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Primordial non-Gaussianity. Measures interactions. Many inflationary scenarios  
(notably, multi-field Inflation) predict small, model-dependent deviations from Gaussianity. 
Additional information in 3-point (bispectrum) and 4-point (trispectrum) functions. 
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Beyond power spectra: non-Gaussianity 
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•  Multi-field 
•  Curvaton 
•  Ekpyrotic/cyclic 

•  Non-canonical kinetic  
    terms (K-inflation, DBI) 
•  Higher derivative terms  
    (Ghost Inflation) 
•  EFT  

•  Variants of non canonical 
•  Kinetic terms and higher  
    derivatives 
•  EFT  
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Planck LEO constraints 
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Planck Collaboration: Planck 2018 Results. Constraints on primordial NG

Table 5. Results for the fNL parameters of the primordial lo-
cal, equilateral, and orthogonal shapes, determined by the KSW
estimator from the SMICA foreground-cleaned map. Both inde-
pendent single-shape results and results with the ISW-lensing
bias subtracted are reported; error bars are 68 % CL. The di↵er-
ence between the last column in this table and the correspond-
ing values in the previous table is that in the second column here
the equilateral and orthogonal shapes have been analysed jointly.
The final reported results of the paper are shown in bold.

fNL(KSW)

Shape and method Independent ISW-lensing subtracted

SMICA (T)
Local . . . . . . . . . 6.7 ± 5.6 �0.5 ± 5.6
Equilateral . . . . . . 4.0 ± 67 ,4.7 ± 67
Orthogonal . . . . . �38 ± 37 �15 ± 37

SMICA (T+E)
Local . . . . . . . . . 4.1 ± 5.1 �0.9 ± 5.1
Equilateral . . . . . . �25 ± 47 �26 ± 47
Orthogonal . . . . . �47 ± 24 �38 ± 24

do not include polarization in this analysis. We show the PDF
inferred from all the three methodologies described. Each point
is derived from a KSW estimate of the amplitude for the corre-
sponding scale-dependent template with the given running. The
KSW pipeline and the maps processing are the same applied for
the estimation of the local, equilateral and orthogonal shapes;
we include in this analysis the multipole range from 2 to 2000;
the results are corrected for the ISW-lensing bias; All curves are
normalized to integrate to one. We consider possible values of
the running in the interval nNG = [�10, 10]. This interval is two
order of magnitude wider than the theoretical expectation of the
models, that are valid in the regime of mild scale dependence,
i.e. nNG ⇠ 10�1.

The e↵ects of the prior choice are glaring: while assuming a
constant prior (blue squares) we can always identify a peak in the
distribution and define proper constraints, this is not the case for
the other methods. Implementing an uninformative prior (green
circles), the shape of the distribution becomes complex, show-
ing multiple peaks or even diverging on the boundaries, mak-
ing it impossible to define constraints. A similar behavior ap-
pears in the profiled likelihood (red triangles). We used the like-
lihood also to perform a likelihood ratio test between its max-
imum value and its value in nNG = 0. Notice that, in case of
zero running, these models reduce to the usual local or equilat-
eral shapes. From this test, we do not find evidence in favor of
scale dependent models, assuming an acceptance threshold of
↵ = 0.01.

5.2.2. Isocurvature non-Gaussianity

Here we show the results obtained for a study of the isocurva-
ture NG in the Planck 2018 SMICA map using the binned bis-
pectrum estimator. As explained in Sect. 2.4, we only investi-
gate isocurvature NG of the local type, and in addition always
consider only one isocurvature mode (either cold dark matter
(CDM), neutrino density, or neutrino velocity isocurvature) next
to the adiabatic mode. In that case there are six di↵erent fNL pa-
rameters: a purely adiabatic one (a,aa, which corresponds to the

scale-dependent one-field local model

Fig. 2. PDF of the running parameter nNG for the one-field local model.
Left panel: SMICA map. Right panel: Commander map. Blue squares:
Marginalized posterior assuming constant prior. Green circles: posterior
assuming a Je↵reys prior. Red triangles: profiled Likelihood.

result from Sect. 5.1), a purely isocurvature one (i,ii), and four
mixed ones.

The results are given in Table 6.5 As in our 2015 analy-
sis (Planck Collaboration XVII 2016) we see no clear signs of
any isocurvature NG. There are a few values that deviate from
zero by up to about 2.5�, but such a small deviation, in particular
given the large number of results and the fact that the deviations
are not consistent between T-only and T+E, cannot be consid-
ered a detection.

We see that many constraints are tightened considerably
when including polarization, by up to the predicted factor of
about five to six for the cold dark matter a,ii, i,ai, and i,ii modes
in the joint analysis. Focussing now on the independent results,
where the interpretation is more direct, we see that the error bars
of some of the cold dark matter and neutrino velocity modes
improve by up to a factor of about two when going from the T-
only to the full T+E analysis, while the improvements for the
neutrino density modes are much smaller, of the order of what

5 As opposed to definitions in the literature based on ⇣ and S (see
e.g., Langlois & van Tent 2012), but similarly to our 2015 analysis, we
adopt definitions based on �adi = 3⇣/5 and �iso = S/5, in order to
make the link with the standard adiabatic result more direct. Conversion
factors to obtain results based on ⇣ and S are 6/5, 2/5, 2/15, 18/5, 6/5,
and 2/5, for the six modes respectively.
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2018 analysis: polarization multipoles in the range 4 < l < 40 added.  
Robustness of polarization results reassessed (and significantly improved)   Planck Collaboration: Planck 2018 Results. Constraints on primordial NG

Fig. 1. The weights of each polarization configuration to the total value of fNL for, from left to right, local, equilateral, and orthogonal. Note that
as we impose `1  `2  `3, there is a di↵erence between, e.g., TEE (smallest ` is temperature) and EET (largest ` is temperature).

is the use of polarization multipoles in the range 4  ` < 40,
which were previously excluded.

Our final results are summarized in Table 4, while data vali-
dation tests will be shown in Sect. 6. As in 2015, we show final
fNL estimates for T-only, E-only, and for the full T+E data set,
with and without subtraction of the lSW-lensing bias. More de-
tails about the ISW-lensing contribution are provided in section
4, where we also show the negligible impact of point source con-
tamination on primordial bispectra.

Table 4 constitutes the most important result of this Section.
As done in 2013 and 2015, we select the KSW estimator and
the SMICA map to provide the final Planck results for the lo-
cal, equilateral, and orthogonal bispectra, which are summarized
in Table ??. The motivations for this choice are as in the past:
SMICA performs well in all validation tests and shows excellent
stability across di↵erent data releases; the KSW estimator, while
unable to deal with non-separable shapes or reconstruct the full
bispectrum, can treat the local, equilateral and orthogonal tem-
plates analyzed here exactly.

Like for the two previous data releases, we remark the ex-
cellent level of agreement between the di↵erent estimators, for
all the maps and the shapes considered, both in temperature
and polarization, as well as in the full T+E results. This is
perfectly in line with both theoretical expectations and Monte
Carlo studies discussed at length in our two previous analyses
Planck Collaboration XXIV (2014); Planck Collaboration XVII
(2016).

A similarly high level of internal consistency is displayed
between fNL estimates obtained from di↵erent component sepa-
rated maps, as well as in the comparison of current results with
those from previous releases. One small exception is provided
by the orthogonal fNL estimate obtained from Commander T-
only data, for which we notice both a larger fluctuation with
respect to 2013 and 2015 results and a larger discrepancy with
other foreground cleaned maps, in particular with the SMICA one.
However, we do not find this worrisome for a number of reasons.
First of all, the SMICA – Commander di↵erence is still at the level
of the 1-� orthogonal fNL error bar and all methods, including
Commander, show full consistency with f ortho

NL = 0. Therefore,
this discrepancy does not pose any problem for the theoretical
interpretation of the result. Moreover, this fluctuation completely
goes away when accounting for polarization data, the robustness
of which has become significantly higher with respect to our pre-
vious analysis (see Sect. 6 for details). Finally, the discrepancy

is for a very specific shape and it is entirely driven by the men-
tioned fluctuation in the Commander orthogonal result with re-
spect to 2013 and 2015. The other methods remain very stable,
in particular SMICA, which we take as usual as the map of choice
for our final results. The observed fluctuation in orthogonal fNL
from Commander can likely be explained by the unavailability of
detset maps for this release, which constituted in the past a use-
ful input to improve the accuracy of the Commander map. It is
however important to stress that Commander itself shows excel-
lent agreement with other methods, both when measuring fNL for
all other shapes and also when correlating the bispectrum modes
and bins in model independent fashion, both in temperature and
polarization (see again Sect. 6 for a complete discussion of these
tests).

Comparing the error bars in Table 4 to those in the corre-
sponding table in the 2015 paper (Planck Collaboration XVII
2016), and focussing on the ones for the local shape because
those are most sensitive to low-` modes, we see the following.
For T-only the error bars are approximately equal on average:
slightly better for KSW, slightly worse for the other three estima-
tors. A possible explanation for slightly worse error bars could
be the fact that the realism of the simulations has improved from
FFP8 used in 2015 to FFP10 used here. So the error bars in 2015
might actually have been slightly underestimated. However, the
fluctuations are small enough that they could just be random, es-
pecially given that not all estimators see the same. For E-only we
see a clear improvement of the error bars for all estimators. That
is as expected, because we are now including all the additional
polarization modes with 4  ` < 40 in the analysis, and the lo-
cal shape is quite sensitive to those low-` modes. Finally, for the
full T+E analysis, we see that all error bars have remained the
same, up to tiny fluctuations of 0.1. So one might wonder why
the improvement in the E-only analysis is not translated into a
corresponding improvement in the T+E analysis. The answer to
that is relatively simple: the EEE-modes only have a very small
contribution to the final T+E analysis, as shown in Fig. 1. This
figure also explains why the error bars of the equilateral and or-
thogonal shapes improve more when going from T-only to the
full T+E analysis than those of the local shape.

In conclusion, our current results show no evidence for non-
Gaussianity of the local, equilateral or orthogonal type and are
in very good agreement with the previous 2013 and 2015 anal-
yses. We also show in Sect. 6 that the overall robustness and
internal consistency of the polarization data set, as far as pri-
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EEE is noisy and has little weight in the final constraints. Nevertheless: 
   - Very useful to validate polarization-based results 
   - Constraining power of Planck EEE at the level of WMAP TTT  

2018 analysis 
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Comparison between estimators 

Smica, T+E 
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Comparison between maps: T+E 

T+E T+E 
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Bispectrum reconstruction: modes  
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Planck Collaboration: Planck 2018 Results. Constraints on primordial NG

Fig. 13. Scatter plots of the 2001 Modal 2 coe�cients for each combination of component separation methods, with the R2 coe�cient of determi-
nation. The figures on the left are for the temperature modes and those on the right for pure polarization modes (the modal 2 pipeline reconstructs
the component of the EEE bispectrum that is orthogonal to TTT, so this is not exactly the same as the EEE bispectrum of the other estimators).

Fig. 14. Scatter plots of the bispectrum values in each bin-triplet (13020 for TTT and 11221 for EEE) for all the combinations of component
separation methods, with the R2 coe�cient of determination. The figures on the left are for TTT and those on the right for EEE.

the map-by-map fNL scatter for 50 realizations. These very small
deviations were largely expected, given the small change in the
amplitude of the noise power spectrum we are considering.

In the test we have just described we generate uncorrelated
extra-noise multipoles (with a non-white spectrum). On the other
hand, we know that the estimator is most sensitive to couplings
between large and small scales, which require a properly cali-
brated linear term correction. Therefore, we decide to also test
the impact of a possible linear term mis-calibration of this type,
by generating and studying an extra-noise component directly in
pixel-space. In this case, `-space correlations between large and
small scales arise, due the spatially anisotropic distribution of
the noise. We proceed as follows: after extracting the noise rms
of the SMICA FFP10 polarization simulations, we rescale it by a
fixed factor A, and we use this rescaled rms map to generate new

Gaussian “extra-noise” realization in pixel-space, which we add
to the starting noise maps. We consider di↵erent cases. Firstly,
we take a rescaling factor AT QU = 0.2 for both temperature and
polarization noise maps. We then perform a more detailed study
of the e↵ect on polarization maps only. For this, we leave the
temperature noise unchanged and rescale the polarization rms
noise by factors ranging from A = 0.1 up to A = 0.3.

We see again from the summary of results reported in
Table 17 that the fNL error bar change is always very small. The
same can be said of the standard deviation of the fNL scatter be-
tween realizations with and without extra noise, which reaches
at most a value �� fNL ⇠ � fNL/3, for a large A = 0.3. These results
provide a good indication that a noise mismatch between simu-
lations and data is not a concern for primordial NG estimation,
unless the mismatch itself is well above the estimated percent
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Planck Collaboration: Planck 2018 Results. Constraints on primordial NG

Fig. 12. Scatter plots of the 2001 Modal 2 coe�cients for each combination of component separation methods, with the R2 coe�cient of de-
termination. The figures on the left are for the temperature modes and those on the right for pure polarization modes (for modal 2, these modes
reconstruct the component of the EEEbispectrum, which is orthogonal to TTT).

Fig. 13. Scatter plots of the bispectrum values in each bin-triplet (13020 for TTT and 11221 for EEE) for all the combinations of component
separation methods, with the R2 coe�cient of determination. The figures on the left are for TTT and those on the right for EEE.

estimators). For all the work in this section we consider SMICA
processed maps only.

Error bars might be a↵ected by two e↵ects. One is the sub-
optimality of the estimator weights in the cubic term, if the
power spectra extracted from simulations do not match the data.
The other is an imperfect Monte Carlo calibration of the lin-
ear correction term, leading to the inability to fully correct for
anisotropic and correlated noise features. Given that we are con-
sidering percent level corrections, we do not expect the former of
the two e↵ects to be of particular significance. This is also con-
firmed by past analyses, in which the cosmological parameters
have been updated several times, leading to percent changes in
the fiducial power spectrum, without any appreciable di↵erence
in the fNL results. The e↵ect on the linear term is harder to assess,
and to some extent it depends on the specific noise correlation

properties in the data, which are eventually not fully captured in
the simulations. In general, it is anyway reasonable to expect a
few percent power spectrum mismatch to have a small impact
also in this case, unless significant spatial correlations between
large and small scales are present in the data and not captured by
the simulation noise model. Note also that the linear term cor-
rection is generally dominated by the mask, in the mostly signal
dominated regime we consider for our analysis.

