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Pinning down dark matter microphysics…Introduction 3
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Figure 1. Dark matter may have non-gravitational interactions, which can be probed by four complementary
approaches� direct detection, indirect detection, particle colliders, and astrophysical probes. The lines connect the
experimental approaches with the categories of particles that they most stringently probe �additional lines can be drawn
in specific model scenarios�. Figure taken from the Snowmass CF� Report �Bauer et al., �����.

Model Probe Parameter Value

Warm Dark Matter Halo Mass Particle Mass m ⇠ 18 keV
Self-Interacting Dark Matter Halo Profile Cross Section �SIDM/m� ⇠ 0.1–10 cm2

/ g
Baryon-Scattering Dark Matter Halo Mass Cross Section � ⇠ 10�30 cm2

Axion-Like Particles Energy Loss Coupling Strength g�e ⇠ 10�13

Fuzzy Dark Matter Halo Mass Particle Mass m ⇠ 10�20 eV
Primordial Black Holes Compact Objects Object Mass M > 10�4M�

Weakly Interacting Massive Particles Indirect Detection Cross Section h�vi ⇠ 10�27 cm3
/ s

Light Relics Large-Scale Structure Relativistic Species Ne� ⇠ 0.1

Table 1-1. Probes of fundamental dark matter physics with LSST. Classes of dark matter models are listed in Column
�, and the primary observational probe that is sensitive to each model is listed in Column �. The corresponding dark
matter parameters are listed in Column �, and estimates of LSST’s senstivity to each parameter are listed in Column �.

LSST D��� M�����

Snowmass CF4 report (Bauer et al, 2015)
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…through macroscopic effects
Underlying particle physics can be manifest by understanding macroscopic 

distribution of dark matter on small scales

Introduction 3

Figure 1. Dark matter may have non-gravitational interactions, which can be probed by four complementary
approaches� direct detection, indirect detection, particle colliders, and astrophysical probes. The lines connect the
experimental approaches with the categories of particles that they most stringently probe �additional lines can be drawn
in specific model scenarios�. Figure taken from the Snowmass CF� Report �Bauer et al., �����.

Model Probe Parameter Value

Warm Dark Matter Halo Mass Particle Mass m ⇠ 18 keV
Self-Interacting Dark Matter Halo Profile Cross Section �SIDM/m� ⇠ 0.1–10 cm2

/ g
Baryon-Scattering Dark Matter Halo Mass Cross Section � ⇠ 10�30 cm2

Axion-Like Particles Energy Loss Coupling Strength g�e ⇠ 10�13

Fuzzy Dark Matter Halo Mass Particle Mass m ⇠ 10�20 eV
Primordial Black Holes Compact Objects Object Mass M > 10�4M�

Weakly Interacting Massive Particles Indirect Detection Cross Section h�vi ⇠ 10�27 cm3
/ s

Light Relics Large-Scale Structure Relativistic Species Ne� ⇠ 0.1

Table 1-1. Probes of fundamental dark matter physics with LSST. Classes of dark matter models are listed in Column
�, and the primary observational probe that is sensitive to each model is listed in Column �. The corresponding dark
matter parameters are listed in Column �, and estimates of LSST’s senstivity to each parameter are listed in Column �.

LSST D��� M�����

Microphysics from Macrophysics
(Subhalo mass function, 

subhalo profiles…)
(Self-interactions,  
scalar field DM…)

Probe properties of low-mass, non-luminous 
subhalos through their gravitational effects

LSST Dark Matter White Paper  (Drlica-Wagner et al, 2019)
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Gravitational lensing
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Figure 1. Astrometric weak lensing geometry. A lens l comprised of an extended, spherically
symmetric mass distribution at a line-of-sight distance Dl bends the light path (dark yellow) of a
background source i (yellow four-pointed star) at an impact parameter bil (light blue) and distance
Di. The deflection angle �✓il is proportional to 1/bil as well as the mass M(bil) enclosed inside the
cylinder with radius equal to bil. The lensing deflection evolves nonlinearly in time because the impact
parameter bil changes due to the peculiar velocities of the lens (vl), observer (v�), and source (vi).
We ignore velocity components along the line of sight (that is, Dl and Di are fixed), but it should be
understood that �✓il, bil, vl, v�, and vi are 2D vectors perpendicular to the line of sight.

detectable astrometric lensing events of individual background sources, unless they are ex-
tremely cuspy at their centers, in which case they can give rise to observable signals akin to
those produced by compact objects [39]. Recent simulations of minihalos, however, disfavor
such steep inner density profiles [40]. The question remains: are there techniques that do
not rely on the dramatic lensing signatures from point-like objects and ultra-cuspy halos, but
instead, can tease out the subtle lensing effects from more dilute subhalos?

In this paper, we introduce several methods that leverage the high statistics of current
and planned astrometric surveys, potentially enabling the discovery of extended nonluminous
structures inside the Milky Way. Our methods might even reveal the presence of massive
planets far beyond the Kuiper Belt in our own Solar System, through the correlated lensing
effect they produce as they transit past many background stars. In section 2, we give an
executive summary of the basic physical effects and a preview of one of our main results,
as well as recommendations for the data products and observational strategies of ongoing
and future astrometric missions. In section 3, we review the properties of the lens targets
that we aim to detect. Section 4 introduces new classes of signal observables. Their noise
contributions from instrumental as well as intrinsic origins are discussed in section 5. Section 6
contains our sensitivity projections for the lens targets of section 3. We conclude with our
future outlook in section 7. Readers primarily interested in the search for outer Solar System
planets may skip many parts of the main text, and follow only sections 2, 3.4, 4.1, 5.1, 6.3,
and 7 for a self-contained analysis.

2 Summary

We will investigate how high-statistics, time-domain astrometry can yield insights into the
structure of dark matter in the Milky Way. Before presenting our detailed study in later
sections, we condense the basic intuition of the physics and our analysis methods here.

– 3 –

M(b) : projected enclosed mass
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Intervening mass causes a shift in the apparent position of luminous sources

Magnitude of the shift for Galactic subhalo lenses

: projected enclosed mass

Van Tilburg et al, 2018







Problem: true position of background sources unknown



Potential solution: go into the time-domain

⌃0 : angular number density of stars
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Shifts in position smaller than typical angular density variations of sources
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Moving lenses induce motions in background sources
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I. INTRODUCTION
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⇤
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This paper is organized as follows. In Sec. II we in-
troduce the subhalo-induced proper motion and acceler-
ation power spectrum formalism, illustrating the signal
characteristics with example power spectra due to a sin-
gle subhalo. Section III B extends this formalism to a
population of Galactic subhalos, illustrated for a fiducial
⇤CDM-inspired configuration and validated with simu-
lations. In Sec. ?? we present forecasts on various moti-
vated substructure configurations achievable with future
astrometric surveys. In Sec. IV we describe various han-
dles that can be used to distinguish a putative true signal
from instrumental and other sources of noise in a power
spectrum measurement. We conclude in Sec. V.

II. FORMALISM AND WARM-UP

A. Power spectrum formalism

The angular velocity correction µ of a luminous source
with an impact parameter b to a spherically symmetric
lens with an enclosed mass function M(b) can be written
as

µ(b) = 4G

⇢
M(b)

b2

h
2b̂(b̂ · vl) � vl

i
�

M 0(b)

b
b̂(b̂ · vl)

�
.

(1)

We will often use the angular separation � = b/Dl =
✓l �✓i between celestial positions of the lens and source,
✓l and ✓i, respectively. In the above, we have ignored a
(1 � Dl/Di) geometric factor in the limit of very large
source distance Di relative to the line-of-sight distance
Dl to the lens. The e↵ective lens velocity is defined as
vl = d

dtb.
Define vector spherical harmonics (VSH)

 `m =
r✓Y`mp
l(l + 1)

; �`m = r̂ ⇥ `m (2)

in spherical coordinates {r, ✓, �} with ✓ and � Galactic
colatitude and longitude respectively (sometimes com-
bined in the 2D vector ✓ = {✓,�} with correspond-
ing angular gradient r✓), and r the radial, line-of-sight
direction. The above VSH are normalized such that
they are orthonormal on the sphere

R
d⌦V`m · V`0m0 =

�V0V�`0`�m0m with V =  ,�, and form a complete basis
for a vector field on the celestial sphere. For example,
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Moving lenses induce motions in background sources
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Typical size of time-domain effects for Galactic lenses
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I. INTRODUCTION

[1]

⇤
sm8383@nyu.edu

This paper is organized as follows. In Sec. II we in-
troduce the subhalo-induced proper motion and acceler-
ation power spectrum formalism, illustrating the signal
characteristics with example power spectra due to a sin-
gle subhalo. Section III B extends this formalism to a
population of Galactic subhalos, illustrated for a fiducial
⇤CDM-inspired configuration and validated with simu-
lations. In Sec. ?? we present forecasts on various moti-
vated substructure configurations achievable with future
astrometric surveys. In Sec. IV we describe various han-
dles that can be used to distinguish a putative true signal
from instrumental and other sources of noise in a power
spectrum measurement. We conclude in Sec. V.

II. FORMALISM AND WARM-UP

A. Power spectrum formalism

The angular velocity correction µ of a luminous source
with an impact parameter b to a spherically symmetric
lens with an enclosed mass function M(b) can be written
as

µ(b) = 4G

⇢
M(b)

b2

h
2b̂(b̂ · vl) � vl

i
�

M 0(b)

b
b̂(b̂ · vl)

�
.

