Measurement of transverse Emittance i
BN WL TN . W

The emittance characterizes the whole beam quality, assuming linear
behavior as described by second order dlfferentlal equation.

It is defined within the phase space as: éx = —JdXdX

The measurement is based on determination of:

either profile width ¢, and angular width &, ' at one location
or o, at different locations and linear transformations.

Different devices are used at transfer lines:

> Lower energies E,;, <100 MeV/u: slit-grid device, pepper-pot
(suited in case of non-linear forces).

» All beams: Quadrupole variation & ’three grid’ method using linear transformations
(not well suited in the presence of non-linear forces)

Synchrotron: lattice functions results in stability criterion

2
— beam width delivers emittance: g, = ﬁ 0')% — (D(s) Apﬂ and ¢, = ,BO'E, )
x\S P y(S
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Outline:
» Definition and some properties of transverse emittance
» Slit-Grid device: scanning method

» Quadrupole strength variation and position measurement
» Summary

.
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Excurse: Particle Trajectory and Characterization of many Particle 5

A
X [mm] ) \( E(s)=~e B(s)
1 >~ > Single particle trajectories
0 = are forming a beam
0 s
-2 » They have a distribution of
-3 single particles -
v trajectory start positions and angles

envelope of all particles

Vo

Plot: Wille

= Characteristic quantity is
the beam envelope

- > Goal:
Behavior of whole ensemble

Focus. drift Focus. drift
) )
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B\ . T W 7 TREESE ™
Horizontal and vertical coordinatesat s =0 : A

» X . Offset from reference orbit in [mm]
» x’. Angle of trajectory in unit [mrad]
x’=dx/ds

Assumption: par-axial beams:

» X 1s small compared to p,

> Small angle with p, / p, <<'1

Longitudinal coordinate:

> Longitudinal orbit difference: | = - v, * (£ — 1, ) in unit [mm]

> Momentum deviation: & = (P — Py ) / Py sometimes in unit [mrad] = [%o]
For continuous beam: | has no meaning = set |=0 !

Reference particle: no horizontal and vertical offset x=y=0 and =0 forall s

SN
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Excurse: Definition of Coordinates and basic Equations

X hori. spatial deviation [mm]
The basic vector is 6 dimensional: X' horizontal divergence | | [mrad]
- y vert.spatial deviation [mm]
X(S) = = . . =
y' vertical divergence [mrad]
I longitudinal deviation [mm]
o) momentum deviation [%00]
The transformation of a single particle from a location sy to s, is given by the
Transfer Matrix R: X(Sl) — R(S) . X(So)
The transformation of a the envelope from a location s, to s, is given by the
- . T
Beam Matrix o: G(sl) = R(s) 'G(So) ‘R (S)
6-dim Beam Matrix with decoupled hor. & vert. plane: Beam width for
-0-1—1“5-0-1-2-i 0 0 o1 o4 the three Horizontal
:071'2" gy ! 0 0 o0y 0'26\ hori_zontal coordinates: beam matrix;
0" " 0., O 0 0 vertical _ 011 = { x2
o= o0 o L33 134 o o | longitudinal Xrms = V011 1= (x0)
034 044 __C__ I hor.-long. couplin = ./ 012 =(xx')
o o 0 0 :0. | o . g. phing Yrms = 033 12
\ 15 ©25 L2 56/ — 13 values 2
016 026 0 0 056 0g6 Lims = V@55 022 =(x"%)
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Excurse: Some Examples for linear Transformations
BN\ WA T . WO /RS ™
The 2-dim sub-space (x,x’) can be used in case there is coupling like dispersion Rz =(x | 4)=0
Important examples are:
> Drift with length L: Rgrift = (1 L)

0 1
» Horizontal focusing with quadrupole constant k end effective length I:
1
cosVk —sinVk thin | 1 0
Rfocus = \/E — Rfo::TJsenS = _1/f 1
—Vk-sinVkl cosVkl
» Horizontal de-focusing with quadrupole constant k end effective length I:
1
coshvkl  —sinhVkl | 1 0
Rge—focus= Vk — Rg@"}c',iﬁz = (1/ f ]J
Vk -sinhvkl coshVkl
Ideal quad.: field gradient g = B ,,/a, B, field at poles, a aperture _ Horizontal focusing:
— quadrupole constantk = | g |/ (Bp), R
Thin lens approximation: | - 0 = kl — const = kl = 1/f
= simple transfer matrix (math. proof by 15t order Taylor expansion) Kick: Ax’= - x/f
SN
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Definition of transverse Emittance

BN A _~_ .
The emittance characterizes the whole beam quality: &, =
Ansatz: (o o)
Beam matrix at one location: ©~ o —¢
12 022

It describes a 2-dim probability distr.