As a first test, we generate “extra-noise” Gaussian multi-
poles, using the di↵erence between the noise power spectrum
extracted from simulations and that obtained from data as vari-
ance. We then add these realizations to the original noise simula-
tions and apply our estimators to this extra-noise mock dataset.
However, we calibrate our linear term, estimator normalization
and weights using the original noise maps. We check the e↵ect of
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Bispectrum reconstruction: bins  

Overall: large improvement in polarization bispectra. Consistent for different  
decompositions. 
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T+E is sistematically higher than T-only. Possible SZ contribution in T-only, 
but no counterpart in nlocal 
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Planck Collaboration: Planck 2018 Results. Constraints on primordial NG

Table 1. Results for the amplitude of the lensing-ISW bis-
pectrum from the SMICA, SEVEM, Commander, and NILC
foreground-cleaned maps, for di↵erent bispectrum estimators.
Error bars are 68 % CL.

lensing-ISW amplitude

Method SMICA SEVEM Commander NILC

T
Binned . . . 0.64 ± 0.33 0.42 ± 0.33 0.45 ± 0.33 0.65 ± 0.33
Modal1 . . 0.74 ± 0.33 0.59 ± 0.32 0.54 ± 0.33 0.72 ± 0.32
Modal2 . . 0.73 ± 0.27 0.61 ± 0.27 0.62 ± 0.27 0.73 ± 0.27

T+E
Binned . . . 0.81 ± 0.27 0.62 ± 0.27 0.67 ± 0.27 0.77 ± 0.27
Modal1 . . 0.90 ± 0.26 0.82 ± 0.25 0.73 ± 0.26 0.83 ± 0.25

Table 2. Bias in the three primordial fNL parameters due to the
lensing-ISW signal for the four component separation methods.

lensing-ISW fNL bias

Shape SMICA SEVEM Commander NILC

T Local . . . . . . . . 7.3 7.2 7.3 7.3
T Equilateral . . . . . �0.7 �0.6 �0.7 �0.7
T Orthogonal . . . . �23 �23 �23 �23

E Local . . . . . . . . 0.5 0.5 0.5 0.5
E Equilateral . . . . . 0.5 0.5 0.5 0.5
E Orthogonal . . . . �0.7 �0.7 �0.7 �0.7

T+E Local . . . . . . 5.0 5.0 5.0 5.0
T+E Equilateral . . 1.0 1.1 1.0 1.1
T+E Orthogonal . . �9.1 �9.4 �9.4 �9.2

The values for the bias are given in Table 2. Note that the bias
values that can be read o↵ from e.g. Table 14 can di↵er slightly
from these, because each estimator uses values computed using
the approximations appropriate to the method. However, these
di↵erences are completely insignificant. As seen already in the
previous releases, for T-only the bias is very significant for local
and to a lesser extent for orthogonal NG. For local NG the bias
is even larger than the error bars on fNL. On the other hand, for
E-only the e↵ect is completely insignificant. For the full T+E
case finally, the bias is smaller than for T-only, but large enough
that it must be taken into account.

4.2. Non-Gaussianity from extragalactic point sources

As seen in the previous releases, extragalactic point sources are
a contaminant present in the bispectrum as measured by Planck.
They are divided into populations of unclustered and clustered
sources. The former are radio and late-type infrared galaxies (see
e.g., To↵olatti et al. 1998; González-Nuevo et al. 2005), while
the latter are dusty star-forming galaxies constituting the cosmic
infrared background (CIB; Lagache et al. 2005). For both types
of point sources analytic (heuristic) bispectrum templates have
been determined, which can be fitted jointly with the primordial
NG templates to deal with the contamination.

The templates are the same as those used in
Planck Collaboration XVII (2016); see that paper for more
information and references. The reduced angular bispectrum
template of the unclustered sources is (Komatsu & Spergel

Table 3. Joint estimates of the bispectrum amplitudes of un-
clustered and clustered point sources in the cleaned Planck tem-
perature map, determined with the binned bispectrum estimator.
Error bars are 68 % CL.

map bPS/(10�29) ACIB/(10�27)

SMICA . . . . . . . . 4.7 ± 2.6 0.8 ± 1.3
SEVEM . . . . . . . . 7.1 ± 2.8 1.4 ± 1.4
Commander . . . . 3.5 ± 2.6 1.0 ± 1.3
NILC . . . . . . . . . 5.2 ± 2.7 0.3 ± 1.3

2001)
bunclust
`1`2`3

= bPS = constant. (39)

This template is valid in polarization as well as temperature.
However, we do not detect all the same point sources in tem-
perature and polarization, so that a full T+E analysis does not
make sense for this template. In fact, there is no detection of un-
clustered point sources in the cleaned Planck polarization map,
so that we do not include the E-only values in the Table. The
reduced angular bispectrum template for the clustered sources
(CIB) is (Lacasa et al. 2014; Pénin et al. 2014)

bCIB
`1`2`3

= ACIB

"
(1 + `1/`break)(1 + `2/`break)(1 + `3/`break)

(1 + `0/`break)3

#q
,

(40)
where the index is q = 0.85, the break is located at `break = 70,
and `0 = 320 is the pivot scale for normalization. This template
is valid only for temperature; the CIB is negligibly polarized.

The results for both extragalactic point source templates as
determined by the binned bispectrum estimator applied to the
Planck temperature map cleaned with the four component sepa-
ration methods can be found in Table 3. Since the two templates
are highly correlated (93 %), the results have been determined
in a joint analysis. The results have also been determined jointly
with the primordial local, equilateral, and orthogonal templates,
and the lensing-ISW bias has been subtracted, but all of this
makes a negligible di↵erence. Contamination from unclustered
sources is detected in all component-separated maps, although
at di↵erent levels, with SEVEM having the largest contamination.
The CIB bispectrum, on the other hand, is not detected in a joint
analysis. Both point source templates are negligibly correlated
with the primordial NG templates and the lensing-ISW template
(at the level of a few percent). For this reason, and despite the
detection of point sources in the cleaned maps, it makes no dif-
ference for the primordial results if point sources are included in
a joint analysis or completely neglected.

5. Results

5.1. Constraints on local, equilateral, and orthogonal fNL

This section is devoted to the analysis of the standard local,
equilateral and orthogonal shapes. We employ the four bis-
pectrum estimators described in Sect. 3 on the temperature
and polarization maps generated by the SMICA, SEVEM, NILC
and Commander component separation pipelines. Further details
about our data analysis setup were provided in section 3.5. As
explained there, the main novelty, compared to the 2015 release,
is the use of polarization multipoles in the range 4  ` < 40,
which were previously excluded.

Our final results are summarized in Table 14, while data val-
idation tests will be shown in Sect. 6. As in 2015, we show final
fNL estimates for T-only, E-only, and for the full T+E data set,
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•  It is generally accepted that the next sensitivity target should be fNL ~ 1 

•  Local shape: fNL > 1 would rule out single-field inflation. fNL < 1 would rule  
    out a large class of multi-field models  (“spectator fields”) 

•  Equilateral, Orthogonal: the fNL ~ 1 threshold allows discriminating between the  
    single-field slow-roll and non-slow-roll regimes. 
 

f loc
NL . 1 f loc

NL & 1

f eq, orth
NL . 1 Single-field slow-roll Multi-field

f eq, orth
NL & 1 Single-field non-slow-roll Multi-field

Table 1. Table summarizing physical implications for qualitatively di↵erent measurements of the shapes of
primordial non-Gaussianity.

As emphasized above, the interpretation of each scenario requires some caveats. It is our

assessment that this table represents a baseline interpretation for each observational outcome. It is

clear that if any experiment reaches these forecasts level, we are going to learn a lot, no matter what

we find, which is an ideal situation for an experiment to be. In the event of a detection of either

shape, measuring the scaling in the squeezed limit is an important distinguishing tool.

2.5 Targets for the power spectrum

The power spectrum of density fluctuations encodes a degenerate combination of the initial state and

evolution of the primordial comoving horizon. In the context of inflationary cosmology, the evolution

of the comoving horizon is fixed by the precise shape of the scalar field potential. Measuring the first

two coe�cients in a logarithmic expansion of the power spectrum, the spectral index ns and running

↵s, provides constraints on the inflaton potential. For example, the simplest single-field models of

inflation would be ruled out by a measurement of significant running. Ultra-precise measurements

of ns and ↵s could greatly constrain the model-space of inflationary cosmology 4.

Access to pre-inflationary initial conditions imprinted in the two-point function at the largest

scales is possible when there is just-enough inflation. A host of ideas including an initial period of

fast-roll [67, 68], excited states [69, 70], and connections to the eternally inflating multiverse [71, 72]

have recently been invoked to explain the anomalously low power at ` . 30 5. Future LSS may

provide improved constraints on the power on large scales [71]. In addition, an important exercise is

determining how distinguishable all of these scenarios are by incorporating information beyond the

two-point function (e.g. [18, 74]).

Another signature of significant theoretical interest are oscillations in the power spectrum,

bispectrum, and beyond. This is motivated by the symmetry structure of string theory along axion

directions in field space, e.g. as an auxiliary signature of axion monodromy inflation [75], as well as

from the point of view of weakly broken discrete shift symmetries in low energy e↵ective field theory

[76]. The oscillatory features have a model-dependent amplitude which is exponentially sensitive

to couplings in the theory, and may be undetectably small, but there are interesting theoretical

thresholds in simple examples [77]. In particular, in the case of high-scale inflation there are bounds

4The utility of this exercise is arguably highly dependent on appropriate theoretical priors, as many models will be

indistinguishable even within the ultimate cosmic variance limited error bars.
5Further motivation to study novel phenomena at large scales arises from a tension between the tensor power

claimed to be observed by BICEP2 and the CMB temperature power spectrum, e.g. [73].
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(from Alvarez et al., arXiv:1412.4671)  

•  This talk is mostly focused on LEO shapes, but keep in mind that there are  
     many interesting additional shapes (e.g. oscillatory features)  
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LEO shapes: forecasts 

            LiteCOrE-120       COrE+    Planck 2015   LiteBird        ideal  
 
T local      3.7                     3.4                   5.7                   9.4               2.7 
T equil.      59                      56            70                    92            46 
T ortho.      25                25                    33                    58            20 

           
E local                   4.5               3.9           32                    11           2.4 
E equil.                    46                43          141       76            31 
E ortho.                    21                19            72       42            13 

           
T+E local     2.2               1.9           5.0      5.6           1.4 
T+E equil.      22                20            43       40            15 
T+E ortho.      10               9.1            21       23           6.7 
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•  A cosmic variance dominated E-mode reconstruction up to lmax ~ 3000  
    (PRISM, CMBpol) allows an improvement in fNL error bars by a  
    factor ~2 for all shapes c 
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Tensor-Scalar-Scalar: forecasts 

•  Tensor-scalar-scalar correlations in slow-roll single-field models have,  
    as usual, amplitude ~ ε. 

•  Tensor-scalar-scalar correlations, in a parity conserving Universe,  
    source TTB bispectra with l1+l2+l3 = odd 

2.6 Tensor-mode science beyond r 31

Type Planck CMB-S4 Rel. improvement

Local �(
p

rfNL) = 15.2 �(
p

rfNL) = 0.3 50.7

Equilateral �(
p

rfNL) = 200.5 �(
p

rfNL) = 7.4 27.1

Local (r = 0.01) �(
p

rfNL) = 15.2 �(
p

rfNL) = 0.7 25.3

Equilateral (r = 0.01) �(
p

rfNL) = 200.8 �(
p

rfNL) = 14.7 13.7

Table 2-1. Forecasted constraints on local and equilateral shapes sourced by primordial and equilateral
correlations of the form h�⇣⇣i constrained through hBTT i. Planck forecast is based on Blue Book values [92],
with f

sky

= 0.75. Constraints were derived using the flat-sky approximation as in Ref. [83] with `
min

= 30,
and with no cosmic variance in B. We expect similar constraints from hBEEi and hBTEi. For r = 0.01

Planck is still noise dominated, while CMB-S4 is cosmic variance dominated.

2.6.3 Distinguishing vacuum fluctuations from other particle physics sources of
B modes

Although CMB-S4 constraints on the shape of the tensor spectrum and its Gaussianity cannot test the
predictions of the simplest inflation models, they will be able to perform the very important function of
distinguishing a primordial but non-vacuum dominant source of B modes. In non-minimal models with
additional sectors coupled to the inflaton, excitations and particle production associated with other fields
during inflation can source additional primordial gravitational waves [93, 94, 95]. The new fields and
interactions that generate additional tensor fluctuations also generically contribute to the scalar fluctuations,
so the non-vacuum B-mode signal is significantly constrained by the observed scalar power spectrum and its
high degree of Gaussianity [95, 96, 97, 98, 99].

In cases where additional sectors are directly coupled to the inflaton (with stronger than gravitational-
strength couplings) Planck satellite constraints do not allow for the secondary source signal to have an
amplitude competitive with the vacuum signal [99, 98]. However, a model with a significant non-vacuum
signal can be constructed if the inflationary sector is only gravitationally coupled to a hidden sector containing
a light pseudo-scalar and a gauge field during inflation [95, 100]. Fluctuations of the light scalar excite
fluctuations of the gauge field, which in turn leads to gravitational wave production. To evade constraints
from scalar non-Gaussianity, the source field’s potential must be adjusted so that the production of gauge
field quanta occurs only around the time the modes contributing to the multipoles relevant for the B-mode
search leave the horizon [78]. Then, at the expense of fine-tuning the scales on which production occurs,
there exists a range of values for other parameters that can lead to a gravitational-wave signal competitive
with the vacuum fluctuations while remaining consistent with existing Planck data [78, 100]. For example,
the gravitational waves from gauge-field production could be measured at a level of r = 10�1 with a vacuum
contribution of only r = 10�4. While in that case the determination of the scale of inflation is a↵ected
by less than an order of magnitude, adjusting the parameters of the scenario may allow for more dramatic
modifications of the relationship between r and the inflationary energy scale given by Eq. (2.14).

