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This talk:
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Strategy and preliminary results
in using the modular bootstrap to prove

a strong version of the WGC in the worldsheet



Many versions of  WGC.  “Universal” part of the statement:
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More generally:  
 
       Replace gMP by Q/M of extremal black hole.  
       For several U(1)’s, apply in every direction of ch. lattice.

Comes in a lot of flavors! 
 
      Axions, generalized gauge symmetries, scalar forces…

(Called “mild form” in Shiu-
Cottrell-Soler ’16 )
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Even black holes themselves can be the WGC particle!

Some recent evidence suggests that they must

Also consistent with black hole heuristics and entanglement 
entropy arguments in AdS 

(Via higher-derivative corrections that alter Q/M)

MM ‘18
Arkani-Hamed,Motl  

Nicolis Vafa ‘06

Cheung-Liu-Remmen ’18, Andriolo-Junghans-Noumi-Shiu ’18, Hamada-Noumi-Shiu ’18, Mehrdad ’19, Charles ‘19

S. Andriolo’s talk



Mild form understood — but what we really want is a strong 
form

m  gMP q, and q  a
<latexit sha1_base64="IBuGeSD0TBV03ohoLscwNSvo5WY="></latexit><latexit sha1_base64="IBuGeSD0TBV03ohoLscwNSvo5WY="></latexit><latexit sha1_base64="IBuGeSD0TBV03ohoLscwNSvo5WY="></latexit><latexit sha1_base64="IBuGeSD0TBV03ohoLscwNSvo5WY="></latexit>

This is really a constraint on the EFT!

No “WGC” heuristics or EFT arguments. Just examples. 



Mild form understood — but what we really want is a strong 
form

m  gMP q, and q  a
<latexit sha1_base64="IBuGeSD0TBV03ohoLscwNSvo5WY="></latexit><latexit sha1_base64="IBuGeSD0TBV03ohoLscwNSvo5WY="></latexit><latexit sha1_base64="IBuGeSD0TBV03ohoLscwNSvo5WY="></latexit><latexit sha1_base64="IBuGeSD0TBV03ohoLscwNSvo5WY="></latexit>

This is really a constraint on the EFT!

No “WGC” heuristics or EFT arguments. Just examples. 

Main idea: We think we can do better in the
worldsheet 
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primary operators of 2d CFT

h = h̃
<latexit sha1_base64="xk2Q55sBKVHIeP08DyLZpMlN1GM=">AAACAnicbVC7TsNAEFzzDOEVoKQ5ESFRRTZCggYpgoYySOQhxVZ0Pm/iU84P3Z2RIisd30ALNR2i5Uco+RMuxgVJmGp2Z1a7O34quNK2/WWtrK6tb2xWtqrbO7t7+7WDw45KMsmwzRKRyJ5PFQoeY1tzLbCXSqSRL7Drj29nevcRpeJJ/KAnKXoRHcV8yBnVpuWG167mIsA8nFYHtbrdsAuQZeKUpA4lWoPatxskLIsw1kxQpfqOnWovp1JzJnBadTOFKWVjOsK+oTGNUHl5cfOUnA4TSXSIpKj/enMaKTWJfOOJqA7VojZr/qf1Mz288nIep5nGmBmL0YaZIDohs9dJwCUyLSaGUCa5uZKwkErKtAlobosy74QYFJk4iwksk855w7Ebzv1FvXlTplOBYziBM3DgEppwBy1oA4MUnuEFXq0n6816tz5+rStWOXMEc7A+fwCBnpfd</latexit><latexit sha1_base64="xk2Q55sBKVHIeP08DyLZpMlN1GM=">AAACAnicbVC7TsNAEFzzDOEVoKQ5ESFRRTZCggYpgoYySOQhxVZ0Pm/iU84P3Z2RIisd30ALNR2i5Uco+RMuxgVJmGp2Z1a7O34quNK2/WWtrK6tb2xWtqrbO7t7+7WDw45KMsmwzRKRyJ5PFQoeY1tzLbCXSqSRL7Drj29nevcRpeJJ/KAnKXoRHcV8yBnVpuWG167mIsA8nFYHtbrdsAuQZeKUpA4lWoPatxskLIsw1kxQpfqOnWovp1JzJnBadTOFKWVjOsK+oTGNUHl5cfOUnA4TSXSIpKj/enMaKTWJfOOJqA7VojZr/qf1Mz288nIep5nGmBmL0YaZIDohs9dJwCUyLSaGUCa5uZKwkErKtAlobosy74QYFJk4iwksk855w7Ebzv1FvXlTplOBYziBM3DgEppwBy1oA4MUnuEFXq0n6816tz5+rStWOXMEc7A+fwCBnpfd</latexit><latexit sha1_base64="xk2Q55sBKVHIeP08DyLZpMlN1GM=">AAACAnicbVC7TsNAEFzzDOEVoKQ5ESFRRTZCggYpgoYySOQhxVZ0Pm/iU84P3Z2RIisd30ALNR2i5Uco+RMuxgVJmGp2Z1a7O34quNK2/WWtrK6tb2xWtqrbO7t7+7WDw45KMsmwzRKRyJ5PFQoeY1tzLbCXSqSRL7Drj29nevcRpeJJ/KAnKXoRHcV8yBnVpuWG167mIsA8nFYHtbrdsAuQZeKUpA4lWoPatxskLIsw1kxQpfqOnWovp1JzJnBadTOFKWVjOsK+oTGNUHl5cfOUnA4TSXSIpKj/enMaKTWJfOOJqA7VojZr/qf1Mz288nIep5nGmBmL0YaZIDohs9dJwCUyLSaGUCa5uZKwkErKtAlobosy74QYFJk4iwksk855w7Ebzv1FvXlTplOBYziBM3DgEppwBy1oA4MUnuEFXq0n6816tz5+rStWOXMEc7A+fwCBnpfd</latexit><latexit sha1_base64="xk2Q55sBKVHIeP08DyLZpMlN1GM=">AAACAnicbVC7TsNAEFzzDOEVoKQ5ESFRRTZCggYpgoYySOQhxVZ0Pm/iU84P3Z2RIisd30ALNR2i5Uco+RMuxgVJmGp2Z1a7O34quNK2/WWtrK6tb2xWtqrbO7t7+7WDw45KMsmwzRKRyJ5PFQoeY1tzLbCXSqSRL7Drj29nevcRpeJJ/KAnKXoRHcV8yBnVpuWG167mIsA8nFYHtbrdsAuQZeKUpA4lWoPatxskLIsw1kxQpfqOnWovp1JzJnBadTOFKWVjOsK+oTGNUHl5cfOUnA4TSXSIpKj/enMaKTWJfOOJqA7VojZr/qf1Mz288nIep5nGmBmL0YaZIDohs9dJwCUyLSaGUCa5uZKwkErKtAlobosy74QYFJk4iwksk855w7Ebzv1FvXlTplOBYziBM3DgEppwBy1oA4MUnuEFXq0n6816tz5+rStWOXMEc7A+fwCBnpfd</latexit>

Fixed central charge

c=24, bosonic 
c=12, superstring
both, heterotic

m2 =
2

↵0� =
2

↵0

✓
h� c

24
+ h̃� c̃

24

◆

<latexit sha1_base64="w9t9htPgdQes+hPldaglMQE4tBA="></latexit><latexit sha1_base64="w9t9htPgdQes+hPldaglMQE4tBA="></latexit><latexit sha1_base64="w9t9htPgdQes+hPldaglMQE4tBA="></latexit><latexit sha1_base64="w9t9htPgdQes+hPldaglMQE4tBA="></latexit>



