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Contents

1. Introduction

2. Fundamentals 1: Maxwell and friends

3. Fundamentals 2: harmonics

This lecture is a based on previous lectures by Attilio Milanese and  Davide 
Tommasini

2



JU
AS

, 1
8 

Fe
br

20
19

, I
nt

ro
du

ct
io

n 
to

 m
ag

ne
ts

, G
dR

Earth magnetic field

In Archamps, on 30/01/2019, the (estimated) magnetic field (flux density) is

|B| = 47447 nT =  0.047447 mT =  4.7447·10-5 T ≈  0.5 Gauss

3



JU
AS

, 1
8 

Fe
br

20
19

, I
nt

ro
du

ct
io

n 
to

 m
ag

ne
ts

, G
dR

sextupole

quadrupole

octupole

combined function 
bending

dipole solenoid

undulator / wigglerkicker / septum

corrector

skew magnet

Magnet types, functional view

We can classify magnets based on their geometry (that is, 
what they do to the beam)

4

bend

focus

Chromatic effects

damping

Injection - extraction

focus

Bend and focus
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iron dominated

electromagnet permanent magnet

coil dominated

superconductingnormal conducting 
(resistive)

static cycled / ramped  
slow pulsed fast pulsed

Magnet types, technological view

We can also classify magnets based on their technology

5
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Types of iron dominated, resistive magnet fields for 
accelerators

6Courtesy D. Tommasini, CERN
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Types of superconducting magnet fields for 
accelerators

a “pure” multipolar field can be generated by a specific coil geometry

1B

2B

1A

2A

3B 3A

7

dipole n=1

quadrupole n=2

sextupole n=3

skewnormal

Courtesy P. Ferracin, CERN
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Early Cyclotron

The 184’’ (4.7 m) cyclotron at Berkeley (1942)

Courtesy A. Milanese, CERN 8
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Some early synchrotron magnets (early 1950-ies)

Bevatron
(Berkeley)
1954,  6.2 GeV

Cosmotron
(Brookhaven)
1953, 3.3 GeV
Aperture:
20 cm x 60 cm

9
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Fig. 9:  

 

 Final pole profile.

 

Paying extreme attention to tolerances and in general to very sound engineering of any single

component was, I believe, of capital importance not only for the success of the PS but also for all the

subsequent machines at CERN. It taught all of us how to tackle technical design and construction on

the basis of an attitude which was one of the facets of J. B. Adams’s personality, a ‘constructive

pessimism’, just the opposite of ‘blind optimism’. Indeed John was a pessimist not in a negative way,

but in the sense that he believed that Nature had no reason to make gifts to accelerator designers.

Therefore the correct attitude consisted in understanding the finest details of each problem in order to

make a design leaving nothing to chance on the way to success. Some people confused this with

conservatism and overcautiousness. But how can one consider as conservative one of the most

extraordinary engineers of our time, a man who undertook to construct the first proton AG synchrotron

in the world, the first underground large accelerator and, finally, the first pp collider?

The apparent simplicity of the magnet system masked a fair degree of sophistication, requiring

many studies and a lot of experimental work. Complication was due to:

i) determination of the pole profile in the presence of some saturation by means of a model with

movable plates (no electronic computers available) (Fig. 10);

ii) a fairly low injection energy, with the consequence of an injection field too close to the

remanent field. The large fluctuations to be expected for the remanent field would have

prevented the machine from working, if no special precautions had been taken. This meant

that a steel store had to be constituted where the laminations were arranged in a number of

piles equal to the number of the laminations in a block. A block was assembled by picking a

lamination from each pile;

iii) two types of blocks (‘open’ and ‘closed’) being required with somewhat different magnetic

behaviour, especially at low fields due to the influence of the remanent field;

iv) the need to determine experimentally the acceptable lamination thickness for the envisaged

acceleration rate (Fig. 11);

v) the idea that no galvanic loop should embrace a varying flux, which led to the gluing of the

pile of laminations of a block with a new miracle material, Araldite. This complicated the

construction by adding a few steps to the process, some of which were particularly difficult,

like the removal of the excess polymerized glue around the block.

