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Why Primordial Black Holes (PBH) ?

• Interesting objects generated in the early universe 
e.g. during the inflationary phase 

• Non-baryonic, non-relativistic and nearly collisionless 

• A novel and promising candidate for cold dark matter 

• No new physics (e.g. BSM) required 

• Also relevant for the recent detection of GWs from 
(super) massive black holes — origin in PBHs
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Observational constraints 
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Scalar field potential with an 
inflection point
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where ⇠ is also a constant. This potential can be recast in the form3

V (x) = V0
ax2 + bx4 + cx6

(1 + dx2)2
, (2.4)

where x = �/v, V0 = Ṽ0(v/⇤)2, a = c2/2!, b = c4/4!(v/⇤)2, c = c6/6!(v/⇤)4 and d = ⇠v2.
The parameter v is just a constant scaling factor. This is the potential of our scenario we
shall work with in this paper. Note that, this potential behaves as a quadratic potential
i.e. V (�) ⇠ �2 for both the large and small field values (far away from the plateau region).
The flattening of the potential helps in two ways: first, it makes the potential renormalizable
at large field values and second, it flattens the potential su�ciently for large sales. Such
a behaviour of the potential leads to a nearly scale invariant power spectrum of curvature
perturbations which is consistent with the CMB observations on large scales. As we shall
discuss later, this potential also dynamically leads to a phase of slow roll violation (or ultra
slow roll) close to the plateau region and finally reheats the universe when the scalar field
rolls down to the true minima of the potential. The asymptotic behaviour of our potential
is very di↵erent from the flattened quartic polynomial potential which has recently been
discussed in the literature [60, 66, 67]. While our potential being roughly quadratic at large
scales leads to an observably large tensor-to-scalar ratio r, their potential being nearly flat
on large scale induces a very small r. Moreover, the quartic polynomial potential does not
possess an inversion symmetry i.e. the potential is not symmetric under � ! �� and thus,
one has to necessarily start the dynamics from positive values of the field �. This restriction
is relaxed in our scenario as our potential has an inversion symmetry and therefore, one can
start from both the positive or negative values of �. The inflaton potential of our scenario
is shown in Figure 1 for di↵erent choices of parameters corresponding to di↵erent values of
quasi-inflection points which are appropriate to obtain the desired inflationary dynamics.

Before we proceed further and discuss the details of the presence of inflection points
in our potential, let us briefly comment on the quartic polynomial potential that has re-
cently been used in the literature to produce PBHs from single field inflation. The quartic
polynomial potential recently proposed is given by [66]

U(x) = U0
ax2 + bx3 + cx4

(1 + dx2)2
, (2.5)

wherein the denominator again provides appropriate flatness of the potential and could pos-
sibly be motivated from a non minimal coupling term in the Lagrangian. However, this
potential behaves as a constant potential at large values of x (or �) while behaves as a
quadratic potential at small values of x. For the case of our potential given in (2.4), we find
that in the limit of x � 1, the potential reduces to

V (x) ' V0c

d2
x2, (2.6)

while in the small x limit i.e. x ⌧ 1

V (x) ' V0a x
2. (2.7)

3Note that this potential that provides us the desired dynamics in our scenario can be considered as a
combination of the motivation from the EFT and the requirement for the needed flatness at the CMB scales
which also makes the potential renormalizable at large field values.
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Slow roll, ultra slow roll and all that…

which are given in rather simpler form as

a =
bx2

�
2dx2 + 3

�

(d2x4 � 3)
, (2.10)

c =
b

x2(d2x4 � 3)
. (2.11)

First, by looking at the potential in (2.4), we can impose d > 0 to avoid any singularities in
the potential. Also, if the potential should be monotonously increasing for both large and
small field values, we find, from (2.6) and (2.7), that

a > 0 , c > 0. (2.12)

If we limit ourselves in the positive field regime of the potential i.e. x > 0, we notice that
in order to satisfy (2.10) and (2.11) together with (2.12), we arrive at the following two
conditions on b.

• x > (3/d2)1/4 leads to positive denominators and thus b > 0.

• x < (3/d2)1/4 leads to negative denominators and thus b < 0.

