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2.1. The Higgs mechanism in the Standard Model

Figure 2.1
Branching fractions of
the Standard Model
Higgs as a function of
the Higgs mass.
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The photon remains massless and has no tree-level coupling to the Higgs.
The couplings of the quarks and charged leptons to the Higgs arise from the Yukawa terms,

L ∏ ≠yu
ijuRi�̃†QLj ≠ yd

ijdRi�†QLj ≠ y¸
ij¸Ri�†LLj + h.c., (2.8)

where QL = (uL, dL)T , LL = (‹L, eL)T , �̃ = i‡2�ú is the conjugate Higgs doublet, and yu, yd,
and y¸ are 3 ◊ 3 Yukawa coupling matrices for the up-type quarks, down-type quarks, and charged
leptons, respectively. The Yukawa matrices can be eliminated in favor of the fermion masses, yielding
Higgs couplings to fermions proportional to the fermion mass,

hff : ≠i
yfÔ

2
= ≠i

mf

v
, (2.9)

where yf v/
Ô

2 = mf is the relevant fermion mass eigenvalue.
Thus we see that, in the SM, all the couplings of the Higgs are predicted with no free parameters

once the Higgs mass is known. This allows the Higgs production cross sections and decay branching
ratios to be unambiguously predicted. The key regularity is that each Higgs coupling is proportional
to the mass of the corresponding particle. One-loop diagrams provide additional couplings and decay
modes to gg, ““, and “Z. In the SM, the Higgs coupling to gg arises mainly from the one-loop
diagram involving a top quark. The Higgs couplings to ““ and “Z arise at the one-loop level mainly
from diagrams with W bosons and top quarks in the loop.

The Higgs boson branching fractions in the Standard Model are currently predicted with relatively
small errors, of the order of 5% in most cases. A current assessment is given in [5]. These errors
may be improved to below the 1% level in the era in which the ILC experiments will run. A case
of particular interest is the partial width for h æ bb The uncertainty estimated in [5] is 3%. The
estimate is dominated by errors of order 1% on the measured values of mb and –s and by errors
from missing electroweak radiative corrections at NLO. The uncertainty from truncation of the QCD
perturbation series is much smaller, 0.2%, since this series is known to N4LO from a heroic calculation
by Baikov, Chetyrkin, and Kühn [6]. The MS bottom quark mass is already known better than the
estimate used in [5]. QCD sum rules [7] and lattice gauge theory calculations [8] give consistent
estimates with errors below 0.6%. The same papers also give consistent estimates of the MS charm
quark mass at 3 GeV, with an error on the lattice side of 0.6%. The lattice results, based on our
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Fig. 11: Relative statistical uncertainty on the Higgs boson couplings from a truly model-independent fit, as
expected from two five-year-long running periods at

p
s = 240-250 and 350 GeV for TLEP and ILC. The red and

blue bars correspond to the combination of the data at 240-250 GeV and 350 GeV, while the green bars hold for the
sole period of TLEP at 240 GeV. The dashed lines show the ±1% band, relevant for sensitivity to multi-TeV new
physics. Also indicated are the expected uncertainties on the total decay width and on the invisible decay width.
The Hµµ and H�� coupling uncertainties, which do not fit in the ±6% scale of the figure for ILC, can be read off
Table 8.

of supersymmetric particles at the LHC, are considered. These models are simplified, in that they assume
universal supersymmetry-breaking masses for squarks and sleptons, and for gauginos, at a high scale. In
the case of the CMSSM, this assumption is extended to include the supersymmetric Higgs bosons, but
this assumption is relaxed in the NUHM1 model [49]. A global frequentist analysis of the present data
found two CMSSM fits that yield very similar values of the global �2 function, with lower and higher
sparticle masses respectively, whilst the best NUHM1 fit is qualitatively similar to the low-mass CMSSM
fit. These fits have not been excluded by the 2012 LHC run at 8 TeV, but lie within the potential reach
of the forthcoming LHC 13/14 TeV run. On the other hand, the high-mass CMSSM point is likely to lie
beyond the reach of the LHC. Thus, these models represent different potential challenges for the TLEP
precision physics programme: verify predictions of new physics models at the quantum level, or find
indirect evidence for new physics beyond the reach of the LHC.

Figure 13 displays the deviations from the Standard Model predictions for some principal Higgs
decay branching ratios, calculated in these CMSSM and NUHM1 models. Also shown are the po-
tential measurement uncertainties attainable with the LHC programme that is currently approved, with
HL-LHC, with the ILC and with TLEP. Only TLEP has measurement errors that are expected to be sig-
nificantly smaller than the deviations of the supersymmetric model predictions from the central values
of the Standard Model predictions, thereby offering the possibilities of a check of the predictions of the
low-mass models at the quantum level, and of indirect evidence for the high-mass CMSSM.