The value of emittance is:
&x = Jdeto = \/011022 - 0122
For the profile and angular measurement:
X, =+Joy; =+J&B and
X = \/; = \/:7
Geometrical interpretation:

All points X fulfillingXt- ¢ 1 - x=1
are located on a ellipse

2 . € 62 - — 2 —4 —2 0 2 4
G X — 26,XX° + 61X dete =g, orofile x [o]

i
o
angle x' [0 ]

(A}

distr. P(x)

[ E B ) 8
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The Emittance for Gaussian Beams
The density function for a 2-dim Gaussian distribution is:
1

p(x,2) = s—exp |[—5 & ot T |

— ﬁ exp [Qdeta (0-22562 - 20_123733’ + 0-113712)-‘

v | x =(0,)"? [Angle
It describes an ellipse with the characteristics |

0o

angle x' [0 ,]

profile and angle Gaussian distribution of width

xaz\/@z\/ai11 and

and the correlation or covariance

cov = /(xx) = Jor,

a b)) .. 1 1 d -b
For A = itis A =
c d ad —bcl-c a

assuming det(A) = ad-bc # 0 << matrix invertible profile x [o_]

“w Tw I
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The Emittance for Gaussian and non-Gaussian Beams .
BX LA T . W /O REESSE ™
The beam distribution can be non-Gaussian, e.g. at:
» beams behind ion source
»>space charged dominated beams at LINAC & synchrotron Covariance
» cooled beams in storage rings

Variances I.e. correlation

General description of emittance

using terms of 2-dim distribution: rms

It describes the value for 1 standard derivation

di distribution:
_HX',O(X, X') dxdx’ L J‘J‘X (%, ') dxdx For discrete distribution
(X)=p= ”,O(X,X')dxdx' (X)=p'= Hp(x,x)dxdx Zp(i,j).XiX-J
i

_ L]
<x”>— [[x=m)"- p(x,x) dxdx <x'”>— [ [ =)™ p(x, x) dxdx (X)= > pli, j)
[ p0xx) dxdx [ p(xx) dxdx i, |

J J = m)(x=) - p(x,x) dxa
j j o(x, x') dxdx

covariance : (xx)=

and correspondingly for
all other moments

GSN
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The Emittance for Gaussian and non-Gaussian Beams 8

BN\ . T . W /O TRERSSE ™

The beam distribution can be non-Gaussian, e.g. at:

» beams behind ion source
»space charged dominated beams at LINAC & synchrotron Covariance
» cooled beams in storage rings \Variances i.e. correlation

General description of emittance

using terms of 2-dim distribution: rms

It describes the value for 1 stand. derivation

For Gaussian beams only: ¢, <> interpreted as area containing a fraction f of ions:

e(f)==27¢, -In(1— ) oo Emittance &(f)

% sor ] l- Erms 15 %

Care: e ] T * s 39 %
. o Saor s .

No common definition 5 L 1 2T &g 63 %

of emittance concerning -§ ol Iz - &, 86 %

: - 0 1 2 3 4 5 6 8 9

the fraction f emittance value € [n e ] S8x- Ems 08 9%,

SN
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Outline:
» Definition and some properties of transverse emittance
» Slit-Grid device: scanning method
scanning slit = beam position & grid — angular distribution

» Quadrupole strength variation and position measurement
» Summary

GSH
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The Slit-6rid Measurement Device i
BN Ak N R -
Slit-Grid: Direct determination of position and angle distribution.
Used for protons with E;, < 100 MeV/u = range R <1 cm.