When secondary production of this sort is large enough to dominate the signal, the predicted gravitational-
wave spectrum di↵ers significantly from that of the vacuum fluctuations in several ways. First, the production
mechanism is not continuous (to avoid non-Gaussianity constraints) and so sources a B-mode spectrum that
is far from scale-invariant. Second, the tensor spectrum is strongly non-Gaussian. Finally, the gravitational
waves resulting from the gauge field come with a definite handedness [101, 102] so parity violating TB and
EB correlations would be sourced [103], and the angular bispectrum of B modes would be dominated by

CMB-S4 Science Book

Stage IV Science Book 
Meerburg et al. 2016 
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Tensor-Scalar-Scalar: measurement 
∆
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Figure 2. Fisher matrix forecasts of 1� errors on g
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assuming a CVL-level
survey and the WMAP one.

ing to ref. [26], applying radiative transfer to eq. (2.1) leads to the CMB angular bispectrum,
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with h
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⌘
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0 0 0
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. Because of parity con-

servation and rotational symmetry in eq. (2.1), nonvanishing signal is confined to the `-space
domain satisfying `

1

+ `

2

+ `

3

= even and |`
1

� `

2

|  `

3

 `

1

+ `

2

.
The observed bispectrum is given by the sum of all cyclic terms as B`1`2`3 = B

(tss)
`1`2`3

+

B

(sts)
`1`2`3

+ B

(sst)
`1`2`3

, where B

(tss)
`1`2`3

= B

(sts)
`3`1`2

= B

(sst)
`2`3`1

. As it is customary in CMB bispectrum
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Complex non-separable shape,  
but can be handled with modal 
methods 
(Fergusson, ML, Shellard, 2010, 
2012; Shiraishi, ML, Fergusson, 
2018) 

Figure 1. Three-dimensional representation of the CMB temperature bispectrum from the tensor-
scalar-scalar correlator (2.1) in the tetrahedral domain. We here plot b

`1`2`3 normalized with a con-
stant Sachs-Wolfe template [27] to highlight the dominant configurations. Three axes correspond to
`

1

, `
2

and `

3

, respectively. Dense red (blue) color represents remarkable positive (negative) signal.

For large enough �sst, the enhancement can produce detectable signals using current
CMB datasets. It was in fact shown that Planck temperature and E-mode polarization
data allow achieving a gtss ⇠ 1 sensitivity [22, 26], with a further an-order-of-magnitude
improvement possible using B-mode information [22, 29]. In this paper we will develop a
tensor-scalar-scalar CMB bispectrum estimation pipeline, test it and use it for a preliminary
analysis of WMAP data, reaching a sensitivity level gtss ⇠ 10.

When the temperature fluctuation is multipole expanded in the usual manner, T (n̂) =P
`m a`mY`m(n̂), the harmonic coefficients of the scalar and tensor modes are expressed, re-

spectively, as

a

(s)
`m = 4⇡i`

Z
d

3

k

(2⇡)3
T (s)
` (k)⇣

k

Y

⇤
`m(k̂) , (2.4)

a

(t)
`m = 4⇡i`

Z
d

3

k

(2⇡)3
T (t)
` (k)

X

�=±2

�

(�)
k

��Y
⇤
`m(k̂) , (2.5)

where T (s)
` (k) (T (t)

` (k)) is the radiation transfer function of the scalar (tensor) mode. Accord-
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Figure 5. Central values and 2� errors on g

tss

obtained from the WMAP data as a function of `
max

.

500. As a further validation test, we also used the same pipeline to measure the standard f

local

NL

parameter, obtaining fully consistent results with those shown in the literature [8, 36, 41, 42].
Figure 5 shows the limits on gtss as a function of `

max

, indicating no evidence of gtss for
`

max

 500, at any scale, at 95%CL. We take the result at `

max

= 500 as our final bound:
gtss = �48± 28 (68%CL).

One may worry here about the contamination due to secondary sources of temperature
NG, which we have not considered so far. In particular, it is widely known that the lensed
bispectrum can become an important source of bias in the squeezed limit. However, such
lensed signal becomes large when higher multipoles are considered, and almost uncorrelated
to the primordial one for `

max

 500 [22]. Therefore, ISW-lensing debiasing is not necessary
in our analysis.

4 Conclusions

In this paper, we have studied the inflationary tensor-scalar-scalar three point function, for
models characterized by nonzero graviton mass. A nonvanishing CMB temperature bispec-
trum is one of the predictions of such models, so we have actually tested it, using WMAP
9-year temperature data. The primordial and the induced CMB bispectrum, b(tss)`1`2`3

, peak in
the squeezed limit, in this scenario, and specific Fisher matrix forecasts show that interesting
bounds can already be obtained at WMAP angular resolution, which motivated our analysis.
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M. Shiraishi, ML, J. Fergusson, 2018 
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PNG	from	LSS	

Future LSS  data have in principle great potential to improve over CMB bounds.  
 
 
•  Power spectrum: scale dependent signal on large scales. Sensitive to squeezed 

limit 
 
 

 

•  Bispectrum  =  primordial +         late time non-linear evolution 
 

Gravitational part ~ Primordial x 1000 

M. Liguori, “PNG, Planck and beyond”  Concordances and challenges… , Sesto 2019 

3

peak height, and hence no change in the abundance of
massive halos. However, δ and φ are correlated, imply-
ing that rare peaks are systematically raised or lowered,
depending upon the sign of fNL. Therefore, we expect
changes in the mass function and the correlation func-
tion.

In the appendix, we derive expressions for the abun-
dance and clustering of regions above a given threshold,
which then give the clustering and mass function of halos
in the Press-Schechter model. However, we can derive the
form of the halo correlation function using a very simple
argument. The halo correlation function is usually pa-
rameterized in terms of the halo bias b, which is the rate
of change of the halo abundance as the background den-
sity is varied. Writing the matter overdensity as δ and
the halo overdensity as δh, we can define the halo bias as

δh = b δ. (6)

It is normally assumed that b → const on large scales,
but we will not make this assumption here. Consider a
long-wavelength mode, providing a background density
perturbation δ and corresponding potential fluctuation
φ. In the absence on nongaussianity, this perturbation
raises subthreshold peaks above threshold, and thereby
enhances the abundance of super-threshold peaks by bLδ,
where bL is the usual (Gaussian) Lagrangian bias. For
nonzero fNL, the long-wavelength mode also enhances the
peak height by 2fNLφpδpk, and we will focus on peaks
near threshold, such that δpk ≃ δc. This provides an
additional enhancement factor, giving a total

δh = bL(δ + 2fNLφpδc). (7)

In Fourier space, the potential and density modes are
related by φ = (3Ωm/2ar2

Hk2)δ, and so we see that the
nongaussian bias acquires a correction

∆b(k) = 2bLfNLδc
3Ωm

2ag(a) r2
Hk2

, (8)

where again bL refers to the usual Lagrangian bias for
halos of this mass with Gaussian fluctuations. The total
Lagrangian bias is then bL(k) = bL + ∆b(k).

Since we have been working with the clustering of
peaks in the initial density distribution, the above ex-
pression for the bias applies only to the early-time, La-
grangian bias. Translating these results to late-time, Eu-
lerian bias is straightforward, however. The bias of Eule-
rian halos is simply b = 1+bL : the excess of halos in some
Eulerian volume with overdensity δ is bδ = bLδ + δ. The
first term corresponds to the excess of peaks in the initial
Lagrangian volume, which are advected into the Eulerian
volume. The second term arises because an Eulerian vol-
ume with overdensity δ has δ times more mass than an
average volume, and therefore δ times more peaks.

In summary, local NG generates a scale-dependent cor-
rection to the bias of galaxies and halos, of the form

∆b(k) = 2(b − 1)fNLδc
3Ωm

2a g(a)r2
Hk2

(9)

FIG. 1: Slice through simulation outputs at z = 0 gener-
ated with the same Fourier phases but with fNL =−5000,
−500, 0, +500, +5000 respectively from top to bottom. Each
slice is 375 h−1 Mpc wide, and 80 h−1 Mpc high and deep.
We can easily match by eye much of the large scale struc-
ture; for example, an overdense region sits on the left, while
an underdense region (void) falls on the right, in all panels.
Note that for positive fNL, overdense regions are more evolved
and produce more clusters than their Gaussian counterparts,
while underdense regions are less evolved (e.g. grid lines are
still visible). For negative fNL, underdense regions are more
evolved, producing deeper voids, while overdense regions are
less evolved, as illustrated by the grid lines apparent in the
left of the top panel.

where b here now refers to the Eulerian bias of the tracer
population. In subsequent sections, we show that this
simple expression, despite the underlying assumptions
and approximations in its derivation, matches surpris-
ingly well the halo clustering measured in our numerical
simulations.

III. NUMERICAL SIMULATIONS

We numerically simulate the growth of structure in
nongaussian cosmologies using the adaptive P3M par-
allel N-body code GRACOS

2 [63, 64]. Non-gaussian ini-
tial conditions were generated using the following pro-
cedure. First, we generated a Gaussian random poten-
tial field φ(x) using a power-law power spectrum with a
scalar (density) index ns = 0.96, and normalized so that

2 http://www.gracos.org
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Large	Scale	Structure	PNG	forecasts	
In Karagiannis et al. (2018) we present PNG LSS forecasts, focusing on 
linear and quasi-linear scales, accounting for: 
 
-  Power spectrum and bispectrum constraints 
-  Gravitational contributions and bias 
-  Redshift space distortions 
-  Theoretical errors 
-  (to some extent) NG contributions to the bispectrum variance and 
     off-diagonal covariance terms 
 
Many previous papers on these issues (e.g. Sefusatti and Komatsu 2007,  
Jeong and Komatsu 2009, Giannantonio et al. 2011, Tellarini et al. 2016, 
 Baldauf et al. 2016), but they are often treated separately 
 
Ø  We include all terms in a single forecast.  
Ø  Discussion beyond local shape 
Ø  Comparison between optical and radio.    
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Fisher	matrix	

13

z V ng

0.1875 1.95 166.64
0.5625 9.57 82.84
0.9375 17.24 39.62
1.3125 22.46 18.37
1.6875 25.41 8.26
2.0625 26.78 3.60
2.4375 27.14 1.53
2.8125 26.89 0.63

Table 3. The basic specifications for a photometric survey for
each redshift bin. The derivation of these values is described in
Sec. 3.2. The shell volume is in units of (Gpc/h)3 and the mean
number density in 10�3(h/Mpc)3.

Figure 7. The linear and quadratic galaxy bias for the optical
surveys considered here. The details for the derivation are de-
scribed in Sec. 3.2 for each individual survey.

Science Collaboration et al. 2009; Font-Ribera et al. 2014;
Passaglia et al. 2017), where the derivation of the higher-
order bias parameters follows the prescription described be-
fore. The final results for the linear and quadratic biases
are plotted in Fig. 7. We use a surface number density of
ntot = 40 gal/arcmin2. These specifications are chosen to
mimic an LSST-like, representative future photometric sur-
vey (see e.g. LSST Science Collaboration et al. 2009; Zhan
& Tyson 2017).

4 METHODOLOGY

4.1 Fisher Matrix

In order to forecast the precision in measurements of
the non-Gaussianity amplitude fNL and bias parameters,
we make use of the Fisher matrix formalism. The Fisher
information defines the minimum error on an unknown pa-
rameter given an observable. In the case of the galaxy power
spectrum, the Fisher matrix is given by
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µ
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while for the bispectrum we have (Scoccimarro et al. 2004)
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where p↵,� are the unknown parameters of interest and the
derivatives are evaluated at the fiducial value of the param-
eter vector. We model power spectrum and bispectrum as
discussed in Sec. 2.3. The sum over the triangles, which is
denoted in Eq. (36) as

P
T , is given by applying the trian-

gle condition on the k modes, while the ordering considered
is k1 > k2 > k3. The wavenumbers are binned with
a bin size of �k, taken here to be the fundamental fre-
quency of the survey kf = 2⇡/V 1/3, between a minimum
value kmin = kf (largest scales probed by survey) and kmax

(smallest scales considered). The angular bin sizes are taken
here to be �µ1 = 0.1 and �� = ⇡/25.

The parameter vector considered here per bin consists of
the non-Gaussian amplitude, three bias parameters, stochas-
tic power spectrum and bispectrum contributions, the linear
growth rate and the velocity dispersion,

p = {fX
NL, b1, b2, bs2

, P", P""� , B", f,��}. (37)

The stochastic bias contributions (i.e. P", P""� and B")
are considered here as nuisance parameters and they are
marginalised over to acquire the Fisher sub-matrix for the
parameters of interest. Cosmological parameters are fixed
throughout this work. Since we can determine them with
high accuracy, using other probes (e.g. CMB, BAO etc.)
we do not expect a significant impact of propagating their
errors on fNL, which is instead constrained via power spec-
trum scale dependence on very large scales, or via the bis-
pectrum. This is actually verified for the CMB primordial
bispectrum in Liguori & Riotto (2008), and for that case it
is also shown that the level of degeneracy between cosmo-
logical parameters and fNL is small3 . The final forecasts
for the non-Gaussian amplitude are derived after marginal-
ising over the remaining parameters and summing the con-
tribution from all the available redshift bins. Following e.g.
Sefusatti & Komatsu (2007); Giannantonio et al. (2012);
Song et al. (2015); Tellarini et al. (2016), we neglect cross-
correlations between the di↵erent redshift bins. This choice
is not expected to have a significant e↵ect on the final fore-
casts, due to the su�ciently large bin width considered here.
However, one should perform an explicit check on this, which
we leave for a future work. For the spectroscopic survey, the

3 As this work was being completed, a paper by Moradinezhad
Dizgah et al. (2018) appeared on arXiv, studying the galaxy bis-
pectrum arising from massive spinning particles during Inflation.
Their galaxy bispectrum analysis has a di↵erent focus and present
little overlap with the present one, in terms of bispectrum shapes,
range of surveys and many other aspects (e.g. inclusion of the-
oretical errors, inclusion of trispectrum term in the bispectrum
model). However, in Moradinezhad Dizgah et al. (2018) the cos-
mological parameter errors are explicitly propagated into the fi-
nal fNL errors, for the primordial model they study. They also
consider the local shape, and for both cases they show that the
impact of parameter marginalisation on fNL is small, confirming
expectations discussed here.