(1)

We will often use the angular separation � = b/Dl =
✓l �✓i between celestial positions of the lens and source,
✓l and ✓i, respectively. In the above, we have ignored a
(1 � Dl/Di) geometric factor in the limit of very large
source distance Di relative to the line-of-sight distance
Dl to the lens. The e↵ective lens velocity is defined as
vl = d

dtb.
Define vector spherical harmonics (VSH)

 `m =
r✓Y`mp
l(l + 1)

; �`m = r̂ ⇥ `m (2)

in spherical coordinates {r, ✓, �} with ✓ and � Galactic
colatitude and longitude respectively (sometimes com-
bined in the 2D vector ✓ = {✓,�} with correspond-
ing angular gradient r✓), and r the radial, line-of-sight
direction. The above VSH are normalized such that
they are orthonormal on the sphere

R
d⌦V`m · V`0m0 =

�V0V�`0`�m0m with V =  ,�, and form a complete basis
for a vector field on the celestial sphere. For example,



Siddharth Mishra-Sharma (NYU) | Pheno 2019 �10

Extended lenses

Problem: extended lenses strongly suppress lensing effects

Potential solution: study correlated motions
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Global, correlated lens-induced motions

Alternatively, can look for global patterns in induced motion of 
sources due to a population of lenses
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Global, correlated lens-induced motions

Alternatively, can look for global patterns in induced motion of 
sources due to a population of lenses

One tool to do this: angular correlation functions

µb

-0.000316228 0.000316228µas/yr

µl

-0.000316228 0.000316228µas/yr

⃗μ = { },
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Large-scale structure power spectra

Planck Collaboration: Cosmological parameters
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Fig. 1. Planck 2018 temperature power spectrum. At multipoles ` � 30 we show the frequency-coadded temperature spectrum
computed from the Plik cross-half-mission likelihood, with foreground and other nuisance parameters fixed to a best fit assuming
the base-⇤CDM cosmology. In the multipole range 2  `  29, we plot the power spectrum estimates from the Commander
component-separation algorithm, computed over 86 % of the sky. The base-⇤CDM theoretical spectrum best fit to the Planck

TT,TE,EE+lowE+lensing likelihoods is plotted in light blue in the upper panel. Residuals with respect to this model are shown in
the lower panel. The error bars show ±1� diagonal uncertainties, including cosmic variance (approximated as Gaussian) and not
including uncertainties in the foreground model at ` � 30. Note that the vertical scale changes at ` = 30, where the horizontal axis
switches from logarithmic to linear.

the best-fit temperature data alone, assuming the base-⇤CDM
model, adding the beam-leakage model and fixing the Galactic
dust amplitudes to the central values of the priors obtained from
using the 353-GHz maps. This is clearly a model-dependent pro-
cedure, but given that we fit over a restricted range of multipoles,
where the TT spectra are measured to cosmic variance, the re-
sulting polarization calibrations are insensitive to small changes
in the underlying cosmological model.

In principle, the polarization e�ciencies found by fitting the
T E spectra should be consistent with those obtained from EE.
However, the polarization e�ciency at 143 ⇥ 143, c

EE

143, derived
from the EE spectrum is about 2� lower than that derived from
T E (where the � is the uncertainty of the T E estimate, of the
order of 0.02). This di↵erence may be a statistical fluctuation or
it could be a sign of residual systematics that project onto cali-
bration parameters di↵erently in EE and T E. We have investi-
gated ways of correcting for e↵ective polarization e�ciencies:
adopting the estimates from EE (which are about a factor of
2 more precise than T E) for both the T E and EE spectra (we
call this the “map-based” approach); or applying independent

estimates from T E and EE (the “spectrum-based” approach). In
the baseline Plik likelihood we use the map-based approach,
with the polarization e�ciencies fixed to the e�ciencies ob-
tained from the fits on EE:

⇣
c

EE

100

⌘
EE fit

= 1.021;
⇣
c

EE

143

⌘
EE fit

=

0.966; and
⇣
c

EE

217

⌘
EE fit

= 1.040. The CamSpec likelihood, de-
scribed in the next section, uses spectrum-based e↵ective polar-
ization e�ciency corrections, leaving an overall temperature-to-
polarization calibration free to vary within a specified prior.

The use of spectrum-based polarization e�ciency estimates
(which essentially di↵ers by applying to EE the e�ciencies
given above, and to T E the e�ciencies obtained fitting the T E

spectra,
⇣
c

EE

100

⌘
TE fit

= 1.04,
⇣
c

EE

143

⌘
TE fit

= 1.0, and
⇣
c

EE

217

⌘
TE fit

=

1.02), also has a small, but non-negligible impact on cosmo-
logical parameters. For example, for the ⇤CDM model, fitting
the Plik TT,TE,EE+lowE likelihood, using spectrum-based po-
larization e�ciencies, we find small shifts in the base-⇤CDM
parameters compared with ignoring spectrum-based polariza-
tion e�ciency corrections entirely; the largest of these shifts
are +0.5� in !b, +0.1� in !c, and +0.3� in ns (to be com-
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Planck Collaboration: Cosmological parameters

Fig. 27. Constraints on the running of the scalar spectral index
in the ⇤CDM model, using Planck TT,TE,EE+lowE+lensing
when marginalizing over r (samples, coloured by the spectral
index at k = 0.05Mpc�1), and the equivalent result when r = 0
(black contours). The Planck data are consistent with zero run-
ning, but also allow for significant negative running, which gives
a positive tilt ns,0.002, and hence less power, on large scales
(k ⇡ 0.002Mpc�1).

The precision of the Planck temperature constraint re-
mains limited by cosmic variance from the scalar compo-
nent and is model dependent. The tightest and least model-
dependent constraints on the tensor amplitude come from the
Keck Array and BICEP2 Collaborations (2016, BK14) analysis
of the BICEP2/Keck field, in combination with Planck high-
frequency maps to remove polarized Galactic dust emission.
The BK14 observations measure the B-mode polarization power
spectrum in nine bins at ` <⇠ 300, with the tensor amplitude in-
formation coming mainly from scales ` ' 100, where the B-
mode spectrum from scattering at recombination is expected to
peak. The Planck CMB power spectrum measurements use a
much larger sky area, and are useful to convert this measurement
into a constraint on the tensor-to-scalar ratio r at a given scale
with little additional cosmic variance error. To relate the tensor
measurement to constraints on specific inflation models (which
usually predict a region in the ns–r plane), combining with the
Planck data is also essential, although model dependent.

Figure 28 shows the constraints in the ns–r plane, with r

added as a single additional parameter to the base model and
plotted at pivot scale 0.002 Mpc�1. We assume the tensor-mode
spectrum is close to scale invariant, with spectral index given
by the inflation consistency relation to second order in slow-roll
parameters. Planck alone gives

r0.002 < 0.10, (95 %, TT,TE,EE+lowE+lensing), (42)

with ns = 0.9659±0.0041 at 1�. Adding BK14 to directly mea-
sure the tensor amplitude significantly tightens the r constraint,
and adding BAO data tightens (slightly) the ns constraint. Using
the Planck temperature likelihoods we find

r0.002 < 0.065 (95 %, TT+lowE+lensing+BK14+BAO), (43)
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Fig. 28. Constraints on the tensor-to-scalar ratio r0.002 in
the ⇤CDM model, using Planck TT,TE,EE+lowE and Planck

TT,TE,EE+lowE+lensing (red and green, respectively), and
joint constraint with BAO and BICEP2/Keck (blue, includ-
ing Planck polarization to determine the foreground compo-
nents, Keck Array and BICEP2 Collaborations 2016). This as-
sumed the inflationary consistency relation and negligible run-
ning. Dashed grey contours show the joint constraint when us-
ing CamSpec instead of Plik as the high-` Planck likelihood,
indicating the level of modelling uncertainty in the polarization
results. Dotted lines show the loci of approximately constant
e-folding number N, assuming simple V / (�/mPl)p single-
field inflation. Solid lines show the approximate ns–r relation
for locally quadratic and linear potentials to first order in slow
roll; red lines show the approximate allowed range assuming
50 < N < 60 and a power-law potential for the duration of in-
flation. The solid black line (corresponding to a linear potential)
separates concave and convex potentials.

with ns = 0.9663 ± 0.0041 at 1�, or adding polarization

r0.002 < 0.065 (95 %, TT,TE,EE+lowE+lensing
+BK14+BAO), (44)

with ns = 0.9670 ± 0.0037 at 1�. However, the small change
when adding polarization is not stable to the choice of polariza-
tion likelihood; when using the CamSpec TT,TE,EE+lowE like-
lihood in place of Plik, we find the weaker constraint r0.002 <
0.077 for the same data combination as that used in Eq. (44).

All the ns–r contours exclude convex potentials at about
the 95 % confidence (somewhat less if we use the CamSpec
likelihood, see Fig. 28), which substantially restricts the range
of allowed inflation models and disfavours all simple integer
power law potentials. More generally, since r depends on the
slope of the potential, the smallness of the empirical upper
limit on r implies that the inflationary potential must have been
nearly flat when modes exited the horizon. The measured ns
must then be determined largely by the second derivative of
the potential, suggesting a hierarchy in the magnitudes of the
slow-roll parameters, favouring hilltop-like potentials. For a de-

39
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Large-scale structure power spectra

Planck Collaboration: Cosmological parameters
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Fig. 1. Planck 2018 temperature power spectrum. At multipoles ` � 30 we show the frequency-coadded temperature spectrum
computed from the Plik cross-half-mission likelihood, with foreground and other nuisance parameters fixed to a best fit assuming
the base-⇤CDM cosmology. In the multipole range 2  `  29, we plot the power spectrum estimates from the Commander
component-separation algorithm, computed over 86 % of the sky. The base-⇤CDM theoretical spectrum best fit to the Planck

TT,TE,EE+lowE+lensing likelihoods is plotted in light blue in the upper panel. Residuals with respect to this model are shown in
the lower panel. The error bars show ±1� diagonal uncertainties, including cosmic variance (approximated as Gaussian) and not
including uncertainties in the foreground model at ` � 30. Note that the vertical scale changes at ` = 30, where the horizontal axis
switches from logarithmic to linear.

the best-fit temperature data alone, assuming the base-⇤CDM
model, adding the beam-leakage model and fixing the Galactic
dust amplitudes to the central values of the priors obtained from
using the 353-GHz maps. This is clearly a model-dependent pro-
cedure, but given that we fit over a restricted range of multipoles,
where the TT spectra are measured to cosmic variance, the re-
sulting polarization calibrations are insensitive to small changes
in the underlying cosmological model.

In principle, the polarization e�ciencies found by fitting the
T E spectra should be consistent with those obtained from EE.
However, the polarization e�ciency at 143 ⇥ 143, c

EE

143, derived
from the EE spectrum is about 2� lower than that derived from
T E (where the � is the uncertainty of the T E estimate, of the
order of 0.02). This di↵erence may be a statistical fluctuation or
it could be a sign of residual systematics that project onto cali-
bration parameters di↵erently in EE and T E. We have investi-
gated ways of correcting for e↵ective polarization e�ciencies:
adopting the estimates from EE (which are about a factor of
2 more precise than T E) for both the T E and EE spectra (we
call this the “map-based” approach); or applying independent

estimates from T E and EE (the “spectrum-based” approach). In
the baseline Plik likelihood we use the map-based approach,
with the polarization e�ciencies fixed to the e�ciencies ob-
tained from the fits on EE:

⇣
c

EE

100

⌘
EE fit

= 1.021;
⇣
c

EE

143

⌘
EE fit

=

0.966; and
⇣
c

EE

217

⌘
EE fit

= 1.040. The CamSpec likelihood, de-
scribed in the next section, uses spectrum-based e↵ective polar-
ization e�ciency corrections, leaving an overall temperature-to-
polarization calibration free to vary within a specified prior.