PS combined function dipole (1959)
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Parameter lists

 

PS Parameters

 

General Data

 

Maximum kinetic energy at 1.2 T

Maximum kinetic energy at 1.4 T

Magnetic radius

Mean radius

No. of magnet periods

No. of magnet units 1/2F 1/2D

No. of periods per superperiod

No. of superperiods per turn

Field index

Operating mode

No. of betatron cycles per turn

Length of magnet unit

Length of normal straight sector

Length of long straight sector

No. of linear lenses

No. of non-linear lenses

 

Magnet and Power Supply

 

Magnetic field:

 

at injection

for 24.3 GeV

maximum

Weight of one magnet unit

Total weight of coils (alumin.)

Total weight of iron

Rise time to 1.2 T

No. of cycles per minute (1.2 T 

operation)

Peak power to energize the 

magnet

Stored energy

Mean dissipated power

Magnet gap at equilibrium orbit

E

 

max

 

 = 24.3 GeV

E

 

max

 

 = 28.3 GeV

r

 

o

 

 = 70.079 m

r = 100 m

M = 50

N = 100

5

10

n = 288.4

 

µ

 

 = 

 

π

 

/4

6.25

4.30 m

1.60 m

3 m

10 pairs

20 pairs

147 G

1.2 T

1.4 T

38 t

110 t

3400 t

1 s

20

34 600 kW

10

 

7

 

 J

1500 kW

10 cm

 

Tolerances

 

Alignment tolerances

– vertically

– horizontally

Tolerance on n inside the useful 

aperture

Tolerance for random errors in n 

between 1/2F 1/2D sectors

 

Radio Frequency

 

Energy gain per turn

Stable phase angle

No. of accelerating cavities

Length of cavity

Harmonic number

Frequency range

Power per cavity

 

Injection

 

Injection  energy

Injection field

Length of linear accelerator

RF power

 

Vacuum System

 

Vacuum chamber length

Vacuum chamber section

Wall thickness (stainless steel)

Vacuum pumps (ø 10 cm)

Pressure, better than

0.3 mm r.m.s.

0.6 mm r.m.s.

 

±

 

1%

0.5% r.m.s.

54 keV

60

 

°

 

16

2.3 m

20

2.9–9.55 MHz

6 kW

50 

 

±

 

 0.1 MeV

147 G

30 m

5 MW at 202.5 MHz 

during 200 

 

µ

 

s

628 m

7 

 

×

 

 14 cm

2 mm

4 + 67 stations

10

 

–5

 

 mmHg

Gradient @1.2 T : 5 T/m

Equipped with pole-face 
windings for higher order 
corrections
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The final form of the magnet block is given in Fig. 12. The construction of the 1000 blocks was

entrusted to Ansaldo in Genoa with steel laminations produced in the nearby factory of Italsider

(Fig. 13). Ansaldo won the contract because of the higher precision of their punching dies, compared

with those made by other European manufacturers.

 

Fig. 12:  

 

Final form of the magnet blocks.

 

Fig. 10:

 

Model with movable plates to determine final

profile.

 

Fig. 11:

 

The ‘n’ values of open and closed blocks at

the remanent field show an important

difference. The acceptable lamination

thickness determined experimentally.

Water cooled Al race-
track coils 

Courtesy D. Tommasini, CERN
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dipole magnet : SPS dipole (1975)

11

H magnet     type MBB
B = 2.05 T
Coil : 16 turns
I max = 4900 A
Aperture = 52 � 92 mm2

L = 6.26 m
Weight = 17 t
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Fig. 37:  

 

The two types of bending magnets of the SPS.

 

Fig. 38:  

 

Extraction elements of the SPS.
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These are main quadrupoles of the SPS at CERN:     22 T/m × 3.2 m

SPS main dipole

12
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This is a combined function bending magnet of the ELETTRA light 
source

Elettra combined function magnet

13
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These are sextupoles (with embedded correctors) of the main ring of the 
SESAME light source

SESAME sextupoles

14
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Beam Transfer line magnets: Castor and Cesar

1977: Very first SC magnets at CERN in an 
SPS beam line 
• CESAR dipole: aperture 150 mm, B=4.5 T , 

l = 2 m
• CASTOR quadrupole
Both use a monolithic conductor would into a 
cosQ coil

15
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TESTS  OF THE SUPERCONDUCTING B E N D I N G  MAGNETS  "CESAR". 