MNRAS 000, 000–000 (0000)
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we do not expect a significant impact of propagating their
errors on fNL, which is instead constrained via power spec-
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is not expected to have a significant e↵ect on the final fore-
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pectrum arising from massive spinning particles during Inflation.
Their galaxy bispectrum analysis has a di↵erent focus and present
little overlap with the present one, in terms of bispectrum shapes,
range of surveys and many other aspects (e.g. inclusion of the-
oretical errors, inclusion of trispectrum term in the bispectrum
model). However, in Moradinezhad Dizgah et al. (2018) the cos-
mological parameter errors are explicitly propagated into the fi-
nal fNL errors, for the primordial model they study. They also
consider the local shape, and for both cases they show that the
impact of parameter marginalisation on fNL is small, confirming
expectations discussed here.
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z V ng

0.1875 1.95 166.64
0.5625 9.57 82.84
0.9375 17.24 39.62
1.3125 22.46 18.37
1.6875 25.41 8.26
2.0625 26.78 3.60
2.4375 27.14 1.53
2.8125 26.89 0.63

Table 3. The basic specifications for a photometric survey for
each redshift bin. The derivation of these values is described in
Sec. 3.2. The shell volume is in units of (Gpc/h)3 and the mean
number density in 10�3(h/Mpc)3.

Figure 7. The linear and quadratic galaxy bias for the optical
surveys considered here. The details for the derivation are de-
scribed in Sec. 3.2 for each individual survey.

Science Collaboration et al. 2009; Font-Ribera et al. 2014;
Passaglia et al. 2017), where the derivation of the higher-
order bias parameters follows the prescription described be-
fore. The final results for the linear and quadratic biases
are plotted in Fig. 7. We use a surface number density of
ntot = 40 gal/arcmin2. These specifications are chosen to
mimic an LSST-like, representative future photometric sur-
vey (see e.g. LSST Science Collaboration et al. 2009; Zhan
& Tyson 2017).

4 METHODOLOGY

4.1 Fisher Matrix

In order to forecast the precision in measurements of
the non-Gaussianity amplitude fNL and bias parameters,
we make use of the Fisher matrix formalism. The Fisher
information defines the minimum error on an unknown pa-
rameter given an observable. In the case of the galaxy power
spectrum, the Fisher matrix is given by

FPs
↵� =

1X

µ
1

=0

k
maxX

k=k
min

@P s
g

@p↵

@P s
g

@p�

1
�P 2

, (35)

while for the bispectrum we have (Scoccimarro et al. 2004)

FBs
↵� =

1X

µ
1

=�1

⇡/2X

�=�⇡/2

X

T

@Bs
g

@p↵

@Bs
g

@p�

1
�B2

, (36)

where p↵,� are the unknown parameters of interest and the
derivatives are evaluated at the fiducial value of the param-
eter vector. We model power spectrum and bispectrum as
discussed in Sec. 2.3. The sum over the triangles, which is
denoted in Eq. (36) as

P
T , is given by applying the trian-

gle condition on the k modes, while the ordering considered
is k1 > k2 > k3. The wavenumbers are binned with
a bin size of �k, taken here to be the fundamental fre-
quency of the survey kf = 2⇡/V 1/3, between a minimum
value kmin = kf (largest scales probed by survey) and kmax

(smallest scales considered). The angular bin sizes are taken
here to be �µ1 = 0.1 and �� = ⇡/25.

The parameter vector considered here per bin consists of
the non-Gaussian amplitude, three bias parameters, stochas-
tic power spectrum and bispectrum contributions, the linear
growth rate and the velocity dispersion,

p = {fX
NL, b1, b2, bs2

, P", P""� , B", f,��}. (37)

The stochastic bias contributions (i.e. P", P""� and B")
are considered here as nuisance parameters and they are
marginalised over to acquire the Fisher sub-matrix for the
parameters of interest. Cosmological parameters are fixed
throughout this work. Since we can determine them with
high accuracy, using other probes (e.g. CMB, BAO etc.)
we do not expect a significant impact of propagating their
errors on fNL, which is instead constrained via power spec-
trum scale dependence on very large scales, or via the bis-
pectrum. This is actually verified for the CMB primordial
bispectrum in Liguori & Riotto (2008), and for that case it
is also shown that the level of degeneracy between cosmo-
logical parameters and fNL is small3 . The final forecasts
for the non-Gaussian amplitude are derived after marginal-
ising over the remaining parameters and summing the con-
tribution from all the available redshift bins. Following e.g.
Sefusatti & Komatsu (2007); Giannantonio et al. (2012);
Song et al. (2015); Tellarini et al. (2016), we neglect cross-
correlations between the di↵erent redshift bins. This choice
is not expected to have a significant e↵ect on the final fore-
casts, due to the su�ciently large bin width considered here.
However, one should perform an explicit check on this, which
we leave for a future work. For the spectroscopic survey, the

3 As this work was being completed, a paper by Moradinezhad
Dizgah et al. (2018) appeared on arXiv, studying the galaxy bis-
pectrum arising from massive spinning particles during Inflation.
Their galaxy bispectrum analysis has a di↵erent focus and present
little overlap with the present one, in terms of bispectrum shapes,
range of surveys and many other aspects (e.g. inclusion of the-
oretical errors, inclusion of trispectrum term in the bispectrum
model). However, in Moradinezhad Dizgah et al. (2018) the cos-
mological parameter errors are explicitly propagated into the fi-
nal fNL errors, for the primordial model they study. They also
consider the local shape, and for both cases they show that the
impact of parameter marginalisation on fNL is small, confirming
expectations discussed here.
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high accuracy of the measured redshifts can provide a red-
shift distribution function with a negligible overlap, which
indicates that the redshift bins’ cross-spectra would have a
small e↵ect 4 (see e.g. Giannantonio et al. 2012, for a dis-
cussion). We aim for a complete and conservative analysis,
therefore we will restrict the analysis to the linear regime,
and exclude non-linear scales. For the redshift evolution of
kmax(z) we consider, kmax(z) = 0.1/D(z) h/Mpc where it
slowly varies with redshift while it stays inside the linear
and semi-linear regime, ensuring the validity of the bias ex-
pansion as well as SPT itself. This limit in the magnitude of
the k mode holds also for the bispectrum, where the sides
of the triangle satisfy kmin 6 k1, k2, k3 6 kmax.

In our Fisher matrix analysis, only the diagonal part of
the covariance matrix (i.e. �P 2 and �B2) is taken into con-
sideration, neglecting all the cross-correlations between dif-
ferent triangles (bispectrum) and k-bins (power spectrum).
We adopt a Gaussian approximation for the variance terms:

�P 2(k, z) =
4⇡2

Vsurveyk2�k�µ
P 2
tot , (38)

�B2(k1, k2, k3, z) = s123⇡Vf
Ptot(k1)Ptot(k2)Ptot(k3)

k1k2k3�k3�µ��
,

(39)

where s123 = 6, 2, 1 for equilateral, isosceles and scalene tri-
angles respectively. The volume of the fundamental shell in
Fourier space is Vf = k3

f . In addition Ptot(k, z) = P s
g (k, z)+

1/ng, where the stochastic contribution is excluded from P s
g

and the remaining term accounts for the shot noise. Note
that for the Fisher matrix in redshift space, the normaliza-
tion for the range of the two angles, i.e. Nµ = µmax � µmin

and N� = �max � �min, must be applied. The full covari-
ance of the two estimators is outlined in Sefusatti et al.
(2006), where the o↵-diagonal elements are defined by higher
than three point correlators. Although the above results are
for redshift space statistics, the reduction to real space is
straightforward.

Recently, the authors of Chan & Blot (2017) used dark
matter N -body simulations, including four halo samples
with di↵erent number densities, in order to study the full
covariance of the power spectrum and bispectrum estima-
tors. They focused on extracting an integrated signal-to-
noise ratio for all bins/triangles, checking how this gets
degraded when o↵-diagonal covariance elements and non-
Gaussian contributions to the variance are accounted for.
While this does not include a specific study of the degrada-
tion of error bars for PNG or other cosmological parameters,
their results can provide useful guidelines to assess the valid-
ity of our diagonal covariance approximation and the error
on the parameter forecast we introduce by employing it.

For the dark matter power spectrum, Chan & Blot
(2017) show that the correlation coe�cient between di↵erent
modes never exceeds ⇠ 15% at z = 0, up to kj = 0.1 h/Mpc.
For z = 1, the correlation reaches at most ⇠ 20%, up to
kj ⇠ 0.15 h/Mpc. In all cases, correlations decrease away
from the diagonal. On the scale range considered here, the

4 In Bailoni et al. (2017) they show that, neglecting cross-
correlations between the di↵erent redshift bins leads to a few
percent e↵ect.

non-Gaussian corrections to the diagonal part of the covari-
ance is negligible at z = 0, as well as for z = 1. For halos,
these corrections can be up to ⇠ 10% for the same scale
range, in the case of the small density halo samples, with
the exact value depending on the redshift. Furthermore, the
results agree with the covariance model predicted by PT up
to k = 1 h/Mpc for the abundant halo sample. Therefore we
conclude that the exclusion of the o↵-diagonal part in the
galaxy power spectrum covariance will introduce an error
of up to 10� 15%, for the scale range and redshifts consid-
ered here, depending on the number density of the sample.
In addition, the non-Gaussian corrections to the variance
are negligible for the high density samples and scale range
considered here.

For the dark matter bispectrum, it is shown that the
non-Gaussian corrections to the diagonal Gaussian part
(for equilateral configurations) is ⇠ 8% at z = 0 and
k = 0.1 h/Mpc and that PT predictions agree with the nu-
merical results up to k ⇠ 0.15 h/Mpc. For higher redshifts
(i.e. z = 0.5, 1) the corrections are at the level of a few per-
cent, up to k ⇠ 0.16 h/Mpc, while the PT predictions are in
good agreement with the results up to k ⇠ 0.2 h/Mpc and
k ⇠ 0.3 h/Mpc for z = 0.5 and z = 1 respectively. In addi-
tion, it is shown that the correlation coe�cient, used to test
couplings between di↵erent triangles, is consistent with zero
for the large scales and for the redshift slices considered.

When, instead of dark matter, we consider halos, tri-
angle couplings and non-Gaussian corrections strongly de-
pend on the redshift and density of the sample. Correc-
tions to the diagonal Gaussian part are negligible at z = 0
and k = 0.1 h/Mpc in the case of a high density sample
(n ⇠ 10�3 [Mpc/h]�3). On the other hand, for a low den-
sity case (n . 2 ⇥ 10�5 [Mpc/h]�3) the correction is found
to be between few percent and ⇠ 10% at low redshift, and
increasing up to ⇠ 90% at high redshifts.

The samples considered in this work have a high number
density for the majority of the redshift bins (except only for
some high redshift slices, where non-linearities are anyway
less important), ng & 104 (h/Mpc)3 (see Table 1 and Ap-
pendix 3). Therefore we do not expect the exclusion of the
non-Gaussian part in the covariance to overestimate much
the S/N ratio and to have a large impact on the final PNG
forecasts.

As explicitly shown in Chan & Blot (2017), on the large
scales considered here the full non-Gaussian contribution
can be well approximated by including perturbative correc-
tions to the power spectrum appearing in the bispectrum
variance expression, obtaining

�B2
NL(k1, k2, k3, z) = �B2(k1, k2, k3, z) +

s123⇡Vf

k1k2k3�k3�µ��

⇥
✓
Ptot(k1)Ptot(k2)(P

NL
g (k3)� Pg(k3) +

1
ng

) + 2 perm

◆
,

(40)

where PNL
g (k3) is given by Eq. (19) after replacing the linear

matter power spectrum with the non-linear one, as predicted
by the HALOFIT algorithm (Smith et al. 2003; Takahashi
et al. 2012). The reason that HALOFIT, instead of the PT
one-loop matter power spectrum, is used, lies in the fact
that the latter leads to overestimating the actual variance
in the weakly non-linear regime. We will use this expression
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while the redshift kernels are given by
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where G2(ki,kj) is the second order velocity kernel of SPT [Eq. (3.24) ]. Note that here,

all the O(f2
NL) terms in the Z2 kernel are excluded.

The term T1112 in redshift space, after excluding all O(f2
NL) contributions, derived

by using standard PT formalism, the bias expansion of Eq. (5.1) and RSD up to second

order, is given by
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where ZG
1 (k) and ZG,b

2 (k1,k2) are the Gaussian parts of the redshift kernels Z1 and

Z2 respectively [Eqs. (5.30) and (5.31)], while for ZG,b
2 we exclude also the two SPT

kernel contributions. The terms denoted FPi
and GPi

are the ith permutation of Eq.

(3.129), where the letter F and G represent the SPT kernel used in the expression at
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FIG. 6: One sigma error bar on f eq.
NL as a function of the maximal redshift zmax. Two horizontal lines correspond to f eq.

NL = 40
(the current strongest bound from the CMB) and f eq.

NL = 10. Each panel shows the constraints with and without marginalization
over the EFT and bias parameters. Di↵erent lines correspond to di↵erent combinations of the tree-level and the one-loop power
spectrum and bispectrum. As a reference we also plot a line for the ideal case with no theoretical error and no marginalization.

are the most important for the neutrino mass, one should
have relative errors smaller than 0.1 � 0.5% (depending
on the redshift) which seems quite challenging. Other
parameters, such as b2, bG

2

or Rp, require precision of
1� 10%.

B. Equilateral non-Gaussianities

Let us now consider the constraints on primordial NG
of equilateral shape. Our pNG constraints are solely ob-
tained from the shape dependence of the tree level bis-
pectrum and the power spectrum will be used to break
degeneracies with bias parameters. We will note on ex-
plicit scale dependent bias at the end of this section.

Bispectrum.—In Fig. 6 we plot �(f eq.
NL) as a function of

zmax for di↵erent galaxy abundance scenarios. In the
ideal case, with neither theoretical errors nor marginal-
ization, f eq.

NL ⇠ 1 can be reached at high redshift. This
means that in principle there are enough modes in the
perturbative regime. In practice, the theoretical error
and marginalization degrade the constraints significantly.

Including the theoretical errors only changes �(f eq.
NL)

by a factor of 3 with the one-loop bispectrum and an ad-
ditional factor of 3 with the tree-level bispectrum. Notice
that, as in the case of neutrinos, there is a large di↵erence
between the results from the tree-level and the one-loop
bispectrum. This is due to the fact that including higher
loops increases kmax and reduces the error for k < kmax.