The use of spectrum-based polarization e�ciency estimates
(which essentially di↵ers by applying to EE the e�ciencies
given above, and to T E the e�ciencies obtained fitting the T E

spectra,
⇣
c

EE

100

⌘
TE fit

= 1.04,
⇣
c

EE

143

⌘
TE fit

= 1.0, and
⇣
c

EE

217

⌘
TE fit

=

1.02), also has a small, but non-negligible impact on cosmo-
logical parameters. For example, for the ⇤CDM model, fitting
the Plik TT,TE,EE+lowE likelihood, using spectrum-based po-
larization e�ciencies, we find small shifts in the base-⇤CDM
parameters compared with ignoring spectrum-based polariza-
tion e�ciency corrections entirely; the largest of these shifts
are +0.5� in !b, +0.1� in !c, and +0.3� in ns (to be com-
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Planck Collaboration: Cosmological parameters

Fig. 27. Constraints on the running of the scalar spectral index
in the ⇤CDM model, using Planck TT,TE,EE+lowE+lensing
when marginalizing over r (samples, coloured by the spectral
index at k = 0.05Mpc�1), and the equivalent result when r = 0
(black contours). The Planck data are consistent with zero run-
ning, but also allow for significant negative running, which gives
a positive tilt ns,0.002, and hence less power, on large scales
(k ⇡ 0.002Mpc�1).

The precision of the Planck temperature constraint re-
mains limited by cosmic variance from the scalar compo-
nent and is model dependent. The tightest and least model-
dependent constraints on the tensor amplitude come from the
Keck Array and BICEP2 Collaborations (2016, BK14) analysis
of the BICEP2/Keck field, in combination with Planck high-
frequency maps to remove polarized Galactic dust emission.
The BK14 observations measure the B-mode polarization power
spectrum in nine bins at ` <⇠ 300, with the tensor amplitude in-
formation coming mainly from scales ` ' 100, where the B-
mode spectrum from scattering at recombination is expected to
peak. The Planck CMB power spectrum measurements use a
much larger sky area, and are useful to convert this measurement
into a constraint on the tensor-to-scalar ratio r at a given scale
with little additional cosmic variance error. To relate the tensor
measurement to constraints on specific inflation models (which
usually predict a region in the ns–r plane), combining with the
Planck data is also essential, although model dependent.

Figure 28 shows the constraints in the ns–r plane, with r

added as a single additional parameter to the base model and
plotted at pivot scale 0.002 Mpc�1. We assume the tensor-mode
spectrum is close to scale invariant, with spectral index given
by the inflation consistency relation to second order in slow-roll
parameters. Planck alone gives

r0.002 < 0.10, (95 %, TT,TE,EE+lowE+lensing), (42)

with ns = 0.9659±0.0041 at 1�. Adding BK14 to directly mea-
sure the tensor amplitude significantly tightens the r constraint,
and adding BAO data tightens (slightly) the ns constraint. Using
the Planck temperature likelihoods we find

r0.002 < 0.065 (95 %, TT+lowE+lensing+BK14+BAO), (43)
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Fig. 28. Constraints on the tensor-to-scalar ratio r0.002 in
the ⇤CDM model, using Planck TT,TE,EE+lowE and Planck

TT,TE,EE+lowE+lensing (red and green, respectively), and
joint constraint with BAO and BICEP2/Keck (blue, includ-
ing Planck polarization to determine the foreground compo-
nents, Keck Array and BICEP2 Collaborations 2016). This as-
sumed the inflationary consistency relation and negligible run-
ning. Dashed grey contours show the joint constraint when us-
ing CamSpec instead of Plik as the high-` Planck likelihood,
indicating the level of modelling uncertainty in the polarization
results. Dotted lines show the loci of approximately constant
e-folding number N, assuming simple V / (�/mPl)p single-
field inflation. Solid lines show the approximate ns–r relation
for locally quadratic and linear potentials to first order in slow
roll; red lines show the approximate allowed range assuming
50 < N < 60 and a power-law potential for the duration of in-
flation. The solid black line (corresponding to a linear potential)
separates concave and convex potentials.

with ns = 0.9663 ± 0.0041 at 1�, or adding polarization

r0.002 < 0.065 (95 %, TT,TE,EE+lowE+lensing
+BK14+BAO), (44)

with ns = 0.9670 ± 0.0037 at 1�. However, the small change
when adding polarization is not stable to the choice of polariza-
tion likelihood; when using the CamSpec TT,TE,EE+lowE like-
lihood in place of Plik, we find the weaker constraint r0.002 <
0.077 for the same data combination as that used in Eq. (44).

All the ns–r contours exclude convex potentials at about
the 95 % confidence (somewhat less if we use the CamSpec
likelihood, see Fig. 28), which substantially restricts the range
of allowed inflation models and disfavours all simple integer
power law potentials. More generally, since r depends on the
slope of the potential, the smallness of the empirical upper
limit on r implies that the inflationary potential must have been
nearly flat when modes exited the horizon. The measured ns
must then be determined largely by the second derivative of
the potential, suggesting a hierarchy in the magnitudes of the
slow-roll parameters, favouring hilltop-like potentials. For a de-
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Can map of induced velocities/accelerations due to Galactic 
dark matter subhalos be analyzed the same way?
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Angular Power Spectra 201: vector fields

Any vector field         on a sphere can be expressed as a linear superposition of 
vector spherical harmonics            and       

Physically, corresponds to decomposing vector field in a curl-free and divergence-free part 
(Helmholtz-Hodge decomposition)

(∇ × ) = 0 (∇ ⋅ ) = 0

⃗μ ( ̂n) = ∑
ℓm

μ(1)
ℓm

⃗Ψℓm( ̂n) + μ(2)
ℓm

⃗Φℓm( ̂n)

⃗μ ( ̂n)
⃗Φℓm( ̂n)⃗Ψℓm( ̂n)

⃗Ψℓm = ∇Yℓm⃗Φℓm = ̂n × ∇Yℓm
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Application to lens-induced motions

The lensing deflection is “sourced” from the 
gradient of the gravitational potential

All vector lensing observables have only curl-free modes in harmonic decomposition

⃗Δθ =
2
Dl

⃗∇θ ∫ dzΨG( ⃗r)
µb

-0.000316228 0.000316228µas/yr

µl

-0.000316228 0.000316228µas/yr

} ≡ 0,∇ × {

Induced deflection/velocity/acceleration 
fields have vanishing curl

Cμ(2)
ℓ ≡

1
2ℓ + 1

ℓ

∑
m=−ℓ

μ(2)
ℓm

2
= 0

Cμ(1)
ℓ ≡

1
2ℓ + 1

ℓ

∑
m=−ℓ

μ(1)
ℓm

2
≃ ∑

l ( 4GNv
D2

l )
2

π
2

ℓ(ℓ + 1)[∫
∞

0
dβM (βDl) J1(ℓβ)]

2

Curl-free

Divergence-free
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Cold dark matter

CDM predicts a broad, scale invariant spectrum of subhalos distributed in the Milky WayΛ

Credit: T. Brown and J.Tumlinson
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Cold dark matter

µb
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µl
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CDM predicts a broad, scale invariant spectrum of subhalos distributed in the Milky WayΛ
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Cold dark matter: total signal and noise

8

FIG. 7. Mass (left) and Galactocentric distance (right) dependence of the total proper motion power spectrum at multipoles
` = 10 (blue), ` = 30 (yellow) and ` = 1000 (purple).
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FIG. 8. The total signal power spectrum expected for
the fiducial CDM-inspired subhalo configuration described in
Sec. III B (blue line). Noise spectra for a few representative
cases, parameterized by the proper motion variance �mu and
number of observed quasars Nq are shown as the dot-dashed,
dashed and solid grey lines for increasingly optimistic obser-
vation scenarios.

on the fiducial ⇤CDM-inspired setup defined in Sec. III B.
The total signal contribution is shown in Fig. 8, overlayed
with the expected noise for a few di↵erent experimental
configurations.

We may obtain the discovery significance, defined as
the ratio of the variance of a given parameter as obtained
using the Fisher formalism to its fiducial value. For the
CDM configuration, a single parameter is inferred which
specifies the overall amplitude of the mass function, set
at f ⌘ 1 for the baseline configuration. The discovery
significance can then be obtained as 1/�f .

Figure 9 shows the discovery significance using quasar
velocity power spectra for di↵erent values of the proper
motion noise �µ and number of observed quasars Nq.

Simulations

It is useful to verify the formalism presented above on
simulated data. We simulate subhalo realizations con-
sistent with our fiducial CDM model, for computational
tractability going down to a minimum subhalo mass of
M200 = 106.5 M� and inducing deflections on quasars
up to 20� from the lens position. The toroidal velocity
power spectrum measured over 200 realizations is shown
in Fig. 11, the pink band specifying the middle 50% con-
tainment. The theoretically calculated power spectrum
for this configuration is shown in blue. It can be seen
that the set of approximations used for the analytic cal-
culation start breaking down at larger scales ` <

⇠ 30, but
the theoretical prediction remains well within middle 50%
containment in the relevant multipole range considered.

C. Scalar dark matter

In this section, we compute the power spectrum of the
velocity and acceleration distortion in a halo made up of
real scalar dark matter. The contribution to the power
calculated below is irreducible because it originates from
the unavoidable density fluctuations of a free scalar field
at the scale of the typical deBroglie wavelength in a ther-
mal ensemble. Assuming the velocity spectrum and den-
sity distribution of the halo is known, the velocity and ac-
celeration power has only one free parameter—the scalar
field’s mass m.

(23)

Brackets uncertainty on 
CDM halo properties

Account for tidal stripping by depleting massive 
subhalos closer to Galactic center

}

van den Bosch et al, “Disruption of Dark Matter Substructure: 
Fact or Fiction?”, MNRAS [1711.05276]

Tidal disruption may be numerical?
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Cold dark matter: discovery potential 9

6.0 6.5 7.0 7.5 8.0 8.5 9.0

log10(Nq)

�2.0

�1.5

�1.0

�0.5

0.0

0.5

1.0

lo
g 1

0(
�

µ
[µ

as
yr

�
1 ]

)

No tidal e�ects
1�

3�

5�

Discovery significance, CDM

0

10

20

30

40

50

60

D
et

ec
ti

on
si

gn
ifi

ca
nc

e
[�

]

FIG. 9. Discovery significance of the fiducial CDM-inspired scenatio using quasar velocity power spectra, shows as a heatmap
for di↵erent values of the proper motion noise �µ and number of observed quasars Nq.

FIG. 10. Proper motion (top row) and proper motion acceleration (bottom row) induced by a simulated realization of sub-
halos using the CDM-inspired fiducial configuration. Galactic longitude (left column) and Galactic latitude (right column)
components are shown on a HEALPIX grid with resolution nside=128.

The total particle number density is n0, and f(k) is de-
fined as the momentum distribution with

R
d̄3k f(k) = 1.