It can also be noted from Fig. 13, however, that the uncertainties in the Standard Model predic-
tions for the Higgs decay branching ratios stated by the LHC Higgs cross section Working Group [50]
are considerably larger than the deviations of the supersymmetric models from the Standard Model pre-
dictions, and also larger than the projected experimental errors. This means that the TLEP programme
of high-precision Higgs measurements must be accompanied by a substantial theoretical effort to reduce
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Figure 2.20. Estimate of the sensitivity of the ILC experiments to Higgs boson couplings in a model-independent
analysis. The plot shows the 1 ‡ confidence intervals as they emerge from the fit described in the text. Deviation
of the central values from zero indicates a bias, which can be corrected for. The upper limit on the W W and ZZ
couplings arises from the constraints (2.31). The bar for the invisible channel gives the 1 ‡ upper limit on the
branching ratio. The four sets of errors for each Higgs coupling represent the results for LHC (300 fb≠1, 1 detector),
the threshold ILC Higgs program at 250 GeV, the full ILC program up to 500 GeV, and the extension of the ILC
program to 1 TeV. The methodology leading to this figure is explained in [65].

2.8 Conclusion

The landscape of elementary particle physics has been altered by the discovery by the ATLAS and
CMS experiments of a new boson that decays to ““, ZZ, and WW final states [2, 3]. The question
of the identity of this bosons and its connection to the Standard Model of particle physics has become
the number one question for our field. In this section, we have presented the capabilities of the ILC
to study this particle in detail. The ILC can access the new boson through the reactions e+e≠ æ Zh

and through the WW fusion reaction e+e≠ æ ‹‹h. Though our current knowledge of this particle is
still limited, we already know that these reactions are available at rates close to those predicted for
the Higgs boson in the Standard Model. The ILC is ideally situated to give us a full understanding of
this particle, whatever its nature.

The leading hypothesis for the identity of the new particle is that it is the Higgs boson of the
Standard Model, or a similar particle responsible for electroweak symmetry breaking in a model that
includes new physics at the TeV energy scale. We have argued that, if this identification proves correct,
the requirements for experiments on the nature of this boson are extremely challenging. Though there
are new physics models that predict large deviations of the boson couplings from the Standard Model
predictions, the typical expectation in new physics models is that the largest deviations from the
Standard Model are at the 5–10% level. Depending on the model, these deviations can occur in any
of the boson’s couplings. Thus, a comprehensive program of measurements is needed, one capable of
being interpreted in a model-independent way. Our estimate of the eventual LHC capabilities, given
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5

A binned maximum likelihood fit to the observed mSD distributions in the range 40 to 201 GeV
with 7 GeV bin width is performed using the sum of the H(bb), W, Z, tt, and QCD multijet
contributions. The fit is done simultaneously in the passing and failing regions of the six pT
categories within 450 < pT < 1000 GeV, and in the tt-enriched control region. The production
cross sections relative to the SM cross sections (signal strengths) for the Higgs and the Z bosons,
µH and µZ, respectively, are extracted from the fit. Figure 1 shows the mSD distributions in data
for the passing and failing regions with measured SM background and H(bb) contributions.
Contributions from W and Z boson production are clearly visible in the data.
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Figure 1: The mSD distributions in data for the failing (left) and passing (right) regions and
combined pT categories. The QCD multijet background in the passing region is predicted using
the failing region and the pass-fail ratio Rp/f. The features at 166 and 180 GeV in the mSD
distribution are due to the kinematic selection on r, which affects each pT category differently.
In the bottom panel, the ratio of the data to its statistical uncertainty, after subtracting the
nonresonant backgrounds, is shown.

The measured Z boson signal strength is µZ = 0.78 ± 0.14 (stat)+0.19
�0.13 (syst), which corresponds

to an observed significance of 5.1 standard deviations (s) with 5.8s expected. This consti-
tutes the first observation of the Z boson signal in the single-jet topology [65] and validates
the substructure and b tagging techniques for the Higgs boson search in the same topology.
The measured cross section for the Z+jets process for jet pT > 450 GeV and |h| < 2.5 is
0.85 ± 0.16 (stat)+0.20

�0.14 (syst) pb, which is consistent within uncertainties with the SM produc-
tion cross section of 1.09 ± 0.11 pb [30]. Likewise, the measured Higgs boson signal strength
is µH = 2.3 ± 1.5 (stat)+1.0

�0.4 (syst) and includes the corrections to the Higgs boson pT spectrum
described earlier. The corresponding observed (expected) upper limit on the Higgs boson sig-
nal strength at a 95% confidence level is 5.8 (3.3), while the observed (expected) significance
is 1.5s (0.7s). The observed µH implies a measured ggF cross section times H(bb) branching
fraction for jet pT > 450 GeV and |h| < 2.5 of 74± 48 (stat)+17

�10 (syst) fb, assuming the SM values
for the ratios of the different H(bb) production modes. This measurement is consistent within
uncertainties with the SM ggF cross section times H(bb) branching fraction of 31.7 ± 9.5 fb.

Table 2 summarizes the measured signal strengths and significances for the Higgs and Z boson
processes. In particular, they are also reported for the case in which no corrections to the Higgs
boson pT spectrum are applied. Figure 2 shows the profile likelihood test statistic scan in data
as function of the Higgs and Z boson signal strengths (µH, µZ).

