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The Effective Potential

Perturbative expansion of the potential

Veff (φ) = V0(φ) + V1(φ) + V2(φ) + . . .

1-loop contribution

V1(φ)∼∑
Ψ

(−1)2sΨ(2sΨ + 1)
∫

d3k
1
2

ωΨ(φ ,k)

ω
2
Ψ(φ ,k) =~k2 + M2

Ψ(φ),

V1(φ)∼∑
Ψ

(−1)2sΨ(2sΨ + 1)M4
Ψ(φ)

(
log

(
M2

Ψ(φ)

µ2

)
+ const

)
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Gauge dependence

Typical gauge fixing

Lg.f . =− 1
2ξ

(∂µAµ )2

Lg.f . =− 1
2ξ

(∂µAµ + ξ φ χ)2

Landau gauge ξ = 0
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Example of IR divergences

ΠΠ ΠΠ Π . . .

∫ d4k
(2π)4

(
Π(k2)

k2−G(φ)

)
∼G(φ)

∫ d4k
(2π)4

(
Π(k2)

k2−G(φ)

)2

∼ logG(φ)

. . .

Divergence at φ = φ0:

∂V0(φ)|φ=φ0 = 0
G(φ)|φ=φ0 = 0
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IR divergences

Higher order divergences

V3(φ)∼ logG(φ),

V4(φ)∼ 1
G(φ)

+ logG(φ)

V5(φ)∼ 1
G(φ)2 +

1
G(φ)

+ logG(φ)

...

Worst divergences at L Loops (in Landau gauge)

VL(φ)∼G3−L(φ) + . . .
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Nielsen identity

Gauge dependence

(
ξ

∂

∂ξ
+ C(φ ,ξ )

∂

∂φ

)
Veff(φ ,ξ ) = 0

ξ
∂
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φ
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Perturbative expansion

The effective potential is gauge invariant at its extrema

∂

∂φ
Veff(φ ,ξ )|φ=φmin ≡ ∂Veff(φ ,ξ )|φ=φmin = 0

Veff (φ ,ξ ) = V0(φ) + h̄V1(φ ,ξ ) + h̄2V2(φ ,ξ ) + . . .

φ
min = φ0 + h̄φ1 + h̄2

φ2 + . . .

Position of the extrema order-by-order in h̄

O(h̄0) : ∂V0|φ=φ0 = 0,

O(h̄1) :
(

φ1∂
2V0 + ∂V1

)
|φ=φ0 = 0

O(h̄2) :

(
φ2

1
2!

∂
3V0 + φ2∂

2V0 + φ1∂
2V1 + ∂V2

)∣∣∣∣∣
φ=φ0

= 0

...
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h̄-expansion of the effective potential

The effective potential evaluated at its extrema

Veff|φ=φmin =
(

V0(φ) + h̄V1(φ ,ξ ) + h̄2V2(φ ,ξ ) + . . .
)∣∣∣∣∣

φmin=φ0+h̄φ1+...

Expansion order-by-order in h̄

Veff|φ=φmin =

[
V0 + h̄V1 + h̄2

(
V2 + φ1∂V1 +

φ2
1
2

∂
2V0

)
+ . . .

]
φ=φ0
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Example of IR Divergence Cancellation

At the Lth order in h̄

Veff|φ=φmin = . . . h̄L

(
VL + φ1∂VL−1 +

φ2
1

2!
∂

2VL−2 + . . .

)∣∣∣∣∣
φ=φ0

+ . . .

VL|φ≈φ0 ∼G3−L(φ)

∂
nVL|φ≈φ0 ∼G3−L−n(φ)

VL + . . .+
φL−1

(L−1)!
∂

L−1V1 ∝ G(φ)L−3
L−1

∑
i=0

(−1)i

(L−1− i)!i!
= 0

Veff|φ=φmin is Finite & Gauge invariant order-by-order
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Summary

The effective potential is, in general, both IR divergent and
Gauge dependent
Both problems can be solved by using a consistent power
counting, see 1810.01416 for more details
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