All other contractions with the external state, e.g. those
of the form haai and ha†a†

i are assumed to be zero, as
we expect virialization to scramble all phase information.
We will also e↵ectively take all commutators [a†

k, aq] = 0,
since it can be shown that terms involving commutators

are suppressed by inverse powers of the occupation num-
ber n0/�3

k � 1 where �k is a typical momentum, i.e. we
are doing a classical expansion. Expressing the field as a
superposition of momentum modes,

�(x) =

Z
d̄3k

p
2k0

⇣
ake�ik·x + a†

ke+ik·x
⌘

, (24)

A CDM subhalo population can be detected!

Anticipated noise levels 
with future surveys

Square Kilometer ArrayPRELIMINARY
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Cold dark matter: discovery potential 9
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FIG. 9. Discovery significance of the fiducial CDM-inspired scenatio using quasar velocity power spectra, shows as a heatmap
for di↵erent values of the proper motion noise �µ and number of observed quasars Nq.

FIG. 10. Proper motion (top row) and proper motion acceleration (bottom row) induced by a simulated realization of sub-
halos using the CDM-inspired fiducial configuration. Galactic longitude (left column) and Galactic latitude (right column)
components are shown on a HEALPIX grid with resolution nside=128.

The total particle number density is n0, and f(k) is de-
fined as the momentum distribution with

R
d̄3k f(k) = 1.

All other contractions with the external state, e.g. those
of the form haai and ha†a†

i are assumed to be zero, as
we expect virialization to scramble all phase information.
We will also e↵ectively take all commutators [a†

k, aq] = 0,
since it can be shown that terms involving commutators

are suppressed by inverse powers of the occupation num-
ber n0/�3

k � 1 where �k is a typical momentum, i.e. we
are doing a classical expansion. Expressing the field as a
superposition of momentum modes,

�(x) =

Z
d̄3k

p
2k0

⇣
ake�ik·x + a†

ke+ik·x
⌘

, (24)

A CDM subhalo population can be detected! 
But more difficult for a highly depleted population…

Anticipated noise levels 
with future surveys

Square Kilometer ArrayPRELIMINARY
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Summary

Angular Correlation Functions

Discovering Substructure Populations

Astrometry + Gravitational Lensing

Methods potentially sensitive to cold dark matter,  
(not so) compact objects, scalar field dark matter…

Can be used as a tool to look for signatures  
of substructure in astrometric data

Apparent motions induced through gravitational lensing  
offer a unique way to probe dark Galactic subhalo populations
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FIG. 9. Discovery significance of the fiducial CDM-inspired scenatio using quasar velocity power spectra, shows as a heatmap
for di↵erent values of the proper motion noise �µ and number of observed quasars Nq.

FIG. 10. Proper motion (top row) and proper motion acceleration (bottom row) induced by a simulated realization of sub-
halos using the CDM-inspired fiducial configuration. Galactic longitude (left column) and Galactic latitude (right column)
components are shown on a HEALPIX grid with resolution nside=128.

The total particle number density is n0, and f(k) is de-
fined as the momentum distribution with

R
d̄3k f(k) = 1.

All other contractions with the external state, e.g. those
of the form haai and ha†a†

i are assumed to be zero, as
we expect virialization to scramble all phase information.
We will also e↵ectively take all commutators [a†

k, aq] = 0,
since it can be shown that terms involving commutators

are suppressed by inverse powers of the occupation num-
ber n0/�3

k � 1 where �k is a typical momentum, i.e. we
are doing a classical expansion. Expressing the field as a
superposition of momentum modes,

�(x) =

Z
d̄3k

p
2k0

⇣
ake�ik·x + a†

ke+ik·x
⌘

, (24)

µl

-0.000316228 0.000316228µas/yr



Backup Slides



Siddharth Mishra-Sharma (NYU) | Pheno 2019 �23

Compact objects from primordial fluctuations
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Figure 3. Sensitivity projections and constraints on the primordial curvature power spectrum PR
as a function of comoving wavenumber k (in units of Mpc�1). Forecasts for where on-going and
future astrometric surveys can reach unit signal to noise ratio are shown by solid and dashed lines
respectively, using velocity templates Tµ (blue), velocity correlations Cµ (green), and acceleration
correlations C↵ (red), for the same parameters as in figure 7. Gray regions are excluded at 95% CL
by temperature anisotropies in the cosmic microwave background (CMB TT ), Lyman-↵ observations,
nondetection of spectral distortions of y� and µ-type in the CMB, and limits on primordial black holes
(PBH). The black dashed line is the best fit to the Planck CMB data assuming a constant spectral
tilt ns, while the yellow band indicates the parameter space where dns/d ln k and d2ns/(d ln k)2 were
allowed to float by 1� from their best fit values (dot-dashed yellow). We refer to sections 3.2 and 6.1
for more details.

10�9 level at scales smaller than those probed in Lyman-↵ observations and CMB experi-
ments. Short of this, there are a variety of motivated objects and scenarios that could be
discovered in the shorter term. Examples include:

• higher-density subhalos from an enhanced primordial power spectrum (subsection 3.2);

• exotic, point-like objects such as primordial black holes and dark stars, or more ex-
tended exotic structures that can form from rich DM microphysics, such as dissipation
mechanisms and phase transitions (subsection 3.3);

• new planets in our own Solar System (subsection 3.4).

We start by reviewing the standard spectrum of dark matter subhalos in subsection 3.1, along
with a basic model of the Milky Way’s own dark matter halo and baryonic disk.

3.1 Standard subhalos

The “holy grail” of this approach would be to measure dark matter substructure in the Milky
Way. If the primordial power spectrum is not enhanced at small scales (e.g. if it is given by
the black dashed line in figure 3), then this substructure is expected to consist of a broad,

– 9 –

Enhancement in small-scale power is unconstrained and motivated
—-can have abundance of small clumps

Running spectral index

Constant spectral index

Van Tilburg et al, 2018



Siddharth Mishra-Sharma (NYU) | Pheno 2019 �24

Compact objects in the Milky Way: sensitivity projections

6

FIG. 4. Detection significance as a function of spatial exten-
sion R0 illustrated for Gaussian lenses at distance Dl with
velocity power spectra measurements between ` 2 [10, 104].
Same lens properties as Fig. 3 (top row). Shown for M0 =
107(8) M� in purple(green).

indicated, with the induced velocity power per mode scal-
ing as / l�4 and / l�8 for the NFW and Burkert profiles
respectively, and / l�2 and / l�6 in the case of induced
acceleration power. In these cases, the peak Fisher infor-
mation generally comes from scales corresponding to the
angular scale radius, and is thus less sensitive to details
of truncation or the inner profile.

Armed with the proper motion/acceleration power
spectra for a single subhalo, we are in a position to cal-
culate the expected signal due to a Galactic substructure
population. Since power adds stochastically, the total

power spectra Cµ/↵(1/2)
` for several objects can be ob-

tained as the respective sums of the individual spectra.
Hence, to obtain the expected population signal we can
convolve the single subhalo power spectrum C`(✓) (where
✓ denotes subhalo properties), evaluated from the Earth’s
location, with distributions ⇢(✓) of ✓ in our Galaxy—
Ctot

` =
R

d✓ ⇢(✓) C`(✓). In particular, for a Galactic sub-
halo population with Earth-frame dark matter velocity
distribution f�(v, t), subhalo mass function dN/dM and
Galactocentric spatial density dN/dr we have

Ctot
` =

Z

M,r,v
d3v d3r dM f�(v, t)

dN

dr

dN

dM
C`(M,v, Dl(r), r)

(20)
with line-of-sight distance D2

l = |r|2 + R2
�

+
2|r|R� cos ✓gal, where ✓gal is the angle between the sub-
halo and Galactic plane from the Galactic center.

III. FORECASTS

We present three benchmark scenarios to assess the
sensitivity of our observables—dark matter made of com-
pact, point-like objects, cold dark matter, and scalar field

dark matter.

A. Compact objects

Figure 5 shows projected sensitivities on the total
dark matter fraction made up by compact objects us-
ing induced velocity power spectra. The objects are
assumed to be uniformly distributed within the Milky
Way’s smooth dark matter halo, with density taken to
be NFW with scale radius rs = 18 kpc and concentra-
tion c200 ⇠ 10. The baseline case, for point-like objects
with noise configuration �µ = 1 µas yr�1, Nq = 108 and
`max = 2000 is shown in purple.

In order to understand how this sensitivity scales with
various things, we appeal to the results of Sec. II B 2.
The non-uniform and asymmetric density distribution of
sources makes this less straightforward in this case. The
Fisher information per mode and significance as a func-
tion of `max is shown in Fig. 6. The Fisher information
peaks at scales corresponding to ` ⇠ 0.5 kpc/R0, roughly
reflecting the minimum scale and distance probed. The
total significance plateaus around ` ⇠ 10 kpc/R0, roughly
the maximum scale and distance probed. This tells us the
scaling with `max, as before. In particular, for compact
objects the significance increases linearly with `max, as
shown in Fig. 5 for `max = 104. For extended objects,
the point of maximum of the Fisher information, which
specifies the ` up to which significance increases linearly,
decreases linearly with size R0. Hence, the total signifi-
cance decreases approximately linearly with R0, assum-
ing R0

<
⇠ 0.5 kpc/`min; above this, it falls exponentially

(see Fig. 4).

In practice, we impose a lower cuto↵ on the line-of-
sight integration corresponding to the distance within
which a single subhalo is expected, for a given set-up.
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FIG. 5. Projected 95% confidence interval limits on compact
objects.
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FIG. 4. Detection significance as a function of spatial exten-
sion R0 illustrated for Gaussian lenses at distance Dl with
velocity power spectra measurements between ` 2 [10, 104].
Same lens properties as Fig. 3 (top row). Shown for M0 =
107(8) M� in purple(green).

indicated, with the induced velocity power per mode scal-
ing as / l�4 and / l�8 for the NFW and Burkert profiles
respectively, and / l�2 and / l�6 in the case of induced
acceleration power. In these cases, the peak Fisher infor-
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tained as the respective sums of the individual spectra.
Hence, to obtain the expected population signal we can
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✓ denotes subhalo properties), evaluated from the Earth’s
location, with distributions ⇢(✓) of ✓ in our Galaxy—
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We present three benchmark scenarios to assess the
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pact, point-like objects, cold dark matter, and scalar field

dark matter.
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ing induced velocity power spectra. The objects are
assumed to be uniformly distributed within the Milky
Way’s smooth dark matter halo, with density taken to
be NFW with scale radius rs = 18 kpc and concentra-
tion c200 ⇠ 10. The baseline case, for point-like objects
with noise configuration �µ = 1 µas yr�1, Nq = 108 and
`max = 2000 is shown in purple.

