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Why, what and how?

Motivation: 4D physics from string compactifications
@ CY manifolds — large set of semi-realistic string vacua

o Still lack fully realistic compactifications:
moduli, physical couplings, stability, cosmological constant,...

While CY geometry is useful it is not necessary.
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Why, what and how?

Motivation: 4D physics from string compactifications
@ CY manifolds — large set of semi-realistic string vacua

o Still lack fully realistic compactifications:
moduli, physical couplings, stability, cosmological constant,...

While CY geometry is useful it is not necessary.

This talk

@ SU(3) structure — 4D N =1 SUSY

e SUSY, BI, EOM constrain torsion

o Can we get a large class of example manifolds?
Idea:

@ Construct explicit SU(3) structures on CY manifolds

@ Bonus: get explicit metric

@ How far can we get at satisfying all constraints?
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Outline

@ Motivation: 4D Heterotic V' = 1 Minkowski solutions
© SU(3) structure

© Construction of SU(3) structures on CY

@ SU(3) structures on CY: Torsion classes

© SU(3) structures on CY: Strominger-Hull system

© Conclusions and outlook
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Motivation: 4D Heterotic N’ = 1 Minkowski solutions

Candelas—Horowitz—Strominger—Witten:85,Strominger:86, Hull:86

Geometry

SUSY equations, H =0 = covariantly constant spinor n on X: Vn =20
<= X is Calabi—Yau

SUSY equations, H # 0 = globally defined spinor 7 on X: V1 =20

<= SU(3) structure on X with torsion T ~ H

Gauge field & vector bundle
SUSY equations = holomorphic vector bundle V — X with HYM connection

’
5 o« _ _
Must also satisfy Bl dH = 5 (tr(F AF) —tr(R™ AR7)) ]
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SU(3) structure

G structure: restrict transition functions patching local frames of cotangent bundIeJ

Ua Up

picture from Koerber:10
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SU(3) structure

Me orientable with metric: G = SO(6) C GL(6).
Me spin: SO(6) lifts to Spin(6) = SU(4).

Let n Weyl, positive chirality: n € 4 of SU(4). Choose basis:

0
o 0 g o U 0351
n=|q | invariant under <01X3 1 ) , U e SU(3)

o

Globally defined 7 = G = SU(3). |

Magdalena Larfors (Uppsala University) SU(3) structures on Calabi-Yau manifolds 20.06.2019 6 /23



SU(3) structure

Me orientable with metric: G = SO(6) C GL(6).
Me spin: SO(6) lifts to Spin(6) = SU(4).

Let n Weyl, positive chirality: n € 4 of SU(4). Choose basis:

U 03><1

invariant under (01X3 1 ) , U e SU(3)

0
|o
T= 1o

o

Globally defined 7 = G = SU(3). |

All orientable, spin Mg admit a nowhere vanishing 7; torsion undetermined.
cf. Bryant:05
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SU(3) structure

1 < real two-form J and complex decomposable three-form Q s.t.

QAJ=0, QNQ=JAJAJ=3ldvol

where I = _inl7mn77+v anp = _in17mnpn+

o Almost complex structure: I, ~ €™ -5ReQ 1110 ReQy3kars
o J,Q = metric gmn = Im”Jpn Hitchin:00

J,Q closed < Mg is Calabi—Yau.

Otherwise non-zero torsion Chiossi-Salamon:02
dJ = =3Im(WiQ) + Wy A J + W3
dQ=WiJANJ+ WhAJ+ W5 AQ
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4D N =1 solutions from SU(3) structure manifolds

Remark:
many Calabi—-Yau — many fluxless compactifications

Why so few explicit examples with flux?
SU(3) structure not enough: SUSY, Bl and EOM selects W;
Complications:

o Wi, W,y #0 = I,P not integrable (non-complex)

o Wi, Wy, W5 # 0: not symplectic (non-K3hler)

Idea of this talk: Construct explicit SU(3) structures on CY manifolds.

Alternative: Construct non-explicit SU(3) structures as deformations of CY
Witten—Witten:87, Li—Yau:05, Andreas—Garcia-Fernandez:12
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4D Heterotic NV = 1 Minkowski solutions: Equations

No flux: Calabi—Yau Candelas—Horowitz—Strominger—Witten:85
N =1 Mkw, H=0 <= X is Calabi—Yau, dilaton constant.

dJ=dQ=0,H=0

With flux: Strominger—Hull system Strominger:86, Hull:86
N =1, Mkw, H#0 <= SU(3) structure on X with torsion:

d(e™?JAJ)=d(e Q) =0,H=i(0 - d)J
Wo=Wo =0, Ws =2W, =2d¢ .