WORLDSHEET 101 AND WGC

Spectrum of string
states

Level-matched, GSO-✔ 
primary operators of 2d CFT

h = h̃
<latexit sha1_base64="xk2Q55sBKVHIeP08DyLZpMlN1GM=">AAACAnicbVC7TsNAEFzzDOEVoKQ5ESFRRTZCggYpgoYySOQhxVZ0Pm/iU84P3Z2RIisd30ALNR2i5Uco+RMuxgVJmGp2Z1a7O34quNK2/WWtrK6tb2xWtqrbO7t7+7WDw45KMsmwzRKRyJ5PFQoeY1tzLbCXSqSRL7Drj29nevcRpeJJ/KAnKXoRHcV8yBnVpuWG167mIsA8nFYHtbrdsAuQZeKUpA4lWoPatxskLIsw1kxQpfqOnWovp1JzJnBadTOFKWVjOsK+oTGNUHl5cfOUnA4TSXSIpKj/enMaKTWJfOOJqA7VojZr/qf1Mz288nIep5nGmBmL0YaZIDohs9dJwCUyLSaGUCa5uZKwkErKtAlobosy74QYFJk4iwksk855w7Ebzv1FvXlTplOBYziBM3DgEppwBy1oA4MUnuEFXq0n6816tz5+rStWOXMEc7A+fwCBnpfd</latexit><latexit sha1_base64="xk2Q55sBKVHIeP08DyLZpMlN1GM=">AAACAnicbVC7TsNAEFzzDOEVoKQ5ESFRRTZCggYpgoYySOQhxVZ0Pm/iU84P3Z2RIisd30ALNR2i5Uco+RMuxgVJmGp2Z1a7O34quNK2/WWtrK6tb2xWtqrbO7t7+7WDw45KMsmwzRKRyJ5PFQoeY1tzLbCXSqSRL7Drj29nevcRpeJJ/KAnKXoRHcV8yBnVpuWG167mIsA8nFYHtbrdsAuQZeKUpA4lWoPatxskLIsw1kxQpfqOnWovp1JzJnBadTOFKWVjOsK+oTGNUHl5cfOUnA4TSXSIpKj/enMaKTWJfOOJqA7VojZr/qf1Mz288nIep5nGmBmL0YaZIDohs9dJwCUyLSaGUCa5uZKwkErKtAlobosy74QYFJk4iwksk855w7Ebzv1FvXlTplOBYziBM3DgEppwBy1oA4MUnuEFXq0n6816tz5+rStWOXMEc7A+fwCBnpfd</latexit><latexit sha1_base64="xk2Q55sBKVHIeP08DyLZpMlN1GM=">AAACAnicbVC7TsNAEFzzDOEVoKQ5ESFRRTZCggYpgoYySOQhxVZ0Pm/iU84P3Z2RIisd30ALNR2i5Uco+RMuxgVJmGp2Z1a7O34quNK2/WWtrK6tb2xWtqrbO7t7+7WDw45KMsmwzRKRyJ5PFQoeY1tzLbCXSqSRL7Drj29nevcRpeJJ/KAnKXoRHcV8yBnVpuWG167mIsA8nFYHtbrdsAuQZeKUpA4lWoPatxskLIsw1kxQpfqOnWovp1JzJnBadTOFKWVjOsK+oTGNUHl5cfOUnA4TSXSIpKj/enMaKTWJfOOJqA7VojZr/qf1Mz288nIep5nGmBmL0YaZIDohs9dJwCUyLSaGUCa5uZKwkErKtAlobosy74QYFJk4iwksk855w7Ebzv1FvXlTplOBYziBM3DgEppwBy1oA4MUnuEFXq0n6816tz5+rStWOXMEc7A+fwCBnpfd</latexit><latexit sha1_base64="xk2Q55sBKVHIeP08DyLZpMlN1GM=">AAACAnicbVC7TsNAEFzzDOEVoKQ5ESFRRTZCggYpgoYySOQhxVZ0Pm/iU84P3Z2RIisd30ALNR2i5Uco+RMuxgVJmGp2Z1a7O34quNK2/WWtrK6tb2xWtqrbO7t7+7WDw45KMsmwzRKRyJ5PFQoeY1tzLbCXSqSRL7Drj29nevcRpeJJ/KAnKXoRHcV8yBnVpuWG167mIsA8nFYHtbrdsAuQZeKUpA4lWoPatxskLIsw1kxQpfqOnWovp1JzJnBadTOFKWVjOsK+oTGNUHl5cfOUnA4TSXSIpKj/enMaKTWJfOOJqA7VojZr/qf1Mz288nIep5nGmBmL0YaZIDohs9dJwCUyLSaGUCa5uZKwkErKtAlobosy74QYFJk4iwksk855w7Ebzv1FvXlTplOBYziBM3DgEppwBy1oA4MUnuEFXq0n6816tz5+rStWOXMEc7A+fwCBnpfd</latexit>

Fixed central charge

c=24, bosonic 
c=12, superstring
c=18, heterotic

Aµ
<latexit sha1_base64="feHgn+EeaDGPd5/X4KxN0bwUa4Y=">AAAB/HicbVC7TsNAEFyHVwivACXNiQiJKrIREpQBGsogkYeUWNH5so6PnB+6OyNFVvgGWqjpEC3/QsmfcA4uSMJUszuz2t3xEsGVtu0vq7Syura+Ud6sbG3v7O5V9w/aKk4lwxaLRSy7HlUoeIQtzbXAbiKRhp7Ajje+yfXOI0rF4+heTxJ0QzqKuM8Z1abVvhr0w7QyqNbsuj0DWSZOQWpQoDmofveHMUtDjDQTVKmeYyfazajUnAmcVvqpwoSyMR1hz9CIhqjcbHbtlJz4sSQ6QDKr/3ozGio1CT3jCakO1KKWN//Teqn2L92MR0mqMWLGYjQ/FUTHJH+aDLlEpsXEEMokN1cSFlBJmTbRzG1R5p0Ah9M8E2cxgWXSPqs7dt25O681rot0ynAEx3AKDlxAA26hCS1g8ADP8AKv1pP1Zr1bH7/WklXMHMIcrM8ffnmVDA==</latexit><latexit sha1_base64="feHgn+EeaDGPd5/X4KxN0bwUa4Y=">AAAB/HicbVC7TsNAEFyHVwivACXNiQiJKrIREpQBGsogkYeUWNH5so6PnB+6OyNFVvgGWqjpEC3/QsmfcA4uSMJUszuz2t3xEsGVtu0vq7Syura+Ud6sbG3v7O5V9w/aKk4lwxaLRSy7HlUoeIQtzbXAbiKRhp7Ajje+yfXOI0rF4+heTxJ0QzqKuM8Z1abVvhr0w7QyqNbsuj0DWSZOQWpQoDmofveHMUtDjDQTVKmeYyfazajUnAmcVvqpwoSyMR1hz9CIhqjcbHbtlJz4sSQ6QDKr/3ozGio1CT3jCakO1KKWN//Teqn2L92MR0mqMWLGYjQ/FUTHJH+aDLlEpsXEEMokN1cSFlBJmTbRzG1R5p0Ah9M8E2cxgWXSPqs7dt25O681rot0ynAEx3AKDlxAA26hCS1g8ADP8AKv1pP1Zr1bH7/WklXMHMIcrM8ffnmVDA==</latexit><latexit sha1_base64="feHgn+EeaDGPd5/X4KxN0bwUa4Y=">AAAB/HicbVC7TsNAEFyHVwivACXNiQiJKrIREpQBGsogkYeUWNH5so6PnB+6OyNFVvgGWqjpEC3/QsmfcA4uSMJUszuz2t3xEsGVtu0vq7Syura+Ud6sbG3v7O5V9w/aKk4lwxaLRSy7HlUoeIQtzbXAbiKRhp7Ajje+yfXOI0rF4+heTxJ0QzqKuM8Z1abVvhr0w7QyqNbsuj0DWSZOQWpQoDmofveHMUtDjDQTVKmeYyfazajUnAmcVvqpwoSyMR1hz9CIhqjcbHbtlJz4sSQ6QDKr/3ozGio1CT3jCakO1KKWN//Teqn2L92MR0mqMWLGYjQ/FUTHJH+aDLlEpsXEEMokN1cSFlBJmTbRzG1R5p0Ah9M8E2cxgWXSPqs7dt25O681rot0ynAEx3AKDlxAA26hCS1g8ADP8AKv1pP1Zr1bH7/WklXMHMIcrM8ffnmVDA==</latexit><latexit sha1_base64="feHgn+EeaDGPd5/X4KxN0bwUa4Y=">AAAB/HicbVC7TsNAEFyHVwivACXNiQiJKrIREpQBGsogkYeUWNH5so6PnB+6OyNFVvgGWqjpEC3/QsmfcA4uSMJUszuz2t3xEsGVtu0vq7Syura+Ud6sbG3v7O5V9w/aKk4lwxaLRSy7HlUoeIQtzbXAbiKRhp7Ajje+yfXOI0rF4+heTxJ0QzqKuM8Z1abVvhr0w7QyqNbsuj0DWSZOQWpQoDmofveHMUtDjDQTVKmeYyfazajUnAmcVvqpwoSyMR1hz9CIhqjcbHbtlJz4sSQ6QDKr/3ozGio1CT3jCakO1KKWN//Teqn2L92MR0mqMWLGYjQ/FUTHJH+aDLlEpsXEEMokN1cSFlBJmTbRzG1R5p0Ah9M8E2cxgWXSPqs7dt25O681rot0ynAEx3AKDlxAA26hCS1g8ADP8AKv1pP1Zr1bH7/WklXMHMIcrM8ffnmVDA==</latexit>