Motivation

7.2 Results of the dijet-mass analysis

For all channels combined the fitted value of the signal strength is

µbbVH = 1.06+0.36
�0.33 = 1.06 ± 0.20(stat.)+0.30

�0.26(syst.),

in good agreement with the result of the multivariate analysis. The observed excess has a significance
of 3.6 standard deviations, compared to an expectation of 3.5 standard deviations. Good agreement is
also found when comparing the values of signal strengths in the individual channels from the dijet-mass
analysis with those from the multivariate analysis.

The mbb distribution is shown in Figure 4 summed over all channels and regions, weighted by their
respective values of the ratio of fitted Higgs boson signal and background yields and after subtraction of
all backgrounds except for the W Z and Z Z diboson processes.
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Figure 4: The distribution of mbb in data after subtraction of all backgrounds except for the W Z and Z Z diboson
processes, as obtained with the dijet-mass analysis. The contributions from all lepton channels, pVT regions and
number-of-jets categories are summed and weighted by their respective S/B, with S being the total fitted signal and
B the total fitted background in each region. The expected contribution of the associated WH and ZH production
of a SM Higgs boson with mH = 125 GeV is shown scaled by the measured signal strength (µ = 1.06). The size of
the combined statistical and systematic uncertainty for the fitted background is indicated by the hatched band.

7.3 Results of the diboson analysis

As a validation of the Higgs boson search analysis, the measurement of V Z production based on the
multivariate analysis described in Section 6.3 returns a value of signal strength

µbbVZ = 1.20+0.20
�0.18 = 1.20 ± 0.08(stat.)+0.19

�0.16(syst.),
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ptw, Gehrmann et al. 
MATRIX at NNLO, Grazzini et al 

Explosion of calculations 
starting in 2014

2010

2012

2014

2016

2018

2008
20062004

2002

1990

Slide inspired in Gavin Salam’s talk
ZZ, G. Heinrich, et al.

VBF diif. J. Cruz-Martinez, et al.

HH (VBF-diff) F. A. Dreyer et. al  9

5

Progress in QCD

Shamelessly  stolen from Leandro 
Cieri’s Moriond QCD talk. 

NNLO 2->2 for LHC 
now standard. 
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2014 2015 2016 2017 2018

First calculations

Higgs (TH, app.) C. Anastasiou, C. Duhr, F. Dulat, F. Herzog and B. Mistlberger

Higgs (VBF) F. A. Dreyer and A. Karlberg

Higgs (Diff  in TH app.) F. Dulat, B. Mistlberger and A. Pelloni

Higgs, B. Mistlberger

Higgs (Diff. qT-subt)  
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N3LO
N3LO is still something 
we are learning to do!


Handful of different 
calculations for cross 
sections. 


Higgs production known 
differentially. 


Shamelessly  stolen from Leandro 
Cieri’s Moriond QCD talk. 
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N3LO

3.1 The inclusive partial width

An ingredient for our calculation is the inclusive decay width for H ! bb at N3LO . This
was originally computed over two decades ago [13] and is now known up to N4LO accuracy
[14]. At O(↵3

s) the inclusive partial width �H!bb can be written as follows
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(3.2)

with yb ⌘ yb(µ) the bottom Yukawa coupling at the renormalization scale µ, mH the Higgs
mass, and Nc the number of colors, while the corrections at each order can be written as
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where L = log (µ2/m2
H) and the explicit expressions for si, �i and �im are presented in

Appendix A. For reference, at µ = mH the inclusive partial width numerically evaluates to
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Finally, we will employ the following definition of the N3LO coefficient for the inclusive
width, which reinstates the dependence on the LO phase space (evaluated in d = 4 dimen-
sions):
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3.2 Projection to Born at N3LO

The H ! bb differential decay width at N3LO is constructed as follows
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Coefficient of N3LO correction to the width is
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Figure 1. Representative Feynman diagrams that enter our calculation of H ! bb at O(↵3
s)

accuracy.

for the H ! bb decay at N3LO accuracy. Herein we focus on the contributions with the
most challenging infrared structure, namely those that are proportional to y2b . We will
deploy the P2B method mentioned above and present a first application of this method
in conjunction with a non-local subtraction mechanism (N -jettiness slicing in our case) at
both NNLO and N3LO. Our paper is constructed as follows. In Section 2 we present a
discussion of the general framework for our calculation. We detail the P2B+SCET method
in Section 3 and first validate our results using the H ! bb process at NNLO . We use our
calculation to make predictions for a variety of physical observables at N3LO accuracy in
Section 4 and draw our conclusions in Section 5.