Hardware Analysis

movable movable h
: e dor . phase space
transverse slit, opening djit SEM-gnid N

profile

5 ]
beamlet R angle

distribution

/E) -

‘ X . X
slit

emittance

- - . ) ~y
2Iwire AL- ? dwu-e e]l1p.~_~e

E

beam Slltf X
=

- distance d

ey
e
e
! e
i
I & & & & & 8 8 & B

Slit: position P(x) with typical width: 0.1 to 0.5 mm
Distance: typ. 0.5 to 5 m (depending on beam energy 0. 1 ... 100 MeV)

SEM-Grid: angle distribution P(x’) Slit SEM-Grid
l n
RFQ LINAC —
I 0.5.5m -
< >
SN
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Slit & SEM-6rid Juii;:g

B »‘, /
0.1 mm thickness Beam surface interaction: e~ emission

— Transmission only from Ax. — measurement of current.
Example: 15 wire spaced by 1.5 mm:

Slit with e.qg.

Example: Slit of width 0.1 mm (defect)
Moved by stepping motor, 0.1 mm resolution

X

o=t |

4 peprrs e et bl

Each wire is equipped with one 1/U converter
different ranges settings by R;
— very large dynamic range up to 10°.

GSN
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Display of Measurement Results
The distribution of the ions is depicted as a function of

» Position [mm]
» Angle [mrad]

The distribution can be visualized by
» Mountain plot
» Contour plot

3750
3500

e H 250

Calc. of 2"d moments <x2> , <x’2> & <xx’>

. 2750
Emittance value &, from |
2500
L 2 12 1\ 2
£, —\/<x ><x >—<xx> 2250
52 54 B 2000

Problems:

» Finite binning results in limited resolution

i 2 2
» Background — large influence on <x*>, <x’*>and <xx> g Ar#*, 60 KeV, 15 pA

at Spiral2 Phoenix ECR source.
=> Effective emittance only Plot from P. Ausset, DIPAC 2009

SN
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The Resolution of a Slit-6rid Device i

The width of the slit d.;; gives the resolution in space Ax = d;;.
The angle resolution is 4 x" = (e *+ 2ryire)/d

= discretization element AX - Ax".

By scanning the SEM-grid the angle resolution can be improved.
Problems for small beam sizes or parallel beams.

Hardware Analysis
movable movable hase spbace
transverse slit, opening dyjit SEM-grid ’ | ’
profile "beamlet’ ancle
distribution

X .
beam Shtf
[

- distance d

/E) )

‘ X . X
slit

emittance

o
- - - . 1
EIHHIC_J_i f Chmue eﬂjphe

i
- s
Hente
A
I [ BN BN BN BN BN BN BN BN

For pulsed LINACs: Only one measurement each pulse — long measuring time required.
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Result of an Slit-6rid Emittance Measurement JJU;@S"
B\ . T . moaow S
Result for a beam behind ion source: > here aberration in quadrupoles due to large beam size
> different evaluation and plots possible

» can monitor any distribution

®
®
@
)
1t ng

+* A

KV-plane:[ * ; B8 s
alpha i
ANAA (Rrad/ e : N
I -
5
( D10 s
i
=) Colours % |
7T
5&:75
Low energy ion beam: ey Pracie
— well suited for emittance showing _ e
- + i lieu |«
space-charge effects or aberrations.
ESN
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Outline:
» Definition and some properties of transverse emittance
» Slit-Grid device: scanning method
scanning slit -» beam position & grid — angular distribution
» Quadrupole strength variation and position measurement

emittance from several profile measurement and beam optical calculation
» Summary
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Excurse: Particle Trajectory and Characterization of many Particle 5

A
X [mm] ) \( E(s)=~e B(s)
1 >~ > Single particle trajectories
0 = are forming a beam
0 s
-2 » They have a distribution of
-3 single particles -
v trajectory start positions and angles

envelope of all particles o o
= Characteristic quantity is

the beam envelope
~ Transformation of envelope

> Goal:
Behavior of whole ensemble

Vo

Focus. drift Focus. drift
) )

_Plot: Wille LoD &
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Excurse: Conservation of Emittance
Liouville’s Theorem:

The phase space density can not changes with conservative e.g. linear forces.
The beam distribution at one location s, is described by the beam matrix o( s )

This beam matrix is transported from location s, to s, via the transfer matrix
| o(s1)=Ro(s) R

6-dim beam matrix with decoupled horizontal, vertical and longitudinal plane:
Beam width for

011 012 O 0 0 0 Horizontal the three
/012 oy 0 0 0 0 \ beam matrix: coordinates:
0 0 o033 033 0 O 011 =(x%)  Xpps = vO11 = (2%)
0

a‘lzz(xx') Yrms = \/E:‘V()ﬂ)
0'22=<x’2> lrms:\/az\/(lZ)