Marginalization degrades the constraints by additional
factor of few. This is not surprising given that the grav-
itational contributions are not very orthogonal to the
equilateral shape. With our simple model for the one-
loop bispectrum of biased tracers, the current Planck

limits can be reached with a survey that would map the
distribution of galaxies up to redshift z ⇠ 1.5. With a
more realistic model which will contain more bias pa-
rameters, the results are expected to get weaker. Going
to higher redshifts, our analysis indicates that reaching
f eq.
NL ⇠ 10 will be very challenging.

Scale dependent bias.— Equilateral NG do not a↵ect only
the bispectrum. They can also contribute to the power
spectrum through a scale dependent bias of the form

�b1(k) ⇡ 9(b1 � 1)f eq.
NL · ⌦m�c

H2
0R

2(z)

D+(z)T (k)
. (49)

(This form can be obtained by taking the squeezed limit
k1 ⌧ k2,3 of (36) as a correction to the power of short
scale modes k2,3 with the characteristic size R(z), the
Lagrangian size of objects observed at redshift z. b1 �
1 and �c = 1.686 typically appear in the simplest halo
models that relate the change in the power to the bias
parameters [30].) We choose the same time dependence
as for the counter terms in the power spectrum: R(z) =
R0D+(z)/D+(0). The power spectrum is modified in the
following way

Pg(k, z) = (b1 +�b1(k))
2P (k, z) , (50)

and one can put constraints on f eq.
NL measuring its shape

carefully. However, the amplitude of �b1(k) is very
small, typically R2H2 ⇠ 10�6. Note that compared to
the similar term in the bispectrum, the e↵ect of the scale
dependent bias at some scale k is R2k2 times smaller. For
perturbative scales Rk < 1, and we expect weaker limits
on f eq.

NL than what we get from the three-point function.
To test this expectation we do a simple forecast using

just the model described by Eq. (50). We do not include

•  The LSS bispectrum allows in principle tight constraints also on non-local  
     shapes e.g. equilateral 

•  Naive mode counting suggest σfNL ~ 1 for equilateral might be achievable by  
     pushing kmax high enough 

•  However, in the non-linear regime we have to model the gravitational  
     bispectrum with high accuracy. Very challenging. Equilateral is more correlated 
     than local to non-linear gravitational bispectrum, so bigger problem. 
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We also included 1-loop local-in-matter bias terms, besides 1-loop matter corrections 
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later on in our analysis, in order to estimate in more de-
tail the e↵ect of neglecting non-Gaussian corrections in our
forecasts.

Another aspect to consider is the covariance between
the power spectrum and the bispectrum (PB) when the two
are used jointly. This was provided, in the Gaussian case,
in Sefusatti et al. (2006) and used in Song et al. (2015). In
Chan & Blot (2017), a comparison between the S/N ratios
coming from N -body simulations is made in order to test the
e↵ect of the PB cross-covariance. In the case of dark matter,
they show that, in the redshift range 0 6 z 6 1, on linear
scales, for abundant samples as those considered here, PB
corrections to the overall signal-to-noise amount at most to
⇠ 10%. This justifies neglecting the cross-covariance in our
forecasts. The combined Fisher matrix will therefore be just
obtained as FP+B

↵� = FP
↵� + FB

↵� .

4.2 Theoretical Errors

The final ingredient of our analyses is the considera-
tion of theoretical errors in the Fisher matrix formalism.
They quantify the uncertainties on the modelling of the mat-
ter perturbations and the bias expansion in the statistics of
galaxies. In the majority of parameter forecasting analyses
they are neglected, while a perfect knowledge of the theo-
retical model is considered.

Here we will follow and extend the treatment of Bal-
dauf et al. (2016), where theoretical errors e are defined as
the di↵erence between the true theory and the fiducial theo-
retical prediction. This formalism considers the true theory
to be the model which takes into account at least one more
perturbative order than the fiducial one. These errors are
bounded by an envelope E and their variation as a func-
tion of wavenumbers is characterized by �k [Eq. (42)]. The
value of the correlation length �k is taken to be that of
the smallest coherence length of the total power spectrum,
that is the scale of the Baryon Acoustic Oscillations (BAO),
�k = �BAO = 0.05 h/Mpc (see Baldauf et al. 2016, for an
extensive discussion). The error covariance matrix is written
as:

Ce
ij = Ei⇢ijEj (41)

where i, j are the indices of the di↵erent momentum con-
figurations (i.e. number of bins and triangles for the power
spectrum and bispectrum respectively). The correlation co-
e�cient ⇢ij accounts for the correlations between the mo-
mentum configurations, considered to follow a Gaussian dis-
tribution, and given by

⇢ij =

8
>><

>>:

exp(�(ki � kj)
2/2�k2) P,

3Y

↵=1

exp(�(ki,↵ � kj,↵)
2/2�k2) B.

(42)

For a diagonal error covariance (i.e. ⇢ii = 1 and ⇢ij = 0
for i 6= j) and a fixed �k, the envelope E(k) would be
independent of the bin size, contrary to the statistical errors.
This means that, for uncorrelated bins, choosing a smaller
bin size will reduce the e↵ect of the theoretical errors. The
presence of an o↵-diagonal ⇢ij ensures that this does not
happen and the relative impact of errors is independent from

the size of the k bins. After marginalising over the theoretical
errors e, the final covariance that will be used in the Fisher
matrix analysis becomes just the sum of the variance of the
power spectrum and bispectrum estimators (Eqs. (38) and
(39) respectively) with the theoretical error covariance [Eq.
(41)].

One of the goals of this work is to test the e↵ect of theo-
retical errors on the expected parameter constraints coming
from high redshift LSS surveys. The Universe is more lin-
ear at high redshifts and hence, for the scales considered
in this analysis, we would not expect to see a significant
impact on the constraints solely from the theoretical un-
certainties attributed to PT. In the formalism proposed by
Baldauf et al. (2016), the envelope is fitted up to two-loops
in matter perturbations for both power spectrum and bis-
pectrum while for the bias expansion they consider only the
linear bias. Here, we proceed in extending their approach to
include the theoretical uncertainties coming from the local-
in-matter bias terms (i.e. b1, b2, b3, etc.) that appear up
to the 1-loop expression of the galaxy power spectrum and
bispectrum. This set of terms has been shown to provide
an accurate description by comparing with simulations and
galaxy catalogues (see e.g. Scoccimarro et al. 2001b; Feld-
man et al. 2001; Verde et al. 2002; Maŕın et al. 2013; Gil-
Maŕın et al. 2014). Note that the inclusion of all the bias
terms at each order (e.g. including tidal terms and other
operators, see Desjacques et al. (2016) for a review) is po-
tentially important and we will consider their contribution
in the theoretical error formalism in the near future (see Sec.
6.1.1 for a discussion).

In order to quantify the theoretical uncertainties, we
fit the galaxy power spectrum and bispectrum envelope af-
ter including the local-in-matter bias terms up to 1-loop, in
addition to the 1-loop matter expressions originating from
the description of PT, while assuming Gaussian initial con-
ditions. More precisely, for the galaxy power spectrum we
take into account all the terms originating from the bias
expansion, that have a dependence on b1, b2 and b3, up
to 1-loop (i.e. Pg,11, P I

g,22 and P I
g,13 of Sefusatti (2009)).

For the galaxy bispectrum, the bias terms considered are
all those with a dependence on b1, b2, b3 and b4, up to 1-
loop, while we exclude those with a dependence on PNG
initial conditions (see e.g. Sefusatti 2009, for details). For
the matter expansion, we consider up to 1-loop terms for
both power spectrum and bispectrum in the cases of SPT
(see e.g. Bernardeau et al. 2002, for a review) and MPT-
breeze (see Appendix B for details). The envelopes for the
power spectrum and bispectrum in the the SPT and MPT-
breeze schemes are given by

EP (k, z) =

8
>>>><

>>>>:

D2(z)PL
m(k, z)

⇥
b21(k/0.32)

1.8

+b22(k/0.43)
1.1 + b1b31.13

⇤
SPT,

D2(z)PL
m(k, z)

⇥
b21(k/0.16)

2

+b22(k/0.43)
1.1⇤ MPTbreeze.

(43)
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tentially important and we will consider their contribution
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6.1.1 for a discussion).
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fit the galaxy power spectrum and bispectrum envelope af-
ter including the local-in-matter bias terms up to 1-loop, in
addition to the 1-loop matter expressions originating from
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take into account all the terms originating from the bias
expansion, that have a dependence on b1, b2 and b3, up
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loop, while we exclude those with a dependence on PNG
initial conditions (see e.g. Sefusatti 2009, for details). For
the matter expansion, we consider up to 1-loop terms for
both power spectrum and bispectrum in the cases of SPT
(see e.g. Bernardeau et al. 2002, for a review) and MPT-
breeze (see Appendix B for details). The envelopes for the
power spectrum and bispectrum in the the SPT and MPT-
breeze schemes are given by

EP (k, z) =

8
>>>><

>>>>:

D2(z)PL
m(k, z)

⇥
b21(k/0.32)

1.8

+b22(k/0.43)
1.1 + b1b31.13

⇤
SPT,

D2(z)PL
m(k, z)

⇥
b21(k/0.16)

2

+b22(k/0.43)
1.1⇤ MPTbreeze.

(43)

MNRAS 000, 000–000 (0000)

5

FIG. 1: Cumulative constraints on the power spectrum am-
plitude using linear theory, if the one loop matter power spec-
trum describes the truth. The red line with error band shows
the constraint without considering the theoretical error and
leads to inconsistent constraints. The black line and error
bound includes the theoretical errors into the parameter es-
timation and leads to an unbiased estimate of the amplitude
of the power spectrum. The plot is made assuming a sin-
gle redshift bin at z = 0 and an ideal survey with volume
V = (2.5 h�1Gpc)3.

B. The Fisher matrix

In this section we give explicit form of the Fisher ma-
trix including the theoretical error both for the power
spectrum and the bispectrum.

From Eq. (15) and the definition in Eq. (8) it follows
that the power spectrum Fisher matrix is

F p
ij =

X

zi

X

k,k0

@Pg(k, zi)

@pi
(C�1)kk0

@Pg(k0, zi)
@pj

, (18)

where the sums run over all redshift and momentum bins
and Pg is the theoretical galaxy power spectrum model
to be described below. All terms are evaluated at the
fiducial value of the parameters p0. Note that we will
consider wide redshift bins, such that the cross spectra
between bins would vanish. For surveys spanning a sig-
nificant fraction of the sky one should in principle per-
form a decomposition of the survey into radial modes
corresponding to redshift and spherical harmonics in the
angular direction [15]. We refrain from these complica-
tions and restrict ourselves to the flat sky analysis. For
definiteness, we are using eight redshift bins with bound-
aries z = 0, 0.3, 0.6, 1, 1.5, 2, 3, 4, 5.

The galaxy power spectrum covariance matrix Ckk0 is

given by

Ckk0 =
(2⇡)3

V (zi)

f�1
sky

2⇡k2dk

✓
Pg(k, zi) +

1

n(zi)

◆2

�kk0+(Ce)kk0 .

(19)
In this equation V (zi) is the volume of the shell that
corresponds to the redshift bin zi, fsky is the observed
fraction of the sky, dk the width of momentum bins and
n(zi) is the number density of galaxies in the redshift
bin (see the appendix for a derivation of shot noise 1/n
contribution to the galaxy power).
Similarly, the Fisher matrix for the bispectrum is (see

for example [16])

F b
ij =

X

zi

X

T,T 0

@Bg(T, zi)

@pi
(C�1)TT 0

@Bg(T 0, zi)
@pj

. (20)

The sum this time runs over all di↵erent triangles T and
Bg(k1, k2, k3, zi) is the theoretical model for the bispec-
trum. All terms are evaluated at p0 and the ordering of
the momenta is k1 � k2 � k3. Therefore, the sum over
triangles can be explicitly written as

X

T

⌘
k
maxX

k
1

=k
min

k
maxX

k
2

=k
1

k
2X

k
3

=k⇤

, (21)

where k⇤ = min(kmin, k1 � k2). The covariance matrix
between triangle configurations is

CTT 0 =
(2⇡)3

V (zi)

⇡s123f
�1
sky

dk1dk2dk3

M

k1k2k3
�TT 0 + (Ce)TT 0 , (22)

where s123 is the symmetry factor that is equal to 6, 2 or 1
for equilateral, isosceles and general triangles respectively
and

M =
3Y

a=1

✓
Pg(ka, zi) +

1

n(zi)

◆
. (23)

Notice that both for the power spectrum and the bispec-
trum we use the Gaussian approximation for the data co-
variance matrix Cd. For scales much larger than the non-
linear scale, this approximation is justified but it breaks
down on small scales, where loop corrections in the in-
put power spectrum, perturbative o↵-diagonal terms and
eventually the one-halo term enters.
Many of the parameters p (for instance bias parame-

ters) will a↵ect both the power spectrum and the bispec-
trum. In order to improve the constraints on the relevant
cosmological parameters one can perform a joint analy-
sis of the power and bispectrum. The result of this joint
analysis can be assessed using the combined information
from the two Fisher matrices. We perform a simple com-
bination in which the Fisher matrix is6

F = F p + F b + diag(1/�2
pi
) , (24)

6 In principle one should include the covariance between the power
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Figure 8. The e↵ect of theoretical errors on the bias parameters and on the three fNL parameters per redshift bin (i.e. two times
the value of �z in Table 1) for the 1 µJy radio continuum survey. The dashed lines represent our “idealised model”, using a simplified
monopole statistic for the bispectrum (see item iv in Sec. 5), without theoretical or redshift errors (i.e. the starting step of our analysis,
as explained in the main text); for the power spectrum we used the linear predictions with PNG [Eq. (31)], while for the bispectrum of
galaxies we used Eq. (32). The non-linear evolution is treated within the formalism of MPTbreeze. The solid lines represent the same
model, but including theoretical errors, as described in Sec. 4.2. Forecasts for the power spectrum are plotted in blue, for the bispectrum
in green and for both power spectrum and bispectrum in red, without taking into account their cross term in the covariance. The dotted
grey line indicates the best constraints on the PNG amplitude, as given by Planck Collaboration et al. (2016b).

are related to the local-in-matter bias coe�cients, i.e.
b1, b2, b3, etc.

(vi) The e↵ect of the theoretical errors on forecasts is
shown as a function of redshift in Fig. 8 and 9 for
the two radio continuum surveys considered here. The
e↵ect on the forecasts coming from the summed signal
over all redshift bins is shown in Tables 4 and 9 for the
radio and optical surveys respectively.