In order to understand how this sensitivity scales with
various things, we appeal to the results of Sec. II B 2.
The non-uniform and asymmetric density distribution of
sources makes this less straightforward in this case. The
Fisher information per mode and significance as a func-
tion of `max is shown in Fig. 6. The Fisher information
peaks at scales corresponding to ` ⇠ 0.5 kpc/R0, roughly
reflecting the minimum scale and distance probed. The
total significance plateaus around ` ⇠ 10 kpc/R0, roughly
the maximum scale and distance probed. This tells us the
scaling with `max, as before. In particular, for compact
objects the significance increases linearly with `max, as
shown in Fig. 5 for `max = 104. For extended objects,
the point of maximum of the Fisher information, which
specifies the ` up to which significance increases linearly,
decreases linearly with size R0. Hence, the total signifi-
cance decreases approximately linearly with R0, assum-
ing R0

<
⇠ 0.5 kpc/`min; above this, it falls exponentially

(see Fig. 4).

In practice, we impose a lower cuto↵ on the line-of-
sight integration corresponding to the distance within
which a single subhalo is expected, for a given set-up.
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Complementary methods

Extragalactic strong gravitational lens systems on galactic scales:

Flux-ratio anomalies in multiply-imaged quasars

Surface-brightness perturbations in extended lensed emissions

Gravitational perturbations (gaps and spurs) in cold stellar streams

Photometric microlensing

Doppler and Shapiro effects in pulsar timing arrays

Galactic macro- and micro-evolution constraints
Dynamical friction Disruption of weakly bound stellar clusters

direct, statistics-limited, low mass, low density

(1)

(2)

(3)

(4)

(5)

(4,5) (4,5) (1,2,3)(5)

[Bonaca, Hogg, Price-Whelan, Conroy]

[Mao, Schneider]

[Bayer +]

[Siegel, Hertzberg, Fry], [Baghram, Ashfordi, Zurek]
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Astrometry

Repeatedly measure positions of celestial objects (stars, galaxies…) to get distances 
(through parallax) as well as time-domain information (velocities, accelerations) 
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Gaia scanning law
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Astrometric precision of future surveys

Current: Gaia, HST

Future: Theia, WFIRST

Current: VLA (Very Large Array)

Space-based, optical telescopes 

Ground-based, radio interferometry 

Future: SKA (Square Kilometer Array)
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Figure 6. Projected end-of-mission standard errors for per-epoch position ��✓ (orange, thin), aver-
age angular velocity �µ (blue, thick), and average angular acceleration �↵ (red) in each dimension
(e.g. longitude and latitude) for mission times of ⌧ = 5 y (Gaia, solid lines) and ⌧ = 4 y (Theia,
dashed lines). The standard errors are plotted as a function of apparent magnitude in the G band
for Gaia and in the R band for Theia. Projections of the average proper motion precision �µ were
taken from refs. [34, 89], and rescaled using eq. 2.9 for ��✓ and �↵. Also shown in dot-dashed gray
are the intrinsic angular stellar velocity dispersions �

dis
µ for the globular cluster Omega Centauri (⌦

Cen), the Small and Large Magellanic Clouds (SMC, LMC), and Andromeda (M31).

which covers the visible wavelengths, over a range of apparent magnitudes G = 3 to G = 20.7.
According to the performance assessment of ref. [34], Gaia will reach a sky-averaged proper
motion standard error of �µ ⇡ 7 µas y�1 after the nominal 5-year mission time for bright stars
in the range 3 . G . 12. The few stars that are brighter than this require special treatment,
and the precision degrades for point sources fainter than G = 12 due to photon shot noise.
We have plotted these predicted standard errors as solid lines in figure 6.3 The per-epoch
precision ��✓ on the position of a point source is a known function of apparent magnitude and
by construction does not depend on the mission time ⌧ . The average proper motion standard
error �µ decreases (improves) as ⌧

�3/2
f
�1/2
rep , while that of the average angular acceleration

scales as ⌧
�5/2

f
�1/2
rep . The frequency of observations (epochs) is about frep ⇡ 14/y. If the

mission time is extended from the nominal 5 years to 9 years, then �µ and �↵ will improve
by factors of 0.41 and 0.23, respectively, from the ones plotted in figure 6.

The planned Theia mission, the natural successor to Gaia, is to exploit technological
improvements in image sensors and lessons learned from Gaia, and promises another one
or two orders of magnitude in improvement of relative astrometric precision [89]. It will
cover nearly the same set of wavelengths (the R band, 300–1000nm), but unlike Gaia, which

3There is a weak dependence on wavelength due to diffraction; for concreteness, we assume a chromatic
index of V � I = 0.7 in figure 6.

– 26 –

Baseline noise configuration
σμ = 1 μas yr−1

Nq = 108

fsky = 1
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The lensing signal: point lenses

2

the angular velocity µ of eq. 1 can be written as

µ =
X

`m

µ(1)
`m `m + µ(2)

`m�`m, (3)

with poloidal ( ) and toroidal (�) amplitudes

µ(1)
`m =

Z
d⌦µ · ⇤

`m; µ(2)
`m =

Z
d⌦µ ·�⇤

`m. (4)

The lens-induced angular velocity correction of eq. 1
only has overlap with poloidal modes, because it can be
written as a time-derivative of the gradient of the reduced
lensing deflection potential:

µ =
d

dt
r✓ = �

1

Dl
r✓ (v · r✓ ) | (5)

We therefore immediately have that µ(2)
`m is identically

zero after integrating by parts in eq. 4 and noting that
r✓ ·�`m = 0.

—edited up to here—
put derivations of two equations below in ap-

pendix?
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↵ ⌘
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���
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l

���µ(1)
`m

���
2
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=
3
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`2v2l
D2

l

Cµ(1)
` (8)

B. Warm-up and examples

Once the subhalo enclosed mass function is specified,
the lens-induced proper motion and proper motion ac-
celeration signal power spectra can readily be calculated
from Eqs. 6 and 7. We illustrate this for a few specific
cases in order to gain some intuition for how the signal
significance depends on properties of the subhalo popula-
tion, as well as which multipoles ` contribute to the sig-
nal in various cases. Unless otherwise specified, all spec-
tra refer to the respective poloidal components, with the
toroidal signal components identically vanishing (Eq. 5).

We appeal to the Fisher information formalism to iso-
late the contribution of di↵erent multipoles (scales) in a
power spectrum measurement (See App. A for details).

For a given signal Cµ(1)
` and noise Nµ

` configuration, the

Fisher information contained in a mode ` reduces simply
to (Eq. A3)

F` = fsky(`+ 1/2)

 
Cµ(1)

`

Cµ(1)
` + Nµ

`

!2

(9)

which quantifies the information extractable from each
mode. The noise spectrum is scale-invariant and is given
by

Nµ
` '

4⇡�2
µ

Nq
(10)

where �µ is the measurement error on the proper motion
and Nq the number of quasars sampled, assumed uniform
over the sky.

For a power spectrum measurement of multipoles be-
tween [`min, `max] the signal significance is given by the
inverse covariance, and can be computed from the Fisher
information as

�sig ⌘ Cov�1 =

vuut
`maxX

`=`min

F`. (11)

Thus, F` quantifies the contribution of each mode to the
signal significance. We illustrate this for a few toy exam-
ples to get a feel for the various scales in the problem.

1. Population of point lenses

We start by considering a population of points lenses
of mass M0 located at a given distance Dl. In this case,
the power per mode per lens is given by

Cµ(1)
` '

✓
4GNM0v

D2
l

◆2 ⇡

2
. (12)

This scale-invariant spectrum is shown on the top left
plot of Fig. 1 as the dotted black line, for the lens prop-
erties in the inset.

For a population isotropically distributed between
Dmin

l and Dmax
l and making up a fraction ⌦l of the local

dark matter density ⇢DM, we have

Cµ(1)
` '

32⇡2G2
NM0⌦l⇢dmv2

�
Dmax

l � Dmin
l

�

Dmax
l Dmin

l

(13)

For a point lens population, the proper motion power
per mode is scale-invariant, with higher modes having
greater mode multiplicity. Hence, the Fisher informa-
tion per mode grows as Fµ

` ⇠
p
`, with the total signifi-

cant growing linearly �µ
sig / `max in the noise-dominated

(Nµ
` � Cµ(1)

` ) regime. Of course, in practice the maxi-
mum possible multipole `max is limited by telescope res-
olution and pixelization e↵ects, as well as shot noise due
to finite source density.

3

FIG. 1. Expected lens-induced proper motion (top row) and proper motion acceleration (bottom row) power spectra for a
single subhalo. Shown for Gaussian and Plummer profiles (left column) with M0 = 108 M�, Dl = 10 kpc, R0 = 1.6 kpc and
vl = 10�3 as well as NFW, two di↵erent truncated NFW and Burkert profiles (right column) with M200 = 108 M�, Dl = 10 kpc
and vl = 10�3. High-` asymptotic behaviour for the NFW and Burkert profiles is shown.

The acceleration power can be calculated similarly,
from Eq. 7, shown in the bottom left plot of Fig. 1 as the
dotted black line, for the lens properties in the inset. Un-
like the velocity power spectrum, it is not scale-invariant,
and the significance with increasing maximum multipole
`max grows approximately as �↵

sig / `3max. Thus, the ac-
celeration power spectrum preferentially probes smaller
scales compared to the velocity power spectrum.

Figure 2 illustrates the detection significance as a func-
tion of maximum multipole `max, as defined in Eq. 11, for
a population of M0 = 108 M� point source lenses uni-
formly distributed between Dmin

l = 0.1 kpc and Dmax
l =

10 kpc making up all of the local dark matter density
⇢DM = 0.4 GeV cm�3. Nq = 108 background sources
with measurement errors �µ = 100µas yr�1 and �↵ =
10 µas yr�2 are assumed for illustration. At higher mul-
tipoles `max

>
⇠ 400, the acceleration power spectrum be-

comes important. The exact crossover point is sensi-
tive to the distance to nearest sources Dmin

l , since the
significance in either case is most sensitive to nearby
sources, and the acceleration power spectrum scales more
favourably with lower Dl compared to the velocity spec-
trum. For a general lens distribution, the smaller the
typical distance that contributes to the total power, the
greater the relative importance of accelerations. Its im-
portance also grows fast with integration time ⌧ , since
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FIG. 2. Signal significance as a function of maximum mul-
tipole `max probed, shown for a population of M0 = 108 M�
point source lenses uniformly distributed between Dmin

l =
0.1 kpc and Dmax

l = 10 kpc making up all of the local dark
matter density ⇢DM = 0.4 GeV cm�3. Nq = 108 back-
ground sources with measurement errors �µ = 100 µas yr�1

and �↵ = 10 µas yr�2 are assumed. Shown are the contribu-
tions from the proper motion power spectrum (purple), proper
motion acceleration power spectrum (green) and both (dotted
blue). The acceleration power spectrum probes smaller scales
and smaller distances.
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typically �↵/�µ ⇠ 1/⌧2.