Therefore, in this model, we get two di↵erent kinds of inflection points for two choices of b,
b > 0 and b < 0 and they are separated by x ⇠ (3/d2)1/4. Since it is not possible to explore
the details of inflection points for this model analytically, we shall resort to a numerical scan
of the parameter space to obtain real inflection points. In fact, we have noticed that if we
first fix the value of the inflection point x0 and the values of b and d, one can then determine
a and c using (2.10) and (2.11). Although the potential has four independent parameters,
one only needs to fix two of them and the rest will be determined by the inflection point
conditions. We shall elaborate on the details of our numerical strategy about how to scan
the parameter space in Section 4.

2.2 Background evolution: slow roll, ultra slow roll and all that

After specifying the potential, we can now study the background inflationary dynamics that
arises from it. Using the number of e-folds, N(t) = ln (a(t)/ai), as the independent time
variable, the system is governed by the following Friedmann equations

H2 =
V (�)

M2
Pl(3� ✏)

, (2.13)

dH

dN
= � H

2M2
Pl

✓
d�

dN

◆2

, (2.14)

with the Klein-Gordon equation for � as

d2�

dN2
+ (3� ✏)

d�

dN
+

1

H2
V 0(�) = 0, (2.15)

where ✏ is the first Hubble slow roll parameter, given by

✏ = � Ḣ

H2
=

1

2M2
Pl

✓
d�

dN

◆2

. (2.16)
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We also define the second slow roll parameter ⌘ as

⌘ = � �̈

H�̇
= ✏�

✓
d2�/dN2

d�/dN

◆
(2.17)

Of course, only two out of the above three equations are independent. To solve these equations
completely, we need three initial conditions: �i, d�i/dN and Hi. Since the evolution of the
field � starts in the slow roll regime at large field part of the potential, after choosing an
appropriate value of �i, the values of d�i/dN and Hi can be chosen from the slow roll

conditions and the Friedmann equations. In slow roll approximation wherein d2�
dN2 ⌧ d�

dN and
✏ ⌧ 1, eq. (2.15) reads

d�

dN
+

1

3H2
V 0(�) ' 0, (2.18)

whose solution is given by

�(N) ' �i �
p

2✏V MPl(N �Ni), (2.19)

where ✏V is the first potential slow roll parameter defined as ✏V ⌘ M2
Pl
2

⇣
V 0

V

⌘2
. It is clear form

this slow roll solution that � is a monotonically decreasing function of N . However, the same
does not remain valid in the regime of ultra slow roll wherein the slow roll conditions do not
hold. Since the potential is very flat and ✏ becomes very small, one can now ignore the last
term in (2.15) and thus it reduces to

d2�

dN2
+ 3

d�

dN
' 0, (2.20)

which leads to
d�

dN
⇠ exp [�3(N �Ni)], (2.21)

and therefore, the inflaton velocity gets exponentially suppressed. This also implies that
✏ ⇠ exp [�6(N � Ni)] and ⌘ ' ✏ + (3 � ✏) ⇠ 3 during the ultra slow roll phase which is
also evident in Figure 2. As we shall discuss later, this behaviour leads to an exponential
enhancement of the curvature perturbations which induces a tremendous growth of the power
spectrum around the scales corresponding to the ultra slow roll regime.

Let us now quickly comment on the initial conditions �i, d�i/dN and Hi we need for the
background evolution. The initial value of the inflaton field �i is important for two reasons:
first, a minimum value of �i ensures that the field acquires enough momentum to classically4

cross over the inflection point within a finite number of e-folds N and second, the slowing
down of the inflation near the inflection point depends, exclusively on the choice of other
parameters in the potential and the nature of the inflection point, but it also largely depends
on �i. Once the value of �i is appropriately chosen, the initial values of d�/dN and Hubble
parameter Hi can be obtained from the slow roll conditions and the Friedmann equations,
respectively.