: eip
⌫X⌫ : j@µX

<latexit sha1_base64="sQOtzwttwAnbB5wr7rl7GzCng+M=">AAACHHicbVC7TsMwFHV4lvIqMLJYFCSmKkFIoE4VLIxFog+paSPHvW1M7SSyHaQq6g/wEXwDK8xsiBWJkT/BKRloyxms43OOH/f4MWdK2/aXtbS8srq2Xtgobm5t7+yW9vabKkokhQaNeCTbPlHAWQgNzTSHdiyBCJ9Dyx9dZ37rAaRiUXinxzF0BRmGbMAo0UbySsdV6KUs7rlhgtueWSdVfI/dmEjNCPdcYeSiVyrbFXsKvEicnJRRjrpX+nb7EU0EhJpyolTHsWPdTbNLKYdJ0U0UxISOyBA6hoZEgOqm02km+GQQSawDwNP932xKhFJj4ZuMIDpQ814m/ud1Ej247KYsjBMNITUR4w0SjnWEs1Jwn0mgmo8NIVQy80tMAyIJ1aa6mVeUGSeA/iTrxJlvYJE0zyqOXXFuz8u1q7ydAjpER+gUOegC1dANqqMGougRPaMX9Go9WW/Wu/XxG12y8jMHaAbW5w9dL6FO</latexit><latexit sha1_base64="sQOtzwttwAnbB5wr7rl7GzCng+M=">AAACHHicbVC7TsMwFHV4lvIqMLJYFCSmKkFIoE4VLIxFog+paSPHvW1M7SSyHaQq6g/wEXwDK8xsiBWJkT/BKRloyxms43OOH/f4MWdK2/aXtbS8srq2Xtgobm5t7+yW9vabKkokhQaNeCTbPlHAWQgNzTSHdiyBCJ9Dyx9dZ37rAaRiUXinxzF0BRmGbMAo0UbySsdV6KUs7rlhgtueWSdVfI/dmEjNCPdcYeSiVyrbFXsKvEicnJRRjrpX+nb7EU0EhJpyolTHsWPdTbNLKYdJ0U0UxISOyBA6hoZEgOqm02km+GQQSawDwNP932xKhFJj4ZuMIDpQ814m/ud1Ej247KYsjBMNITUR4w0SjnWEs1Jwn0mgmo8NIVQy80tMAyIJ1aa6mVeUGSeA/iTrxJlvYJE0zyqOXXFuz8u1q7ydAjpER+gUOegC1dANqqMGougRPaMX9Go9WW/Wu/XxG12y8jMHaAbW5w9dL6FO</latexit><latexit sha1_base64="sQOtzwttwAnbB5wr7rl7GzCng+M=">AAACHHicbVC7TsMwFHV4lvIqMLJYFCSmKkFIoE4VLIxFog+paSPHvW1M7SSyHaQq6g/wEXwDK8xsiBWJkT/BKRloyxms43OOH/f4MWdK2/aXtbS8srq2Xtgobm5t7+yW9vabKkokhQaNeCTbPlHAWQgNzTSHdiyBCJ9Dyx9dZ37rAaRiUXinxzF0BRmGbMAo0UbySsdV6KUs7rlhgtueWSdVfI/dmEjNCPdcYeSiVyrbFXsKvEicnJRRjrpX+nb7EU0EhJpyolTHsWPdTbNLKYdJ0U0UxISOyBA6hoZEgOqm02km+GQQSawDwNP932xKhFJj4ZuMIDpQ814m/ud1Ej247KYsjBMNITUR4w0SjnWEs1Jwn0mgmo8NIVQy80tMAyIJ1aa6mVeUGSeA/iTrxJlvYJE0zyqOXXFuz8u1q7ydAjpER+gUOegC1dANqqMGougRPaMX9Go9WW/Wu/XxG12y8jMHaAbW5w9dL6FO</latexit><latexit sha1_base64="sQOtzwttwAnbB5wr7rl7GzCng+M=">AAACHHicbVC7TsMwFHV4lvIqMLJYFCSmKkFIoE4VLIxFog+paSPHvW1M7SSyHaQq6g/wEXwDK8xsiBWJkT/BKRloyxms43OOH/f4MWdK2/aXtbS8srq2Xtgobm5t7+yW9vabKkokhQaNeCTbPlHAWQgNzTSHdiyBCJ9Dyx9dZ37rAaRiUXinxzF0BRmGbMAo0UbySsdV6KUs7rlhgtueWSdVfI/dmEjNCPdcYeSiVyrbFXsKvEicnJRRjrpX+nb7EU0EhJpyolTHsWPdTbNLKYdJ0U0UxISOyBA6hoZEgOqm02km+GQQSawDwNP932xKhFJj4ZuMIDpQ814m/ud1Ej247KYsjBMNITUR4w0SjnWEs1Jwn0mgmo8NIVQy80tMAyIJ1aa6mVeUGSeA/iTrxJlvYJE0zyqOXXFuz8u1q7ydAjpER+gUOegC1dANqqMGougRPaMX9Go9WW/Wu/XxG12y8jMHaAbW5w9dL6FO</latexit>

Q =

Z

Worldsheet
j

<latexit sha1_base64="hjAEAJ4qXrNuBh+AzgDDiaoe7Ak=">AAACFnicbZA7SwNBFIVn4yvGV9RSkMEgWIVdEbQRgjaWCZgHJCHMTm6yY2YfzNwVw7KdP8LfYKu1ndjaWvpPnI0pTOKpztxzhpn7uZEUGm37y8otLa+sruXXCxubW9s7xd29hg5jxaHOQxmqlss0SBFAHQVKaEUKmO9KaLqj6yxv3oPSIgxucRxB12fDQAwEZ2hGveJh7bIjAuwlHYQHTJqhkn3tAWCa0jta6BVLdtmeiC4aZ2pKZKpqr/jd6Yc89iFALpnWbceOsJswhYJLSAudWEPE+IgNoW1swHzQ3WSyR0qPB6Gi6AGdnP92E+ZrPfZd0/EZeno+y4b/Ze0YBxfdRARRjBBwUzHZIJYUQ5rhoH2hgKMcG8O4EuaXlHtMMY4G2swr2qzjQT/NmDjzBBZN47Ts2GWndlaqXE3p5MkBOSInxCHnpEJuSJXUCSeP5Jm8kFfryXqz3q2P32rOmt7ZJzOyPn8ALkCfvw==</latexit><latexit sha1_base64="hjAEAJ4qXrNuBh+AzgDDiaoe7Ak=">AAACFnicbZA7SwNBFIVn4yvGV9RSkMEgWIVdEbQRgjaWCZgHJCHMTm6yY2YfzNwVw7KdP8LfYKu1ndjaWvpPnI0pTOKpztxzhpn7uZEUGm37y8otLa+sruXXCxubW9s7xd29hg5jxaHOQxmqlss0SBFAHQVKaEUKmO9KaLqj6yxv3oPSIgxucRxB12fDQAwEZ2hGveJh7bIjAuwlHYQHTJqhkn3tAWCa0jta6BVLdtmeiC4aZ2pKZKpqr/jd6Yc89iFALpnWbceOsJswhYJLSAudWEPE+IgNoW1swHzQ3WSyR0qPB6Gi6AGdnP92E+ZrPfZd0/EZeno+y4b/Ze0YBxfdRARRjBBwUzHZIJYUQ5rhoH2hgKMcG8O4EuaXlHtMMY4G2swr2qzjQT/NmDjzBBZN47Ts2GWndlaqXE3p5MkBOSInxCHnpEJuSJXUCSeP5Jm8kFfryXqz3q2P32rOmt7ZJzOyPn8ALkCfvw==</latexit><latexit sha1_base64="hjAEAJ4qXrNuBh+AzgDDiaoe7Ak=">AAACFnicbZA7SwNBFIVn4yvGV9RSkMEgWIVdEbQRgjaWCZgHJCHMTm6yY2YfzNwVw7KdP8LfYKu1ndjaWvpPnI0pTOKpztxzhpn7uZEUGm37y8otLa+sruXXCxubW9s7xd29hg5jxaHOQxmqlss0SBFAHQVKaEUKmO9KaLqj6yxv3oPSIgxucRxB12fDQAwEZ2hGveJh7bIjAuwlHYQHTJqhkn3tAWCa0jta6BVLdtmeiC4aZ2pKZKpqr/jd6Yc89iFALpnWbceOsJswhYJLSAudWEPE+IgNoW1swHzQ3WSyR0qPB6Gi6AGdnP92E+ZrPfZd0/EZeno+y4b/Ze0YBxfdRARRjBBwUzHZIJYUQ5rhoH2hgKMcG8O4EuaXlHtMMY4G2swr2qzjQT/NmDjzBBZN47Ts2GWndlaqXE3p5MkBOSInxCHnpEJuSJXUCSeP5Jm8kFfryXqz3q2P32rOmt7ZJzOyPn8ALkCfvw==</latexit><latexit sha1_base64="hjAEAJ4qXrNuBh+AzgDDiaoe7Ak=">AAACFnicbZA7SwNBFIVn4yvGV9RSkMEgWIVdEbQRgjaWCZgHJCHMTm6yY2YfzNwVw7KdP8LfYKu1ndjaWvpPnI0pTOKpztxzhpn7uZEUGm37y8otLa+sruXXCxubW9s7xd29hg5jxaHOQxmqlss0SBFAHQVKaEUKmO9KaLqj6yxv3oPSIgxucRxB12fDQAwEZ2hGveJh7bIjAuwlHYQHTJqhkn3tAWCa0jta6BVLdtmeiC4aZ2pKZKpqr/jd6Yc89iFALpnWbceOsJswhYJLSAudWEPE+IgNoW1swHzQ3WSyR0qPB6Gi6AGdnP92E+ZrPfZd0/EZeno+y4b/Ze0YBxfdRARRjBBwUzHZIJYUQ5rhoH2hgKMcG8O4EuaXlHtMMY4G2swr2qzjQT/NmDjzBBZN47Ts2GWndlaqXE3p5MkBOSInxCHnpEJuSJXUCSeP5Jm8kFfryXqz3q2P32rOmt7ZJzOyPn8ALkCfvw==</latexit>

m2 =
2

↵0� =
2

↵0

✓
h� c

24
+ h̃� c̃

24

◆

<latexit sha1_base64="w9t9htPgdQes+hPldaglMQE4tBA="></latexit><latexit sha1_base64="w9t9htPgdQes+hPldaglMQE4tBA="></latexit><latexit sha1_base64="w9t9htPgdQes+hPldaglMQE4tBA="></latexit><latexit sha1_base64="w9t9htPgdQes+hPldaglMQE4tBA="></latexit>



For more than one U(1), spectrum of allowed charges forms a 
lattice

On this lattice we have two inner products:

( ~Q1, ~Q2) =
1

2
~QT
LNL

~Q� 1

2
~QT
RNR

~Q
<latexit sha1_base64="5WXyKavU8Q0tS8GJykgpvE0VZzc="></latexit><latexit sha1_base64="5WXyKavU8Q0tS8GJykgpvE0VZzc="></latexit><latexit sha1_base64="5WXyKavU8Q0tS8GJykgpvE0VZzc="></latexit><latexit sha1_base64="5WXyKavU8Q0tS8GJykgpvE0VZzc="></latexit>

h ~Q1, ~Q2i =
1

2
~QT
LNL

~Q+
1

2
~QT
RNR

~Q
<latexit sha1_base64="Vh6OJ7hxa1hJFLTMg91D0Ou+0aI="></latexit><latexit sha1_base64="Vh6OJ7hxa1hJFLTMg91D0Ou+0aI="></latexit><latexit sha1_base64="Vh6OJ7hxa1hJFLTMg91D0Ou+0aI="></latexit><latexit sha1_base64="Vh6OJ7hxa1hJFLTMg91D0Ou+0aI="></latexit>

hja(z)jb(z)i =
(NL)ab

z2
, hj̄a(z)j̄b(z)i =

(NR)ab
z̄2

<latexit sha1_base64="zLZoAkAvUOEuj1gfRd9CrmJoZ+8="></latexit><latexit sha1_base64="zLZoAkAvUOEuj1gfRd9CrmJoZ+8="></latexit><latexit sha1_base64="zLZoAkAvUOEuj1gfRd9CrmJoZ+8="></latexit><latexit sha1_base64="zLZoAkAvUOEuj1gfRd9CrmJoZ+8="></latexit>

