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Quiz: Which Components Primarily Determine the Interaction  
of X-Rays with Matter?

�2Phil Willmott

Protons

Electrons

Neutrons

Klingons

Rasmus	Ischebeck	>	UXSS	2017	>	Photon	Beam	Instrumenta9on	for	XFELs
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Cross Section

�3Phil Willmott
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Cobalt Metal

�4http://henke.lbl.gov/cgi-bin/atten.pl

⇢a = 9.0943 · 1010/µm
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What Processes Contribute to X-Ray Cross Section?

�5
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Quiz: A photon undergoes an elastic collision. What does this mean? 
More than one answer possible.

�6Phil Willmott

The	photon	has	the	same	energy	before	and	after	collision

The	photon	has	the	same	momentum	vector	before	and	after	collision

The	photon	has	the	same	wavelength	before	and	after	collision

Complete	transfer	of	the	photon's	energy	to	the	collision	partner

Rasmus	Ischebeck	>	UXSS	2017	>	Photon	Beam	Instrumenta9on	for	XFELs
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Compton Scattering

�7http://hyperphysics.phy-astr.gsu.edu/hbase/quantum/compton.html
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Thomson Scattering: Elastic Scattering on Free Electrons

�8Phil Willmott
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Absorption Cross Section

�9Phil Willmott
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Absorption by Higher Energy Photons

�10Phil Willmott
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Form Factor

�11Phil Willmott
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Parametrization of the Form Factor

�12
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• The	electrons	respond	to	the	electric-field	component	of	the	incident	x-rays	and	reradiate	as	a	
consequence	at	the	same	frequency	-	the	process	is	elastic.	
• At	large	wavelengths	compared	to	the	size	of	the	atoms	scattering	is	independent	of	the	photon	
energy,	as	the	cloud	can	be	approximated	as	being	a	point	source.	
• However,	as	the	wavelength	becomes	smaller	(photon	energy	increases),	scattering	from	the	
different	volume	elements	within	the	electron	cloud	begin	to	be	out	of	phase	with	each	other,	
resulting	in	increasing	destructive	interference.	
• As	an	approximation,	the	cross-section	drops	off	as	1/E^2,	and	is	described	in	detail	by	the	
atomic	form	factor,	f,	which	is	normally	expressed	as	a	function	of	Q,	or	sin	theta/lambda.

Summary: Elastic Scattering

�13Phil Willmott
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Electrons Bound to an Atom

�14Wikimedia Commons
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Quiz: In Which Element are the Core Electrons Most Strongly Bound 
to the Atom?

�15Phil Willmott

Hydrogen

Silicon

Iron

Gold

Interac9on	of	X-Rays	with	MaBer



Rasmus	Ischebeck	>	JUAS	2019	>	Interac9on	of	X-Rays	with	MaBer

Binding Energies of the Atoms

�16Phil Willmott
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Absorption and Refractive Index

�17

https://www.brown.edu/research/labs/mittleman/sites/brown.edu.research.labs.mittleman/files/uploads/lecture08_0.pdf

Absorption and refractive index
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The wave equation, suitably modified using 
the slowly varying envelope approximation:
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changes the k-vector
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Note: if D = 0 and n = 1, this reduces to the familiar result for waves in 
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Absorption and Refractive Index

�18

D and n depend on frequency

� �
� �

� �

2 2
0

2 22 2
0 0 0 0 00 0

/ /     1
2 4

�*
 � � �  

� �* � �*
e eNe m Ne mn

c
Z ZZD

H Z H ZZ Z Z Z

0

D
Absorption 
coefficient

Refractive 
index

0

n–1

Frequency, Z

These functions are, together, a Complex Lorentzian (with some constants in front).

https://www.brown.edu/research/labs/mittleman/sites/brown.edu.research.labs.mittleman/files/uploads/lecture08_0.pdf
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Absorption and Refractive Index
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https://www.brown.edu/research/labs/mittleman/sites/brown.edu.research.labs.mittleman/files/uploads/lecture08_0.pdf

Reminder: Damped Forced Oscillator 
Solution for Light-driven atoms
When Z << Z0, the electron vibrates 
180° out of phase with the light wave.

When Z = Z0, the electron vibrates 
90° out of phase with the light wave.

When Z >> Z0, the electron vibrates 
in phase with the light wave.

absorption is low, but refractive 
index is still important.

absorption is high and refractive 
index changes rapidly with 
frequency.

absorption is low, but refractive 
index is still important.

xe vs. O

The atoms always oscillate at the frequency of the incident light.  
The light is not always absorbed by the atoms, but it is always 
changed by its interaction with the atoms.
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Absorption and Refractive Index

�20

Refractive Index vs. Frequency
Since resonance frequencies exist in many spectral ranges,
the refractive index varies in a complicated manner. 

n increases with frequency, except in "anomalous dispersion" regions.  
But the overall trend is a decrease in n, as Z increases.