2 Overview of the calculation

A general overview of our theoretical setup is included in our companion paper on the
calculation of H ! bbj at NNLO accuracy [44]. Here we provide a short summary for
completeness. Representative Feynman diagrams included in our calculation of H ! bb at
N3LO are shown in Fig. 1. At this order there are four phase-space configurations that
contribute. The two-body phase space includes terms of up to three loops (which have been
computed in Ref. [45]), while the remaining phase spaces correspond to those with three or
more partons in the final state and are the component pieces needed for the calculation of
H ! bbj at NNLO. In our calculation we will set the b-quark mass to zero kinematically,
but retain it in the Yukawa coupling. A comparison of the radiative corrections at NLO
with or without the b-mass phase-space effects was first performed nearly forty years ago
[9]. It was shown that the sizable differences between the full and “massless” theories arising
from the b-mass terms can be compensated by running the b-mass to the Higgs scale (and
thus recapturing some of the missing logarithms of the form log (m2

b/m
2
H)). Dropping

the b-quark mass kinematically results in dramatic simplifications in the calculation of the
inclusive partial width, which in the case of H ! bb is known up to O(↵4

s) in the massless
theory.

In this work our primary interest lies in computing the H ! bb process differentially
at N3LO. At this order, the partial width can be written as follows:
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Figure 1. Representative Feynman diagrams that enter our calculation of H ! bb at O(↵3
s)

accuracy.

for the H ! bb decay at N3LO accuracy. Herein we focus on the contributions with the
most challenging infrared structure, namely those that are proportional to y2b . We will
deploy the P2B method mentioned above and present a first application of this method
in conjunction with a non-local subtraction mechanism (N -jettiness slicing in our case) at
both NNLO and N3LO. Our paper is constructed as follows. In Section 2 we present a
discussion of the general framework for our calculation. We detail the P2B+SCET method
in Section 3 and first validate our results using the H ! bb process at NNLO . We use our
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3.1 The inclusive partial width

An ingredient for our calculation is the inclusive decay width for H ! bb at N3LO . This
was originally computed over two decades ago [13] and is now known up to N4LO accuracy
[14]. At O(↵3

s) the inclusive partial width �H!bb can be written as follows
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with yb ⌘ yb(µ) the bottom Yukawa coupling at the renormalization scale µ, mH the Higgs
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where L = log (µ2/m2
H) and the explicit expressions for si, �i and �im are presented in

Appendix A. For reference, at µ = mH the inclusive partial width numerically evaluates to
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Finally, we will employ the following definition of the N3LO coefficient for the inclusive
width, which reinstates the dependence on the LO phase space (evaluated in d = 4 dimen-
sions):
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3.2 Projection to Born at N3LO

The H ! bb differential decay width at N3LO is constructed as follows
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Figure 1. Representative Feynman diagrams that enter our calculation of H ! bb at O(↵3
s)

accuracy.
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most challenging infrared structure, namely those that are proportional to y2b . We will
deploy the P2B method mentioned above and present a first application of this method
in conjunction with a non-local subtraction mechanism (N -jettiness slicing in our case) at
both NNLO and N3LO. Our paper is constructed as follows. In Section 2 we present a
discussion of the general framework for our calculation. We detail the P2B+SCET method
in Section 3 and first validate our results using the H ! bb process at NNLO . We use our
calculation to make predictions for a variety of physical observables at N3LO accuracy in
Section 4 and draw our conclusions in Section 5.

2 Overview of the calculation

A general overview of our theoretical setup is included in our companion paper on the
calculation of H ! bbj at NNLO accuracy [44]. Here we provide a short summary for
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computed in Ref. [45]), while the remaining phase spaces correspond to those with three or
more partons in the final state and are the component pieces needed for the calculation of
H ! bbj at NNLO. In our calculation we will set the b-quark mass to zero kinematically,
but retain it in the Yukawa coupling. A comparison of the radiative corrections at NLO
with or without the b-mass phase-space effects was first performed nearly forty years ago
[9]. It was shown that the sizable differences between the full and “massless” theories arising
from the b-mass terms can be compensated by running the b-mass to the Higgs scale (and
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where L = log (µ2/m2
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Finally, we will employ the following definition of the N3LO coefficient for the inclusive
width, which reinstates the dependence on the LO phase space (evaluated in d = 4 dimen-
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3.2 Projection to Born at N3LO
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Coefficient of N3LO correction to the width is

Figure 1. Representative Feynman diagrams that enter our calculation of H ! bb at O(↵3
s)

accuracy.

for the H ! bb decay at N3LO accuracy. Herein we focus on the contributions with the
most challenging infrared structure, namely those that are proportional to y2b . We will
deploy the P2B method mentioned above and present a first application of this method
in conjunction with a non-local subtraction mechanism (N -jettiness slicing in our case) at
both NNLO and N3LO. Our paper is constructed as follows. In Section 2 we present a
discussion of the general framework for our calculation. We detail the P2B+SCET method
in Section 3 and first validate our results using the H ! bb process at NNLO . We use our
calculation to make predictions for a variety of physical observables at N3LO accuracy in
Section 4 and draw our conclusions in Section 5.

