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r s

(Eisenstein et al., 2005)

CMB 

Distances to galaxies depend on 

the cosmological parameters

Galaxy correlation function

We can estimate the cosmological parameters 

from the position of BAO peak (standard ruler)

H(z), DA(z)[H0,��, w...]
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line-of-sight

perpendicular

BAO (Baryon Acoustic Oscillation)



Peculiar velocities of galaxies

(Seo & Eisenstein, 2005)

D.H. Weinberg et al. / Physics Reports 530 (2013) 87–255 121

Fig. 11. The effects of non-linear clustering on the BAO. (Left) Redshift-spacematter correlation function at four different redshifts from the simulations of
Seo and Eisenstein (2005). (Right) Real-spacematter power spectra at four different redshifts from the simulations of Seo et al. (2008), divided by a smooth
power spectrum so as to reveal the acoustic oscillations. The input linear theory is shown by the dashed line. The effects of non-linear structure formation
broaden the acoustic peak in the correlation function. In the power spectrum, this corresponds to a damping of the higher harmonics. Importantly, the
boost of broad-band power at late times visible in the power spectrum plot corresponds largely to correlations at scales much smaller than the acoustic
peak.

1999; Seo and Eisenstein, 2005; Angulo et al., 2005; Springel et al., 2005; Jeong and Komatsu, 2006; Huff et al., 2007; Angulo
et al., 2008; Wagner et al., 2008).

Fortunately, the large scale of the acoustic peak insulates it from most of non-linear structure formation (Eisenstein
et al., 2007b). A typical pair of dark matter particles changes its comoving separation by 10h�1 Mpc (rms value) between
high redshift and z = 0. These motions broaden the acoustic peak, but the rms displacement is only mildly larger than
the 8h�1 Mpc scale set by Silk damping. The apparent displacement along the line of sight is larger in redshift space,
because the peculiar velocity is well correlated with the displacement. Fig. 11 shows the correlation function and power
spectrum from N-body simulations; one can see that the acoustic peak in the correlation function becomes broader at low
redshift. The corresponding effect in the power spectrum is the decreased amplitude of the wiggles at higher wavenumber.
Roughly speaking, one can think of the width of the evolved ⇠(r) peak as the quadrature sum of the initial width and
the rms pairwise displacement ⌃NL (see Orban and Weinberg, 2011, who examine idealized BAO models numerically and
analytically). Equivalently, the oscillations in P(k) are damped by a factor exp(�k2⌃2

NL). As discussed in Section 4.3.4, the
broadening of the BAO feature does not significantly bias the acoustic scale measurement provided one is using a suitable
template-fitting method. However, it does degrade the precision of the measurement for a given survey volume, as it is
harder to centroid a broader feature.

To change the acoustic scale itself, one needs instead to move pairs systematically closer or systematically further away.
This is a much weaker effect than the rms motion of particles, as it depends on the density variations in 150 Mpc spheres,
which are percent level. Moreover, pairs of overdensities fall toward each other and pairs of underdensities fall away from
each other, and both situations count equally toward a two-point statistic, causing a partial cancellation.

Padmanabhan and White (2009) compute the change in the acoustic peak location at second-order in gravitational
perturbation theory. Crocce and Scoccimarro (2008) have done similar calculations in renormalized perturbation theory.
Both calculations reveal a second-order term of the form d⇠/dr , which corresponds to moving the acoustic peak.
Padmanabhan and White (2009) compute the size of this effect to be around 0.25% at z = 0.

N-body simulations reveal a similar story. Seo et al. (2010b) measure the shift in the acoustic scale in a large volume of
simulations and detect a shift from ↵ = 1 of 0.3% ± 0.015% at z = 0.0, with a scaling in redshift proportional to the square
of the linear growth function as expected for a second order effect (left panel of Fig. 12). Padmanabhan and White (2009)
validate their analytic calculation with a similar set of simulations.