SN
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Emittance Measurement by Quadrupole Variation i

From a profile determination, the emittance can be calculated via linear transformation,
If a well known and constant distribution (e.g. Gaussian) is assumed.

quadrupole magnet

focusing const. k

profile measurement

(e.g. SEM gnd)

transverse
beam envelope .
.
—
beampaths | N e -
—z
-
.
\_/ '
R(k)
location: S o . : Sl
linear transformation
~. | phase spgce . |phase spgce
T
: g NN
S S s
; ; L = )
2 2 NP
=l =l
coordinate x profile -
beam matrix: ﬂ,

(Twiss parameters)
6,,0). 5, (0), a, (0)

to be determined

» Measurement of beam width

szax =011(1, k)
matrix R(k) describes the focusing.

profile

coordinate x

» With the drift matrix the transfer is
R(K;) = Ryt - Reocus(Ki)
» Transformation of the beam matrix
o(1,k) =R(k;) - o(0) - RT (ki)
Task: Calculation of o(0)
at entrance s, i.e. all three elements

measurement:
2
x (k)=0,,(Lk)

Peter Forck, JUAS Archamps
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Measurement of transverse Emittance
BN N 7. _:@m_lm f

> The beam width x,,.,(s,) at s, is measured <> matrix element o1 (1, K;) = X° 1., (K)

» Different focusing of quadrupoles k, , k, ... k, are used = R, s(K;)
» After the drift the transfer matrix is R(K;) = Ryyirt * Rrocus(Ki)

» Task: Calculation of beam matrix o(0) at entrance s, (matrix elements give orientation)
> The transformation of the beam matrix is: o(1,k;) = R(k:) - (0) - RT (k;)
= Result: Redundant system of linear equations for matrix elements c;,(0)

011(1, k1) = R{1(k1) - 611(0) + 2 Ry1(ky) Ry3(kq) - 612(0) + R{,(ky) - 022(0) focusing k,

011(1, ky) = R{1(ky) - 011(0) + 2 Ry (ky,) Ryz(ky,) - 612(0) + Ri;(ky) - 02(0) focusing k,
» To have an error estimation at least three measurements must be done

Assumptions: » Constant emittance, in particular no space-charge broadening
» Only elliptical shaped beam distribution is considered
» No misalignment, i.e. beam center equals center of the quadrupoles

> If not valid: A self-consistent algorithm can be used .

SN
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Measurement of transverse Emittance

BN\ A\ & ¥ _fgm_m 0
Using the ‘thin lens approximation’ i.e. the quadrupole has a focal length of f:

Rfocus(K):( ! Ojf[l Oj — R(L’K):Rdrift(L)°Rfocus(K):(l+ LK Lj

-1/ f 1 K 1 K 1

Measurement of the matrix-element 6,,(1,K) from o(1,K) = R(K) - 5(0) - RT(K)
Example: Square of the beam width at

ELETTRA 100 MeV e Linac, YAG Ce: For completeness: The relevant formulas
T T T T T T enK)= Yo (0K
0.2 '"";'-""-%"XeztﬁaLrF;IaSn[eum rad]: | +2'( Lo-ll(o)+ L20'12(0) )'K
~ B=159x04[m] + L0, (0) + 0, (0
o otsh N\ 07299504 222( )+ .(0) ;
E: . y=s61:08mT] /§ =a-K? - 2ab-K + ab’+c
S| N g The three matrix elements at the quadrupole:
% | o,,(0)= 12
= i a(l
% w0 a,(0) '?(I"‘bj
@
o) 1 2
125 13 135 14 145 15 155 16 165 6,(0)= E (ab2+0+%b+%)
Focusing strength K [m-] ; ,
= = . — = L
G. Penco (ELETTRA) et al., EPAC’08 s =+/0eL0(0) =/61,(0)-0(0) -1, (0) = Vac /