2 Overview of the calculation

A general overview of our theoretical setup is included in our companion paper on the
calculation of H ! bbj at NNLO accuracy [44]. Here we provide a short summary for
completeness. Representative Feynman diagrams included in our calculation of H ! bb at
N3LO are shown in Fig. 1. At this order there are four phase-space configurations that
contribute. The two-body phase space includes terms of up to three loops (which have been
computed in Ref. [45]), while the remaining phase spaces correspond to those with three or
more partons in the final state and are the component pieces needed for the calculation of
H ! bbj at NNLO. In our calculation we will set the b-quark mass to zero kinematically,
but retain it in the Yukawa coupling. A comparison of the radiative corrections at NLO
with or without the b-mass phase-space effects was first performed nearly forty years ago
[9]. It was shown that the sizable differences between the full and “massless” theories arising
from the b-mass terms can be compensated by running the b-mass to the Higgs scale (and
thus recapturing some of the missing logarithms of the form log (m2

b/m
2
H)). Dropping

the b-quark mass kinematically results in dramatic simplifications in the calculation of the
inclusive partial width, which in the case of H ! bb is known up to O(↵4
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3.1 The inclusive partial width
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defines the measurement function and tell us how to 
make m-jets out of i partons. 

Fm
i (�i)

N3LO
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Inclusive Width

The measurement function adds nearly all of the complexity. If I’m only 
interested in the total decay rate I can remove it and obtain the inclusive 
(partial) width. 

3.1 The inclusive partial width

An ingredient for our calculation is the inclusive decay width for H ! bb at N3LO . This
was originally computed over two decades ago [13] and is now known up to N4LO accuracy
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. . Chetyrkin  hep-ph/9608318  

Can obtain the inclusive partial width coefficient by using the optical theorem 
applied to the 4-loop two-point correlator  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Infrared issues
The measurement function makes life difficult since it exposes us to a 
multitude of Infrared singularities, which exist in the individual parton phase 
spaces, but cancel upon combination into a suitably inclusive observable. 

For example consider the triple-soft limit in which all of the gluons in this 
diagram have vanishing momentum.  

p ! 0

p ! 0

p ! 0
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Infrared issues
The measurement function makes life difficult since it exposes us to a 
multitude of Infrared singularities, which exist in the individual parton phase 
spaces, but cancel upon combination into a suitably inclusive observable. 

For example consider the triple-soft limit in which all of the gluons in this 
diagram have vanishing momentum.  

p ! 0

p ! 0

p ! 0

Kinematically this factors 
onto the LO phase space

⇥Eik

But the color is 
still present!
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Projection to Born

There is no one set technique for dealing with IR issues at either NLO, NNLO or N3LO.


We’re going to use Projection to Born Method (Cacciari, Dreyer, Karlberg, Salam, Zanderighi 1506.02660) 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Projection to Born

There is no one set technique for dealing with IR issues at either NLO, NNLO or N3LO.


We’re going to use Projection to Born Method (Cacciari, Dreyer, Karlberg, Salam, Zanderighi 1506.02660) 

|M2|Generated event with

Cluster
|M2|

(massive jet)

(Single parton)

⇥

F 5
2 (�5)

|M2| ⇥�

(Single parton)

(Single parton)

F 2
2 (�B)

Subtract 
Counterterm 
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Projection to Born

|M2| ⇥ F 5
2 (�5) F 2

2 (�B)�( )
Cancels exactly when the full phase space 
matches the projected born one. 



12

Projection to Born

|M2| ⇥ F 5
2 (�5) F 2

2 (�B)�( )
Cancels exactly when the full phase space 
matches the projected born one. 

This is exactly the triple unresolved region. 



12

Projection to Born

|M2| ⇥ F 5
2 (�5) F 2

2 (�B)�( )
Cancels exactly when the full phase space 
matches the projected born one. 

This is exactly the triple unresolved region. 

Does not cancel exactly when only partons are 
unresolved (e.g. two gluons are soft) 



12

Projection to Born

|M2| ⇥ F 5
2 (�5) F 2

2 (�B)�( )
Cancels exactly when the full phase space 
matches the projected born one. 

This is exactly the triple unresolved region. 

Does not cancel exactly when only partons are 
unresolved (e.g. two gluons are soft) 

This is an NNLO calculation. 



12

Projection to Born

|M2| ⇥ F 5
2 (�5) F 2

2 (�B)�( )
Cancels exactly when the full phase space 
matches the projected born one. 

This is exactly the triple unresolved region. 

Does not cancel exactly when only partons are 
unresolved (e.g. two gluons are soft) 

This is an NNLO calculation. 

So ingredient 1 for a projection to Born Method is an NNLO 
calculation of H=>3j (Mondini’s talk) 
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Projection to Born
We just arbitrarily subtracted a counterterm. 


 

On its own this is not cool, since it is not part of the SM, just a regulator. 


We had better reintroduce it. 

However now we’re going to explicitly integrate out the phase space

If we integrate over all the projected Born phase space, we’ll just recover the 
inclusive width (multiplying a LO phase space factor) 

So ingredient 2 for a projection to Born Method is the inclusive 
partial width (cross section) as a function of the LO kinematics. 