Redshift-space distortions have further effects on the BAO signal beyond the extra broadening from the large-scale
peculiar velocity. Small-scale velocities, e.g., the Finger of God effect, blurs the measurement of clustering along the line of
sight, thereby broadening the acoustic peak.Moreover, the peculiar velocities create anisotropy in the broadband clustering,
which must be carefully accounted for when extracting the acoustic scale (Section 4.3.4).

Linear bias, with galaxy density contrast �g = b�m, changes the amplitude of ⇠(r) or P(k) but not the shape. However, any
realistic bias relationmust be at least somewhat non-linear,which alters the relativeweighting of overdense andunderdense
regions and should shift the acoustic scale at second order. Early work attempted to measure this shift in simulations (Seo
and Eisenstein, 2003; Angulo et al., 2008), but the volume of the simulations was insufficient to get a conclusive detection
of the effect. More recently, Padmanabhan and White (2009) explored galaxy bias as the ratio of the second-order to first-
order bias term, finding shifts of a few tenths of a percent for reasonable bias cases. Mehta et al. (2011) treated the problem
numerically with halo occupation distributions, finding shifts of 0.1% to 0.8% at z = 1 depending on the strength of the
bias (right panel of Fig. 12). For halo-based models or other prescriptions that tie galaxy bias to the local density field, it

1). Peak broadening

2). Redshift distortion

The peak position doesnÕt 
change so much, but the BAO 
feature is smoothed

need to handle with nonlinear effectsÉ 
But this suppression is mainly caused by large-scale ßow (velocity)  

increasing the distance errors

Anisotropic clustering makes 

the BAO feature more vague



Standard reconstruction

1). estimate the displacement from the observed density Þled

Zeldovich approximation (ZA)

2). shift galaxy particles and uniform random particles by that 

where f =
d lnD

d ln a : Linear growth rate

Redshift-space distortionS(s)(q, t) = S(1) + f(S(1) · ẑ)ẑ

S(1)
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Galaxy: 

Random:

itÕs like moving Òdensity contrastsÓ

S̃
(1)

(k) =
ik
k2

�̃L(k)G(k)
<latexit sha1_base64="87I5TpTQulSrgt5z7KnXZNHf6ZI="></latexit><latexit sha1_base64="IxWGDX6K8ifepQxQ8B0wFB+DLWo="></latexit><latexit sha1_base64="IxWGDX6K8ifepQxQ8B0wFB+DLWo="></latexit><latexit sha1_base64="Ir78F0DZFn2WGfV+5njPIAhJ82Q="></latexit>

G(k) = exp[�0.5k2�2]
smoothing 

scale



Real-space

The BAO peak is actually recovered

Reconstructed correlation function

z = 0.5

improving the statistical precision 
                    by a factor of 1.5 - 2 



Problems in the standard reconstruction

ZA S̃
(1)

(k) =
ik
k2

�̃L(k)
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Lagrangian PT

÷! g
s (k) = (1 + " µ2)÷! g(k)
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Kaiser relation 
Eulerian PT

redshift space real space

initial now

1). Inconsistency in Lagrangian PT and a time series

÷! L(k) ÷! g
s(k)÷! ?(k) ZAZA

Linear Non-linear

÷! st(k)
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Figure 2 : The cross-correlation coe! cient between the non-linear overdensity and the overdensity
in linear theory and the ZA as a function of scale atz = 0. The cross-correlation coe! cient, ! NL,L ,
is very close to the non-linear propagator in RPT, despite their di" erent deÞnitions. Note that the
ZelÕdovich density Þeld is well-correlated with the non-linear density Þeld well into the mildly non-
linear regime.

The e" ect of the large-scale ßows results in corrections in SPT, which are regulated
by the parameter k" v(< k ), where " v(< k ) gives the root mean square (rms) particle dis-
placement integrated up to a wavevectork (see also Section2).6 Note that " v is given by
the integral over the velocity power spectrum and is proportional to the velocity dispersion,
which is why for brevity we will usually refer to " v as the velocity dispersion. The corrections
from the largest-scale ßows (k ! 0) due to " v(< k ) cancel at each order in SPT [15]. This
must be the case because uniform motions translate coherently the density Þeld, which has
no observable e" ect when equal-time statistics are considered. However, this is no longer
true when one considers statistics at di" erent times.