2. Population of extended lenses

In order to motivate the study of spatially extended
subhalos and understand how the lensing power spectrum
signal depends on the nature of extension, we consider a
population of Gaussian lenses with density profile

⇢(r) =
M0

2
p

2⇡3/2R3
0

e�r2/2R2
0 (14)

where M0 is the total lens mass and R0 its characteristic
size. The integral in Eq. 6 can be carried out analytically,
yielding

Cµ(1)
` '

✓
4GNM0v

D2
l

◆2 ⇡

2
e�`2�2

0 (15)

where Dl is distance to the lens and �0 ⌘ R0/Dl the
characteristic angular scale. The power spectrum per
lens is shown in the top left plot in Fig. 1 as the yellow
line, and falls of exponentially at scales ` >

⇠ Dl/R0.
The Fisher information and significance in this case is

illustrated on the left and right of the top row of Fig. 3,
respectively. The same lens properties are assumed as
for Fig. 2, with lens size R0 = 10 pc and lenses at Dl =
1 kpc. The maximum Fisher information is contained in
the mode ` = Dl

2R0
, with the significance growing linearly

with `max until ` '
Dl
R0

when it plateaus and there is little
information in higher modes.

This gives us some intuition for the closer-to-realistic
case of a population of such lenses distributed between
Dmin

l and Dmax
l . Here, we have the total power

Cµ(1)
` ' 16⇡5/2G2

NM0⇢DMv2⌦l⇥ (16)
2

4
erf

⇣
`R0

Dmin
l

⌘
� erf

⇣
`R0
Dmax

l

⌘

`R0

3

5 . (17)

The Fisher information and significance for di↵erent
modes are shown in the middle panel of Fig. 3. The same
lens properties are assumed as for Fig. 2, with lens size
R0 = 10pc. In the noise-dominated regime, the Fisher
information for this population peaks at ` ⇠ Dmin

l /R0,
insensitive to other lens properties. The growth in sig-
nificance until this point is again roughly linear. Since in
the case when all lenses are at the same distance the peak
is at ` ⇠ Dl/(2R0), this is already indicative that O(1)
of the total power comes from the nearest lenses. Mul-
tipoles ` > Dmin

l /R0 contribute only logarithmically to
the total significance, plateauing around ` ⇠ Dmax

l /R0.
A similar story holds for accelerations. The power

spectrum per lens is shown as the yellow line in the bot-
tom left of Fig. 1. The Fisher information per mode and
cumulative significance are shown in the bottom row of

Fig. 3. Higer multipoles contribute compared to veloci-
ties, with the maximum information coming from multi-
poles ` ⇠ 2Dmin

l /R0, with the significance flattening out
at ` ⇠ 2Dmax

l /R0. Note the relative normalization be-
tween the velocity and acceleration cases—although the
significance with `max for acceleration grows faster than
for velocity, the flattening out e↵ectively suppresses the
former contribution, unlike in the case of point lenses.

Also unlike in the point lenses case, there is nothing
preventing us from considering the limit Dmin

l ! 0, since
the origin singularity is regulated in the case of flu�er
lenses. In this case, there is additional contribution from
larger scales ` <

⇠ Dmin
l compared to the case just con-

sidered, and there is universal logarithmic scaling of sig-
nificane with `max. This is illustrated with the dotted
lines for velocities (middle row) and accelerations (bot-
tom row) in Fig. 3.

It is instructive also to consider how the “peak” signif-
icance, `max = Dmax

l /R0 ,scales with Dmax
l . This is clear

from the previous section—significance receives equal
contribution per decade in `max until `max ⇠ Dmax

l /R0.
Hence, the peak significance also receives equal contribu-
tion per logarithmic distance interval probed.

Finally, we consider the impact of lens extension on de-
tection significance. The significance using velocity spec-
tra ` 2 [10, 104] as a function of extension R0 is shown
in Fig. 4, for lenses located at distance Dl and for M0 =
107(8) M� in purple(green). Two relevant scales can be
seen. The cuto↵ `max means that extra power at smaller
scales cannot be leveraged for lenses smaller than R0

<
⇠

Dl/`max. The cuto↵ `min means that the significance
falls o↵ exponentially for lenses R0

>
⇠ Dl/`min, where

the dominant contribution comes from scales larger than
the cuto↵. Between these scales, significance falls of ap-
proximately linearly with lens extension. For lenses dis-
tributed uniformly between Dmin

l and Dmax
l , this means

that the sigificance flattens for R0
<
⇠ Dmin

l /`max and falls
o↵ rapidly for R0

>
⇠ Dmax

l /`min. Note also from Fig. 4
that the various scales do not depend on M0, with the
cumulative significance depending linearly on M0.

For illustration, we also show in Fig. 1 power spectra
per lens for lenses described as Plummer spheres, com-
monly used in the literature as an analytically tractable
subhalo profile closes to realistic subhalo descriptions
than the Gaussian sphere. Here, the density is ⇢(r) =
3M0/(4⇡R3

0)(1+r2/R2
0)

�5/2 and velocity power spectrum

Cµ(1)
` '

�
4GNM0v/D2

l

�2 ⇡
2 `2�2

0k1(`�0)2 where k1 is the
first-order modified Bessel function of the second kind.

3. Realistic subhalo profiles

Realistic subhalo profiles are modeled with input from
N -body simulations. We consider two di↵erent profiles:
subhalos modeled as (truncated) Navarro-Frenk-White
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FIG. 3. Fisher information (left column) and significance (right column), as defined in Eq. 9 and Eq. 11 respectively, for
Gaussian lenses at equal-distance Dl (top row, from velocity power spectra), a population between Dmin

l and Dmax
l (middle

and bottom row, from velocity and acceleration power spectra respectively). The same population parameters as in Fig. 2 are
assumed, with extension R0 = 10 pc. Dotted lines correspond to taking Dmin

l = 0.

(NFW) halos as expected in standard CDM,

⇢tNFW(r) =
Ms

4⇡r(r + rs)2

✓
r2t

r2 + r2t

◆
, (18)

where Ms = 4⇡r3s⇢s is the NFW scale mass and rt is the
truncation radius accounting for the stripping away of the
outer halo mass due to tidal forces towards the Galactic
center. We also consider the cored Burkert profile fa-
vored, e.g., in the case of self-interacting dark matter
(SIDM),

⇢Burkert(r) =
Mb

4⇡(r + rb)(r2 + r2b )
, (19)

where Mb = 4⇡r3b⇢b is the Burkert scale mass and the
Burkert scale radius rB can be related to the NFW scale
radius as rB ' 0.7rs [].

We show induced power spectra for (truncated) NFW
and Burkert profiles in the right column of Fig. 1, for
proper motions (top) and accelerations (bottom). The
NFW truncation radius is parameterized through ⌧ ⌘

rt/rs and the concentration-mass relation from Ref. [] is
used. The cases ⌧ = 10 (dashed blue) and ⌧ = 15 (dot-
dashed blue) are shown for illustration. It can be seen
that truncation e↵ects generally manifest at higher mul-
tipoles, as expected. On the other hand, the presence
of a core in the Burkert profile leads to a suppression
of power at higher scales. Asymptotic high-` behavior is
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typically �↵/�µ ⇠ 1/⌧2.

2. Population of extended lenses

In order to motivate the study of spatially extended
subhalos and understand how the lensing power spectrum
signal depends on the nature of extension, we consider a
population of Gaussian lenses with density profile

⇢(r) =
M0

2
p

2⇡3/2R3
0

e�r2/2R2
0 (14)

where M0 is the total lens mass and R0 its characteristic
size. The integral in Eq. 6 can be carried out analytically,
yielding

Cµ(1)
` '

✓
4GNM0v

D2
l

◆2 ⇡

2
e�`2�2

0 (15)

where Dl is distance to the lens and �0 ⌘ R0/Dl the
characteristic angular scale. The power spectrum per
lens is shown in the top left plot in Fig. 1 as the yellow
line, and falls of exponentially at scales ` >

⇠ Dl/R0.
The Fisher information and significance in this case is

illustrated on the left and right of the top row of Fig. 3,
respectively. The same lens properties are assumed as
for Fig. 2, with lens size R0 = 10 pc and lenses at Dl =
1 kpc. The maximum Fisher information is contained in
the mode ` = Dl

2R0
, with the significance growing linearly

with `max until ` '
Dl
R0

when it plateaus and there is little
information in higher modes.

This gives us some intuition for the closer-to-realistic
case of a population of such lenses distributed between
Dmin

l and Dmax
l . Here, we have the total power

Cµ(1)
` ' 16⇡5/2G2

NM0⇢DMv2⌦l⇥ (16)
2

4
erf

⇣
`R0

Dmin
l

⌘
� erf

⇣
`R0
Dmax

l

⌘

`R0

3

5 . (17)

The Fisher information and significance for di↵erent
modes are shown in the middle panel of Fig. 3. The same
lens properties are assumed as for Fig. 2, with lens size
R0 = 10pc. In the noise-dominated regime, the Fisher
information for this population peaks at ` ⇠ Dmin

l /R0,
insensitive to other lens properties. The growth in sig-
nificance until this point is again roughly linear. Since in
the case when all lenses are at the same distance the peak
is at ` ⇠ Dl/(2R0), this is already indicative that O(1)
of the total power comes from the nearest lenses. Mul-
tipoles ` > Dmin

l /R0 contribute only logarithmically to
the total significance, plateauing around ` ⇠ Dmax

l /R0.
A similar story holds for accelerations. The power

spectrum per lens is shown as the yellow line in the bot-
tom left of Fig. 1. The Fisher information per mode and
cumulative significance are shown in the bottom row of

Fig. 3. Higer multipoles contribute compared to veloci-
ties, with the maximum information coming from multi-
poles ` ⇠ 2Dmin

l /R0, with the significance flattening out
at ` ⇠ 2Dmax

l /R0. Note the relative normalization be-
tween the velocity and acceleration cases—although the
significance with `max for acceleration grows faster than
for velocity, the flattening out e↵ectively suppresses the
former contribution, unlike in the case of point lenses.

Also unlike in the point lenses case, there is nothing
preventing us from considering the limit Dmin

l ! 0, since
the origin singularity is regulated in the case of flu�er
lenses. In this case, there is additional contribution from
larger scales ` <

⇠ Dmin
l compared to the case just con-

sidered, and there is universal logarithmic scaling of sig-
nificane with `max. This is illustrated with the dotted
lines for velocities (middle row) and accelerations (bot-
tom row) in Fig. 3.