At this point when we have all the information required for the background evolution of
the inflaton field, we realize that for a particular set of parameters which satisfy the inflection

4Since the inflaton field in the ultra slow roll regime undergoes a phase of strong deceleration, the quantum
di↵usion of the inflation becomes very relevant around the inflection point. We shall discuss its implications
for our model elsewhere [81].
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2.3 A necessary criterion for the enhancement of curvature perturbations

As briefly mentioned earlier in this section, a necessary condition for the production of PBHs
from inflation leads to the fact that the spectrum of primordial curvature perturbations has
to increase by a factor of ⇠ 107 or so in its amplitude at scales much smaller than the
observable CMB scales. Such an enhancement can induce large matter density fluctuations
at the horizon re-entry of these scales which can collapse to form PBHs. Let us briefly review
the condition under which such an enhancement can happen [82–85]. We start with the
Fourier mode equation for the comoving curvature perturbation Rk in single field inflation
which follows from the well known Mukhanov-Sasaki equation

R00
k + 2

✓
z0

z

◆
R0

k + k2Rk = 0. (2.22)

The comoving curvature perturbation Rk matches with the curvature perturbation on the
constant density hypersurface ⇣k in the super-horizon limit. In the rest of this paper, we shall
use these two variables interchangeably to describe the scalar power spectrum. The ‘pump
field’ z is defined as z = a�̇/H and the friction term z0/z is given by

z0

z
= aH(1 + ✏� ⌘). (2.23)

During inflation, while ✏ < 1, ⌘ can in principle take any value. However, during slow roll
inflation, ✏, |⌘| ⌧ 1 should be satisfied. At the first order in slow roll, one can consider ✏ and
⌘ to be constants and the naive solution to (2.23) is given by

z(a) ⇠ exp

Z
da

a
(1 + ✏� ⌘)

�
, (2.24)

which in the slow roll limit simplifies to z ⇠ a. Let us now look for a solution to (2.22) in the
super-horizon limit, k ⌧ aH. A very general solution to this equation can be expressed as

Rk(⌧) ' ↵uk(⌧) + � vk(⌧), (2.25)

with the condition ↵ + � = 1 without loos of generality [83]. Here, uk(⌧) and vk(⌧) are the
growing and decaying modes, respectively and ↵ and � are their fractional contributions at
any given time. This general solution can be rewritten in a more transparent form as

Rk(⌧) ' C1 + C2

Z
d⌧

z2
. (2.26)

In slow roll inflation, it is evident to note that the second term decays rapidly as a�3 outside
the horizon and therefore, the curvature perturbationRk is conserved in time at super-horizon
scales for each wavenumber k and its amplitude is determined by the constant C1. Since the
decaying mode dies completely in this limit, one can safely compute the power spectrum of
curvature perturbations at the horizon exit in slow roll by fixing the initial conditions for
each Fourier mode using the Bunch-Davies vacuum at sub-horizon scales.

However, a complete di↵erent situation arises if the friction term z0/z transiently changes
sign and becomes a ‘driving term’ during an epoch for di↵erent modes right after they cross
the horizon. This is equivalent to the following condition

(1 + ✏� ⌘) < 0 . (2.27)
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First, by looking at the potential in (2.4), we can impose d > 0 to avoid any singularities in
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small field values, we find, from (2.6) and (2.7), that
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b > 0 and b < 0 and they are separated by x ⇠ (3/d2)1/4. Since it is not possible to explore
the details of inflection points for this model analytically, we shall resort to a numerical scan
of the parameter space to obtain real inflection points. In fact, we have noticed that if we
first fix the value of the inflection point x0 and the values of b and d, one can then determine
a and c using (2.10) and (2.11). Although the potential has four independent parameters,
one only needs to fix two of them and the rest will be determined by the inflection point
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2.2 Background evolution: slow roll, ultra slow roll and all that

After specifying the potential, we can now study the background inflationary dynamics that
arises from it. Using the number of e-folds, N(t) = ln (a(t)/ai), as the independent time
variable, the system is governed by the following Friedmann equations
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PBH mass fraction calculation
(some caveats …)
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Results
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Induced secondary GWs
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Future constraints on small scales

Byrnes, Cole & Patil 2018
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Conclusions and summary
• PBHs are very novel candidates for CDM in the universe 

• Inflection point inflationary models most useful to generate PBH - model 
dependent results 

• We have developed a numerical code which calculates the primordial 
spectra and PBH mass fraction as analytic calculations are in general not 
possible 

• Very useful to probe the small scale dynamics during inflation 

• Interesting byproduct imprints such as induced gravitational waves on 
scales probed by PTA and LISA 

• PBH mass fraction affected by primordial NG and quantum duffusion 
during the ultra slow roll phase — yet to understand in this scenario 

Thank you !