J. Pdrot*  and D.F. Leroy ** 
ABSTRACT 

Two superconducting  bending  magnets  have  been 
b u i l t  a t  the   Sac lay   Labora to ry   i n   co l l abora t ion   w i th  
CERN. 

t he  SPS machine a t  CERN, and because  they w i l l  be  used 
a l s o  la ter  as a p a r t  of a spectrometry  experiment ,  a 
ve ry   h igh   accu racy   o f   t he   i n t eg ra t ed   f i e ld   (+2  x 
i s  r equ i r ed .  

of   the tes ts  a re   g iven .  

They w i l l  b e   i n s t a l l e d   i n  a secondary beam l i n e  of  

A b r i e f   desc r ip t ion   o f   t he   magne t s  and t h e   r e s u l t s  

I. INTRODUCTION 

A t  the  end  of  1975, CERN has   dec ided   t o   bu i ld  two 
h igh   prec is ion   superconduct ing   d ipoles   for  a beam l i n e  
i n   t h e  SPS nor th   exper imenta l   a rea .  The aim was t o  de- 
termine  whether  superconducting  magnets  of  the  required 
accuracy and r e l i a b i l i t y   c o u l d   b e   b u i l t ,   a n d   w h a t   t h e i r  
economics  and  performances  would  be  once i n   o p e r a t i o n .  

Cooperation  between CERN and  CEA/Saclay i n   t h i s  
p r o j e c t   h a s  combined the  knowledge  and exper ience   o f  
t he  two o r g a n i z a t i o c s   i n   t h i s   f i e l d .   F o r   p r a c t j c a l   p u r -  
poses a CERN/Saclay team was formed,  technical  respon- 
s a b i l i t y   o f   t h e   c o n s t r u c t i o n   b e i n g  assumed  by  Saclay. 

Description  of  the  magnets  has  been made i n   o t h e r  
p a p e r ~ ' ' ~ ' ~ .  However a b r i e f   r ev iew of the  mains  charac- 
t e r i s t i c s  w i l l  be made. 

X I .  DESCRIPTION OF  THE  MAGNETS 

0pt i .cal   character is t ics   of   the   magnets   are   those 
of CERN/XBN magnets  which a re   t he   s t anda rd   conven t iona l  
magnets commonly used   i n  SPS secondary beam l i n e .  These 
c h a r a c t e r i s t i c s  are a maxitwm becding power o f  9.15 TIP 
and a f i e l d   i n t e g r a l   a c c u r a c y   b e t t e r   t h a n  + 2.10-4 w i -  
t h i n  a use fu l   ape r tu re   o f  40 mm o f   r ad ius .  

The two important  advantages  of  superconducting 
magnets  with  regard  to K E N  convent ional   ones  are  : 

- Power consumption  which i s  about  40 kW f o r  su- 
perconduct ing   d ipoles   to   keep  them at  low t e r p e r a t u r e  
a g a i n s t  110 kW to   run  MEN magnets. 

two times shor t e r   t han   conven t iona l   ones .  

t ing  bending  nagnets  "CESAR" are the   fo l lowing  : 

- Superconduc t ing   d ipo le s   ( i nc lud ing   c ryos t a t )   a r e  

The main o t h e r   c h a r a c t e r i s t i c s  of  the  superconduc- 

Warm b o r e   a p e r t u r e   ( c i r c u l a r )  100 mn 
Inner  diameter  of  the  winding 150 nun 
Outer  diameter  of  the  winding 197.6 mm 
C e n t r a l   f i e l d  4.5 T 
Magnetic  length 2.04 m 
Curren t   dens i ty   a t   4 .5  T 2.5. I O 8  A/m2 
Stored  energy 520   kJ  
Length  of   the   cryostat  2.86 m 
Width of t he   c ryos t a t  0.96 m 

The high  accuracy  of  5 2. IO o f   t h e   i n t e g r a t e d  -4 

f i e l d  i s  obtained by  a carefu l1   des ign   and  a s k i l l f u l l  
r e a l i z a t i o n   o f  a  4 block  winding  and  by  incorporating 
supe rconduc t ing   co r rec t ion   co i l s   i n   o rde r   t o   compensa te  
t h e   i r o n   s a t u r a t i o n   e f f e c t s  and  the  possible  symmetry 
e r ro r s   o f   t he   f i na l   a s sembly .  