(vii) The third step is to move to redshift space and in-
clude the full RSD treatment up to second order. The
galaxy power spectrum and bispectrum model in red-
shift space are given by Eqs. (26) and (27) respectively.
Note that the trispectrum term in Eq. (27) is still ex-
cluded for now. Only the diagonal part of the theo-
retical error covariance is used in the redshift space
models. As also mentioned just above, we argue in Sec.
6.1.1 that the e↵ect of the o↵-diagonal part on the fi-
nal fNL forecasts is small. Note, finally, that we are still
not including redshift errors. Therefore our forecast up
to this point are still unrealistic for optical photomet-
ric and for radio surveys, for which these errors are
important. The goal, up to here, remains that of as-
sessing the impact of each ingredient added at each
new step of the analysis. Moreover, forecasts with no
redshift errors included provide upper limits to the per-

formance of realistic radio continuum surveys, eventu-
ally approachable by improving current techniques for
redshift determination.

(viii) In addition to the RSD e↵ect, we consider redshift
uncertainties, which are modelled like Eqs. (29) and
(30) for the power spectrum and bispectrum respec-
tively (see Sec. 2.3.2 for a discussion). The e↵ect of
RSD, theoretical errors and redshift uncertainties to
the fNL forecasts is shown in Tables 5, 6 and 11 for
the radio and optical surveys respectively.

(ix) Finally, we take into account the trispectrum term in
the galaxy bispectrum for both the idealised and the
full RSD models (see Eqs. (22) and (27)). The e↵ect of
this trispectrum correction to the final PNG forecasts
is shown, for the idealised case, in Tables 7 and 10 for
the radio and optical surveys respectively. For the fi-
nal “full” model (i.e. RSD+theoretical errors+redshift
errors+trispectrum), the fNL forecast are shown in Ta-
bles 8 and 11 for the radio continuum and optical sur-
veys respectively.

(x) We summarize our final forecast results on the ampli-
tude of PNG coming from future LSS surveys in Table
12.
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Figure 9. Same as in Fig. 8, but for the 10 µJy radio continuum survey.

Figure 10. Same as Fig. 8, where here the ratio of the expected 1� errors between the case with theoretical errors (denoted in the plots
with the upper index TE) and without is shown. The spikes observed in the expected forecasts, obtained when including the e↵ect of
theoretical errors can be attributed to the trade-o↵ between the contributions coming from higher-order terms in the matter and bias
expansions (see main text in Sec. 6.1.1 for a discussion).
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Bispectrum	variance:	NG	correc;ons	

Chan and Blot (2017) 

Ø  Dominant contribution from  
     1-loop power spectrum 

Ø  Final constraints deteriorate by ~40% 
     for local and ~20% for equil. When  
     including NG corrections. 
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high accuracy of the measured redshifts can provide a red-
shift distribution function with a negligible overlap, which
indicates that the redshift bins’ cross-spectra would have a
small e↵ect 4 (see e.g. Giannantonio et al. 2012, for a dis-
cussion). We aim for a complete and conservative analysis,
therefore we will restrict the analysis to the linear regime,
and exclude non-linear scales. For the redshift evolution of
kmax(z) we consider, kmax(z) = 0.1/D(z) h/Mpc where it
slowly varies with redshift while it stays inside the linear
and semi-linear regime, ensuring the validity of the bias ex-
pansion as well as SPT itself. This limit in the magnitude of
the k mode holds also for the bispectrum, where the sides
of the triangle satisfy kmin 6 k1, k2, k3 6 kmax.

In our Fisher matrix analysis, only the diagonal part of
the covariance matrix (i.e. �P 2 and �B2) is taken into con-
sideration, neglecting all the cross-correlations between dif-
ferent triangles (bispectrum) and k-bins (power spectrum).
We adopt a Gaussian approximation for the variance terms:

�P 2(k, z) =
4⇡2

Vsurveyk2�k�µ
P 2
tot , (38)

�B2(k1, k2, k3, z) = s123⇡Vf
Ptot(k1)Ptot(k2)Ptot(k3)

k1k2k3�k3�µ��
,

(39)

where s123 = 6, 2, 1 for equilateral, isosceles and scalene tri-
angles respectively. The volume of the fundamental shell in
Fourier space is Vf = k3

f . In addition Ptot(k, z) = P s
g (k, z)+

1/ng, where the stochastic contribution is excluded from P s
g

and the remaining term accounts for the shot noise. Note
that for the Fisher matrix in redshift space, the normaliza-
tion for the range of the two angles, i.e. Nµ = µmax � µmin

and N� = �max � �min, must be applied. The full covari-
ance of the two estimators is outlined in Sefusatti et al.
(2006), where the o↵-diagonal elements are defined by higher
than three point correlators. Although the above results are
for redshift space statistics, the reduction to real space is
straightforward.

Recently, the authors of Chan & Blot (2017) used dark
matter N -body simulations, including four halo samples
with di↵erent number densities, in order to study the full
covariance of the power spectrum and bispectrum estima-
tors. They focused on extracting an integrated signal-to-
noise ratio for all bins/triangles, checking how this gets
degraded when o↵-diagonal covariance elements and non-
Gaussian contributions to the variance are accounted for.
While this does not include a specific study of the degrada-
tion of error bars for PNG or other cosmological parameters,
their results can provide useful guidelines to assess the valid-
ity of our diagonal covariance approximation and the error
on the parameter forecast we introduce by employing it.

For the dark matter power spectrum, Chan & Blot
(2017) show that the correlation coe�cient between di↵erent
modes never exceeds ⇠ 15% at z = 0, up to kj = 0.1 h/Mpc.
For z = 1, the correlation reaches at most ⇠ 20%, up to
kj ⇠ 0.15 h/Mpc. In all cases, correlations decrease away
from the diagonal. On the scale range considered here, the

4 In Bailoni et al. (2017) they show that, neglecting cross-
correlations between the di↵erent redshift bins leads to a few
percent e↵ect.

non-Gaussian corrections to the diagonal part of the covari-
ance is negligible at z = 0, as well as for z = 1. For halos,
these corrections can be up to ⇠ 10% for the same scale
range, in the case of the small density halo samples, with
the exact value depending on the redshift. Furthermore, the
results agree with the covariance model predicted by PT up
to k = 1 h/Mpc for the abundant halo sample. Therefore we
conclude that the exclusion of the o↵-diagonal part in the
galaxy power spectrum covariance will introduce an error
of up to 10� 15%, for the scale range and redshifts consid-
ered here, depending on the number density of the sample.
In addition, the non-Gaussian corrections to the variance
are negligible for the high density samples and scale range
considered here.

For the dark matter bispectrum, it is shown that the
non-Gaussian corrections to the diagonal Gaussian part
(for equilateral configurations) is ⇠ 8% at z = 0 and
k = 0.1 h/Mpc and that PT predictions agree with the nu-
merical results up to k ⇠ 0.15 h/Mpc. For higher redshifts
(i.e. z = 0.5, 1) the corrections are at the level of a few per-
cent, up to k ⇠ 0.16 h/Mpc, while the PT predictions are in
good agreement with the results up to k ⇠ 0.2 h/Mpc and
k ⇠ 0.3 h/Mpc for z = 0.5 and z = 1 respectively. In addi-
tion, it is shown that the correlation coe�cient, used to test
couplings between di↵erent triangles, is consistent with zero
for the large scales and for the redshift slices considered.

When, instead of dark matter, we consider halos, tri-
angle couplings and non-Gaussian corrections strongly de-
pend on the redshift and density of the sample. Correc-
tions to the diagonal Gaussian part are negligible at z = 0
and k = 0.1 h/Mpc in the case of a high density sample
(n ⇠ 10�3 [Mpc/h]�3). On the other hand, for a low den-
sity case (n . 2 ⇥ 10�5 [Mpc/h]�3) the correction is found
to be between few percent and ⇠ 10% at low redshift, and
increasing up to ⇠ 90% at high redshifts.

The samples considered in this work have a high number
density for the majority of the redshift bins (except only for
some high redshift slices, where non-linearities are anyway
less important), ng & 104 (h/Mpc)3 (see Table 1 and Ap-
pendix 3). Therefore we do not expect the exclusion of the
non-Gaussian part in the covariance to overestimate much
the S/N ratio and to have a large impact on the final PNG
forecasts.

As explicitly shown in Chan & Blot (2017), on the large
scales considered here the full non-Gaussian contribution
can be well approximated by including perturbative correc-
tions to the power spectrum appearing in the bispectrum
variance expression, obtaining

�B2
NL(k1, k2, k3, z) = �B2(k1, k2, k3, z) +

s123⇡Vf

k1k2k3�k3�µ��

⇥
✓
Ptot(k1)Ptot(k2)(P

NL
g (k3)� Pg(k3) +

1
ng

) + 2 perm

◆
,

(40)

where PNL
g (k3) is given by Eq. (19) after replacing the linear

matter power spectrum with the non-linear one, as predicted
by the HALOFIT algorithm (Smith et al. 2003; Takahashi
et al. 2012). The reason that HALOFIT, instead of the PT
one-loop matter power spectrum, is used, lies in the fact
that the latter leads to overestimating the actual variance
in the weakly non-linear regime. We will use this expression
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FIG. 10: The leading tree-level contributions to the diagonal
elements of the dark matter bispectrum covariance matrix at
z = 0 for the equilateral triangle configuration. The binning
�k = 0.019Mpc�1 h is used here and all the plots for bis-
pectrum. Upper panel: the Gaussian contributions CL

G

(solid
blue) and CLoop

G

(red, solid for positive part, dashed for neg-
ative part), the non-Gaussian BB contribution (solid, cyan)
and PT contributions (solid, green), and the sum of all the
contributions (solid black). Lower panel: the ratio of various
terms normalized with respect to CL

G

. The violet line includes
all the high order correction terms.

In the Appendix B, we show the derivation of U .
From Eq. 38 and 39, we find that the non-Gaussian in-

tegral corrections scale with the bin width �k as 1/�k.
In contrast the Gaussian term C

G

exhibits a stronger
scaling 1/(�k)3. From Eq. 39 and 40, we explicitly see
that the non-Gaussian terms scale with the volume of the
simulation as k

3

F

, the same as the Gaussian term. The
volume dependence is the same as that for the power
spectrum covariance. As we mentioned, this is a conse-
quence of the statistical translational invariance.

Ref. [31] computed the non-Gaussian contributions to
the weak lensing bispectrum covariance. The structures
of the terms are similar to the ones we consider here,
with the main di↵erence that their results are for 2D
field, while ours are 3D. The authors classified the non-
Gaussian terms into groups of order bispectrum squared,
BB, a product of power spectrum and trispectrum, PT ,
and connected 6-point function. Our terms CF3 , C

2

F2I
,

C

2

F2II
, C4

F2II
would be classified as the order PT . This

can be easily seen from Fig. 9 as there is a curvy line,
which represents a power spectrum, directly connecting
the two sides of the bispectrum estimators on the top of
each of these diagrams. The rest of the diagram has the

same structure as the trispectrum terms shown in Fig. 1
except C2

F2II
. The trispectrum part in C

2

F2II
is in fact the

contribution to the beat coupling for the power spectrum
discovered in [25]. For the periodic boundary condition
simulation we consider here, it does not contribute to the
power spectrum covariance. However, it can exist in part
of another diagram. The remaining terms C

1

F2I
, C1

F2II
,

and C

3

F2II
belong to the group BB. This is because each

of the diagrams in this set can be decomposed into two
bispectrum parts with each part consisting of two points
from one of the estimators and another one from the
other estimator.

In addition, [31] also estimated the connected 6-point
function using 1-halo term in the halo model. The lead-
ing tree-level connected 6-point function is of the order
of P 5

L

. Relative to those in Eq. 29–35, there is no explicit
Dirac delta function such as �

D

(p±p

0) in the connected
6-point contributions, thus they couple triangles of dif-
ferent shapes. Furthermore they do not depend on the
bin width. We can make a simple estimate by taking the
equilateral triangle shape and assuming Fn kernels are of
order 1. Neglecting the symmetry factors, the connected
6-point function contribution from perturbation theory
is ⇠ k

3

F

P

5

L

. The magnitude of the terms in Eq. 29–35
is ⇠ k

3

F

P

4

L

U/V

2

123

⇠ k

3

F

P

4

L

/(4⇡k2�k). Thus the 6-point
contribution is subdominant. For example at z = 0 and
k = 0.2 Mpc�1

h, it is 7% of the non-Gaussian terms
we considered here. Of course, for triangles of di↵erent
shapes, the non-Gaussian terms we consider vanish, the
connected 6-point contribution must be included.

Classifying the terms into groups PPP (the Gaussian
one), BB, PT , and the connected 6-point contributions
provides a way to resum the perturbation series. As we
mentioned, using the nonlinear power spectrum in the
Gaussian term we e↵ectively resum part of the higher
order contributions. Similarly, we can replace P , B and T

with the nonlinear ones obtained either from simulation
measurements or other analytic methods, such as halo
model. This approach was taken in [31], but we will not
pursue this further in this paper.

In Fig. 10, we show the contribution to the covariance
for the equilateral shape. We have compared the lin-
ear Gaussian term with the high order correction to the
Gaussian term and the non-Gaussian terms, which we
have grouped into BB and PT respectively. We see that
for k . 0.06 Mpc�1

h, the BB term is the dominant non-
Gaussian term, but it is negligible for high k. The PT

contribution becomes the dominant non-Gaussian con-
tribution for k & 0.06 Mpc�1

h. Yet still the PT term is
small compared to the loop contribution to the Gaussian
for k & 0.1 Mpc�1

h. For the isosceles shape, the results
are qualitatively similar.

2. Halos

The discrete nature of halos causes stochastic fluctu-
ations. Similar to the case of power spectrum, the shot



Ø  “Bivariate term” gives the largest contribution. Decrease rapidly with increasing kmin 
Complementarity between power spectrum and bispectrum (different scales) also 
important for robustness, besides S/N. 
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Final	forecasts	

 

Ø  Theoretical errors: bias loop corrections are important 
 

Ø  Bispectrum improves substantially over power spectrum 

Ø  NG contributions to bispectrum variance and off-diagonal covariance terms 
    need further work. 