~Q 2 ⇤
<latexit sha1_base64="jMsk01nYvcJLLgbJHRfLJm2Zvjw=">AAACCXicbVC7TsNAEDyHVwgvB0oaiwiJKrIREpQRNBQUiUQSpNiKzud1fMr5bN2dgyLLX8A30EJNh2j5Ckr+hEtwQRKmmt2Z1e6OnzIqlW1/GZW19Y3Nrep2bWd3b//ArB/2ZJIJAl2SsEQ8+FgCoxy6iioGD6kAHPsM+v74Zqb3JyAkTfi9mqbgxXjEaUgJVro1NOvuBEjeKVzK3Ts9FuCh2bCb9hzWKnFK0kAl2kPz2w0SksXAFWFYyoFjp8rLsVCUMChqbiYhxWSMRzDQlOMYpJfPTy+s0zARlorAmtd/vTmOpZzGvvbEWEVyWZs1/9MGmQqvvJzyNFPAibZoLcyYpRJrloAVUAFEsakmmAiqr7RIhAUmSue0sEXqdyIIiprOxFlOYJX0zpuO3XQ6F43WdZlOFR2jE3SGHHSJWugWtVEXEfSIntELejWejDfj3fj4tVaMcuYILcD4/AFNApp2</latexit><latexit sha1_base64="jMsk01nYvcJLLgbJHRfLJm2Zvjw=">AAACCXicbVC7TsNAEDyHVwgvB0oaiwiJKrIREpQRNBQUiUQSpNiKzud1fMr5bN2dgyLLX8A30EJNh2j5Ckr+hEtwQRKmmt2Z1e6OnzIqlW1/GZW19Y3Nrep2bWd3b//ArB/2ZJIJAl2SsEQ8+FgCoxy6iioGD6kAHPsM+v74Zqb3JyAkTfi9mqbgxXjEaUgJVro1NOvuBEjeKVzK3Ts9FuCh2bCb9hzWKnFK0kAl2kPz2w0SksXAFWFYyoFjp8rLsVCUMChqbiYhxWSMRzDQlOMYpJfPTy+s0zARlorAmtd/vTmOpZzGvvbEWEVyWZs1/9MGmQqvvJzyNFPAibZoLcyYpRJrloAVUAFEsakmmAiqr7RIhAUmSue0sEXqdyIIiprOxFlOYJX0zpuO3XQ6F43WdZlOFR2jE3SGHHSJWugWtVEXEfSIntELejWejDfj3fj4tVaMcuYILcD4/AFNApp2</latexit><latexit sha1_base64="jMsk01nYvcJLLgbJHRfLJm2Zvjw=">AAACCXicbVC7TsNAEDyHVwgvB0oaiwiJKrIREpQRNBQUiUQSpNiKzud1fMr5bN2dgyLLX8A30EJNh2j5Ckr+hEtwQRKmmt2Z1e6OnzIqlW1/GZW19Y3Nrep2bWd3b//ArB/2ZJIJAl2SsEQ8+FgCoxy6iioGD6kAHPsM+v74Zqb3JyAkTfi9mqbgxXjEaUgJVro1NOvuBEjeKVzK3Ts9FuCh2bCb9hzWKnFK0kAl2kPz2w0SksXAFWFYyoFjp8rLsVCUMChqbiYhxWSMRzDQlOMYpJfPTy+s0zARlorAmtd/vTmOpZzGvvbEWEVyWZs1/9MGmQqvvJzyNFPAibZoLcyYpRJrloAVUAFEsakmmAiqr7RIhAUmSue0sEXqdyIIiprOxFlOYJX0zpuO3XQ6F43WdZlOFR2jE3SGHHSJWugWtVEXEfSIntELejWejDfj3fj4tVaMcuYILcD4/AFNApp2</latexit><latexit sha1_base64="jMsk01nYvcJLLgbJHRfLJm2Zvjw=">AAACCXicbVC7TsNAEDyHVwgvB0oaiwiJKrIREpQRNBQUiUQSpNiKzud1fMr5bN2dgyLLX8A30EJNh2j5Ckr+hEtwQRKmmt2Z1e6OnzIqlW1/GZW19Y3Nrep2bWd3b//ArB/2ZJIJAl2SsEQ8+FgCoxy6iioGD6kAHPsM+v74Zqb3JyAkTfi9mqbgxXjEaUgJVro1NOvuBEjeKVzK3Ts9FuCh2bCb9hzWKnFK0kAl2kPz2w0SksXAFWFYyoFjp8rLsVCUMChqbiYhxWSMRzDQlOMYpJfPTy+s0zARlorAmtd/vTmOpZzGvvbEWEVyWZs1/9MGmQqvvJzyNFPAibZoLcyYpRJrloAVUAFEsakmmAiqr7RIhAUmSue0sEXqdyIIiprOxFlOYJX0zpuO3XQ6F43WdZlOFR2jE3SGHHSJWugWtVEXEfSIntELejWejDfj3fj4tVaMcuYILcD4/AFNApp2</latexit>



Worldsheet global charge is spacetime electric charge. 

Beautiful proof of the WGC Arkani-Hamed,Motl  
Nicolis Vafa ‘06

Heidenreich, Reece
Rudelius ’16,18,19

MM, Shiu
Soler ’16 AdS3 

using modular invariance

Z

✓
z

⌧
,�1

⌧

◆
= e2⇡i(~v,~v)Z(z, ⌧)

<latexit sha1_base64="Nkmmh84FMj6pZIpUO4/DFAii87k="></latexit><latexit sha1_base64="Nkmmh84FMj6pZIpUO4/DFAii87k="></latexit><latexit sha1_base64="Nkmmh84FMj6pZIpUO4/DFAii87k="></latexit><latexit sha1_base64="E1OW80mK5chpUMa3hvL0LSVtbhg=">AAAB6HicbZC7TsNAEEXH4RVMgFDTrIiQqCKbBkokGsogkYeUWNF6PY5XWT+0OwZFVn6AlpoO8U+U/AmbkIIk3Oru3CvtzAkLJQ153pdT29nd2z+oH7pHDff45LTZ6Jm81AK7Ile5HoTcoJIZdkmSwkGhkaehwn44vV/k/WfURubZE80KDFI+yWQsBSc76oybLa/tLcW2jb8yLVhp3PweRbkoU8xIKG7M0PcKCiquSQqFc3dUGiy4mPIJDq3NeIomqJZrztllnGtGCbLl+2+34qkxszS0nZRTYjazxfC/bFhSfBtUMitKwkzYis3iUjHK2eJaFkmNgtTMGi60tFsykXDNBVkma78Ye06C0dy1SPxNANumd932vbb/6EEdzuECrsCHG7iDB+hAFwRE8Apvzovz7nz8oqs5K4ZnsCbn8wdw55CX</latexit><latexit sha1_base64="6xghgFOICIa5HfQYz09okeLABK8="></latexit><latexit sha1_base64="6xghgFOICIa5HfQYz09okeLABK8="></latexit><latexit sha1_base64="BjRUMyFTkKLn/joI0GDJ9/HY58k="></latexit><latexit sha1_base64="Nkmmh84FMj6pZIpUO4/DFAii87k="></latexit><latexit sha1_base64="Nkmmh84FMj6pZIpUO4/DFAii87k="></latexit><latexit sha1_base64="Nkmmh84FMj6pZIpUO4/DFAii87k="></latexit><latexit sha1_base64="Nkmmh84FMj6pZIpUO4/DFAii87k="></latexit><latexit sha1_base64="Nkmmh84FMj6pZIpUO4/DFAii87k="></latexit><latexit sha1_base64="Nkmmh84FMj6pZIpUO4/DFAii87k="></latexit>

Z(z, ⌧) ⌘ Tr
⇣
qL0 q̄L̃0e2⇡i

~Q·~z
⌘

<latexit sha1_base64="/kjE/nj4+SLxXyVm33r1pKJmsNM="></latexit><latexit sha1_base64="/kjE/nj4+SLxXyVm33r1pKJmsNM="></latexit><latexit sha1_base64="/kjE/nj4+SLxXyVm33r1pKJmsNM="></latexit><latexit sha1_base64="/kjE/nj4+SLxXyVm33r1pKJmsNM="></latexit>

~v ⌘
⇣ z
⌧
,
z

⌧̄

⌘

<latexit sha1_base64="jAkQ+Cn70hl/yJeSaVUxtowJIhE="></latexit><latexit sha1_base64="jAkQ+Cn70hl/yJeSaVUxtowJIhE="></latexit><latexit sha1_base64="jAkQ+Cn70hl/yJeSaVUxtowJIhE="></latexit><latexit sha1_base64="jAkQ+Cn70hl/yJeSaVUxtowJIhE="></latexit>