A c ros s   s ec t ion   o f   t he  magnet  can  be  seen on Fip.1.  

Manuscript  received  September  28,  1978. 

* CEN/Saclay - DPh/PE-S.T.I.P.E., B .P.  n"2 

**CERN/S.P.S. Divis ion  - 1211 GenSve 23  (Suisse) 

91 190 - Gif-sur-Yvette  (France) 

E p . 1 .  Magnet c r o s s   s e c t i o n ,  

S t a r t i ng   f rom  the   cen te r   t he  main c o i l s  (1) a r e  
mounted  around  an inner  tube  (2)  which  contains  the 
c o r r e c t i n g   c o i l s   i n  48 grooves.   This  tube  serves a l s o  
as hel ium  wal l .  The main c o i l s   a r e  an  approximation  in 
four   blocks  of  a cos i .ne   cur ren t   d i s t r ibu t ion .   Spec ia l  
s t a i n l e s s   s t e e l   r i n g s   m a i n t a i n   t h e  two c o i l s   f i x e d  on 
the  bore  tube.  

The iron  yoke ( 3 )  i s  a. s p l i t   c y l i n d e r  he1.d around 
t h e   c o i l  by two o u t e r   s h e l l s  of s t a i n l e s s   s t e e l   b o l t e d  
toge ther   (4) .  The c ryos t a t  i s  qui te   convent iona l  and 
uses a l i q u i d  N2 sc reen  (5) .  The helium  tank :6) and 
t h e   l i q u i d  N 2  s c r e e n   a r e   c i r c u l a r   w h i l e   t h e  vacuum tank 
i s  bell-shaped ( 7 ) .  The n i t ropen   s c reen  i s  a double 
w a l l  s t a i n l e s s   s t e e l   t a n k   w i t h   t h e  two end p l a t e s   i n  
copper.  Cooling  of  the  mapnet t o  l i q u i d  N 2  temperature 
i s  made by l i q u i d  R2 c i r c l l l a t ed   i n   an   exchange r   i n s ide  
the   p ressur ized   he l ium  tank .  The mapmet i n s i d e  i t s  he- 
l ium  tank whi.ch weights 4.5 t i s  supported by fou r  low 
thermal   conduct iv i ty   t i t an ium  tubes   (8) .  Each suppor t  
has a l i q u i d  N2 contac t  and i t s  t h e r m 1  1.eak i s  0.1 W 
at  l i q u i d  Be temperature.  

Spec ia l   e f fo r t   has   been  made for   these   magnets   on-  
mechanical  design and  accuracy of  cons t ruc t ion .  

For  example a  minimum epoxy res in   has   been   pu t  
i n t o   t h e   c o i l s   t o   g e t  a "pe ta l   l i ke"   b locks   o f   cu r ren t ,  
t h e   c o i l s   s p a c e r s  are in   copper   to   have  both  horogene-  
ous Young modulus  and cor rec t   thermal   cont rac t i .ons .  

Spec ia l   ca re   has   a l so   been   t aken   t o  match  thermal 
c o n t r a c t i o n s   i n   b o t h   r a d i a l  and a x i a l   d i r e c t i o n s   b e t -  
ween c o i . 1 ~  and i r o n  yoke s t r u c t u r e .  