Heterotic vector bundle
N =1 vector bundle V — X with connection A and field strength F must satisfy

FAQ=0, FAJAJ=0.

Must also satisfy BI dH = & (tr(F AF) —tr(R™ AR™))

y
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Construction of SU(3) structures on CY

Motivational example: the quintic
e Hypersurface X C P*,

0= P(x0,.,xa) = x3p(z1,..,22) =0, z, = 2inUp:xo #0

@ Inherit Kahler form:

FS Kahler form J = 209 Ink, ks =1+ 38| |z|?

— dzi Adz; Ndz3

@ Inherit hol. top form: | Qg "

@ Check SU(3) structure conditions:
JoNQ=0but yJ A A= %]:Qo/\ﬁo
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Construction of SU(3) structures on CY

Motivational example: the quintic

@ Inherit Kahler form: Jy = J|x and holomorphic top form: Qg

® JoAQ=0but g AJoAJo=3F QA Q

@ Rescale forms to get SU(3) structure

@ Complex, non-Kahler manifold

W1:W2:W3:0, W4:kd(|n.7-'),

J=Fkl,

3k+1

QI]:TQO

o Strominger—Hull system if k =1 , with flux

H=i(0—-0)J=i0—

d)InFAJ

Ws = 341 d(In F)
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Construction of SU(3) structures on CY

Method generalizes to any favourable CICY

1,1 ;2,1
n: 1 1 h>=,h%
P™ 1 g - gk
X ~ : : ,
n, m
P™ | g1 ak 1,

E.g. for co-dim 1 CICY

o 1 Kahler form J; = Ji|x from each P C A: |J =" a;J;

@ Holomorphic top form: Qo = Q|X

QAdPLA - NdPk = pa A~ A pim , i = ﬁﬁAgAyuAaniAodXiAl N N dXia,
Check SU(3) structure:

e JNQp =0V
° J,'/\Jj/\Jk:%i/\iijO/\QO

- v, P 2ny _ :
N = &2 [Ty 222 | (\ViPRIV, PRIVAPPoioon) ™ o1 = iy Ixial

v
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Construction of SU(3) structures on CY

Example: SU(3) structure on tetraquadric
p q
pt |2 7% = (x10,X11) z =31
on P! |2 X2 = (x20, X21) 7 =2
]P)l 2 X3 = (X30,X31) z3 = %
]P)l 2 _128 X4 = (X40,X41) Zy = 2—[1)
@ Hypersurface in (P})* set by P(xy,x2,X3,%4) =0
@ 1 FS Kahler forms: J; = ’ﬂdz’;\?dz' ki = 14|z
Restrict to tetra-quadric:
Jaz%, J4:ﬁziﬂ:1 VaVg dzo A dZg  with v, ::’;—‘:, on Uy
@ Holomorphic top form Qg %Z:Adz’&
Check SU(3) structure J = Ei:l aidi, Q=AQ:
e JNQp =0V
%Q /\ﬁ = JNINS = |A|2 = ajazazas Zj‘ 1 -_1/\,'
1A = A= gy 2oL,
1234

v
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SU(3) structures on CY: Torsion classes

CICY SU(3) structure

e Z:ll aiJi Q=AQ subject to |A|2 = Z;Z’,k:l /\,-J-ka,-ajak

Torsion classes easily computed:

dJ=> dajAJi, dQ=dIn(A)AQ

i=1
— W =W,=0 9
Ws = 3, (dai — Wa) A i, Wa=13,Ju(daiAJ), Wa=dIn(A).

Integrable complex structure with exact Ws; rest set by a;

Metric and torsion explicit, and slightly tuneable by choosing a;. )
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SU(3) structures on CY: Torsion classes

Universal CICY SU(3) structure

Choose a; = at; for i=1,...,m
J=aldy, Jo:=) tih, Q=AQ
i=1

With gy .5 = —2iJy o5 get

m
|A2 =2%F, where F:= Z Nijtitjti = |det B|>det (80,05) > 0-
ijok=1

Torsion classes

1
Wi=Wo=W;=0, W,=dlna, W5:dInA:gdlna+§dln}'.
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SU(3) structures on CY: Strominger—Hull system

In summary:
Any CICY allows a Universal SU(3) structure (J, Q) with torsion

3 1
W1:W2:W3:0, W4:d|na, W5:§d|na—|—§d|n]-",
where F := 37" ) Njtitjtk = |detB|*det (g o5) > 0, and metric

gaﬁ_ = agO,aﬁ_)

Choose a = F: reproduce torsion for Strominger—Hull system with

H=i0—-9d)FAJ
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SU(3) structures on CY: Strominger—Hull system

Any CICY allows Strominger—Hull type SU(3) structure (J, Q) with torsion
Wi=Wo=Ws=0, Wa=dInF, Ws=2dInF,

Right torsion is not enough: must construct suitable vector bundle and solve Bl.

o

SUSY and bundle stability — Work in progress
SUSY <= holomorphic vector bundle V — X with HYM connection:

FAQ=0, FAJAJ=0.