29

Planck Radio continuum, 1 µJy Radio continuum, 10 µJy Spectroscopic Photometric
Local 5.0 0.2 0.6 1.3 0.3

Equilateral 43 244 274 57 184
Orthogonal 21 18 29 18 38

Table 12. Summary of 1� limits for the three PNG types considered, from radio continuum and optical surveys derived from combining
the power spectrum and bispectrum and accounting for RSD, the trispectrum term and theoretical errors. See text for more details.

survey, a degradation of ⇠ 42% and ⇠ 20% is observed in
the forecasts for the local and equilateral PNG types respec-
tively. For the photometric probe we get a deterioration of
⇠ 32% and ⇠ 10% for the final predicted constraints on local
and equilateral PNG respectively. This is not overall a very
large e↵ect, in the context of a Fisher forecast. However, it
does make it clear again that such NG contributions to the
bispectrum variance are not negligible, and future analyses
will have to include them to achieve high accuracy.

7 CONCLUSIONS

In this paper we have investigated possible future con-
straints on the amplitude of the non-Gaussian parameter
fNL for three types of PNG shapes – local, equilateral and
orthogonal – and on galaxy bias parameters, through galaxy
power spectrum and bispectrum measurements on large
scales using a Fisher matrix approach. We thoroughly ac-
counted for a large number of e↵ects in modelling the gravi-
tational non-Gaussian contributions, including a full second
order treatment of bias and RSD, going beyond real space
angle averaged fNL forecasts presented in other works. We
carefully investigated the propagation of theoretical uncer-
tainties, following the approach introduced in Baldauf et al.
(2016), but extending it to bias loop-corrections. All these
e↵ects were to a various extent included in previous litera-
ture, but for the first time we accounted for all of them at
once in a single forecast analysis. The cross-correlation be-
tween power spectrum and bispectrum was ignored in this
work, and the bispectrum covariance approximated as di-
agonal. However, for the large scales considered here, we
discussed how this should have a small impact, based on re-
cent results in the literature (Chan & Blot 2017). We also
employed, as standardly done, a Gaussian approximation for
the bispectrum variance. We presented an explicit estimate
of the e↵ect of ignoring non-Gaussian contributions to the
variance, by considering leading non-Gaussian corrections.
We found that, in the worst case scenario, such corrections
can degrade constraints by ⇠ 50%. A more detailed study of
the bispectrum covariance, including PNG corrections, will
be included in a future work. Likewise, it will be important
to account in the future for the e↵ect of relativistic correc-
tions on the bispectrum, especially for large volume surveys
(see e.g. Di Dio et al. 2016; Raccanelli et al. 2016; Umeh
et al. 2017; Bertacca et al. 2018).

In addition to the previous ingredients, we improved
the modelling of the galaxy bispectrum by considering a
complete second order bias expansion, which includes for
the first time the trispectrum term [Eq. (17)]. We only con-
sider the zeroth order (tree-level) expansions in the matter
fields, because we are only interested in the large-scale con-
tributions. For dark matter, we have used the MPTbreeze

perturbation theory, based on Renormalised Perturbation
Theory, which provides a natural cut-o↵ in the non-linear
regime, such that ultraviolet divergences are automatically
removed. The final bispectrum model used for our forecast
is presented in Eq. (22).

Our results are based on radio continuum (with 10 µJy
and 1 µJy flux limits) and optical (spectroscopic and pho-
tometric) surveys. In the case of radio surveys, we assume a
clustering-based estimate of redshifts.

We have summarised our main results in Table 12,
where we have reported the forecasts derived by combining
power spectrum and bispectrum for the three non-Gaussian
shapes, together with the Planck temperature and polari-
sation constraints (Planck Collaboration et al. 2016b), as a
comparison.

For the local shape, LSS measurements can provide im-
portant improvements over current CMB bounds, even using
only the power spectrum, but the bispectrum will allow do-
ing much better, with a further improving factor ⇠ 5. For
equilateral PNG, the bispectrum is by far the most useful
statistics, but it is plagued by the fact that theoretical errors
peak in the equilateral limit. Therefore, improving upon cur-
rent forecasts by including smaller scales and more modes,
at low redshift, will require exquisitely accurate modelling
of late-time non-linearities. On the other hand, large future
radio continuum surveys will provide access to much larger
volumes and higher redshifts. Note that the constraining
power of the galaxy bispectrum on probing PNG can be
improved by using the multitracer technique (Seljak 2009;
Hamaus et al. 2011) as was in Yamauchi et al. (2017).

The trade-o↵ for these surveys is however represented
by large errors in the determination of redshifts, which be-
come dominant and now overshadow the e↵ect of theoretical
errors. In a very idealised case where galaxy redshifts could
be accurately known for all objects, even in presence of sig-
nificant theoretical errors, large improvements (e.g. up to a
factor ⇠ 5 for radio) with respect to Planck equilateral con-
straints are obtained. This constraining power mostly comes
from very large scales and trispectrum contributions, which
display a ⇠ k�2 scale-dependence in the equilateral case.
Such contributions therefore deserve further attention. In
a more realistic case, redshift errors a↵ect these forecasts
significantly. The gain obtained by including the trispec-
trum term is actually still large when z-errors are included,
but it becomes insu�cient to improve over current equilat-
eral Planck bounds. The final forecasts are in the first two
columns of Table 12.

We note that the issue above cannot be circumvented
simply by looking at the trispectrum term in forthcoming
optical spectroscopic surveys, because they have too small a
volume to make such term significant. We argued that look-
ing instead at HI spectroscopic surveys is another interesting
approach, which we will pursue in a forthcoming work. The
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Oscillatory	shapes	

Features of the primordial spectra

Vanilla power law is the out-of-the-ordinary scenario.
Supergravity, duality cascades, waterfall transitions, the imprint of heavy physics on
the inflaton, fast phase transitions, multiple fields... generate features in the primordial
power spectrum and bispectrum.
Features in the PS and BS are correlated: joint analysis tightens constraints and
breaks degeneracies. (ma non ho i risultati pronti!)
Proof of concept with a benchmark model: PS and BS with linear oscillations.

P⇣ (k) = P⇣,0(k)

"
1 + AP sin
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, B⇣ (k1, k2, k3) = fNL

6P2
⇣,0(kp)

k2
1 k

2
2 k

2
3

sin

 
2⇡Kh
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where K = k1 + k2 + k3.
CMB can only probe a finite range of scales (in realtà dal plot si vede male, ma a
piccole scale (quelle tagliate) la sensitivity scende. Se ce lo vuoi mettere —non mi
arrendo ahahah— runno un altro po’ di punti e ti mando il plot aggiornato entro fine
settimana)

A variety of inflationary models (features in the potential, axion monodromy…)  
Can produce oscillatory features in the bispectrum. We consider linear oscillations:  

 

-  CMB+ LSS analysis. LSS can significantly imprrove over CMB 
-  Theoretical errors are much less correlated with these shapes 

NO theoretical errors WITH Theoretical errors (diagonal only)
�(fNL) �(�B ) �(ks ) �(fNL) �(�B ) �(ks )

B[fNL=-348] 14 0.1 1 ⇥ 10�4 15 0.1 1 ⇥ 10�4

B[fNL=118] 13 0.3 3 ⇥ 10�4 14 0.3 3 ⇥ 10�4

B[fNL=1] 13 40 3 ⇥ 10�2 14 41 3 ⇥ 10�2

Table: Bispectrum forecasts from the EUCLID survey for the amplitude (fNL), phase (�B ) and frequency (kc )
for three di↵erent fiducial values for fNL. The fiducial for the other two parameters of interest are �B = 0 and

ks = 0.01875 Mpc�1. Including theoretical errors (diagonal only of the error covariance for now) degrades the fNL
constraints by 7%.

Figure: The e↵ect of theoretical errors on the forecasts of f1, f2 and ks per redshift bin for EUCLID. Note that
only the diagonal theoretical error covariance is taken into account. Left column is for kmax = 0.1/D(z), while the
right corresponds to the scale limit of kmax = 0.2/D(z).

Karagiannis et al. in prep. 
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Intensity	mapping:	z	<6	

Foregrounds: remove scales with                        (“wedge”)    

Figure 2. The forecasts for the non-Gaussian amplitude, in the case of the three types of PNG
considered here, after marginalising over the free paraemters. The results are potted as a function
of redshift and each column corresponds to one of the three surveys considered in this work. The
”3⇥prime-beam" wedge is used, as well as we exclude all scales that satisfy, kk < 0.01 h/Mpc

The PNG forecasts are presented in Fig. 2 and Table 2, in the case of the three surveys
assumed here. The results are derived after summing the signal over the redshift range of each
individual survey. We apply a cut in the scales that are smaller than k||,min = 0.01 h/Mpc,
while we confine the analysis inside the linear/semi-linear regime, where the tree-level power
spectrum and bispectrum is valid, by cutting the maximum scales at kmax = 0.75kNL(z).
The non-linear scales are defined taken to be the linear, one dimensional velocity dispersion,
given by

kNL(z) =


1

6⇡2

Z 1

0
dk Plin(k, z)

��1/2

. (4.6)

Note that the smallest accessible scales are also limited by the specifications of each survey.
The largest and smallest available perpendicular scales are given by k?,min = 2⇡/(r✓FOV)

and k?,max = 2⇡Dmax/(�r) respectively, where r is the usual co-moving distance.
To treat the foregrounds we follow the wedge approach [39, 40], where all scales that

satisfy ,kk < kwedgek?, are excluded. Here we use the prime-beam wedge limit defined as [39]

kPB =

rH(z)

c(1 + z)
sin

✓
Nw

✓FOV

2

◆
, (4.7)

where Nw = 3 is used for the main forecasts of this work.
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Stage II CHIME HIRAX
kk,min [h/Mpc] 0.01 0.05 0.01 0.05 0.01 0.05

P(loc) 2.85 12.58 34.38 116.25 25.45 99.63
B(loc) 0.61 2.28 72.1 453.91 6.16 39.25

P+B(loc) 0.59 2.09 30.13 111.36 5.91 30
P(equil) - - - - - -
B(equil) 31.11 54.3 577.55 3153.79 76.38 275.78

P+B(equil) 21.68 28.69 262.82 788.7 45.43 81.2
P(ortho) 103.85 123.44 959.54 1558.01 571.84 769.33
B(ortho) 5.97 20.45 217.25 1245.55 26.13 120.42

P+B(ortho) 5.91 18.89 159.89 606.51 22.65 68.4

Table 3. Same as in Table 2, but now we test the effect of the kk,min cuts on the fNL forecasts. We
fix the wedge cuts to be as in the case of ”3⇥ prime-beam" (i.e. Nw = 3 in Eq. (4.7)) and consider
two values of the kk cut. Therefore the results that are under the "kk,min = 0.01" columns correspond
to the main results of this work (i.e. same as "3⇥PB" of Table 2).

5 Conclusions
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CIB	power	spectrum	
•  CIB power spectrum is integrated over a large volume. Ideal for scale 
     dependent bias (Tucci, Desjacques, Kunz. 2016) 

•  Seriously contaminated by dust, but future full-sky satellite B-mode  
     experiments with many (high-)frequency channels allows very accurate 
     component separation. 

(Finelli et al. 2016) (Tucci et al. 2016) 
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Intensity	mapping:	30	<	z	<	100	

M. Liguori, Challenges in constraining NG 
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that we search for one type of PNG at a time. No-
tice that we disregard higher order correction terms,
proportional to �↵2 and �T̄ 2

21, since we will be able
to model those two parameters to a precision better
than 0.3%, as shown in Tab. II, which would mean that
the bias in the non-gaussianity amplitude is of order
�fNL ⇠ 103(3 ⇥ 10�3)2 . 10�2.

We fit simultaneously for the amplitude of the PNG
and for the residual coe�cients of the secondary bispec-
trum. We treat the latter as nuisance parameters over
which we will marginalize. In geometrical terms, we con-
struct an estimator for the PNG by projecting the ob-
served bispectrum on the component of the primordial
bispectrum orthogonal to all shapes of secondary non-
gaussianity.

The minimum-variance cubic estimators for the pa-
rameters f

i

are given by [67]

f̂
i

⌘
X

j

(F�1)
ij

(bj , Bobs � Bsec,0)
z

, (48)

where F�1 is the inverse of the Fisher matrix F whose
components are

F
ij

⌘ (bi, bj)
z

. (49)

The variances of these estimators are [73]

�2
f̂i

= (F�1)
ii

, (50)

and the signal-to-noise ratio (SNR) for fNL is
fNL/

p
(F�1)00.

We show in Fig. 5 the forecasted SNR for the local-type
PNG, for a single narrow redshift slice around z = 50,
as a function of the maximum multipole moment `max

(with `min = 100). We also show for reference the SNR
one would obtain if one neglected the secondary non-
gaussianities, i.e. when substituting (F�1)00 ! 1/F00 as
in Ref. [28]. We see that properly accounting for sec-
ondary non-gaussianities and their correlation with the
primordial bispectrum reduces the SNR by a factor of
⇠ 6.

We also show the SNR integrated starting from `max =
105 down to a minimum `min, as a function of the latter.
It plateaus for `min ⇠ 103, so modes with smaller ` do
not contribute significantly to the signal-to-noise ratio,
which justifies our neglect of several contributions to the
bispectrum on large scales.

In Fig. 6 we show the forecasted SNRs for the
other shapes of PNG we considered. Secondary non-
gaussianities are less correlated with these shapes than
the they are with the local type, so the reduction in SNR
is not as dramatic (a factor of ⇠ 3).

We summarize the forecasted SNR in Table I for a
single narrow redshift-slice at z = 50, for `max = 104

(corresponding of an angular resolution of roughly 1 ar-
cmin) and `max = 105 (0.1 arcmin angular resolution),
assuming a cosmic-variance-limited experiment (i.e. tak-
ing Ctot

`

= C
`

, and neglecting additional thermal noise).
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no secondary

secondary marginalized

`max = 105, vary `min

FIG. 5. Signal-to-noise ratio (SNR) for PNG of the local type
with f

NL

= 1, for a single narrow redshift slice at z = 50 and
assuming f

sky

= 1. The blue dashed curve shows (F
00

)1/2,
the SNR obtained if one neglected secondary non-gaussianity.
The black solid and red dotted curves show [(F�1)

00

]�1/2,
the SNR after marginalization over the unknown residual am-
plitudes of the secondary bispectrum, as a function of `

max

(black solid) and as a function of `
min

at fixed `
max

= 105

(red dotted).
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FIG. 6. SNR for di↵erent shapes of PNGs (with f
NL

= 1),
after marginalization over the residual amplitudes of the
secondary bispectrum. The di↵erent lines correspond to
equilateral-type PNG (solid black), orthogonal-type PNG
(blue dashed), and the three direction-dependent shapes J =
1, 2 and 3 in dotted green, dash-dotted brown, and long-
dashed red, respectively.