It is instructive also to consider how the “peak” signif-
icance, `max = Dmax

l /R0 ,scales with Dmax
l . This is clear

from the previous section—significance receives equal
contribution per decade in `max until `max ⇠ Dmax

l /R0.
Hence, the peak significance also receives equal contribu-
tion per logarithmic distance interval probed.

Finally, we consider the impact of lens extension on de-
tection significance. The significance using velocity spec-
tra ` 2 [10, 104] as a function of extension R0 is shown
in Fig. 4, for lenses located at distance Dl and for M0 =
107(8) M� in purple(green). Two relevant scales can be
seen. The cuto↵ `max means that extra power at smaller
scales cannot be leveraged for lenses smaller than R0

<
⇠

Dl/`max. The cuto↵ `min means that the significance
falls o↵ exponentially for lenses R0

>
⇠ Dl/`min, where

the dominant contribution comes from scales larger than
the cuto↵. Between these scales, significance falls of ap-
proximately linearly with lens extension. For lenses dis-
tributed uniformly between Dmin

l and Dmax
l , this means

that the sigificance flattens for R0
<
⇠ Dmin

l /`max and falls
o↵ rapidly for R0

>
⇠ Dmax

l /`min. Note also from Fig. 4
that the various scales do not depend on M0, with the
cumulative significance depending linearly on M0.

For illustration, we also show in Fig. 1 power spectra
per lens for lenses described as Plummer spheres, com-
monly used in the literature as an analytically tractable
subhalo profile closes to realistic subhalo descriptions
than the Gaussian sphere. Here, the density is ⇢(r) =
3M0/(4⇡R3

0)(1+r2/R2
0)

�5/2 and velocity power spectrum

Cµ(1)
` '

�
4GNM0v/D2

l

�2 ⇡
2 `2�2

0k1(`�0)2 where k1 is the
first-order modified Bessel function of the second kind.

3. Realistic subhalo profiles

Realistic subhalo profiles are modeled with input from
N -body simulations. We consider two di↵erent profiles:
subhalos modeled as (truncated) Navarro-Frenk-White

e−ℓ2β2
0



Siddharth Mishra-Sharma (NYU) | Pheno 2019 �31

The lensing signal: realistic lenses

3

100 101 102

�

10�17

10�15

10�13

10�11

10�9

C
µ
(1

)
�

[µ
as

2
yr

�
2 ]

/ l�4

/ l�8

D
L
/R

s

Velocity power spectrum, single subhalo

NFW

tNFW, � = 15

tNFW, � = 10

Burkert

FIG. 1. Expected lens-induced proper motion (top row) and proper motion acceleration (bottom row) power spectra for a
single subhalo. Shown for Gaussian and Plummer profiles (left column) with M0 = 108 M�, Dl = 10 kpc, R0 = 1.6 kpc and
vl = 10�3 as well as NFW, two di↵erent truncated NFW and Burkert profiles (right column) with M200 = 108 M�, Dl = 10 kpc
and vl = 10�3. High-` asymptotic behaviour for the NFW and Burkert profiles is shown.

The acceleration power can be calculated similarly,
from Eq. 7, shown in the bottom left plot of Fig. 1 as the
dotted black line, for the lens properties in the inset. Un-
like the velocity power spectrum, it is not scale-invariant,
and the significance with increasing maximum multipole
`max grows approximately as �↵

sig / `3max. Thus, the ac-
celeration power spectrum preferentially probes smaller
scales compared to the velocity power spectrum.

Figure 2 illustrates the detection significance as a func-
tion of maximum multipole `max, as defined in Eq. 11, for
a population of M0 = 108 M� point source lenses uni-
formly distributed between Dmin

l = 0.1 kpc and Dmax
l =

10 kpc making up all of the local dark matter density
⇢DM = 0.4 GeV cm�3. Nq = 108 background sources
with measurement errors �µ = 100µas yr�1 and �↵ =
10 µas yr�2 are assumed for illustration. At higher mul-
tipoles `max

>
⇠ 400, the acceleration power spectrum be-

comes important. The exact crossover point is sensi-
tive to the distance to nearest sources Dmin

l , since the
significance in either case is most sensitive to nearby
sources, and the acceleration power spectrum scales more
favourably with lower Dl compared to the velocity spec-
trum. For a general lens distribution, the smaller the
typical distance that contributes to the total power, the
greater the relative importance of accelerations. Its im-
portance also grows fast with integration time ⌧ , since

FIG. 2. Signal significance as a function of maximum mul-
tipole `max probed, shown for a population of M0 = 108 M�
point source lenses uniformly distributed between Dmin

l =
0.1 kpc and Dmax

l = 10 kpc making up all of the local dark
matter density ⇢DM = 0.4 GeV cm�3. Nq = 108 back-
ground sources with measurement errors �µ = 100 µas yr�1

and �↵ = 10 µas yr�2 are assumed. Shown are the contribu-
tions from the proper motion power spectrum (purple), proper
motion acceleration power spectrum (green) and both (dotted
blue). The acceleration power spectrum probes smaller scales
and smaller distances.

5

FIG. 3. Fisher information (left column) and significance (right column), as defined in Eq. 9 and Eq. 11 respectively, for
Gaussian lenses at equal-distance Dl (top row, from velocity power spectra), a population between Dmin

l and Dmax
l (middle

and bottom row, from velocity and acceleration power spectra respectively). The same population parameters as in Fig. 2 are
assumed, with extension R0 = 10 pc. Dotted lines correspond to taking Dmin

l = 0.

(NFW) halos as expected in standard CDM,

⇢tNFW(r) =
Ms

4⇡r(r + rs)2

✓
r2t

r2 + r2t

◆
, (18)

where Ms = 4⇡r3s⇢s is the NFW scale mass and rt is the
truncation radius accounting for the stripping away of the
outer halo mass due to tidal forces towards the Galactic
center. We also consider the cored Burkert profile fa-
vored, e.g., in the case of self-interacting dark matter
(SIDM),

⇢Burkert(r) =
Mb

4⇡(r + rb)(r2 + r2b )
, (19)

where Mb = 4⇡r3b⇢b is the Burkert scale mass and the
Burkert scale radius rB can be related to the NFW scale
radius as rB ' 0.7rs [].

We show induced power spectra for (truncated) NFW
and Burkert profiles in the right column of Fig. 1, for
proper motions (top) and accelerations (bottom). The
NFW truncation radius is parameterized through ⌧ ⌘

rt/rs and the concentration-mass relation from Ref. [] is
used. The cases ⌧ = 10 (dashed blue) and ⌧ = 15 (dot-
dashed blue) are shown for illustration. It can be seen
that truncation e↵ects generally manifest at higher mul-
tipoles, as expected. On the other hand, the presence
of a core in the Burkert profile leads to a suppression
of power at higher scales. Asymptotic high-` behavior is
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where Ms = 4⇡r3s⇢s is the NFW scale mass and rt is the
truncation radius accounting for the stripping away of the
outer halo mass due to tidal forces towards the Galactic
center. We also consider the cored Burkert profile fa-
vored, e.g., in the case of self-interacting dark matter
(SIDM),

⇢Burkert(r) =
Mb

4⇡(r + rb)(r2 + r2b )
, (19)

where Mb = 4⇡r3b⇢b is the Burkert scale mass and the
Burkert scale radius rB can be related to the NFW scale
radius as rB ' 0.7rs [].

We show induced power spectra for (truncated) NFW
and Burkert profiles in the right column of Fig. 1, for
proper motions (top) and accelerations (bottom). The
NFW truncation radius is parameterized through ⌧ ⌘

rt/rs and the concentration-mass relation from Ref. [] is
used. The cases ⌧ = 10 (dashed blue) and ⌧ = 15 (dot-
dashed blue) are shown for illustration. It can be seen
that truncation e↵ects generally manifest at higher mul-
tipoles, as expected. On the other hand, the presence
of a core in the Burkert profile leads to a suppression
of power at higher scales. Asymptotic high-` behavior is

(truncated) NFW profile: cuspy, describes (tidally stripped) CDM subhalos

Burkert profile: cored, describes subhalos e.g. in case of DM self-interactions
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FIG. 7. Mass (left) and Galactocentric distance (right) dependence of the total proper motion power spectrum at multipoles
` = 10 (blue), ` = 30 (yellow) and ` = 1000 (purple).

FIG. 8. The total signal power spectrum expected for
the fiducial CDM-inspired subhalo configuration described in
Sec. III B (blue line). Noise spectra for a few representative
cases, parameterized by the proper motion variance �mu and
number of observed quasars Nq are shown as the dot-dashed,
dashed and solid grey lines for increasingly optimistic obser-
vation scenarios.

on the fiducial ⇤CDM-inspired setup defined in Sec. III B.
The total signal contribution is shown in Fig. 8, overlayed
with the expected noise for a few di↵erent experimental
configurations.

We may obtain the discovery significance, defined as
the ratio of the variance of a given parameter as obtained
using the Fisher formalism to its fiducial value. For the
CDM configuration, a single parameter is inferred which
specifies the overall amplitude of the mass function, set
at f ⌘ 1 for the baseline configuration. The discovery
significance can then be obtained as 1/�f .

Figure 9 shows the discovery significance using quasar
velocity power spectra for di↵erent values of the proper
motion noise �µ and number of observed quasars Nq.

Simulations

It is useful to verify the formalism presented above on
simulated data. We simulate subhalo realizations con-
sistent with our fiducial CDM model, for computational
tractability going down to a minimum subhalo mass of
M200 = 106.5 M� and inducing deflections on quasars
up to 20� from the lens position. The toroidal velocity
power spectrum measured over 200 realizations is shown
in Fig. 11, the pink band specifying the middle 50% con-
tainment. The theoretically calculated power spectrum
for this configuration is shown in blue. It can be seen
that the set of approximations used for the analytic cal-
culation start breaking down at larger scales ` <

⇠ 30, but
the theoretical prediction remains well within middle 50%
containment in the relevant multipole range considered.

C. Scalar dark matter

In this section, we compute the power spectrum of the
velocity and acceleration distortion in a halo made up of
real scalar dark matter. The contribution to the power
calculated below is irreducible because it originates from
the unavoidable density fluctuations of a free scalar field
at the scale of the typical deBroglie wavelength in a ther-
mal ensemble. Assuming the velocity spectrum and den-
sity distribution of the halo is known, the velocity and ac-
celeration power has only one free parameter—the scalar
field’s mass m.