SN
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The 'Three Grid Method' for Emittance Measurement a.
BN\ A~ U [T TS T
Instead of quadrupole variation, the beam V\{Idth is measured at different locations:
quadrupole magnet profile measurement
. transverse (e.g. SEM grid)
The procedure IS: beam envelope/_\ . . e
> Beam width x(i) measured . . ——-!"‘g;;mpath
at the locations s; . — —__;\____
— beam matrix element \_/ . . .
2 s -
x4(i) = i). R(1)
() 0-11( ) . . location: So Sl R(2) - 82 R(3)
» The transfer matrix R(i) is known. Yoo 8,
. . . - hase spgce — |Pphase spdce —. [phase spdce < |Pphase spdce
(without dipole a 3 x 3 matrix.) o R TR Nk ~
> The transformations are: L ¢ — | i U i A
6(') = R(|) . 6(0) . RT(|) & " ) protile profile profile
— redundant equations: beammaix:  E
q (Twiss parameters) /\ /\
Gy, (0), 0y, (0). G, (0) coordinate x coordinate x coordinate x
to be determined measurement:
x’(1)=0,,(1) x(2)=06,,2) x’(3)=0,,3)

= Result: at least equations for elements o;;(0)

011(1) = R{1(1) - 611(0) + 2 R11(1) R12(1) - 042(0) + R, (1) - 022(0) for R(1): s9 — s¢

011(n) = R{;(n) - 611(0) + 2 Ry1(n) Riz(n) - 612(0) + R{,(n) - 62,(0) for R(n):[;_sg:
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Results of a 'Three 6rid Method' Measurement i

Solution: Solving the linear equations like for quadrupole variation
or fitting the profiles with linear optics code (e.g. MADX, TRANSPORT, WinAgile).
Example: The hor and vert beam envelope and the beam width at a transfer line:

50
IS Measured horizontal width Fitted beam hori. envelope
£, dipole  dipole
8 FDDF DF
“
= 4
T

=

€
E
N
_‘_9“ Measured vertical width Fitted beam vert. envelope
0 Path Length [m] 70

Assumptions: > constant emittance, in particular no space-charge broadening
»100 % transmission i.e. no loss due to vacuum pipe scraping

» no misalignment, i.e. beam center equals center of the quadrupoles.
SN
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Summary for transverse Emittance Measurement T
B\ . T W 7 TREESE ™
Emittance measurements are very important for comparison to theory.

It includes size (value of &) and orientation in phase space (O'ij or a, f and y)

I.e three independent values &,,,,s = /011 - 02, — 012 = V< a2 >< x'? > —< xx' >2

Low energy beams — direct measurement of x- and x'-distribution
» Slit-grid: movable slit — x-profile, grid — x'-profile
» Variances exists: slit-slit, slit-kick, pepperpot .... method

All beams — profile measurement + linear transformation:
» Quadrupole variation: one location, different setting of a quadrupole
» ’Three grid method’: different locations
» Assumptions: > well aligned beam, no steering

» no emittance blow-up due to space charge.
Important remark: For a synchrotron with a stable beam storage,

width measurement is sufficient using X, = / &ms * B

SN
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Appendix GSI Ion LINAC: Emittance Measurement Devices 5

BN\ . T . W /O TRERSSE ™

Cﬁ& Slit Grid Emittance: Standard device, total 9 device
- Pepper-pot Emittance: Special device, total 1 device

Transfer to
Synchrotron

3
All ions, high current, 5 ms@50 Hz, 36&108 MHZ© SIS Tﬁ*

MEVVA
Foil, Stripper
MUCIS Alvarez DTL
: - %m U S
* YRFQ ,IH1  IH2 ,
PIG \ X —0
11.4 MeViu t‘ 5 i 9
2.2 keV/u p=0.16
p =0.0022 Constructed in the 70th, Upgrade 1999,

120 keV/u

B=0016 14 Meviuop=0054
: GSN
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further upgrades in preparation
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Excurse: Definition of Coordinates ,.
BN O LA T L W 7 REesSE TN
(x) ( hori.spatial deviation ) ( [mm] )
X horizontal divergence [mrad]
The basic vector y vert. spatial deviation [mm]
is 6 dimensional:  X(S) = = _ _ =
y vertical divergence [mrad]
I longitudinal deviation [mm]
0 )\ momentumdeviation / | [%o] )
;gfnt;algif;tﬁgnna?ig s,is given /Rll R2 R R Ry RlG / %o \
0 1 1
by the Transfer Matrix R Rot Ryp Rig Ry Ris Ry %o
o o R31 R32 R33 R34 R35 R36 Yo
X(s)=RE) X(s)=| 17 T
R K AL T | ¢ 41 42 43 44 45 46 yO
emark: At ring accelerator a
comparable (i.e. a bit different) Rei R Res Roy Res Ry l,
matrix is called M \Re: Res Res Res Res Res ) \ 0y )
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