In particular, we find that values of f loc
NL ⇠ 1.3 and ⇠ 0.23

could be reached for `max = 104 and 105, respectively.
The bigger improvement for better resolution for the or-
thogonal and equilateral shapes with respect to the local
one is due to the fact that they become less degenerate
with the secondary bispectra as more modes are added
in the analysis, as argued in Section IV A.

It is interesting to discuss how well we could probe the
four secondary coe�cients, T 21, ↵, �, and �. In Tab. II we
show the relative errors reachable for each of them with

11

PNG type �f
NL

(arcmin) �f
NL

(0.1 arcmin)

Local 1.3 0.23

Equilateral 14 0.71

Orthogonal 11 0.71

J = 1 83 5.3

J = 2 4.5 0.83

J = 3 40 3.1

TABLE I. Detection forecasts for di↵erent shapes of PNG for
a cosmic-variance-limited experiment observing the full sky
at a single narrow redshift slice at z = 50. The central col-
umn gives the results for `

max

= 104 (equivalent to having an
experiment with arcminute resolution), and the right column
those for `

max

= 105 (one tenth of arcminute).

a 0.1 arcminute resolution, as well as the correlation with
the rest of parameters.

T
21

↵ � � f
NL

T
21

5.9⇥ 10�4

↵ �0.95 2.6⇥ 10�3

� �0.97 0.91 0.012

� 0.41 �0.63 �0.43 7.2⇥ 10�4

f
NL

0.89 0.85 �0.92 0.36 0.23

TABLE II. Fractional error and correlation coe�cients of f
NL

and secondary bispectrum amplitudes. The diagonal elements
are the fractional errors for each parameter, calculated asp

(F�1)
00

for the case of f
NL

and
p

(F�1)ii/A
0

i for the rest.
The o↵-diagonal elements are the correlations between param-
eters, defined as (F�1)ij/

p
(F�1)ii(F�1)jj . For these results

we considered local non gaussianity, at redshift z = 50 and a
resolution of 0.1 arcminutes.

C. Choice of nuisance parameters

In our analysis we have marginalized over the residuals
of the four coe�cients T 21, ↵, �, �. Here we discuss how
di↵erent choices would a↵ect our results.

On the optimistic side, if we were able to relate the
four secondary coe�cients to each other to high preci-
sion we could choose to marginalize over a single overall
amplitude for the secondary bispectrum.

On the pessimistic side, we may choose to marginalize
over all geometrically distinct contributions to the sec-
ondary bispectrum. This would account for unknown
redshift dependences in the c

i

coe�cients. Recalling
that the kernels F and G are made of three geometri-
cally distinct pieces, Eq. (37) gives 18 di↵erent geomet-
ric shapes. Equation (41) adds three independent shapes.
This amounts to a total of 21 distinct geometric shapes,
the amplitudes of which we marginalize over.

We show the resulting SNRs in Fig. 7, where for refer-
ence we also show the SNR in the absence of secondary

non-gaussianities, and our main result, which considers
4 nuisance parameters. As expected, our result lies be-
tween the optimistic and pessimistic cases, which act as
bounds for the SNR when considering additional sec-
ondary bispectra.

In particular, in the optimistic approach, the SNR is
improved by a factor of ⇠ 5: we find detection limits
f local
NL ⇠ 0.12, f equil

NL ⇠ 0.75, fortho
NL ⇠ 0.58, fJ=1

NL ⇠ 5.7,
fJ=2
NL ⇠ 0.88, fJ=3

NL ⇠ 13 at arcminute resolution and

f local
NL ⇠ 0.0063, f equil

NL ⇠ 0.032, fortho
NL ⇠ 0.030, fJ=1

NL ⇠
0.19, fJ=2

NL ⇠ 0.04, fJ=3
NL ⇠ 0.40 at maximum resolution

for a single redshift slice at z = 50.
In a real experiment, a �2-like test should be carried

out to find out whether additional secondary bispectra
to the four proposed here need to be considered.

no secondary

1 shape

4 shapes

21 shapes
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��
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FIG. 7. SNR for local-type PNG with f
NL

= 1 as a function
of `

max

, when neglecting secondary non-gaussianities (top,
solid black curve), marginalizing over an overall amplitude of
the secondary bispectrum (blue dashed), marginalizing over
4 coe�cients as we do in the main text (red, dashed), and
marginalizing over the amplitudes of the 21 geometrically
distinct shapes of secondary bispectra (bottom, green dash-
dotted).

D. Tomography

So far we have been studying the bispectrum on a sin-
gle redshift slice, which would correspond to observing
the 21-cm line with a single frequency channel. However,
one of the great advantages of the 21-cm line is that it
enables us to coadd information from di↵erent redshifts.

Before thinking of how to add di↵erent redshift shells
we will study whether they contain the same or di↵erent
information. Let us construct a measure of the correla-
tion between two slices at a radial distance �r from each
other. We define the correlation length ⇠

r

(`) as the radial
separation beyond which the cross-correlation between
two redshift-slices is less than 1/2 the power spectrum:

C
`

[�r = ⇠(`)] =
1

2
C

`

[�r = 0], (51)
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PNG type �f
NL

(1 MHz) �f
NL

(0.1 MHz)

Local 0.12 0.03

Equilateral 0.39 0.04

Orthogonal 0.29 0.03

J = 1 1.1 0.1

J = 2 0.33 0.05

J = 3 0.85 0.09

TABLE III. Minimum f
NL

detectable integrating all redshift
slices between z = 30 and z = 100 for f

sky

= 1. In the central
column we show the result for a bandwidth of �⌫ = 1 MHz
and in the right column for �⌫ = 0.1 MHz.

V. CONCLUSIONS

Now that the information from the CMB on non-
gaussianity has been almost fully mined, it is time to
consider other potential data sets. Intensity fluctuations
in the 21-cm line during the dark ages o↵er a window into
yet unexplored times and scales, and a promising future
probe of PNGs.

The technical challenges that need to be overcome be-
fore the required experiments see the light of day are
daunting. Because of atmospheric attenuation it would
require an observatory on the Moon. Even then, care
should be taken with intense Galactic foreground emis-
sion. Nevertheless, this is not an impossible task.

An additional issue is that the 21-cm signal is intrinsi-
cally highly non-gaussian, due to non-linear gravitational
growth, and the non-linear mapping between brightness
temperature and the underlying density field. In this pa-
per we have, for the first time, addressed this issue with
a rigorous Fisher analysis approach, assuming cosmic-
variance limited experiments with a finite angular and
frequency resolution. We have shown that for a single
redshift slice the secondary bispectrum is significantly
degenerate with the primordial one, which results in a
noticeable decrease of the forecasted signal-to-noise ratio
(SNR) for PNGs. This contrasts with the results of pre-
vious work, where this degeneracy was either neglected
when forecasting the SNR [28], or where it was claimed to
be weak [27]. We then co-added the information of inde-
pendent redshift slices while enforcing a smooth variation
of the secondary bispectrum amplitudes with redshift.

For a full-sky experiment with �⌫ = 0.1 MHz and 0.1-
arcminute resolution, we forecast a sensitivity �

f

local

NL

⇡
0.03, which would enable us to check the famous inflation-
ary consistency relation. We also forecast �

f

equil ⇡ 0.04,
�
f

ortho

⇡ 0.04, fJ=1 ⇡ 0.1, fJ=2 ⇡ 0.05, and fJ=3 ⇡ 0.09.
Measurements of 21-cm fluctuations therefore have the
potential to significantly improve upon cosmic-variance-
limited CMB bounds.
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Squeezed bispectrum and spectral distortions 
Squeezed bispectra generate couplings between large and small scales i.e.,  
large scale modulation of small scale power 

This modulation couples CMB temperature fluctuations on large scales to  
spectral distortions arising from acoustic wave dissipation at very small scales. 
 

•  Use Tµ to measure local fNL and τNL(Pajer and Zaldarriaga 2013) 
•  Further constraining power on fNL running (Biagetti et al. 2013, Emami et al. 2015) 
•  Large S/N increase for “super-squeezed “ shapes (Ganc and Komatsu 2013) 
•  Can measure also gNL from TTµ bispectrum 
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Figure 2. Expected 1� errors on gNL (top panel) and ⌧NL (bottom panel) estimated from TTµ

(colored lines) and TTTT (black lines) in the cosmic-variance dominated case (i.e., Nµµ
` = 0). Solid

and dashed lines are the full radiation transfer case (Eqs. (3.25) and (3.31) for TTµ) and the SW case
(Eqs. (3.26) and (3.34) for TTµ), respectively. In the TTµ cases, we consider several nonzero ⌧NL’s
with fNL = 0. For ⌧NL = 0, �gNL and �⌧NL obtained from TTµ scale like 1/ ln(`

max

/2) and 1/`

max

,
respectively (see Eqs. (4.4) and (4.7)). It is apparent that, if ⌧NL  1000, for `

max

 1000, TTµ

always outperforms TTTT , because C

µµ,G
` + C

µµ,⌧NL
` ⌧ C

TT
` . At larger `

max

, TTµ remains clearly
superior to TTTT for gNL measurements. For ⌧NL estimation the comparison is instead dependent
on the fiducial value of ⌧NL; see main text for further discussion.
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Figure 3. Expected 1� errors on gNL computed from TTµ (colored lines) for noise-levels representa-
tive of Planck, PIXIE and CMBpol. For comparison, we also plot the errors computed from TTTT

(black lines) for a noiseless CMB survey, which are almost the same as the errors obtained in the
Planck temperature data analysis [5, 6]. Solid and dashed lines correspond to the results including
full CMB transfer function (Eqs. (3.25) and (3.31) for TTµ) and those in the SW limit (Eqs. (3.26)
and (3.34) for TTµ), respectively. We here assume fNL = ⌧NL = 0. For `

max

. `µ, the scalings agree
with expectations from Eqs. (4.1) and (4.4): �gNL ' (Nµ/10

�30

)

1/2
[ln(`

max

/2)]

�1. At larger `

max

,
when Nµ starts dominating, the TTµ sensitivity falls below TTTT .

⌧NL 6= 0, �gNL deviates drastically from / 1/ ln(`

max

/2), because of non-negligible contribu-
tions of Cµµ,⌧NL

`

to the denominator of the Fisher matrix.
For comparison, in Fig. 2, we also plot our expected uncertainties estimated in a noise-

less, cosmic-variance dominated measurement of the CMB temperature trispectrum (TTTT ),
which agree with results in previous literature [54–58]. This level of sensitivity is essentially
already achieved using current Planck data [5, 6]. As shown in this figure, since the cosmic
variance uncertainty for µ-distortions is smaller than that for temperature anisotropies (i.e.,
C

µµ,G

`

+C

µµ,⌧NL
`

⌧ C

TT

`

), TTµ allows to achieve better sensitivity to both gNL and ⌧NL than
TTTT does, for `

max

 1000. However, given the difference in scaling with `

max

of the two
quantities – i.e. �⌧

TTµ

NL / `

�1

max

(4.7) vs. �⌧

TTTT

NL / `

�2

max

[54] – TTTT might become better
than TTµ at measuring ⌧NL for higher `

max

, and large values of ⌧NL.

4.2 Effects of experimental uncertainties

Besides the ideal, cosmic-variance dominated case, we consider also several different noise lev-
els, corresponding to experiments like Planck [59], PIXIE [60] and CMBpol [61]. For µ-µ noise
spectra, we assume N

µµ

`

= N

µ

exp
�
`

2

/`

2

µ

�
, with (N

µ

, `

µ

) = (10

�15

, 861) (Planck), (10�17

, 84)

(PIXIE) and (2⇥10

�18

, 1000) (CMBpol) [28, 32]. As it is typical for this type of analysis, we
see that current and forthcoming surveys, such as Planck and PIXIE, are expected to produce
error bars on relevant NG parameters which are much worse than what is achievable with
the current Planck measurements or cosmic-variance dominated CMB measurements (com-
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Andrea Ravenni (Unipd&INFN) Early Universe physics with CMB spectral distortions ASI/COSMOS Padova, 22/2/18

Signals

The cross correlations with E are ≈100 
times smaller then those with T…

WAIT TO SEE THE S/N!

13/16

All primordial

yT yE

Andrea Ravenni (Unipd&INFN) Early Universe physics with CMB spectral distortions ASI/COSMOS Padova, 22/2/18

Forecast results

• >3x improvement w.r.t. previous 
methods for 𝑦!

• 20% improvement for 𝜇!

PIXIE

PRISM

Cosmic Variance Limited

Using 𝑦 Using 𝜇
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Forecast results

• >3x improvement w.r.t. previous 
methods for 𝑦!

• 20% improvement for 𝜇!

PIXIE

PRISM

Cosmic Variance Limited

Using 𝑦 Using 𝜇

14/16

Overall factor ~ 16 improvement (PRISM)  
From masking + template cleaning + yE 
 
20% improvement on µT when  
adding µE (see also Ota 2016) 

Forecasts: T+E+µ+y 

A. Ravenni, ML, N. Bartolo (2017) 
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Conclusions:	PNG,	beyond	Planck	
Ø  The next challenge is fNL < 1 

Ø  CMB bispectrum. Factors ~2 improvements possible for all shapes but 
    local  fNL ~ 1 seems out of reach without additional datasets. TTB is interesting. 
 
Ø  Local fNL ~ 1 seems achievable in the not too far future with LSS: Euclid, 
    LSST, Spherex, SKA; also CIB measurements are interesting. 

 
Ø  Oscillatory shapes also look like a good target for forthcoming LSS surveys 

Ø  Improvements for non-local shapes is hard. Theoretical errors in LSS  
     bispectrum and redshift errors affect mostly equilateral.  
 
Ø  Next generation IM can achieve good constraints both on local and  
     orthogonal/flat shapes. 
 
Ø  Futuristic. Large improvements possible with spectral distortions (local)  
     and 21 cm brightness fluctuations from EoR (all) 
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