential for the charged lepton sector reads:

we = ↵ Ec
1Hd(L 'T )1 + � Ec

2Hd(L 'T )10 + � Ec
3Hd(L 'T )100 . (35)

The VEV of eq. (34) leads to a diagonal mass matrix for the charged leptons:

me = diag(↵, �, �)u vd . (36)

The charged lepton masses can be reproduced by adjusting the parameters ↵, � and �,
with an ambiguity related to the freedom of permuting the eigenvalues. As a result, the
lepton mixing matrix UPMNS is determined up to a permutation of the rows. Finally, by
choosing kL = +1 and ku = 0, we uniquely determine the form of the Weinberg operator:

w⌫ =
1

⇤
(HuHu LL Y )1 (37)

r =
�m2

sol

|�m2
atm| sin2 ✓12 sin2 ✓13 sin2 ✓23

�CP
⇡

me
mµ

mµ

m⌧

best value 0.0292 0.297 0.0215 0.5 1.4 0.0048 0.0565

1� error 0.0008 0.017 0.0007 0.1 0.2 0.0002 0.0045

Table 4: Values of observables and their 1� errors used to optimize the model parameters,
through a �2 scan. Oscillation parameters are from ref. [68] and ratios of charged lepton
masses from ref. [69]. We use |�m2

atm| = |m2
3 � (m2

1 +m2
2)/2| where mi are the neutrino

masses. The ratios me
mµ

and mµ

m⌧
are evaluated at the scale 2⇥ 1016 GeV. For mµ

m⌧
the average

between the values obtained with tan � = 10 and tan � = 38 has been used. There is
a sizable di↵erence between the allowed 1� ranges of sin2 ✓23 for the cases of normal and
inverted ordering. For simplicity we have adapted the ranges quoted in ref. [68] and we
use a unique range for the two cases. The value of �CP

⇡ has not been used in the scan.

The superpotential w = we + w⌫ depends on the four parameters ↵, �, �,⇤. The charged
lepton masses me, mµ and m⌧ are in a one-to-one correspondence with ↵, � and �, which
can be taken real without loosing generality. The neutrino mass matrix is given by:

m⌫ =

0

@
2Y1 �Y3 �Y2

�Y3 2Y2 �Y1

�Y2 �Y1 2Y3

1

A v2u
⇤

(38)

We see that the fourth parameter, ⇤, controls the absolute scale of neutrino masses. A
remarkable feature of this model is that neutrino mass ratios, lepton mixing angles, Dirac
and Majorana phases are completely determined by the modulus ⌧ . We have eight dimen-
sionless physical quantities that do not depend on any coupling constant. Assuming the
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3 3 3A4:

Yukawa couplings involving twisted states whose modular 
weights do not add up to zero are modular forms 

τ = ω gives mu-tau Y = (−1, 2ω, 2ω2)

F.Feruglio, 1706.08749

F.de Anda,S.F.K.,E.Perdomo,1812.05620



Conclusions
Most parameters well measured in oscillation 
experiments…but…CP phase, octant, ordering?
Also: Dirac or Majorana? Absolute masses? 

TB mixing explained by S4…excluded by reactor 
angle…but…S4 violations allow: charged lepton 
corrections, or TM1,TM2, with testable sum rules 

Mu-tau symmetry predicts                                     
Littlest mu-tau seesaw…one parameter…wow! 

Origin of Plato’s symmetry: SO(3) or extra dims?  
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