111. TESTS bF TIIF, KAGYET 

The  two magnets  were  assembled  durinp  1977. The 
f i r s t  one vas t e s t e d   i n  december  1977 and the  second  in  
february  1978 at  the  Saclay  Laboratory.  The magnets  and 
their   cryosta . ts   (completely  welded)  were t e s t e d  as a 
co rb ined   un i t   and   func t ioned   f rom  the i r   f i r s t  cool-down 

0018-9464/79/0100-0100$00.75 0 1979 IEEE 
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ISR Insertion quadrupole

• Nb-Ti monolitic conductor 
• fully impregnated coil 
• Prestress from yoke + shell
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Tevatron proton-antiproton ring

• Nb-Ti conductor at 4.2 K
• Collars for prestress
• warm iron

17

June 2, 2008 12G. Ambrosio - Technology and applic. of high field acc. magnets 

The beginning … with a footnote

! !"#"$%#&'()%*"+,#,"-'"#./#01234#"$%#!"#"$%#&'()%*"+,#,"-'"#./#01234#"$%#!"#"$%#&'()%*"+,#,"-'"#./#01234#"$%#!"#"$%#&'()%*"+,#,"-'"#./#01234#"$%#5('675.7%#-//8-6#&'(78*".(/#5('675.7%#-//8-6#&'(78*".(/#5('675.7%#-//8-6#&'(78*".(/#5('675.7%#-//8-6#&'(78*".(/#
(9#/.(:.8;(9#/.(:.8;(9#/.(:.8;(9#/.(:.8;<<<<"."-/.8;#="."-/.8;#="."-/.8;#="."-/.8;#=>:?.>:?.>:?.>:?.@#5-,#A%'B#9%5#$8/7'%7#CD@#5-,#A%'B#9%5#$8/7'%7#CD@#5-,#A%'B#9%5#$8/7'%7#CD@#5-,#A%'B#9%5#$8/7'%7#CDE#E#E#E#

! ?$%#;-/89-*"8'%#(9#"$%#?$%#;-/89-*"8'%#(9#"$%#?$%#;-/89-*"8'%#(9#"$%#?$%#;-/89-*"8'%#(9#"$%#?%A-"'(/?%A-"'(/?%A-"'(/?%A-"'(/ ;-D/%",#'%F8.'%7#;-D/%",#'%F8.'%7#;-D/%",#'%F8.'%7#;-D/%",#'%F8.'%7#;('%#"$-/#;('%#"$-/#;('%#"$-/#;('%#"$-/#
GHIII#CD#(9#GHIII#CD#(9#GHIII#CD#(9#GHIII#CD#(9#>:?.>:?.>:?.>:?.

!"#$%&'(!"#$%&'(!"#$%&'(!"#$%&'( )*+',"-./)*+',"-./)*+',"-./)*+',"-./!"#$%$$!"#$%$$!"#$%$$!"#$%$$

&'()*+$,-+./0.+1$2,.3$456+&'()*+$,-+./0.+1$2,.3$456+&'()*+$,-+./0.+1$2,.3$456+&'()*+$,-+./0.+1$2,.3$456+ PHILIPS Achieva 3.0T

“ The manufacturing technology and capacity 
developed in response to this demand made 
possible a new medical diagnostic method ”
magnetic resonance imaging, MRI.
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This is a main dipole of the LHC at CERN: 8.3 T × 14.3 m

LHC dipole

18
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This is a cross section of a main quadrupole of the LHC at CERN:           
223 T/m × 3.2 m

LHC main quadrupole

19
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Ørsted showed in 1820 that electricity and 
magnetism were somehow related

Electro-magnetism

20
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The first electromagnet was built in 1824 by Sturgeon

Electromagnet

21
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Our magnets work on a few basic principles (steady state only)

an electrical 
current induces a 
magnetic effect

some materials 
(e.g. iron) greatly 
enhance these 
effects

some other 
materials produce 
these effects even 
without electrical 
currents

Basic magnet type

22
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1. Introduction

2. Fundamentals 1: Maxwell and friends

3. Fundamentals 2: harmonics

23
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So, how do we properly describe all this?  I  

Maxwell Equations

Integral form Differential form

!"#%⃗ = '
(
)⃗ + +,

+- #.⃗

!/#%⃗ = − +
+- '(

1 #.⃗

'
(
1 #.⃗ = 0

'
(
, #.⃗ = '

3
4 #5

1 = 6" = 67 " + 8

, = 9/ = 97 / + :
)⃗ = ;/ + )<=>.