(23)

Sensitive to subhalo population 
in the bulk Milky Way halo

Most of the sensitivity comes 
from more massive halos 
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A scalar field        on a sphere can be expressed as a linear superposition of 
spherical harmonics        
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The spherical harmonic coefficient can be determined through a convolution
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Planck Collaboration: Cosmological parameters
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Fig. 1. Planck 2018 temperature power spectrum. At multipoles ` � 30 we show the frequency-coadded temperature spectrum
computed from the Plik cross-half-mission likelihood, with foreground and other nuisance parameters fixed to a best fit assuming
the base-⇤CDM cosmology. In the multipole range 2  `  29, we plot the power spectrum estimates from the Commander
component-separation algorithm, computed over 86 % of the sky. The base-⇤CDM theoretical spectrum best fit to the Planck

TT,TE,EE+lowE+lensing likelihoods is plotted in light blue in the upper panel. Residuals with respect to this model are shown in
the lower panel. The error bars show ±1� diagonal uncertainties, including cosmic variance (approximated as Gaussian) and not
including uncertainties in the foreground model at ` � 30. Note that the vertical scale changes at ` = 30, where the horizontal axis
switches from logarithmic to linear.

the best-fit temperature data alone, assuming the base-⇤CDM
model, adding the beam-leakage model and fixing the Galactic
dust amplitudes to the central values of the priors obtained from
using the 353-GHz maps. This is clearly a model-dependent pro-
cedure, but given that we fit over a restricted range of multipoles,
where the TT spectra are measured to cosmic variance, the re-
sulting polarization calibrations are insensitive to small changes
in the underlying cosmological model.

In principle, the polarization e�ciencies found by fitting the
T E spectra should be consistent with those obtained from EE.
However, the polarization e�ciency at 143 ⇥ 143, c

EE

143, derived
from the EE spectrum is about 2� lower than that derived from
T E (where the � is the uncertainty of the T E estimate, of the
order of 0.02). This di↵erence may be a statistical fluctuation or
it could be a sign of residual systematics that project onto cali-
bration parameters di↵erently in EE and T E. We have investi-
gated ways of correcting for e↵ective polarization e�ciencies:
adopting the estimates from EE (which are about a factor of
2 more precise than T E) for both the T E and EE spectra (we
call this the “map-based” approach); or applying independent

estimates from T E and EE (the “spectrum-based” approach). In
the baseline Plik likelihood we use the map-based approach,
with the polarization e�ciencies fixed to the e�ciencies ob-
tained from the fits on EE:

⇣
c

EE

100

⌘
EE fit

= 1.021;
⇣
c

EE

143

⌘
EE fit

=

0.966; and
⇣
c

EE

217

⌘
EE fit

= 1.040. The CamSpec likelihood, de-
scribed in the next section, uses spectrum-based e↵ective polar-
ization e�ciency corrections, leaving an overall temperature-to-
polarization calibration free to vary within a specified prior.

The use of spectrum-based polarization e�ciency estimates
(which essentially di↵ers by applying to EE the e�ciencies
given above, and to T E the e�ciencies obtained fitting the T E

spectra,
⇣
c

EE

100

⌘
TE fit

= 1.04,
⇣
c

EE

143

⌘
TE fit

= 1.0, and
⇣
c

EE

217

⌘
TE fit

=

1.02), also has a small, but non-negligible impact on cosmo-
logical parameters. For example, for the ⇤CDM model, fitting
the Plik TT,TE,EE+lowE likelihood, using spectrum-based po-
larization e�ciencies, we find small shifts in the base-⇤CDM
parameters compared with ignoring spectrum-based polariza-
tion e�ciency corrections entirely; the largest of these shifts
are +0.5� in !b, +0.1� in !c, and +0.3� in ns (to be com-
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FIG. 12. The magnitude of azimuthal asymmetry estimated from simulations for the fiducial CDM setup. (Left) The power

spectrum coe�cients |µ(1)
`m|

2 averaged over 200 realizations. (Right) High- and low-m components of the power variance
evaluated as in Eq. 36. Bands indicate the middle 50% containment obtained over the 200 realizations. O(1) variation is seen,
with larger values with increasing |m| for a fixed `. [SM: Better presentation of plot on the left, maybe as ratio

compared to mean.]

Curl of lensing signal vanishes

Preferred velocity due to Sun’s motion induces 
azimuthal asymmetry in global lensing signal

Can leverage several features of the lensing signal to ensure discovery against 
systematic/instrumental noise

Use divergence-free modes as control region
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is a line-of-sight integral of the gravitational potential,
 (✓) ⌘ 2

R zs
0 dz �(x)(zs � z)/(zsz), where it is now un-

derstood that x = {z✓, z}, and zs is the source distance.
Finally, we can write the harmonic coe�cients of eq. 4

as µ(1)
`m = �

p
`(`+ 1)

R
d2✓  ̇(✓)Y ⇤

`m(✓) after integrating

by parts, and analogously for ↵(1)
`m and  ̈.

We are now in a position to calculate the angular power
spectra of the proper motion and acceleration, after hav-
ing collected all the necessary ingredients above:

⌦��µ(1)
`m

��2↵ = 4`(`+ 1)

Z zs

0
dz

Z zs

0
dz0

zs � z

zsz

zs � z0

zsz0
(32)

Z
d2✓ d2✓0 Y ⇤

`m(✓)Y`m(✓0)

Z
d̄3q P�̇(q)eiq·(x�x0),

and likewise for h|↵(1)
`m|

2
i but with P�̈(q). If we integrate

the fluctuations over a sphere with constant density ⇢0,
dispersion �k, and radius D, we take zs ! 1 and k� =

0, and approximate
RD
0 dz j`(qz)/z ' ⇥(q�`/D)

p
⇡/2`3,

we can evaluate all integrals and find:

⌦��µ(1)
`m

��2↵ = 32⇡4G2
N⇢

2
0

m2
| {z }

1.3⇥10�8 µas2

y2
m�2

22

erfc( `
2�kD

)

`
(33)

⌦��↵(1)
`m

��2↵ = 96⇡4G2
N⇢

2
0�

4
v| {z }

8.4⇥10�20 µas2

y4

erfc( `
2�kD

) + `
p
⇡�kD

e
�

`2

4�2
k
D2

`

It can be shown that one gets exactly the same an-
gular power spectrum (with the same assumptions on
⇢0,�k, D, zs, and v�) for an ensemble of Gaussian lenses
(cfr. eq. 14) with uniform number density ⇢0/M0, and
mass M0 and radius R0 from eqs. 28 and 29, assum-

ing C = 4/3⇡3/2 for
⌦��µ(1)

`m

��2↵ and C = 32/15⇡3/2 for
⌦��↵(1)

`m

��2↵. This means we can plot the sensitivity
to scalar dark matter on the compact objects fig-
ure.

D. Precision halometry

IV. SIGNAL/NOISE DISCRIMINANTS

A. Toroidal modes as a control region

As described in Sec. IIA, since it is sourced from the
gradient of the lensing potential, the signal is expected to
exclusively populate the poloidal component of the power
spectrum decomposition. The noise, on the other hand,
is expect to contribute to both the poloidal as well as
toroidal modes. The toroidal power spectrum can thus
be used as a control region to calibrate the noise.

B. Directional asymmetry

After inserting eq. 5 into eq. 4, and integrating by
parts, and using r2

✓Y`m = �`(` + 1)Y`m and eq. 2, we
find that for a single lens:

µ(1)
`m = �

`(`+ 1)

Dl

Z
d⌦ (�)v · ⇤

`m. (34)

Due to the Sun’s motion around the Galactic center, the
probability distribution f(v) for the e↵ective lens veloc-
ity is asymmetric, with higher magnitudes expected for
velocity components in the galactic longitude direction
than in the galactic latitude direction. This will typ-
ically lead to an asymmetry in the expected power at
di↵erent m values at fixed `, because the high-|m| (low-
|m|) modes of  `m are preferentially oriented along the
galactic longitude (latitude) direction. For an isotropi-
cally distributed and homogeneous lens population, the

signal h|µ(1)
`m|

2
i will therefore be an increasing function of

|m|/` at fixed `.
For general lens populations with 3D number density

distribution n(✓l, Dl)

h|µ(1)
`m0 |

2
i

h|µ(1)
`m00 |

2i

= (35)

The magnitude of the directional asymmetry can be es-
timated directly from simulations. Figure 12 (left) shows
the gradually increasing power |µ`m|

2 in the toroidal ve-
locity component with increasing m at a given `, obtained
from 100 simulations of our fiducial CDM-inspired sub-
halo configuration. This is also illustrated in the right
panel of Figure 12 (right), where the angular power vari-
ance is constructed separately for the low- and high-m
components as

C(1)
`,low�m =

*
floor(`max/2)X

m=0

���µ(1)
`m

���
2
+

C(1)
`,high�m =

*
`maxX

m=floor(`max/2)

���µ(1)
`m

���
2
+

. (36)

This O(1) azimuthal asymmetry can be used as a han-
dle to discriminate the signal from the noise, since the
latter is expected to contribute uniformly across the m-
components of the power spectrum coe�cients.

V. CONCLUSIONS

All results and figures presented in this study can
be reproduced using the code at https://github.com/
smsharma/Lensing-PowerSpectra.
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exclusively populate the poloidal component of the power
spectrum decomposition. The noise, on the other hand,
is expect to contribute to both the poloidal as well as
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be used as a control region to calibrate the noise.
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Due to the Sun’s motion around the Galactic center, the
probability distribution f(v) for the e↵ective lens veloc-
ity is asymmetric, with higher magnitudes expected for
velocity components in the galactic longitude direction
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ically lead to an asymmetry in the expected power at
di↵erent m values at fixed `, because the high-|m| (low-
|m|) modes of  `m are preferentially oriented along the
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cally distributed and homogeneous lens population, the
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the gradually increasing power |µ`m|

2 in the toroidal ve-
locity component with increasing m at a given `, obtained
from 100 simulations of our fiducial CDM-inspired sub-
halo configuration. This is also illustrated in the right
panel of Figure 12 (right), where the angular power vari-
ance is constructed separately for the low- and high-m
components as
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This O(1) azimuthal asymmetry can be used as a han-
dle to discriminate the signal from the noise, since the
latter is expected to contribute uniformly across the m-
components of the power spectrum coe�cients.
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All results and figures presented in this study can
be reproduced using the code at https://github.com/
smsharma/Lensing-PowerSpectra.
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Induced velocity dipole pattern
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Gaia DR2 quasars

Gaia DR2 quasar number density map
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Proper motions

Velocity magnitude uncertainty

-1.67917 0.661613log10 σμ[mas/y]

Practically, need unbiased estimator to account for non-uniform noise and sky sampling

Velocity magnitude

-1.84165 1.20436log10 |μ | [mas/y]
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Proper motions
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Estimator for power spectrum
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Quasar power spectra



Siddharth Mishra-Sharma (NYU) | Pheno 2019 �42

Total power spectra from convolution

Get total expected signal as convolution over subhalo distribution properties

Ctot
ℓ = ∫M,r,v

d3vd3rdMf⊕(v, t)
dN
dr

dN
dM

Cℓ (M, v, Dl(r), r)