. . Chetyrkin  hep-ph/9608318  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LO Phase space

H=>bb at LO is super trivial, two massless partons back to back. 

We want some interesting observables at LO to test the IR 
cancellations in our code, so we introduce a fictitious collision axis, 
and measure relative to that. 

x

y

z

Now we can define pt and rapidity like at the LHC. 

We cluster with the Durham jet algorithm 
(ask your academic grandparents) 



15

Results  
����=���

Γ�→ � �
_����

Γ�→ � �
_����

Γ�→ � �
_���

��/� ≤ μ ≤ ������

���
�

�
��

�Γ
�
→
�
�_

�
/�
(�

�
�

�
��
/�

�
)

���(μ)/���(μ=��)
����(μ)/���(μ=��)
����(μ)/���(μ=��)

���
���
���
���
���

��
���

/�
��

����(μ)/����(μ=��)
����(μ)/����(μ=��)

��� ��� ��� ��� ��� ���
����
����
����
����
����
����
����

�� ����/��

��
���

/�
�
��

����=���

Γ�→ � �
_����

Γ�→ � �
_����

Γ�→ � �
_���

��/� ≤ μ ⩽ ���

����

����

����

�

�Γ
�
→
�
�_

�
/�
|η
��
��
|

����(μ)/���(μ=��)
����(μ)/���(μ=��)
���(μ)/���(μ=��)����

����

����

����

�
��
��
/�
��

����(μ)/����(μ=��)
����(μ)/����(μ=��)

��� ��� ��� ��� ��� ��� �������

����

����

����

����

|η ����|

�
��
��
/�
�
��

It works! 

The size of corrections are observable dependent, scale variation is tiny
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Corrections to “real” observables 
are a little different. 
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We computed N3LO corrections to H=>bb


We used the projection to Born method + 
N-jettiness slicing to deal with the IR 
singular structure 


Our calculation is fully differential and could 
be deployed out of the rest frame for LHC/
FCC applications. 


Differential effects at N3LO are larger than 
small inclusive ones. 
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Figure 3. The dependence of the differential distribution for the maximum jet energy in the
NNLO two-jet rate on the N�jettiness slicing parameter ⌧ cut2 . The physical jet cut is set to ycut =

0.1.

in this instance corresponds to a 2-jettiness cut, ⌧2). One therefore must ensure that the
⌧ cut2 variable is taken to small enough values that the missing power corrections in Eq. (3.18)
are negligible. Our parameter choices are as follows. We take the mass of the Higgs boson
to be mH = 125 GeV. As input we take the mass of the b-quark to be mb = 4.7 GeV,
which enters into the Yukawa coupling yb (and is set to zero kinematically). In order to
compensate for higher-order effects arising from the b-quark mass we run the mass to the
Higgs scale. At NNLO we use the three-loop running, resulting in an effective b-quark mass
of mb(mH) = 2.94 GeV. Our remaining electroweak inputs are GF = 0.116639 ⇥ 10

�4

GeV�2 and mW = 80.385 GeV. We take ↵s(mZ) = 0.118 and we evolve the coupling using
three-loop running. For our subsequent predictions at N3LO we keep the three-loop running
of ↵s and mb for simplicity (the difference between three-loop and four-loop running is very
small [59]). All of the results for partial widths in this paper are in units of MeV. Our results
presented herein have been produced using a fully-flexible Monte Carlo code, for which we
have extensively used the existing structure of MCFM 8.0 where applicable (specifically
for phase-space generation, Catani-Seymour dipoles [60], N -jettiness slicing [61], and OMP
and MPI compatibility [62]). Our subsequent extended Monte Carlo is thus in a suitable
format to be interfaced with MCFM and be released publicly in the future.

As a first check on the correctness of our results we compute the NNLO coefficient for
the two-jet rate for jets clustered with the Durham algorithm [52, 53] with ycut = 0.1. This
algorithm starts from a parton-level phase-space point and computes the following quantity
yij for all pairs of objects i and j:

yij =
2min(E2

i , E
2
j )(1� cos ✓ij)

Q2
, (3.20)

where Ei is the energy of particle i, ✓ij is the angle between particles i and j, and Q is the
hard scale of the process, which in our case we take to be Q = mH . If yij < ycut, the two
objects are combined into a new one with four momentum pµi + pµj . The procedure is then
iterated until no more clustering is possible and the final objects are classified as jets. In
addition to the independence on the slicing parameter, a further check of our implementation

– 10 –
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Eq. (3.13) represents the master equation for the Projection-to-Born technique [25, 40] and
is equivalent to Eq. (3.10) by explicitly substituting Eqs. (3.12), (3.14), and (3.15). It can
finally be rearranged as follows

d��

N3LO
H!bb

dOm
=

Z
�

ˆ

�

N3LO
H!bb

Fm
2 (�B)d�B

+

Z
d�RV V

H!bb
[Fm

3 (�3)� Fm
2 (�B)] d�3

+

Z
d�RRV

H!bb
[Fm

4 (�4)� Fm
2 (�B)] d�4

+

Z
d�RRR

H!bb
[Fm

5 (�5)� Fm
2 (�B)] d�5 . (3.16)