Siegel modular form

Extended 
chiral

algebra

~Q 2 ⇤
<latexit sha1_base64="jMsk01nYvcJLLgbJHRfLJm2Zvjw=">AAACCXicbVC7TsNAEDyHVwgvB0oaiwiJKrIREpQRNBQUiUQSpNiKzud1fMr5bN2dgyLLX8A30EJNh2j5Ckr+hEtwQRKmmt2Z1e6OnzIqlW1/GZW19Y3Nrep2bWd3b//ArB/2ZJIJAl2SsEQ8+FgCoxy6iioGD6kAHPsM+v74Zqb3JyAkTfi9mqbgxXjEaUgJVro1NOvuBEjeKVzK3Ts9FuCh2bCb9hzWKnFK0kAl2kPz2w0SksXAFWFYyoFjp8rLsVCUMChqbiYhxWSMRzDQlOMYpJfPTy+s0zARlorAmtd/vTmOpZzGvvbEWEVyWZs1/9MGmQqvvJzyNFPAibZoLcyYpRJrloAVUAFEsakmmAiqr7RIhAUmSue0sEXqdyIIiprOxFlOYJX0zpuO3XQ6F43WdZlOFR2jE3SGHHSJWugWtVEXEfSIntELejWejDfj3fj4tVaMcuYILcD4/AFNApp2</latexit><latexit sha1_base64="jMsk01nYvcJLLgbJHRfLJm2Zvjw=">AAACCXicbVC7TsNAEDyHVwgvB0oaiwiJKrIREpQRNBQUiUQSpNiKzud1fMr5bN2dgyLLX8A30EJNh2j5Ckr+hEtwQRKmmt2Z1e6OnzIqlW1/GZW19Y3Nrep2bWd3b//ArB/2ZJIJAl2SsEQ8+FgCoxy6iioGD6kAHPsM+v74Zqb3JyAkTfi9mqbgxXjEaUgJVro1NOvuBEjeKVzK3Ts9FuCh2bCb9hzWKnFK0kAl2kPz2w0SksXAFWFYyoFjp8rLsVCUMChqbiYhxWSMRzDQlOMYpJfPTy+s0zARlorAmtd/vTmOpZzGvvbEWEVyWZs1/9MGmQqvvJzyNFPAibZoLcyYpRJrloAVUAFEsakmmAiqr7RIhAUmSue0sEXqdyIIiprOxFlOYJX0zpuO3XQ6F43WdZlOFR2jE3SGHHSJWugWtVEXEfSIntELejWejDfj3fj4tVaMcuYILcD4/AFNApp2</latexit><latexit sha1_base64="jMsk01nYvcJLLgbJHRfLJm2Zvjw=">AAACCXicbVC7TsNAEDyHVwgvB0oaiwiJKrIREpQRNBQUiUQSpNiKzud1fMr5bN2dgyLLX8A30EJNh2j5Ckr+hEtwQRKmmt2Z1e6OnzIqlW1/GZW19Y3Nrep2bWd3b//ArB/2ZJIJAl2SsEQ8+FgCoxy6iioGD6kAHPsM+v74Zqb3JyAkTfi9mqbgxXjEaUgJVro1NOvuBEjeKVzK3Ts9FuCh2bCb9hzWKnFK0kAl2kPz2w0SksXAFWFYyoFjp8rLsVCUMChqbiYhxWSMRzDQlOMYpJfPTy+s0zARlorAmtd/vTmOpZzGvvbEWEVyWZs1/9MGmQqvvJzyNFPAibZoLcyYpRJrloAVUAFEsakmmAiqr7RIhAUmSue0sEXqdyIIiprOxFlOYJX0zpuO3XQ6F43WdZlOFR2jE3SGHHSJWugWtVEXEfSIntELejWejDfj3fj4tVaMcuYILcD4/AFNApp2</latexit><latexit sha1_base64="jMsk01nYvcJLLgbJHRfLJm2Zvjw=">AAACCXicbVC7TsNAEDyHVwgvB0oaiwiJKrIREpQRNBQUiUQSpNiKzud1fMr5bN2dgyLLX8A30EJNh2j5Ckr+hEtwQRKmmt2Z1e6OnzIqlW1/GZW19Y3Nrep2bWd3b//ArB/2ZJIJAl2SsEQ8+FgCoxy6iioGD6kAHPsM+v74Zqb3JyAkTfi9mqbgxXjEaUgJVro1NOvuBEjeKVzK3Ts9FuCh2bCb9hzWKnFK0kAl2kPz2w0SksXAFWFYyoFjp8rLsVCUMChqbiYhxWSMRzDQlOMYpJfPTy+s0zARlorAmtd/vTmOpZzGvvbEWEVyWZs1/9MGmQqvvJzyNFPAibZoLcyYpRJrloAVUAFEsakmmAiqr7RIhAUmSue0sEXqdyIIiprOxFlOYJX0zpuO3XQ6F43WdZlOFR2jE3SGHHSJWugWtVEXEfSIntELejWejDfj3fj4tVaMcuYILcD4/AFNApp2</latexit>

Lattice of charges

(Similar story to Lerche-Lee-Weigand 
’18)

Nice connection to SDC!
Lerche-Lee-Weigand ’18,’19, Grimm-Palti-Valenzuela ’18, 

Corvilain-Grimm-Valenzuela ‘18



S S~z ! ~z + ~�
<latexit sha1_base64="8qXJieGJhWgNb1Uyx3ZO9747F4Y=">AAACH3icbVC7TsMwFHXKq5RXgJElokIgIVUJQoKxgoWxSPQhNVHlODeNVech2ykqUT6Bj+AbWGFmQ6wd+RPckIG2nMXH5xw/7nETRoU0zalWWVldW9+obta2tnd29/T9g46IU06gTWIW856LBTAaQVtSyaCXcMChy6Drjm5nfncMXNA4epCTBJwQDyPqU4Klkgb6qT0Gkj3lNqfDQGLO48dSOS9Wm6m7PJwP9LrZMAsYy8QqSR2VaA30b9uLSRpCJAnDQvQtM5FOhrmkhEFes1MBCSYjPIS+ohEOQThZMVBunPgxN2QARrH/m81wKMQkdFUmxDIQi95M/M/rp9K/djIaJamEiKiI8vyUGTI2Zr0YHuVAJJsoggmn6pcGCTDHRKr25l4RapwAvLymOrEWG1gmnYuGZTas+8t686Zsp4qO0DE6Qxa6Qk10h1qojQh6Rq/oDb1rL9qH9ql9/UYrWnnmEM1Bm/4AfeWk1g==</latexit><latexit sha1_base64="8qXJieGJhWgNb1Uyx3ZO9747F4Y=">AAACH3icbVC7TsMwFHXKq5RXgJElokIgIVUJQoKxgoWxSPQhNVHlODeNVech2ykqUT6Bj+AbWGFmQ6wd+RPckIG2nMXH5xw/7nETRoU0zalWWVldW9+obta2tnd29/T9g46IU06gTWIW856LBTAaQVtSyaCXcMChy6Drjm5nfncMXNA4epCTBJwQDyPqU4Klkgb6qT0Gkj3lNqfDQGLO48dSOS9Wm6m7PJwP9LrZMAsYy8QqSR2VaA30b9uLSRpCJAnDQvQtM5FOhrmkhEFes1MBCSYjPIS+ohEOQThZMVBunPgxN2QARrH/m81wKMQkdFUmxDIQi95M/M/rp9K/djIaJamEiKiI8vyUGTI2Zr0YHuVAJJsoggmn6pcGCTDHRKr25l4RapwAvLymOrEWG1gmnYuGZTas+8t686Zsp4qO0DE6Qxa6Qk10h1qojQh6Rq/oDb1rL9qH9ql9/UYrWnnmEM1Bm/4AfeWk1g==</latexit><latexit sha1_base64="8qXJieGJhWgNb1Uyx3ZO9747F4Y=">AAACH3icbVC7TsMwFHXKq5RXgJElokIgIVUJQoKxgoWxSPQhNVHlODeNVech2ykqUT6Bj+AbWGFmQ6wd+RPckIG2nMXH5xw/7nETRoU0zalWWVldW9+obta2tnd29/T9g46IU06gTWIW856LBTAaQVtSyaCXcMChy6Drjm5nfncMXNA4epCTBJwQDyPqU4Klkgb6qT0Gkj3lNqfDQGLO48dSOS9Wm6m7PJwP9LrZMAsYy8QqSR2VaA30b9uLSRpCJAnDQvQtM5FOhrmkhEFes1MBCSYjPIS+ohEOQThZMVBunPgxN2QARrH/m81wKMQkdFUmxDIQi95M/M/rp9K/djIaJamEiKiI8vyUGTI2Zr0YHuVAJJsoggmn6pcGCTDHRKr25l4RapwAvLymOrEWG1gmnYuGZTas+8t686Zsp4qO0DE6Qxa6Qk10h1qojQh6Rq/oDb1rL9qH9ql9/UYrWnnmEM1Bm/4AfeWk1g==</latexit><latexit sha1_base64="8qXJieGJhWgNb1Uyx3ZO9747F4Y=">AAACH3icbVC7TsMwFHXKq5RXgJElokIgIVUJQoKxgoWxSPQhNVHlODeNVech2ykqUT6Bj+AbWGFmQ6wd+RPckIG2nMXH5xw/7nETRoU0zalWWVldW9+obta2tnd29/T9g46IU06gTWIW856LBTAaQVtSyaCXcMChy6Drjm5nfncMXNA4epCTBJwQDyPqU4Klkgb6qT0Gkj3lNqfDQGLO48dSOS9Wm6m7PJwP9LrZMAsYy8QqSR2VaA30b9uLSRpCJAnDQvQtM5FOhrmkhEFes1MBCSYjPIS+ohEOQThZMVBunPgxN2QARrH/m81wKMQkdFUmxDIQi95M/M/rp9K/djIaJamEiKiI8vyUGTI2Zr0YHuVAJJsoggmn6pcGCTDHRKr25l4RapwAvLymOrEWG1gmnYuGZTas+8t686Zsp4qO0DE6Qxa6Qk10h1qojQh6Rq/oDb1rL9qH9ql9/UYrWnnmEM1Bm/4AfeWk1g==</latexit>