This illustrates a typical distribution of resonances, with electronic 
resonances in the UV; vibrational and rotational resonances in the IR, 
and core electronic resonances occur in the x-ray region.

regions of anomalous dispersion

normal
dispersion

normal
dispersion

normal
dispersion

normal
dispersion

Z

https://www.brown.edu/research/labs/mittleman/sites/brown.edu.research.labs.mittleman/files/uploads/lecture08_0.pdf
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Does n<1 Imply that the Speed of the Wave is Larger than the Speed 
of Light in Vacuum?

�21Phil Willmott

Indeed,	Einstein	was	wrong:	the	speed	of	X-ray	photons	in	material	is 
larger	than	c

This	applies	to	the	phase	velocity	only;	the	group	velocity	of	an	X-Ray	pulse  
is	smaller	than	c

Iron

Gold

Interac9on	of	X-Rays	with	MaBer
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X-Ray Mirrors: Total External Reflection

�22R. Radhakrishnan  et al., DOI: 10.1149/07711.1255ecst 

~cylindrical mirrors for synchrotron applications that are generally on the order of 1 m in 
length in order to achieve a broad focus of ~100 x 70 µm (1,2,3). 

 

 
 

Figure 1. Schematics of current X-ray mirror technologies: (left) Kirkpatrick-Baez 
mirror pair; (center) Ellipsoidal; and (right) Toroidal mirrors. 

In order to advance X-ray optics beyond the current state-of-the-art, new 
manufacturing approaches must be devised to enable low cost manufacturing of 3D 
ellipsoidal mirrors with shape flexibility and consistency in order to improve the 
resolution of the focus, which is given by:  
 

Focus size ≈ source size x q/p   [1] 
 
where the x-ray sources size is from the synchrotron and p is distance from the source to 
the mirror and q is the distance from the mirror to the sample, where the theoretical 
magnification potential is given by M=q/p. This behavior is further illustrated in Figure 2, 
where as the mirror becomes more aspherical the p value increases and the q value 
reduces causing a smaller focus size with improved magnification (5). Aspherical x-ray 
optics could afford advantages such as short focal length, achromatic focusing, high 
focusing efficiency, and large numerical aperture, in essence improving primarily on the 
performance characteristics of K-B mirrors by eliminating the long working distances 
required by their multiple-bounce configuration. Therefore, the key challenge in 
producing high-performance mirrors is the fabrication and characterization of high-
quality mirror surfaces near the mirror edge, because the Montel geometry illuminates 
this near-edge area (6). However, existing manufacturing techniques (discussed below) to 
produce these precise optics in a single-bounce orientation requires highly advanced 
surface machining techniques that are currently shape, performance, and cost limited. The 
cost and process manufacturing limitations are in part due to the brittleness and fragility 
of the silicon mirror substrate. Silicon is used in this application due to its low CTE, low 
thermal deformation, low z, high reflectivity, and low radiation adsorption. 
 

The conventional manufacturing approaches used to prepare aspherical, low 
roughness, and high-z coated silicon mirrors, included (7):   
 

1) Ion Beam Figuring (8,9) where the machining takes place at a surface being 
bombarded by an ion beam. This beam can be raster across the surface (with a 5-
axis tool) of the part maintaining a constant gap while atomically removing 
material from the surface.  

ECS Transactions, 77 (11) 1255-1270 (2017)

1256 ) unless CC License in place (see abstract).  ecsdl.org/site/terms_use address. Redistribution subject to ECS terms of use (see 192.33.118.233Downloaded on 2019-01-22 to IP 
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X-Ray Lenses

�23rxoptics.de

• Keep	in	mind	that	n<1

http://rxoptics.de
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Absorption

�24Phil Willmott
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Which Atoms Absorb 0.4 keV X-Rays More Strongly?

�25Phil Bucksbaum

Carbon	(Z=6)

Oxygen	(Z=8)

Interac9on	of	X-Rays	with	MaBer

Initial questions about atoms and ultrafast x-rays? 

• Which atoms absorb 0.4 keV x rays more strongly? 
• Carbon (Z=6) 

 
• Oxygen (Z=8) 

 

June 2018 6 UXSS 2018 Atomic Physics 

𝐸𝐻𝑦𝑑𝑟𝑜𝑔𝑒𝑛𝑖𝑐 = −𝑍213.6𝑒𝑉 

X-ray absorption thresholds 

Patterson and Abela, Phys. Chem. Chem. Phys. 12, 5647 (2010). 
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Which Atoms Absorb 0.8 keV X-Rays More Strongly?

�26Phil Bucksbaum

Carbon	(Z=6)

Oxygen	(Z=8)

Interac9on	of	X-Rays	with	MaBer

Initial questions about atoms and ultrafast x-rays? 