Inspection of the above formula reveals that the P2B subtraction regularizes singularities
which cancel when an implicit pole turns to an explicit one via phase-space integration,
i.e. this subtraction accounts for the “last emission”. Based on the above equation, the
full N3LO H ! bb coefficient can be readily computed provided that the NNLO H ! bbj

differential partial width is available in a suitable format. More specifically, since the P2B
method above regulates the singularities associated with the last emission, all the other
IR divergences present in the last three lines of Eq. (3.16) (namely in the construction
of the differential cross section of the process with one extra final-state jet) have to be
previously regulated and canceled by means of a different subtraction scheme. Thus far,
applications of the P2B method have utilized Catani-Seymour dipoles [50] (for applications
at NNLO) and antenna subtraction [51] (for applications at N3LO) for this purpose. Both
these regulators are clearly a good fit for the method, since neither explicitly requires a
jet in the construction of the local counter-terms. Thus far no method that employs a jet
resolution parameter to regulate divergences at NNLO has been applied to P2B. We address
this in the subsequent section.

3.3 P2B with N-jettiness slicing

At first inspection the application of Eq. (3.16) with N -jettiness slicing seems problematic,
since the application of N -jettiness slicing requires the definition of a jet observable (in
this case 3-jettiness) in order to operate. Here we address this issue, starting with a brief
summary of the method which is by now well established for NNLO calculations.

The central idea of any slicing-based method is to consider an observable which allows
one to separate the computation into two parts. At NNLO, the first part will contain all of
the doubly-unresolved regions of the phase space and will be computed using a simplifying
approximation (typically a factorization theorem). The second region will capture all of
the singly-unresolved and fully-resolved regions of phase space and thus corresponds to a
NLO calculation with one additional parton in the final state. In N -jettiness slicing, the
separating variable is the N -jettiness variable ⌧N [29]. For an n-parton event it is defined
as

⌧N =

X

j=1,n

min

i=1,2,N

⇢
2qi · pj
Qi

�
(3.17)
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P2B Full

3.1 The inclusive partial width

An ingredient for our calculation is the inclusive decay width for H ! bb at N3LO . This
was originally computed over two decades ago [13] and is now known up to N4LO accuracy
[14]. At O(↵3

s) the inclusive partial width �H!bb can be written as follows

�

N3LO
H!bb

= �

LO
H!bb

+��

NLO
H!bb

+��

NNLO
H!bb

+��

N3LO
H!bb

+O(↵4
s) . (3.1)

The LO partial width is defined as

�

LO
H!bb

=

y2bmHNc

8⇡
(3.2)

with yb ⌘ yb(µ) the bottom Yukawa coupling at the renormalization scale µ, mH the Higgs
mass, and Nc the number of colors, while the corrections at each order can be written as

��

NnLO
H!bb

= �

LO
H!bb

⇣↵s

⇡

⌘n
�

(n)

H!bb
(3.3)

with ↵s ⌘ ↵s(µ). The coefficients �

(n)

H!bb
up to n = 3 are:

�

(1)

H!bb
= s1 + 2�0mL (3.4)

�

(2)

H!bb
= s2 + L

�
s1�0 + 2s1�

0
m + 2�1m

�
+ L2

�
�0�

0
m + 2(�0m)

2
�

(3.5)

�

(3)

H!bb
= s3 + L

�
2s2�0 + s1�1 + 2s2�

0
m + 2s1�

1
m + 2�2m

�

+L2
�
s1�

2
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0
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0
m + 2s1(�

0
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2
+ 2�0�

1
m + 4�0m�1m

�

+L3

✓
2

3

�2
0�

0
m + 2�0(�

0
m)

2
+

4

3

(�0m)

3

◆
(3.6)

where L = log (µ2/m2
H) and the explicit expressions for si, �i and �im are presented in

Appendix A. For reference, at µ = mH the inclusive partial width numerically evaluates to

�

N3LO
H!bb

(µ = mH) = �

LO
H!bb


1 + 5.66667

⇣↵s

⇡

⌘
+ 29.1467

⇣↵s

⇡

⌘2
+ 41.7576

⇣↵s

⇡

⌘3
�
. (3.7)

Finally, we will employ the following definition of the N3LO coefficient for the inclusive
width, which reinstates the dependence on the LO phase space (evaluated in d = 4 dimen-
sions):

��

N3LO
H!bb

=

⇣↵s

⇡

⌘3
Z

8⇡ �

LO
H!bb

�

(3)

H!bb
d�2 (3.8)

=

Z
�

ˆ

�

N3LO
H!bb

d�2 . (3.9)