~� 2 ⇤⇤
<latexit sha1_base64="QK20sBzkWmA3sq8hh45fcQMVQ/g=">AAACEnicbZC7TsMwFIadcivlVmCDxaJCQgxVgpBgrGBhYCgSvUhNqBznpLXqOJHtVKqiSDwEz8AKMxti5QUYeRPc0oG2nOnz+f+j4/P7CWdK2/aXVVhaXlldK66XNja3tnfKu3tNFaeSQoPGPJZtnyjgTEBDM82hnUggkc+h5Q+ux3prCFKxWNzrUQJeRHqChYwSbVrd8oE7BJq53EwEJHeZwO7thB9Ou+WKXbUnhRfBmUIFTaveLX+7QUzTCISmnCjVcexEexmRmlEOeclNFSSEDkgPOgYFiUB52eSGHB+HscS6D3jy/uvNSKTUKPKNJyK6r+a1cfM/rZPq8NLLmEhSDYIai9HClGMd43EUOGASqOYjA4RKZn6JaZ9IQrUJbGaLMuf0IchLJhNnPoFFaJ5VHbvq3J1XalfTdIroEB2hE+SgC1RDN6iOGoiiR/SMXtCr9WS9We/Wx6+1YE1n9tFMWZ8/vnmd5A==</latexit><latexit sha1_base64="QK20sBzkWmA3sq8hh45fcQMVQ/g=">AAACEnicbZC7TsMwFIadcivlVmCDxaJCQgxVgpBgrGBhYCgSvUhNqBznpLXqOJHtVKqiSDwEz8AKMxti5QUYeRPc0oG2nOnz+f+j4/P7CWdK2/aXVVhaXlldK66XNja3tnfKu3tNFaeSQoPGPJZtnyjgTEBDM82hnUggkc+h5Q+ux3prCFKxWNzrUQJeRHqChYwSbVrd8oE7BJq53EwEJHeZwO7thB9Ou+WKXbUnhRfBmUIFTaveLX+7QUzTCISmnCjVcexEexmRmlEOeclNFSSEDkgPOgYFiUB52eSGHB+HscS6D3jy/uvNSKTUKPKNJyK6r+a1cfM/rZPq8NLLmEhSDYIai9HClGMd43EUOGASqOYjA4RKZn6JaZ9IQrUJbGaLMuf0IchLJhNnPoFFaJ5VHbvq3J1XalfTdIroEB2hE+SgC1RDN6iOGoiiR/SMXtCr9WS9We/Wx6+1YE1n9tFMWZ8/vnmd5A==</latexit><latexit sha1_base64="QK20sBzkWmA3sq8hh45fcQMVQ/g=">AAACEnicbZC7TsMwFIadcivlVmCDxaJCQgxVgpBgrGBhYCgSvUhNqBznpLXqOJHtVKqiSDwEz8AKMxti5QUYeRPc0oG2nOnz+f+j4/P7CWdK2/aXVVhaXlldK66XNja3tnfKu3tNFaeSQoPGPJZtnyjgTEBDM82hnUggkc+h5Q+ux3prCFKxWNzrUQJeRHqChYwSbVrd8oE7BJq53EwEJHeZwO7thB9Ou+WKXbUnhRfBmUIFTaveLX+7QUzTCISmnCjVcexEexmRmlEOeclNFSSEDkgPOgYFiUB52eSGHB+HscS6D3jy/uvNSKTUKPKNJyK6r+a1cfM/rZPq8NLLmEhSDYIai9HClGMd43EUOGASqOYjA4RKZn6JaZ9IQrUJbGaLMuf0IchLJhNnPoFFaJ5VHbvq3J1XalfTdIroEB2hE+SgC1RDN6iOGoiiR/SMXtCr9WS9We/Wx6+1YE1n9tFMWZ8/vnmd5A==</latexit><latexit sha1_base64="QK20sBzkWmA3sq8hh45fcQMVQ/g=">AAACEnicbZC7TsMwFIadcivlVmCDxaJCQgxVgpBgrGBhYCgSvUhNqBznpLXqOJHtVKqiSDwEz8AKMxti5QUYeRPc0oG2nOnz+f+j4/P7CWdK2/aXVVhaXlldK66XNja3tnfKu3tNFaeSQoPGPJZtnyjgTEBDM82hnUggkc+h5Q+ux3prCFKxWNzrUQJeRHqChYwSbVrd8oE7BJq53EwEJHeZwO7thB9Ou+WKXbUnhRfBmUIFTaveLX+7QUzTCISmnCjVcexEexmRmlEOeclNFSSEDkgPOgYFiUB52eSGHB+HscS6D3jy/uvNSKTUKPKNJyK6r+a1cfM/rZPq8NLLmEhSDYIai9HClGMd43EUOGASqOYjA4RKZn6JaZ9IQrUJbGaLMuf0IchLJhNnPoFFaJ5VHbvq3J1XalfTdIroEB2hE+SgC1RDN6iOGoiiR/SMXtCr9WS9We/Wx6+1YE1n9tFMWZ8/vnmd5A==</latexit>

Spectrum of mod-inv. 2d CFT is invariant under spectral flow

If the inner product coincides with notion of extremality, 
this is a whole lattice of WGC particles!

⇤⇤ ⇢ ⇤
<latexit sha1_base64="/EKivnR89ep7iSJVLQXvd5D9uUI=">AAACEXicbVC7SgNBFJ31GeMraiU2g0EQi7ArgpZBGwuLCOYB2TXMzt4kQ2YfzNwVwhL8CL/BVms7sfULLP0TJ3ELk3iqc885l5l7/EQKjbb9ZS0sLi2vrBbWiusbm1vbpZ3dho5TxaHOYxmrls80SBFBHQVKaCUKWOhLaPqDq7HffAClRRzd4TABL2S9SHQFZ2ikTmnfvTHhgN2fUFenvgakudIple2KPQGdJ05OyiRHrVP6doOYpyFEyCXTuu3YCXoZUyi4hFHRTTUkjA9YD9qGRiwE7WWTE0b0qBsrin2gk/lvNmOh1sPQN5mQYV/PemPxP6+dYvfCy0SUpAgRNxHjdVNJMabjJmggFHCUQ0MYV8L8kvI+U4yj6WvqFW3O6UMwKppOnNkG5knjtOLYFef2rFy9zNspkANySI6JQ85JlVyTGqkTTh7JM3khr9aT9Wa9Wx+/0QUr39kjU7A+fwA3BZ0H</latexit><latexit sha1_base64="/EKivnR89ep7iSJVLQXvd5D9uUI=">AAACEXicbVC7SgNBFJ31GeMraiU2g0EQi7ArgpZBGwuLCOYB2TXMzt4kQ2YfzNwVwhL8CL/BVms7sfULLP0TJ3ELk3iqc885l5l7/EQKjbb9ZS0sLi2vrBbWiusbm1vbpZ3dho5TxaHOYxmrls80SBFBHQVKaCUKWOhLaPqDq7HffAClRRzd4TABL2S9SHQFZ2ikTmnfvTHhgN2fUFenvgakudIple2KPQGdJ05OyiRHrVP6doOYpyFEyCXTuu3YCXoZUyi4hFHRTTUkjA9YD9qGRiwE7WWTE0b0qBsrin2gk/lvNmOh1sPQN5mQYV/PemPxP6+dYvfCy0SUpAgRNxHjdVNJMabjJmggFHCUQ0MYV8L8kvI+U4yj6WvqFW3O6UMwKppOnNkG5knjtOLYFef2rFy9zNspkANySI6JQ85JlVyTGqkTTh7JM3khr9aT9Wa9Wx+/0QUr39kjU7A+fwA3BZ0H</latexit><latexit sha1_base64="/EKivnR89ep7iSJVLQXvd5D9uUI=">AAACEXicbVC7SgNBFJ31GeMraiU2g0EQi7ArgpZBGwuLCOYB2TXMzt4kQ2YfzNwVwhL8CL/BVms7sfULLP0TJ3ELk3iqc885l5l7/EQKjbb9ZS0sLi2vrBbWiusbm1vbpZ3dho5TxaHOYxmrls80SBFBHQVKaCUKWOhLaPqDq7HffAClRRzd4TABL2S9SHQFZ2ikTmnfvTHhgN2fUFenvgakudIple2KPQGdJ05OyiRHrVP6doOYpyFEyCXTuu3YCXoZUyi4hFHRTTUkjA9YD9qGRiwE7WWTE0b0qBsrin2gk/lvNmOh1sPQN5mQYV/PemPxP6+dYvfCy0SUpAgRNxHjdVNJMabjJmggFHCUQ0MYV8L8kvI+U4yj6WvqFW3O6UMwKppOnNkG5knjtOLYFef2rFy9zNspkANySI6JQ85JlVyTGqkTTh7JM3khr9aT9Wa9Wx+/0QUr39kjU7A+fwA3BZ0H</latexit><latexit sha1_base64="/EKivnR89ep7iSJVLQXvd5D9uUI=">AAACEXicbVC7SgNBFJ31GeMraiU2g0EQi7ArgpZBGwuLCOYB2TXMzt4kQ2YfzNwVwhL8CL/BVms7sfULLP0TJ3ELk3iqc885l5l7/EQKjbb9ZS0sLi2vrBbWiusbm1vbpZ3dho5TxaHOYxmrls80SBFBHQVKaCUKWOhLaPqDq7HffAClRRzd4TABL2S9SHQFZ2ikTmnfvTHhgN2fUFenvgakudIple2KPQGdJ05OyiRHrVP6doOYpyFEyCXTuu3YCXoZUyi4hFHRTTUkjA9YD9qGRiwE7WWTE0b0qBsrin2gk/lvNmOh1sPQN5mQYV/PemPxP6+dYvfCy0SUpAgRNxHjdVNJMabjJmggFHCUQ0MYV8L8kvI+U4yj6WvqFW3O6UMwKppOnNkG5knjtOLYFef2rFy9zNspkANySI6JQ85JlVyTGqkTTh7JM3khr9aT9Wa9Wx+/0QUr39kjU7A+fwA3BZ0H</latexit>

Spectral flow of graviton ops. produces states w.

m =

p
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q
h~�,~�i

<latexit sha1_base64="J95pFxkIBgAKpklUkI+KQIRZC88="></latexit><latexit sha1_base64="J95pFxkIBgAKpklUkI+KQIRZC88="></latexit><latexit sha1_base64="J95pFxkIBgAKpklUkI+KQIRZC88="></latexit><latexit sha1_base64="J95pFxkIBgAKpklUkI+KQIRZC88="></latexit>