Li—Yau theorem: V — X allows HYM connection < V — X is stable.

Donaldson’85, Uhlenbeck—Yau'86,Li—Yau'87, Kobayashi’'87, Hitchin

Here: know J ~~ solve for F.
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SU(3) structures on CY: Strominger—Hull system

Bianchi identity — Work in progress

2i00F Ny =dH = & (tr(F A F) — te(RAR)) + ...,

tr(R A R)

Invariant under conformal re-scaling: tr(R A R) = tr(Ro A Ro)
Computable but lack manageable form for general CICY.

tr(F A F)

Construct stable vector bundle V — X with suitable connection A.

Magdalena Larfors (Uppsala University) SU(3) structures on Calabi-Yau manifolds 20.06.2019

18 / 23



SU(3) structures on CY: Strominger—Hull system

Example: tr(R A R) on tetraquadric

4,68

1 _ — xu

P2 x1 = (Xx10,x11) 21 = 3

1 — — X1

X P |2 XQ—(X207X21) 2= %o
1 _ X

P2 = (x30,x31) 73 =10

1 = — X1

P12 | X4 (Xa0,Xa1) 2 =31

AsA
Set z; = f(21,2,23), Vo = Poa/Pa , Q2 = ML@ (} 289 (A—“)> .
Compute curvature 2-form:

(e%

RS = —ani),6® — Yaqp
va

trR = d0Indetgy v

Finally
3
tr(RAR) = > (REARS)+cc —87TIZJ AQE + Z QENQG +cc..
a,B=1 a=1 a,B=1

vy
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Conclusions and outlook

Conclusions

All CY manifolds allow several SU(3) structures

CICY: ambient space provide building blocks for non-trivial SU(3) structures
o J=3" aiJi, Q=AQo, subject to |[A]> =37 ) Njkaiajax
@ metric computable gmn = Im* Jkn

@ torsion computable:
Ws = (da; — a;Wa) A ZJJ (dai A Ji), Ws=dIn(A).
i
o With a; = a Vi — Strominger—Hull system, with dH # 0

Work on heterotic Bl: compute tr(R A R), construct vector bundles, ...
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Conclusions and outlook

Conclusions

Use ambient space forms to build complex SU(3) structures on CICY
Necessary constraints for e.g. Strominger—Hull system fulfilled

What we should do next:

@ Construct vector bundles with HYM connections satisfying heterotic Bl
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Conclusions and outlook

Conclusions

Use ambient space forms to build complex SU(3) structures on CICY
Necessary constraints for e.g. Strominger—Hull system fulfilled

What we should do next:
@ Construct vector bundles with HYM connections satisfying heterotic Bl
Explore “non-universal” SU(3) structures
Type IIB vacua: “smeared” sources required?

°
o
@ Extend construction: other types of CY manifolds, other dimensions, ...
°

Generalise method: non-complex SU(3) structures, ...
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Conclusions and outlook

Conclusions

Use ambient space forms to build complex SU(3) structures on CICY
Necessary constraints for e.g. Strominger—Hull system fulfilled

What we should do next:
@ Construct vector bundles with HYM connections satisfying heterotic Bl
o Explore “non-universal” SU(3) structures
@ Type IIB vacua: “smeared” sources required?
@ Extend construction: other types of CY manifolds, other dimensions, ...
°

Generalise method: non-complex SU(3) structures, ...

Thank You
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4D N =1 solutions from SU(3) structure manifolds

. Non-vanishin

4D geometry | String vacuum torsion g SU(3) type

N =1 Mkw | Heterotic, Type Il (Hs) | W5, Wy = do, Ws = 2W, | Complex
Heterotic (H3 = 0) W:=0,Vi cY

N =1Mkw | Type lIB 3Wy =2Ws Conf. CY
(Hs, F3, F5, 03/ 0O7)
Type 1IB Ws, Wy = dop, Ws = 2W, | Complex
(F3,05/0o)
Type |IB/F-theory Wy = Ws =do Complex
(Hs, F3, Fs, 03/ 0r)

N =1Mkw | Type lIA Wao,3Ws = do¢ Symplectic
(F2, Fa, Os)

N =1AdS Type lIA Wi, Wot dWy o QF Half-flat
(H37 Feven)
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