Linear theory predicts a density Þeld which is simply an overall rescaling of the initial
density Þeld. Therefore,! NL,L also equals the cross-correlation between the initial and Þnal

6This quantity is deÞned as (k! v (< k )) 2 ! ki kj "vi vj #(< k ) = (4 " / 3)k2 R k
0 PL (k! )dk! , where PL is the linear

matter power spectrum. This implies that ! v is in fact equal to (1 /
$

3)%(rms particle displacements).

Ð 5 Ð

Cross correlation with the non-linear density Þeld

Lagrangian PT 
ZelÕdovich

Eulerian PT
Linear

(Tassev & Zaldarriaga, 2012)

Up to the 1st order, Lagrangian PT is better



Reconstruction

Before After
Random

Galaxy

these regions might create fake density contrasts

line of sight

Problems in the standard reconstruction

2). Fake density contrasts



Motivation

In upcoming galaxy redshift surveys, e.g., DESI or PFS, the 
survey area becomes much larger and deeper 

Standard reconstruction can improve the precision on the 
BAO distance measurement

but, it has some problems

We need to improve the reliability of the BAO standard ruler

develop a new reconstruction method to 
settle the problems 

providing more than 0.3% accuracy distance measurements



Our method:  1.) Algorithm

Observed density Þeld in redshift space Original linear density Þeld

! L (q)! s(s)

Displacement

Redshift-space

Continuity eq.

S̃
(1)

(k) =
ik
k2

�̃L(k)G(k)
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S(s) (q, t) = S(1) + f (S(1) áöz)öz
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det
!
! K

ab + S(s)
a,b

"
=

" (q)
" (s)

=
1

1 + ! s(s)
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s(q, t) = q + S(s) (q, t)

G(k) = exp[�0.5k2�2]

smoothing 

scale



Monaco and Efstathiou (1999)
µ1(S) = Si,i = ! áS
µ2(S) = ( Si,i Sj,j ! Sa,bSa,b)/ 2
µ3(S) = det( Sa,b)

! L (q, t) =
!

! s(s)
1 + ! s(s)

! µ1(S(1) ) + µ1(S(s) ) + µ2(S(s) ) + µ3(S(s) )
"
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2.) Equations

Continuity eq.

s(q, t) = q + S(s) (q, t)

From the displacement, we can calculate the linear density Þeld

If we iterate the estimation and the solution converges, it 
should be correct

The solution converges, but the amplitude decreases



Displacement

Redshift-space

Continuity eq. det
!
! K

ab + S(s)
l |a,b

"
=

" (q)
" (s)

=
1 + ! res(q)
1 + ! s(s)
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S(s)
l (q, t) = S(1)

l + f (S(1)
l áöz)öz
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s(q, t) = q + S(s)
l (q, t)
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÷S
(1)
l (k ) =

ik
k2

÷! L(k)G(k)

Residual ! res(q) = ! L (q) ! ! l (q) = ! L (q) + " áS(1)
l (q)

assume that the residuals existed at the initial time

how about smaller scales than the smoothing scale ?

÷! l (k)
large scale mode

advected together

! L (q, t) = ! µ1(S(1)
l ) ! 1 + (1 + ! s(s))

!
1 + µ1(S(s)

l ) + µ2(S(s)
l ) + µ3(S(s)

l )
"



3.) Iterative process

1st : 

2nd : ! L(1) (q)

n th: 

É until the solution converges  

! L(n) (q)

s(q, t) = q + S(s) (q, t)

! L(0) (q) = ! s(s) S(s)
0 = 0

S(s)
1

÷S
(1)
l, 1 (k) =

ik
k2

÷! L(0) (k)G(k)
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correlation or power spectrum

deÞned on each grid cell 

                    we donÕt need to move the galaxy and random particles



Matter fields
N-body simulation

Box size:  1100 [Mpc/h]

Number of particles:  1440^3

Redshift:  z = 0.5 sampling

Convergence
!