Heidenreich-Reece-Rudelius ’16,’17, 
Lerche-Lee-Weigand,Aalsma-Shiu ’19

( ~Q,�) ! ( ~Q+ ~�,�+ h~�,~�i
<latexit sha1_base64="7WnAKSSibrr2uB0SNfFICGBB5j8="></latexit><latexit sha1_base64="7WnAKSSibrr2uB0SNfFICGBB5j8="></latexit><latexit sha1_base64="7WnAKSSibrr2uB0SNfFICGBB5j8="></latexit><latexit sha1_base64="7WnAKSSibrr2uB0SNfFICGBB5j8="></latexit>



Goes under the name of sublattice 
WGC: There are extremal states for any

~Q 2 ⇤⇤ ⇢ ⇤
<latexit sha1_base64="fjYChMAlSMZHtCShNFPjjMxhaiA=">AAACGXicbVC7TsNAEDzzDOFloKQ5iJAQRWQjJCgjaCgoEok8pNhE5/M6OeX80N05UmS55iP4Blqo6RAtFSV/wiW4IAlTze7ManfHSziTyrK+jKXlldW19dJGeXNre2fX3NtvyTgVFJo05rHoeEQCZxE0FVMcOokAEnoc2t7wZqK3RyAki6N7NU7ADUk/YgGjROlWzzxyRkCzRu6wyLnTYz55OHNk6klQRd0zK1bVmgIvErsgFVSg3jO/HT+maQiRopxI2bWtRLkZEYpRDnnZSSUkhA5JH7qaRiQE6WbTV3J8EsQCqwHgaf3Xm5FQynHoaU9I1EDOa5Pmf1o3VcGVm7EoSRVEVFu0FqQcqxhPEsE+E0AVH2tCqGD6SkwHRBCqdG4zW6R+ZwB+XtaZ2PMJLJLWedW2qnbjolK7LtIpoUN0jE6RjS5RDd2iOmoiih7RM3pBr8aT8Wa8Gx+/1iWjmDlAMzA+fwDP2qEt</latexit><latexit sha1_base64="fjYChMAlSMZHtCShNFPjjMxhaiA=">AAACGXicbVC7TsNAEDzzDOFloKQ5iJAQRWQjJCgjaCgoEok8pNhE5/M6OeX80N05UmS55iP4Blqo6RAtFSV/wiW4IAlTze7ManfHSziTyrK+jKXlldW19dJGeXNre2fX3NtvyTgVFJo05rHoeEQCZxE0FVMcOokAEnoc2t7wZqK3RyAki6N7NU7ADUk/YgGjROlWzzxyRkCzRu6wyLnTYz55OHNk6klQRd0zK1bVmgIvErsgFVSg3jO/HT+maQiRopxI2bWtRLkZEYpRDnnZSSUkhA5JH7qaRiQE6WbTV3J8EsQCqwHgaf3Xm5FQynHoaU9I1EDOa5Pmf1o3VcGVm7EoSRVEVFu0FqQcqxhPEsE+E0AVH2tCqGD6SkwHRBCqdG4zW6R+ZwB+XtaZ2PMJLJLWedW2qnbjolK7LtIpoUN0jE6RjS5RDd2iOmoiih7RM3pBr8aT8Wa8Gx+/1iWjmDlAMzA+fwDP2qEt</latexit><latexit sha1_base64="fjYChMAlSMZHtCShNFPjjMxhaiA=">AAACGXicbVC7TsNAEDzzDOFloKQ5iJAQRWQjJCgjaCgoEok8pNhE5/M6OeX80N05UmS55iP4Blqo6RAtFSV/wiW4IAlTze7ManfHSziTyrK+jKXlldW19dJGeXNre2fX3NtvyTgVFJo05rHoeEQCZxE0FVMcOokAEnoc2t7wZqK3RyAki6N7NU7ADUk/YgGjROlWzzxyRkCzRu6wyLnTYz55OHNk6klQRd0zK1bVmgIvErsgFVSg3jO/HT+maQiRopxI2bWtRLkZEYpRDnnZSSUkhA5JH7qaRiQE6WbTV3J8EsQCqwHgaf3Xm5FQynHoaU9I1EDOa5Pmf1o3VcGVm7EoSRVEVFu0FqQcqxhPEsE+E0AVH2tCqGD6SkwHRBCqdG4zW6R+ZwB+XtaZ2PMJLJLWedW2qnbjolK7LtIpoUN0jE6RjS5RDd2iOmoiih7RM3pBr8aT8Wa8Gx+/1iWjmDlAMzA+fwDP2qEt</latexit><latexit sha1_base64="fjYChMAlSMZHtCShNFPjjMxhaiA=">AAACGXicbVC7TsNAEDzzDOFloKQ5iJAQRWQjJCgjaCgoEok8pNhE5/M6OeX80N05UmS55iP4Blqo6RAtFSV/wiW4IAlTze7ManfHSziTyrK+jKXlldW19dJGeXNre2fX3NtvyTgVFJo05rHoeEQCZxE0FVMcOokAEnoc2t7wZqK3RyAki6N7NU7ADUk/YgGjROlWzzxyRkCzRu6wyLnTYz55OHNk6klQRd0zK1bVmgIvErsgFVSg3jO/HT+maQiRopxI2bWtRLkZEYpRDnnZSSUkhA5JH7qaRiQE6WbTV3J8EsQCqwHgaf3Xm5FQynHoaU9I1EDOa5Pmf1o3VcGVm7EoSRVEVFu0FqQcqxhPEsE+E0AVH2tCqGD6SkwHRBCqdG4zW6R+ZwB+XtaZ2PMJLJLWedW2qnbjolK7LtIpoUN0jE6RjS5RDd2iOmoiih7RM3pBr8aT8Wa8Gx+/1iWjmDlAMzA+fwDP2qEt</latexit>

Missing WGC lattice sites form a group 

� ⌘ ⇤/⇤⇤
<latexit sha1_base64="pbMK+XjEbu9DKeZ6R+d4Kh37j0Y=">AAACFnicbVA9T8MwEHX4LOUrwIiELCokxFAShARjBQMMDCBRQGpKdXEv1KqdBNupVEXd+BH8BlaY2RArKyP/BLdk4Ost93zvnXz3wlRwbTzv3Rkbn5icmi7NlGfn5hcW3aXlC51kimGdJSJRVyFoFDzGuuFG4FWqEGQo8DLsHg71yx4qzZP43PRTbEq4iXnEGRjbarlrwRFICQHeZrxHgxM72Ybtol5vtdyKV/VGoH+JX5AKKXDacj+CdsIyibFhArRu+F5qmjkow5nAQTnINKbAunCDDUtjkKib+eiOAd2IEkVNB+no/d2bg9S6L0PrkWA6+rc2bP6nNTIT7TdzHqeZwZhZi9WiTFCT0GEctM0VMiP6lgBT3G5JWQcUMGND+/GLtud0sD0o20z83wn8JRc7Vd+r+me7ldpBkU6JrJJ1skl8skdq5Jickjph5I48kEfy5Nw7z86L8/plHXOKmRXyA87bJx+unxs=</latexit><latexit sha1_base64="pbMK+XjEbu9DKeZ6R+d4Kh37j0Y=">AAACFnicbVA9T8MwEHX4LOUrwIiELCokxFAShARjBQMMDCBRQGpKdXEv1KqdBNupVEXd+BH8BlaY2RArKyP/BLdk4Ost93zvnXz3wlRwbTzv3Rkbn5icmi7NlGfn5hcW3aXlC51kimGdJSJRVyFoFDzGuuFG4FWqEGQo8DLsHg71yx4qzZP43PRTbEq4iXnEGRjbarlrwRFICQHeZrxHgxM72Ybtol5vtdyKV/VGoH+JX5AKKXDacj+CdsIyibFhArRu+F5qmjkow5nAQTnINKbAunCDDUtjkKib+eiOAd2IEkVNB+no/d2bg9S6L0PrkWA6+rc2bP6nNTIT7TdzHqeZwZhZi9WiTFCT0GEctM0VMiP6lgBT3G5JWQcUMGND+/GLtud0sD0o20z83wn8JRc7Vd+r+me7ldpBkU6JrJJ1skl8skdq5Jickjph5I48kEfy5Nw7z86L8/plHXOKmRXyA87bJx+unxs=</latexit><latexit sha1_base64="pbMK+XjEbu9DKeZ6R+d4Kh37j0Y=">AAACFnicbVA9T8MwEHX4LOUrwIiELCokxFAShARjBQMMDCBRQGpKdXEv1KqdBNupVEXd+BH8BlaY2RArKyP/BLdk4Ost93zvnXz3wlRwbTzv3Rkbn5icmi7NlGfn5hcW3aXlC51kimGdJSJRVyFoFDzGuuFG4FWqEGQo8DLsHg71yx4qzZP43PRTbEq4iXnEGRjbarlrwRFICQHeZrxHgxM72Ybtol5vtdyKV/VGoH+JX5AKKXDacj+CdsIyibFhArRu+F5qmjkow5nAQTnINKbAunCDDUtjkKib+eiOAd2IEkVNB+no/d2bg9S6L0PrkWA6+rc2bP6nNTIT7TdzHqeZwZhZi9WiTFCT0GEctM0VMiP6lgBT3G5JWQcUMGND+/GLtud0sD0o20z83wn8JRc7Vd+r+me7ldpBkU6JrJJ1skl8skdq5Jickjph5I48kEfy5Nw7z86L8/plHXOKmRXyA87bJx+unxs=</latexit><latexit sha1_base64="pbMK+XjEbu9DKeZ6R+d4Kh37j0Y=">AAACFnicbVA9T8MwEHX4LOUrwIiELCokxFAShARjBQMMDCBRQGpKdXEv1KqdBNupVEXd+BH8BlaY2RArKyP/BLdk4Ost93zvnXz3wlRwbTzv3Rkbn5icmi7NlGfn5hcW3aXlC51kimGdJSJRVyFoFDzGuuFG4FWqEGQo8DLsHg71yx4qzZP43PRTbEq4iXnEGRjbarlrwRFICQHeZrxHgxM72Ybtol5vtdyKV/VGoH+JX5AKKXDacj+CdsIyibFhArRu+F5qmjkow5nAQTnINKbAunCDDUtjkKib+eiOAd2IEkVNB+no/d2bg9S6L0PrkWA6+rc2bP6nNTIT7TdzHqeZwZhZi9WiTFCT0GEctM0VMiP6lgBT3G5JWQcUMGND+/GLtud0sD0o20z83wn8JRc7Vd+r+me7ldpBkU6JrJJ1skl8skdq5Jickjph5I48kEfy5Nw7z86L8/plHXOKmRXyA87bJx+unxs=</latexit>

If Γ is “big”,  WGC particles are sparse 

This is a mild form, not constraining the EFT! 