@A-" = )⃗ + +,
+-

@A-/ = −+B+-

#CD1 = 0

#CD, = 4

With:

Ampere’s law

Faraday’s equation

Gauss’s law for 
magnetism

Gauss’s law 
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James Maxwell
1831 – 1879



JU
AS

, 1
8 

Fe
br

20
19

, I
nt

ro
du

ct
io

n 
to

 m
ag

ne
ts

, G
dR

Lorentz force

!" = $ &⃗×(
for charged beams

for conductors
!" = )ℓ×(

So, how do we properly describe all this?  II

25

Hendrik Lorentz
1853 –1928
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B flux density T (Tesla)
magnetic field
B field
magnetic induction

H magnetic field A/m (Ampere/m)
magnetic field strength
H field

µ0 permeability of vacuum 4p·10-7 H/m (Henry/m)

µr relative permeability dimensionless

µ permeability, µ = µ0µr H/m

Nomenclature

26
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Let’s have a closer look at the 3 equations that describe 
magnetostatics

div $ = 0

rot * = ,⃗

$ = -.-/*

always holds

holds for linear materials

holds for magnetostatics

(1)

(3)

(2)

Magnetostatics

27

Gauss law of 
magnetism

Ampere’s law with no 
time dependencies

Relation between     
* field and the flux 
density $
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Gauss law of magnetism:
the magnetic flux tubes wrap around, with neither sources nor 
sinks

div $ = &$'
&( + &$*&+ + &$,&- = 0 /$ 0 12 =3div $ 14 = 0

divergence / Gauss theorem 

Divergence free fields

28
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Ampere’s law: 
electrical currents generate (“stir up”) a magnetic field

rot $ = &$'
&( − &$*&+ ,- +

&$-
&+ − &$'&/ ,* +

&$*
&/ − &$-&( ,' = 1⃗

2$ 3 45 =6rot $ 47 =61⃗ 47 = 89
Kelvin–Stokes theorem 

Electrical currents generate magnetic fields
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From Ampere’s law without time dependencies and 
Gauss law we can derive the Biot & Savart law

∮" # $% = ' ->

( = )*"

H 2,- = ' ->

" = '
2,-

( = )*" = )*'
2,-

r

I

Law of Biot & Savart

30
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In a nonlinear material (with for ex. saturation and hysteresis), 
the constitutive law becomes more complex

H

B

! = #$&⃗ '

Non-linear materials - magnetisation
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In most of our simulations we use a simple BH model for the 
material: this is a typical curve for an electrical steel.
The flattening-off is called “saturation”
Each steel type is specific !

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

0 500 1000 1500 2000 2500 3000 3500

B [T]

H [A/m]

Non-linear materials: BH curves
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End slope is µ0

slope is µrµ0
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Now, why do the flux lines come out perpendicular to the iron?

0 0.8 T 1.6 T

Field in a magnet with a steel yoke I
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Because they obey to Maxwell!

air !" = 1

iron !" ≫ 1

&∥, )*+ = &∥, *+,-

.∥, )*+ =
.∥, *+,-
!",*+,-

≈ 0 .1, )*+ = .1, *+,-

Field in a magnet with a steel yoke II
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In magnetostatics, we can combine Eqs. 1 to 3 in a more compact form (3D)

div $ = 0

rot * = 0

$ = +,*

-.0⃗ = 0
holds for 
magnetostatics
and in air

Vector potential 1

35

This is an “advanced introduction”, so let’s introduce the vector potential (3D)

$ = rot 0⃗Definition:

In 2D this becomes a scalar Laplace equation

-.02 = 0 3.04
35. +

3.02
37. = 0

holds for 
magnetostatics
and in air
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1. Introduction

2. Fundamentals 1: Maxwell and friends

3. Fundamentals 2: harmonics
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We look at the 2D first: how can we conveniently describe the field in the 
aperture, for ex. in a quadrupole?

SESAME quadrupole 
Bpole = 0.6 T

Multipoles I, quadrupole

37
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And in another resistive magnet, with a different  configuration?