[! L(n) ! ! L(n ! 1) ]2!
! 2

s
< 0.01

over all grid points

Reduction of smoothing scale
Initial scale:  20 [Mpc/h]

Final scale:  5  [Mpc/h]

! =
! ini

1.2n

n: the number of iteration

Abacus  (Garrison, et al., 2017) 

Np ! 4803
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Matter field

(RH & Eisenstein, 2018)



Real space Redshift space

1.) Cross-correlation for the displacement

r(k) !
" ÷Srec#÷S*true$

" | ÷Srec|
2$" | ÷Strue|2$



l = 2l = 0

2.) 2-point correlation function

Redshift space



Galaxy fields
N-body simulation

Box size:  1100 [Mpc/h]

Number of particles:  1440^3

Redshift:  z = 0.5

GRAND-HOD

Reduction of smoothing scale
Initial scale:  20 [Mpc/h]

Final scale:  10  [Mpc/h]

! =
! ini

1.2n

n: the number of iteration

Abacus  (Garrison, et al., 2017) 

Np � 843
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(Yuan, Eisenstein, 
     & Garrison, 2018)

Halo fields

Galaxy fields

Rockstar

(RH & Eisenstein, 2019)



Galaxy as a biased tracer

Matter Galaxy

�s(s)
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�s(s)/b
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f
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� = f/b
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Density:

Linear growth 
rate:

Bias:

where r i (k) !
"÷! ÷! !

ini #

"|÷! ini |2#
<latexit sha1_base64="ST75v/Kx5gREFKh9tqMVHGwXNLA="></latexit><latexit sha1_base64="BA4T4j6ADwnuYB97WBwRa5XvDPk="></latexit><latexit sha1_base64="BA4T4j6ADwnuYB97WBwRa5XvDPk="></latexit><latexit sha1_base64="CifRsaVoxbkJ377Pe8wGQATiUyE="></latexit>

b = ri,gal(kcr)/ri,mat(kcr)
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kcr = 0 .1 [h/ Mpc]
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Matter vs Galaxy: 2-point correlation

l = 2

l = 0

Matter



l = 2

l = 0

Galaxy

Matter vs Galaxy: 2-point correlation



l = 2

l = 0

Matter

Matter vs Galaxy: power spectrum



l = 2

l = 0

Galaxy

Matter vs Galaxy: power spectrum



Chi-square surface

line-of-sightperpendicular



Conclusion
developed an iterative reconstruction method to settle the problems 
that the standard reconstruction has

applied the new method to matter and galaxy Þelds from N-body

simulation

correlation function can be reconstructed more precisely

Þtting with theoretical template is also improved 

consistent in Lagrangian PT and a time series

grid base:  not produce fake density contrasts

also investigated how the iterative reconstruction depends on the 
changes in some parameters 

smoothing scale:  more stable

bias:  hardly inßuenced





Backup slides



l = 2

l = 0

Galaxy

Σ= 15 [h/Mpc]

Smoothing scale



l = 2

l = 0

Galaxy

Σ= 10 [h/Mpc]

Smoothing scale



l = 2

l = 0

Galaxy

Σ= 7 [h/Mpc]

Smoothing scale



l = 2

l = 0

Smoothing scale

Galaxy

Σ= 5 [h/Mpc]



b = 0.8bf
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Cumulative variance in the differential motion of pairs initially
separated by 150 Mpc as a function of cutoff wavenumber

(Eisenstein et al., 2007)
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Fig. 12. The shifts of the acoustic scale in cosmological N-body simulations. (Left) Shifts of the acoustic scale in the redshift-space matter power spectrum
vs. redshift from Seo et al. (2010b). The open symbols show the acoustic scale shifts prior to reconstruction; the dashed lines show a scaling of the square of
the linear growth function. The solid symbols show the shifts after reconstruction is applied. The error bars are derived from the variance among simulations.
(Right) Shifts of the acoustic scale in the redshift-space power spectrum of mock galaxy distributions at z = 1 fromMehta et al. (2011). The acoustic scale
shift from the matter distribution in the same boxes has been subtracted so as to decrease sample variance. Galaxies are placed via HOD prescriptions;
increasing mass thresholds leads to lower number densities and higher clustering bias. The open symbols show the shifts prior to reconstruction; the solid
symbols, after reconstruction. The errors in the right panel are larger due to the smaller simulated volume and the lower number density of tracers. In all
cases of both panels, reconstruction decreases the errors on the acoustic scale and reduces the shift to be consistent with zero. The left panel is based on
63 simulations, each using 5763 particles in a 2h�1 Gpc cube. The right panel is based on 40 simulations, each with 10243 particles in a 1h�1 Gpc cube.