• Which atoms absorb 0.8 keV x rays more strongly? 
• Carbon (Z=6) 

 
• Oxygen (Z=8) 

 

June 2018 7 UXSS 2018 Atomic Physics 

X-ray absorption thresholds 

𝐸𝐻𝑦𝑑𝑟𝑜𝑔𝑒𝑛𝑖𝑐 = −𝑍213.6𝑒𝑉 

Patterson and Abela, Phys. Chem. Chem. Phys. 12, 5647 (2010). 



Rasmus	Ischebeck	>	JUAS	2019	>	Interac9on	of	X-Rays	with	MaBer

X-Ray Absorption Spectrum of Lead

�27J.E. Penner-Hahn

so-called absorption edge, with each edge representing a different core–electron binding energy.
The edges are named according to the principle quantum number of the electron that is excited:
K for n¼ 1, L for n¼ 2, M for n¼ 3, etc. The core–electron binding energy increases with increasing
atomic number, ranging from 284 eV for the C K edge to 115,606 eV for the U K edge, with the
L edges at significantly lower energies than the corresponding K edge (e.g., 270 eV for the Cl L1

edge, 20,948 eV and 17,166 eV for the U L2 and L3 edges).
Closer examination of Figure 1 (see inset) shows that the L edge is in fact three distinct L edges,

named L1, L2, and L3 in order of decreasing energy. L1 corresponds to excitation of a 2s electron.
The 2p excitation is split into two edges, L2 and L3, as a consequence of the spin–orbit coupling
energy of the 2p5 configuration that is created when a 2p electron is excited. The higher energy of
the 2p5 excited states is the 2P1/2 term; This gives rise to the L2 edge. At lower energy is the L3 edge,
corresponding to the 2P3/2 excited state. Due to degeneracy, the L3 edge has twice the edge jump of
the L2 and L1 edges. In contrast with valence electron shells where spin–orbit coupling energies are
relatively small, the spin–orbit coupling for core shells can be quite large. For Pb, the L2"L3

splitting is 2,165 eV (1 eV¼ 8,066 cm"1). Analogous, albeit smaller, splitting occurs for the lower-
energy edges, with 5M edges, 7N edges, etc. X-ray absorption spectroscopy (XAS) refers to the
measurement of X-ray absorption cross-section in the vicinity of one or more absorbing edges.

2.13.1.1 X-ray Absorption Edges

An absorption edge by itself is of little value beyond elemental identification.5,6 However, if one
examines any of the edges in Figure 1 in more detail, they are found to contain a wealth of
information. This is illustrated by the schematic absorption edge shown in Figure 2. The absorp-
tion edge is not simply a discontinuous increase in absorption, as suggested by Figure 1, but in
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Figure 1 Low-resolution X-ray absorption spectrum for Pb. Three major transitions are seen (K, L, and M
edges), corresponding to excitation of an electron from n¼ 1, 2, and 3 shells, respectively. At higher

resolution (inset) both the L and the M edges are split (see text for details).

Energy (e V)

A
bs

or
pt

io
n

XANES EXAFS

Figure 2 Schematic illustration of an X-ray absorption spectrum, showing the structured absorption that is
seen both within ca. 50 eV of the edge (the XANES) and for several hundred to >1,000 eV above the edge

(the EXAFS).

160 X-ray Absorption Spectroscopy
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Processes

�28Phil Bucksbaum

OK, we got that far.  Let's turn on the x-rays 

June 2018 11 UXSS 2018 Atomic Physics 

1s 

2s,p 

Core Photoionize  

1s 

2s,p 

Valence 
Photoionize  

1s 

2s,p 

Auger 

1s 

2s,p 

Shake-up/off 

1s 

2s,p 

Fluorescence 

1s 

2s,p 

Photoabsorption 
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Calculation of Cross Section

�29Phil Bucksbaum

Schrödinger’s Equation for many-
electron molecules 

June 2018 8 UXSS 2018 Atomic Physics 

𝜓(𝑹𝑗=1,𝑁 𝑛𝑢𝑐𝑙𝑒𝑖, 𝒓𝑖=1,𝑀 𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑛𝑠, 𝑡) is a complete dynamical description of the 
M electrons and N nuclei in a molecule interacting with x rays (YIKES!) 
 
𝐻 𝜓 = 𝑖𝜓  Looks simple enough, but wait: 

The atoms, the x-rays, and their interaction 

𝐻 𝑒𝑙 = −
1
2
𝛻𝑖2 − 

𝑍𝑗
𝒓,−𝑹𝑗𝑗

+
1
2
 

1
𝒓𝑖 − 𝒓𝑘𝑘𝑖

 

Already too complicated?                    Yes                      No 
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Simplifications

�30Phil Bucksbaum

Let's clean this up 

Born-Oppenheimer Approximation:  Treat the nuclei as classical  
point particles at first, and just solve 𝐻 𝑒𝑙𝜓 = 𝑖𝜓  for the electrons.  
 

