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• Radiation	emitted	by	electrons	in	a	magnetic	fields	can	be	calculated	from	Maxwell’s	equations

Radiation Emitted by Electrons in a Synchrotron
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Lienard-Wiechert potentials (I)

!3Riccardo Bartolini

We want to compute the em field generated by a charged particle in motion 
on a given trajectory

))((),( )( trxqtx 3 −δ=ρ

The charge density and current distribution of a single particle read
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We have to solve Maxwell equations driven by such time varying charge 
density and current distribution. 

The general expression for the wave equation for the em potentials (in the 
Lorentz gauge) reads
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Lienard-Wiechert potentials (II)

!4Riccardo Bartolini

The general solutions for the wave equation driven by a time varying 
charge and current density read (in the Lorentz gauge) [ Jackson Chap. 6 ]
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Now we use the charge density and current distribution of a single particle
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Integrating the Dirac delta in time we are left with 
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Lienard-Wiechert potentials (III)

!5Riccardo Bartolini

Using again the properties of the Dirac deltas we can integrate and obtain 
the Lienard-Wiechert potentials
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These are the potentials of the em fields generated by the charged particle 
in motion.  

The trajectory itself is determined by external electric and magnetic fields
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Substituting we get



Nick Veasey

Which Simplification Have I Tacitly Made? 
Where Does This Simplification Fail?
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Critical Frequency and Critical Angle

�7Bill Barletta
US Particle Accelerator School

Critical frequency and critical angle

Properties of the modified Bessel function ==> radiation intensity is negligible for x >> 1
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For frequencies much larger than the critical frequency and angles much larger
than the critical angle the synchrotron radiation emission is negligible
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Spectrum of Synchrotron Radiation

�8Bill BarlettaUS Particle Accelerator School

Integrating over all angles yields the
spectral density distribution
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Frequency Distribution of Radiation

�9Bill Barletta
US Particle Accelerator School

Frequency distribution of radiation

The integrated spectral density up to the critical frequency contains half of the
total energy radiated, the peak occurs approximately at 0.3�c
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For electrons, the critical energy
in practical units is
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where the critical photon energy is
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Applying a Linear Scale

�10https://www.cv.nrao.edu/course/astr534/SynchrotronSpectrum.html
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Number of Photons Emitted

�11Bill BarlettaUS Particle Accelerator School

Number of photons emitted

� Since the energy lost per turn is

� And average energy per photon is the

� The average number of photons emitted per revolution is
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Counting Electrons…

�12F. Riehle et al., NIM-A 268, 262-269 (1988)

264

whi ch al l owed t he count i ng of about 1300 el ect r ons
dur i ng one ni ght shi f t . I n f i g. 1 t ypi cal dat a cur ves ar e
shown depi ct i ng cl ear l y t he pl at eaus and st eps i n t he
phot odi ode si gnal obt ai ned whi l e r educi ng t he number
of ci r cul at i ng el ect r ons .

3. Mul t i pl i er syst em

The vi si bl e and near - UV r ange of t he synchr ot r on
r adi at i on f r omBESSYwas f ocussed ont o a cl osed pho-
t omul t i pl i er ( EMI 9789QB) wi t h a quar t z gl ass ent r ance
wi ndow: t he synchr ot r on r adi at i on was f i r st r ef l ect ed
and f ocussed by t wo met al mi r r or s ( one at 3. 50 m
di st ance f r omt he sour ce, coat ed wi t h Kani gen, angl e of
i nci dence 75 °, and one at 7. 56 m, coat ed wi t h A] +
MgF2 , angl e of i nci dence 30*) i nsi de t he ul t r ahi gh
vacuumof a beaml i ne . I n t he hor i zont al di r ect i on 25. 7
mr ad and i n t he ver t i cal di r ect i on 8. 4 mr ad wer e
accept ed by t he mi r r or s . Then t he l i ght passed t hr ough
a quar t z gl ass wi ndowf l ange and was f ocussed i n ai r by
quar t z opt i cal el ement s ont o a sect i on of t he cat hode
( CsSb) of t he phot omul t i pl i er . Si ngl e phot on pul ses of
20 ns dur at i on wer e di scr i mi nat ed and count ed. The
dar k count r at e was 250 c/ s. Fr omone st or ed el ect r on
up t o 5300 c/ s coul d be obt ai ned.

The BESSY st or age r i ng i s nor mal l y oper at ed at t he
el ect r on ener gy E= 755 MeV. For r adi omet r i c exper i -
ment s t he ener gy i s l ower ed t o E= 336 MeVoccasi on-
al l y or r amped up t o E= 856 MeV. Fi g. 2 depi ct s t he
spect r al phot on f l ux 0 f or t hese t hr ee ener gi es . I n or der
t o est i mat e t he count r at e of t he phot omul t i pl i er f or
di f f er ent st or age r i ng ener gi es we i nt egr at ed t he pr oduct
Oe ( f r omf i g. 2) wi t h t he quant umef f i ci ency e < 30%i n
t he phot on ener gy r ange 2- 6 eV as t aken f r om t he
manuf act ur er ' s speci f i cat i on . Towar ds hi gher phot on
ener gi es, e i s l i mi t ed by t he cut of f of t he quar t z gl ass

Fi g . 2 . Cal cul at ed spect r al phot on f l ux 0 ( phot ons per second
and el ect r on and 1%bandwi t h) of BESSY at el ect r on ener gi es
E=336 MeV ( 0) , E=755 MeV ( " ) and E=856 MeV( +) as
accept ed by t he mul t i pl i er syst em. The cor r espondi ng mul t i -
pl i er count r at es can be eval uat ed by i nt egr at i ng t he pr oduct
f unct i on 0 " e
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Fi g . 3 . Count r at e of t he mul t i pl i er syst emi r r adi at ed by t he SR
of 384 - 321 el ect r ons ( above) and t he l ast 5 el ect r ons ( bel ow) .

wi ndows . For E= 755 MeV t hi s est i mat i on gave ap-
pr oxi mat el y 38000 count s per el ect r on and second.
Si nce t hi s r at e i s hi gher by 1 %f or E= 856 MeV and
onl y 13%l ower f or E= 336 MeV, t hi s det ect i on syst em
can be used f or t he f ul l r ange of oper at i on ener gi es of
BESSY. The r ef l ect i on l osses of t he t wo mi r r or s coul d
not be measur ed but ar e bel i eved t o have i ncr eased
si gni f i cant l y si nce t he i nst al l at i on f our year s ago due t o
t he exposur e t o SR. These r ef l ect i on l osses as wel l as t he
l osses due t o r ef l ect i on and absor pt i on t hr ough t he f i ve
quar t z gl ass el ement s have t her ef or e not been i ncl uded
i nt o t hi s est i mat i on. We t her ef or e at t r i but e t he di f -
f er ence bet ween t he measur ed count r at e of 5300 c/ s
and t he cal cul at ed val ue mai nl y t o t hese l osses .

The phot omul t i pl i er syst emwas used t o det er mi ne
t he st or ed el ect r on cur r ent as shown i n f i g . 3 . The upper
par t r epr esent s t he decr ease of t he number of st or ed
el ect r ons f r om 384 t o 321 i n st eps bet ween 1 and 8
el ect r ons. The l ower par t shows t he l ast f i ve el ect r ons
and t he dar k count r at e . So f ar wi t h t he phot omul t i pl i er
syst em up t o appr oxi mat el y 400 el ect r ons coul d be
count ed unambi guousl y ( see sect i on 5) , but si ngl e el ec-
t r on st eps coul d st i l l be r ecogni zed up t o about t wi ce
t hi s el ect r on number .
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