0 0.5 T 1.0 T

SESAME sextupole
+ vertical dipole corrector

Multipoles III, sextupole
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Can the same formalism also describe the field in the aperture of a 
superconducting dipole?

0 8 T 16 
T

FRESCA2 dipole
13 T

Multipoles IV, Superconducting dipole
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The solution is a harmonic (or multipole) expansion, describing the field 
(within a circle of validity) with scalar coefficients

with: & = ( + *+ = ,-./

01 & + *02 & = 3
456

7

04 + *84
&

9:;<

4=6
(4)

(

+
Rref

Rmax

Multipoles V, harmonic expansion
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This decomposition has two characteristic radii: Rref and Rmax

Rref

Rma
x

Rref

Rmax
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Expanding Eq. 4 in terms of radial and tangential components, we find sin 
and cos terms

!

"

#
$

%&
%'%& = )

*+,

- #
.&/0

*1,
%* sin 5$ + 7* cos 5$

%' = )
*+,

- #
.&/0

*1,
%* cos 5$ − 7* sin 5$

Multipoles VI, cylindrical coordinates
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!" # + %!& # = (
)*+

,

!) + %-)
#

./01

)2+
(4)

In most cases, there is a main fundamental component, to which the other 
terms are normalized

!" # + %!& # = !3 (
)*+

, 4) + %5)
10000

#
./01

)2+

4) = 10000 !)!8
5) = 10000 -)!8

field shapefield strength

Multipoles VII, normalized coefficients
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define: 

hence: 

take: 

NB. The multipole coefficients bn and an dimensions are referred to as “units”
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Another useful expansion derived from Eq. 4 is that of By and Bx on the 
midplane, i.e. at y = 0

!" # = %
&'(

)

!&
#

*+,-

&.(
= !( + !0

#
*+,-

+ !1
#

*+,-

0
+ ⋯

!3 # = %
&'(

)

4&
#

*+,-

&.(
= 4( + 40

#
*+,-

+ 41
#

*+,-

0
+ ⋯

Multipoles VIII, midplane field
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B1: normal dipole B2: normal quadrupole B3: normal sextupole

A1: skew dipole A2: skew quadrupole A3: skew sextupole

Each multipole corresponds to a field distribution: adding them up, we can 
describe everything (this is nicely compatibly with Maxwell)

Multipoles IX, multipole fields 
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B1 is the normal dipole
!"

#

Multipoles X, dipole field
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B2 is the normal quadrupole !"

#

$ = !&
' = (!"

(# = !′

!*+,- = !′'*+,-

!" = !′x

Multipoles XI, quadrupole field
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gradient:

field on the pole tip:
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B3 is the normal sextupole !"

#

!$%&' =
1
2 !′′,$%&'

!-- = ./!"
.#/ = 2!0

,/

!" =
1
2!

--#

Multipoles XII, sextupole field
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gradient:

field on the pole tip:
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The allowed / not-allowed harmonics refer to the terms that shall / shall 
not cancel out thanks to design symmetries

fully symmetric dipoles: only B1, b3, b5, b7, b9, etc.

half symmetric dipoles: B1, b2, b3, b4, b5, 
etc.

Multipoles XIII, allowed multipoles
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These are the allowed harmonics for fully symmetric quadrupoles and 
sextupoles

fully symmetric sextupoles: B3, b9, b15, b21, etc.

fully symmetric quadrupoles: B2, b6, b10, b14, b18, etc.

Multipoles XIV, allowed multipoles
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We can change Rref and scale up (or down) the harmonics

Rref,1

Rmax

Rref,2

!",$ = !",&
'()*,$
'()*,&

"+&
,",$ = ,",&

'()*,$
'()*,&

"+-

Rmax

Multipoles XV, scaling
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Let’s have a look at a real case: the 
measurements of 33 quadrupoles built for 
SESAME

harmonics in 10-4 at 24 mm radius

mean ± rms QF @ 250 A

b3 -0.2 ± 0.8

a3 -0.1 ± 0.9
b4 0.3 ± 0.4

a4 -0.3 ± 0.1

b5 0.0 ± 0.1
a5 0.0 ± 0.1

b6 -0.1 ± 0.1
b10 -0.3 ± 0.0

b14 0.3 ± 0.0

SESAME QF

Multipoles XVI, example

51



JU
AS

, 1
8 

Fe
br

20
19

, I
nt

ro
du

ct
io

n 
to

 m
ag

ne
ts

, G
dR

Magnetic Length

In 3D, the longitudinal dimension of the magnet is described by the  
magnetic length