therefore appears that bias-induced shifts are small, and corrections of modest fractional accuracy (e.g., to 20% of the shift
itself) will suffice to make them negligible. The relevant bias parameters should be tightly constrained by smaller scale
clustering measurements and higher order statistics, enabling cross-checks of the model used for correction.

Non-local bias models that tie galaxy formation efficiency directly to the environment on much larger scales (e.g., Babul
andWhite, 1991; Bower et al., 1993) could perhaps induce larger shifts of the acoustic scale. However, such models require
fairly extreme physical effects, and they can be readily diagnosed via their impact on clustering at scales below the BAO scale
(Narayanan et al., 2000). A survey capable of measuring the acoustic scale to the sub-percent statistical level will provide in
its millions of galaxies extensive opportunities to constrain even very general bias models accurately enough to predict the
acoustic scale shift to within 10%–20% of its value, sufficient to bring the systematic error below the statistical error.

4.3.3. Reconstruction
By broadening and shifting the BAO feature in ⇠(r), non-linear gravitational evolution degrades BAO precision and

introduces a possible systematic. Is it possible to remove these effects by ‘‘running gravity backwards’’ to reconstruct the
linear density field? The Zel’dovich (1970) approximation – in which particles follow straight line trajectories in comoving
coordinates at the rate predicted by linear perturbation theory – captures important aspects of non-linear evolution on
large scales (e.g., Weinberg and Gunn, 1990; Melott et al., 1994). Eisenstein et al. (2007a) show that a simple reconstruction
scheme based on applying the (reversed) Zel’dovich approximation to the smoothed non-linear density field is remarkably
successful at recovering BAO information, effectively shifting the low redshift curves in Fig. 11 back toward the high redshift
curves. Fig. 13, from Padmanabhan et al. (2012), illustrates how reconstruction works in the idealized case of an initial
perturbation that exactly mimics the ‘‘acoustic ring’’ pattern.

Seo and Eisenstein (2007) and Seo et al. (2010b) investigate the effects of reconstruction in more detail, showing that
it noticeably improves the scatter and decreases the shift of the recovered acoustic scale from the matter density field of
N-body simulations. The latest simulations demonstrate that the non-linear shift of the scale has been removed to 0.02%
or better (see Fig. 12, left). Moreover, comparing the initial conditions to final conditions on a mode-by-mode basis shows
that the linear density field has been recovered to roughly double the pre-reconstruction wavenumber. Padmanabhan et al.
(2009) analyze the method analytically, revealing the improvement while also noting that the recovered density field is not
exactly the linear one.

Mehta et al. (2011) extend this analysis to HOD-basedmock galaxy catalogs in simulations. They consider a range of HOD
prescriptions and find that the reconstruction of the linear density field is not degraded by this form of galaxy bias and that
the shift of the acoustic scale after reconstruction still vanishes, this time to 0.1% precision (Fig. 12, right). This success is not
surprising: the halo field traces thematter field fairly accurately on the scales required for reconstruction, so one is correctly
estimating and removing the large scale displacements. Non-linear galaxy bias still alters the weighting of convergent and
divergent flows, but if the flows are being mostly removed, then it does not matter how they are weighted.

Reconstruction is thus a powerful tool: one is achieving better statistical precision for a given survey, typically by a factor
of 1.5 to 2, equivalent to a factor of 2–4 increase in survey size. Meanwhile, one is mitigating the primary systematic error
from non-linear clustering and galaxy bias. As an added benefit, one can use the estimate of the large scale displacements

Peak shift vs Bias

(Mehta et al., 2011)