 −
1
2
𝛻𝑖2 − 

𝑍𝑗
𝒓,−𝑹𝑗𝑗

+
1
2
 

1
𝒓𝑖 − 𝒓𝑘𝑘𝑖

𝜓 𝑹𝒋; 𝒓𝒊=𝟏,𝑴 = 𝑖𝜓 𝑹𝒋; 𝒓𝒊=𝟏,𝑴  

 
Hartree-Fock Approximation: The wave function can be expressed as 
a product of single-electron orbitals (called spin orbitals if you include 
the electron spin)  

𝝍 𝑹𝒋; 𝒓𝑖=1,𝑀 𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑛𝑠, 𝑡 = 𝜑 𝑹𝒋; 𝒓𝒊
𝑖

+ 𝑎𝑛𝑡𝑖𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑧𝑒𝑑 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛𝑠 

(This is called a "Slater determinant", because complete antisymmetrization of a list of symbols may be 
expressed as a determinant of the symbol matrix.) 

Standard programs to calculate this using variational calculus 
See the reference list. 

 
June 2018 9 UXSS 2018 Atomic Physics 



Rasmus	Ischebeck	>	JUAS	2019	>	Interac9on	of	X-Rays	with	MaBer

Hartree Fock Single Electron Orbitals

�31Phil Bucksbaum

Hartree Fock Single Electron Oribtals 

June 2018 10 UXSS 2018 Atomic Physics 

𝜑 𝒓 = 𝑅 𝑟 𝑌𝑙𝑚 Ω  
Sodium (Z=11)       

r (Bohr) 

𝑟𝑅
𝑟

 

Orbital Binding (eV) 
1s 1070.8 
2s 63.5 
2p 30.6 
3s 5.14 
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Processes

�32Phil Bucksbaum

OK, we got that far.  Let's turn on the x-rays 

June 2018 11 UXSS 2018 Atomic Physics 

1s 

2s,p 

Core Photoionize  

1s 

2s,p 

Valence 
Photoionize  

1s 

2s,p 

Auger 

1s 

2s,p 

Shake-up/off 

1s 

2s,p 

Fluorescence 

1s 

2s,p 

Photoabsorption 
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Mean Field Approximation: 
Only Keep Track of the Electron and the Hole

�33Phil Bucksbaum

Mean field approximation: Only keep track 
of the electron and hole 

June 2018 12 UXSS 2018 Atomic Physics 

1s 

2s,p 

Core Photoionize  

1s 

2s,p 

Valence 
Photoionize  

1s 

2s,p 

Auger 

1s 

2s,p 

Shake-up/off 

1s 

2s,p 

Fluorescence 

1s 

2s,p 

Photoabsorption 

These electrons (and holes, or electron vacancies) are quantum excitations of the 
"mean field" of the original atom. 
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• For	more	details,	see:	https://app.certain.com/accounts/register123/stanford/pulseinstitute/events/
uxss2018/2018.UXSS.Bucksbaum.AMO.tutorial.pdf

Second Quantization

�34Phil Bucksbaum

"Second Quantization" helps us use the 
mean field approximation 

June 2018 13 UXSS 2018 Atomic Physics 

Electron and hole excitations are created in the atom's mean field 
using "creation" and "annihilation" operators 
 
The operator 𝜓 𝜎

† 𝒓 𝜓 𝜎 𝒓  creates (annihilates) an electron at 𝒓 with 
spin quantum number 𝜎. 
 
The operators obey anticommutation relations because of Fermi-Dirac 
statistics: 
 
 
 
 
 
Why introduce second quantization? 
 
        It's simpler                  It's more natural                     It's pretty cool 

https://app.certain.com/accounts/register123/stanford/pulseinstitute/events/uxss2018/2018.UXSS.Bucksbaum.AMO.tutorial.pdf
https://app.certain.com/accounts/register123/stanford/pulseinstitute/events/uxss2018/2018.UXSS.Bucksbaum.AMO.tutorial.pdf
https://app.certain.com/accounts/register123/stanford/pulseinstitute/events/uxss2018/2018.UXSS.Bucksbaum.AMO.tutorial.pdf
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Result: Calculation of Cross-Sections

�35Phil BucksbaumJune 2018 20 UXSS 2018 Atomic Physics 

Cross section rises as Z5 
at fixed photon energy 
 
 

And falls as ω-7/2 above 
threshold. 
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Crystals

�36Wikimedia Commons
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Salt

Silicon	wafers	for	computer	chips

Diamonds

All	of	the	above

Interac9on	of	X-Rays	with	MaBer
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What are Not Crystals?
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