52

!"#$ = &
'(

(

# ) *)

magnetic length Lmag as a first approximation in an irn dominated magnet :
• For dipoles  Lmag = Lyoke + d d = pole distance
• For quadrupoles: Lmag = Lyoke + r r = radius of  the inscribed circle  

between the 4 poles

Courtesy A. Milanese, CERN
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This 2D decomposition holds also for the integrated 3D field, as long as at 
the start / end B is constant along z

!

!

ok ok not ok

ok

Multipoles along a magnet
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Magnetic fields, order of magnitudes

54

From Ampere’s law with no time 
dependencies 

We can derive the law of Biot and Savart

(Integral form)

B ⋅d

l

C∫ = µ0Iencl.


B = µ0I

2πr
ϕ̂

If you wanted to make a B = 1.5 T magnet 
with just two infinitely thin wires placed at  
100 mm distance in air one needs :              
I = 187500 A
• To get reasonable fields ( B > 1 T) one 

needs large currents
• Moreover,  the field homogeneity will be 

poor 
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Iron dominated magnets, simple example

55


H ⋅d

l

C∫ = N ⋅ I

N ⋅ I = Hiron ⋅ liron +Hairgap ⋅ lairgap ⇒

N ⋅ I = B
µ0µr

⋅ liron +
B
µ0
⋅ lairgap ⇒

N ⋅ I =
lairgap ⋅B
µ0

Yoke

coil

This is valid as µr >> µ0 in 

the iron : limited to B < 2 T

0 
1000 
2000 
3000 
4000 
5000 
6000 
7000 
8000 
9000 

0 0.5 1 1.5 2 

µr 

B (T) 

µr"as"func)on"of"B"for"low"carbon"magnet"steel"
(Magne)l"BC)"

With the help of an iron yoke 

we can get fields with less 

current 

Example: C shaped dipole for 

accelerators

B = 1.5 T

Gap = 50 mm

N . I = 59683 A

2 x 30  turn coil

I = 994 A

@5 A/mm2, 200 mm2

14 x 14 mm Cu 
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These two curves are the 

transfer functions – B field vs. 

current – for the two cases

Comparison : iron magnet and air coil

Imagine a magnet with a 50 mm vertical gap ( horizontal width ~100 mm)
Iron magnet wrt to an air coil:

– Up to 1.5 T we get ~6 times the field
– Between 1.5 T and 2 T the gain flattens of : the iron saturates
– Above 2 T the slope is like for an air-coil: currents become too large to use 

resistive coils

56
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with iron
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iron, infinite permeability

Courtesy A. Milanese, CERN
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Magnets in an accelerator: power convertor and 
circuit

• B field stability in time: ~10-5 - 10-6

• Typical R of a magnet ~20mW - 60mW
• Typical L of a magnet ~20mH – 200mH
• Powering cable (for 500A): Cu 250 mm2

(Cu: 17 nW.m) R = 70 µW/m, for 200m: 
R= 13mW

• Take a typical rise time 1s
57

power 
Convertor 
(current 
source)

Cu (or Al) 
cables or 
busbars

Cu or Al coil Steel yoke

Vacuum 
chamber

beam

B (flux density)

Then the Power Convertor has to 
Supply :  0-500 A with a stability of 
a few ppm.
Voltage up to   40 V (resitive)
And                100 V (inductive)

CERN–2015–003
15 June 2015

ORGANISATION EUROPÉENNE POUR LA RECHERCHE NUCLÉAIRE

CERN  EUROPEAN ORGANIZATION FOR NUCLEAR RESEARCH

Power Converters

Baden, Switzerland
7–14 May 2014

Proceedings

Editor: R. Bailey

GENEVA
2015
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