Goes under the name of sublattice 
WGC: There are extremal states for any

~Q 2 ⇤⇤ ⇢ ⇤
<latexit sha1_base64="fjYChMAlSMZHtCShNFPjjMxhaiA=">AAACGXicbVC7TsNAEDzzDOFloKQ5iJAQRWQjJCgjaCgoEok8pNhE5/M6OeX80N05UmS55iP4Blqo6RAtFSV/wiW4IAlTze7ManfHSziTyrK+jKXlldW19dJGeXNre2fX3NtvyTgVFJo05rHoeEQCZxE0FVMcOokAEnoc2t7wZqK3RyAki6N7NU7ADUk/YgGjROlWzzxyRkCzRu6wyLnTYz55OHNk6klQRd0zK1bVmgIvErsgFVSg3jO/HT+maQiRopxI2bWtRLkZEYpRDnnZSSUkhA5JH7qaRiQE6WbTV3J8EsQCqwHgaf3Xm5FQynHoaU9I1EDOa5Pmf1o3VcGVm7EoSRVEVFu0FqQcqxhPEsE+E0AVH2tCqGD6SkwHRBCqdG4zW6R+ZwB+XtaZ2PMJLJLWedW2qnbjolK7LtIpoUN0jE6RjS5RDd2iOmoiih7RM3pBr8aT8Wa8Gx+/1iWjmDlAMzA+fwDP2qEt</latexit><latexit sha1_base64="fjYChMAlSMZHtCShNFPjjMxhaiA=">AAACGXicbVC7TsNAEDzzDOFloKQ5iJAQRWQjJCgjaCgoEok8pNhE5/M6OeX80N05UmS55iP4Blqo6RAtFSV/wiW4IAlTze7ManfHSziTyrK+jKXlldW19dJGeXNre2fX3NtvyTgVFJo05rHoeEQCZxE0FVMcOokAEnoc2t7wZqK3RyAki6N7NU7ADUk/YgGjROlWzzxyRkCzRu6wyLnTYz55OHNk6klQRd0zK1bVmgIvErsgFVSg3jO/HT+maQiRopxI2bWtRLkZEYpRDnnZSSUkhA5JH7qaRiQE6WbTV3J8EsQCqwHgaf3Xm5FQynHoaU9I1EDOa5Pmf1o3VcGVm7EoSRVEVFu0FqQcqxhPEsE+E0AVH2tCqGD6SkwHRBCqdG4zW6R+ZwB+XtaZ2PMJLJLWedW2qnbjolK7LtIpoUN0jE6RjS5RDd2iOmoiih7RM3pBr8aT8Wa8Gx+/1iWjmDlAMzA+fwDP2qEt</latexit><latexit sha1_base64="fjYChMAlSMZHtCShNFPjjMxhaiA=">AAACGXicbVC7TsNAEDzzDOFloKQ5iJAQRWQjJCgjaCgoEok8pNhE5/M6OeX80N05UmS55iP4Blqo6RAtFSV/wiW4IAlTze7ManfHSziTyrK+jKXlldW19dJGeXNre2fX3NtvyTgVFJo05rHoeEQCZxE0FVMcOokAEnoc2t7wZqK3RyAki6N7NU7ADUk/YgGjROlWzzxyRkCzRu6wyLnTYz55OHNk6klQRd0zK1bVmgIvErsgFVSg3jO/HT+maQiRopxI2bWtRLkZEYpRDnnZSSUkhA5JH7qaRiQE6WbTV3J8EsQCqwHgaf3Xm5FQynHoaU9I1EDOa5Pmf1o3VcGVm7EoSRVEVFu0FqQcqxhPEsE+E0AVH2tCqGD6SkwHRBCqdG4zW6R+ZwB+XtaZ2PMJLJLWedW2qnbjolK7LtIpoUN0jE6RjS5RDd2iOmoiih7RM3pBr8aT8Wa8Gx+/1iWjmDlAMzA+fwDP2qEt</latexit><latexit sha1_base64="fjYChMAlSMZHtCShNFPjjMxhaiA=">AAACGXicbVC7TsNAEDzzDOFloKQ5iJAQRWQjJCgjaCgoEok8pNhE5/M6OeX80N05UmS55iP4Blqo6RAtFSV/wiW4IAlTze7ManfHSziTyrK+jKXlldW19dJGeXNre2fX3NtvyTgVFJo05rHoeEQCZxE0FVMcOokAEnoc2t7wZqK3RyAki6N7NU7ADUk/YgGjROlWzzxyRkCzRu6wyLnTYz55OHNk6klQRd0zK1bVmgIvErsgFVSg3jO/HT+maQiRopxI2bWtRLkZEYpRDnnZSSUkhA5JH7qaRiQE6WbTV3J8EsQCqwHgaf3Xm5FQynHoaU9I1EDOa5Pmf1o3VcGVm7EoSRVEVFu0FqQcqxhPEsE+E0AVH2tCqGD6SkwHRBCqdG4zW6R+ZwB+XtaZ2PMJLJLWedW2qnbjolK7LtIpoUN0jE6RjS5RDd2iOmoiih7RM3pBr8aT8Wa8Gx+/1iWjmDlAMzA+fwDP2qEt</latexit>

Missing WGC lattice sites form a group 

� ⌘ ⇤/⇤⇤
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Upper-bound the coarseness of Γ using the
modular bootstrap

Our job:

In examples, coarseness (“size” of Γ) is never big!

2,3 (Heidenreich-Reece-Rudelius ’16)

6 (Lerche-Lee-Weigand ’18)

6, possibly up to around 10 (Lerche-Lee-Weigand ’19 + Lee, private communication)



HOW?

Introduce Γ-valued partition vector

Modular properties of the theta-functionsare well-known in 
mathematics, lead to transformation law

Z =
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�2�
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#(⌧, �) ⌘
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~�2⇤⇤
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Known finite-dim rep of 
SL(2,Z), that only depends on (·,·)

~Z = (Z�1 ,Z�2 , . . .)
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Parametrize 𝝉 = i es
Hellerman ’09,  Lin-Shao ’19, 
Yin ’17, Dyer-Firzpatric-Yin 

’16, MM-Shiu-Soler ’16,  
Qualls ’14,  Bae-Lee-Song 

’18…many more!

~Z(�s) = exp(�nd

2
s)U ~Z(s)
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Number of linearly independent currents

then S maps s→-s
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Derivative w.r.t. s

Derivatives w.r.t β=-2π i 𝝉 are related to s-derivatives 

If k is even, this is positive!
If odd, bounded below by lightest op.
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LP
Assumptions

(e.g. NO WGC particle with
charge lower than “a”)

YES

NO



If we want to get a universal constraint, must do this for all U 
i.e. all discrete groups Γ

U�1,�2 / exp (2⇡i(�1, �2))
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Bilinear form on a discrete group

Mathematicians have proven that this can be reduced to one 
of six cases

Wall ’63, Miranda ‘84

(,)Apr
=

1

pr
, (,)Bpr

=
⇠

pr
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A2r : (,) =
1

2r
, B2r : (,) =

�1

2r
,

C2r : (,) =
5

2r
, D2r : (,) =

�5

2r
<latexit sha1_base64="Oo8CE8eVsaHM9VAyR38aaVIFhV4="></latexit><latexit sha1_base64="Oo8CE8eVsaHM9VAyR38aaVIFhV4="></latexit><latexit sha1_base64="Oo8CE8eVsaHM9VAyR38aaVIFhV4="></latexit><latexit sha1_base64="Oo8CE8eVsaHM9VAyR38aaVIFhV4="></latexit>

E2r : (i,j) =

✓
0 1

2r
1
2r 0

◆
,

F2r : (i,j) =
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1
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1
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1
2r

1
2r�1

◆
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� = Zk1
p1

� Zk1
p1

� . . .
<latexit sha1_base64="geIBd5qjPImBMi/1waOWbE4qQ1E="></latexit><latexit sha1_base64="geIBd5qjPImBMi/1waOWbE4qQ1E="></latexit><latexit sha1_base64="geIBd5qjPImBMi/1waOWbE4qQ1E="></latexit><latexit sha1_base64="geIBd5qjPImBMi/1waOWbE4qQ1E="></latexit>





Some results, with one 
extra assumptions: 
-Lowest primary in each 
sector is a worldsheet 

scalar
-Only looking at heterotic
-Only looking at A-class

We are currently working on improving this/dropping the 
assumption, numerics takes time!
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Numerics (+ assumptions) suggests WGC particle 
should have charge 7-8



CONCLUSIONS

Modular bootstrap leads to a strong version of the 
WGC in the worldsheet

Have some assumptions we are working to relax.

We need to talk about fermions!

Connection to SDC? F-theory/nonperturb. heterotic?
Lee, Lerche, Weigand ’18, ‘19



Merci Beaucoup!