3.2 Projection to Born at N3LO

The H ! bb differential decay width at N3LO is constructed as follows

d��

N3LO
H!bb

dOm
=

Z
d�V V V

H!bb
Fm
2 (�2)d�2 +

Z
d�RV V

H!bb
Fm
3 (�3)d�3

+

Z
d�RRV

H!bb
Fm
4 (�4)d�4 +

Z
d�RRR

H!bb
Fm
5 (�5)d�5 , (3.10)
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Eq. (3.13) represents the master equation for the Projection-to-Born technique [25, 40] and
is equivalent to Eq. (3.10) by explicitly substituting Eqs. (3.12), (3.14), and (3.15). It can
finally be rearranged as follows

d��

N3LO
H!bb

dOm
=

Z
�

ˆ

�

N3LO
H!bb

Fm
2 (�B)d�B

+

Z
d�RV V

H!bb
[Fm

3 (�3)� Fm
2 (�B)] d�3

+

Z
d�RRV

H!bb
[Fm

4 (�4)� Fm
2 (�B)] d�4

+

Z
d�RRR

H!bb
[Fm

5 (�5)� Fm
2 (�B)] d�5 . (3.16)

Inspection of the above formula reveals that the P2B subtraction regularizes singularities
which cancel when an implicit pole turns to an explicit one via phase-space integration,
i.e. this subtraction accounts for the “last emission”. Based on the above equation, the
full N3LO H ! bb coefficient can be readily computed provided that the NNLO H ! bbj

differential partial width is available in a suitable format. More specifically, since the P2B
method above regulates the singularities associated with the last emission, all the other
IR divergences present in the last three lines of Eq. (3.16) (namely in the construction
of the differential cross section of the process with one extra final-state jet) have to be
previously regulated and canceled by means of a different subtraction scheme. Thus far,
applications of the P2B method have utilized Catani-Seymour dipoles [50] (for applications
at NNLO) and antenna subtraction [51] (for applications at N3LO) for this purpose. Both
these regulators are clearly a good fit for the method, since neither explicitly requires a
jet in the construction of the local counter-terms. Thus far no method that employs a jet
resolution parameter to regulate divergences at NNLO has been applied to P2B. We address
this in the subsequent section.

3.3 P2B with N-jettiness slicing

At first inspection the application of Eq. (3.16) with N -jettiness slicing seems problematic,
since the application of N -jettiness slicing requires the definition of a jet observable (in
this case 3-jettiness) in order to operate. Here we address this issue, starting with a brief
summary of the method which is by now well established for NNLO calculations.

The central idea of any slicing-based method is to consider an observable which allows
one to separate the computation into two parts. At NNLO, the first part will contain all of
the doubly-unresolved regions of the phase space and will be computed using a simplifying
approximation (typically a factorization theorem). The second region will capture all of
the singly-unresolved and fully-resolved regions of phase space and thus corresponds to a
NLO calculation with one additional parton in the final state. In N -jettiness slicing, the
separating variable is the N -jettiness variable ⌧N [29]. For an n-parton event it is defined
as

⌧N =

X

j=1,n

min

i=1,2,N

⇢
2qi · pj
Qi

�
(3.17)
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Eq. (3.13) represents the master equation for the Projection-to-Born technique [25, 40] and
is equivalent to Eq. (3.10) by explicitly substituting Eqs. (3.12), (3.14), and (3.15). It can
finally be rearranged as follows
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Inspection of the above formula reveals that the P2B subtraction regularizes singularities
which cancel when an implicit pole turns to an explicit one via phase-space integration,
i.e. this subtraction accounts for the “last emission”. Based on the above equation, the
full N3LO H ! bb coefficient can be readily computed provided that the NNLO H ! bbj

differential partial width is available in a suitable format. More specifically, since the P2B
method above regulates the singularities associated with the last emission, all the other
IR divergences present in the last three lines of Eq. (3.16) (namely in the construction
of the differential cross section of the process with one extra final-state jet) have to be
previously regulated and canceled by means of a different subtraction scheme. Thus far,
applications of the P2B method have utilized Catani-Seymour dipoles [50] (for applications
at NNLO) and antenna subtraction [51] (for applications at N3LO) for this purpose. Both
these regulators are clearly a good fit for the method, since neither explicitly requires a
jet in the construction of the local counter-terms. Thus far no method that employs a jet
resolution parameter to regulate divergences at NNLO has been applied to P2B. We address
this in the subsequent section.

3.3 P2B with N-jettiness slicing

At first inspection the application of Eq. (3.16) with N -jettiness slicing seems problematic,
since the application of N -jettiness slicing requires the definition of a jet observable (in
this case 3-jettiness) in order to operate. Here we address this issue, starting with a brief
summary of the method which is by now well established for NNLO calculations.

The central idea of any slicing-based method is to consider an observable which allows
one to separate the computation into two parts. At NNLO, the first part will contain all of
the doubly-unresolved regions of the phase space and will be computed using a simplifying
approximation (typically a factorization theorem). The second region will capture all of
the singly-unresolved and fully-resolved regions of phase space and thus corresponds to a
NLO calculation with one additional parton in the final state. In N -jettiness slicing, the
separating variable is the N -jettiness variable ⌧N [29]. For an n-parton event it is defined
as

⌧N =

X

j=1,n

min

i=1,2,N

⇢
2qi · pj
Qi

�
(3.17)
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