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Introduction

e Modern cosmology heavily relies on linear perturbations,
which are solved by Boltzmann codes.

e There are several examples CLASS, CAMB, CMBEASY,
CMBFAST, etc.

e There are several future experiments to understand the
dark sector of our universe like EUCLID, DESI and LSST.
e All these experiments aim for higher precision.

e The Boltzmann codes need to be precise enough and any
inconsistency in the code should be fixed to take full
advantage of these experiments.

https://class-code.net/
https://camb.info/



Covariance Problem in Current Boltzmann Codes

Gauge Incompatibility
The equations of motion for baryons in Newtonian and Syn-

chronous gauges are not related. This breaks general covariance.
The two equations of motion are intrinsically different.
Breaking Bianchi Identity

This gauge incompatibility breaks the Bianchi identity, i.e. solu-
tions from the Finstein equations would be in general not consis-
tent with the conservation law.

No Known Covariant Action for fluid with ¢2 # 0
Introducing back the gauge-compatibility, there should be counter
terms at the order of ¢2k%. We need to introduce an action/eom

beyond dust approximation.



Covariance Problem in Current Boltzmann Codes
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Ideal Gas

Here we consider a model of perfect fluid for baryon with ¢2 # 0 .

Equation of state
p=nT,

pP=lg n—i—% nT.

. o
The equation of state p = m,
i.e. p=p(p,T), shows the fluid is
non-barotropic.

When the baryons interact with
photons there is an exchange of entropy
with the photon fluid. Using first law
of thermodynamics we get

T=—2% T+8”4LaneaT( — 7))

Me

p,n, p and T are the pressure, number density, energy
density and temperature of the fluid respectively. pg is
the mass of the fluid particle.

The speed of propagation at I%
order in L

)
e

2 = op — T (- L1dT
S 9p ) g 3 dlna /*

First law for general perfect fluid

dp = pdn+nT ds where p is

enthalpy per particle p = p:p.

To understand the dynamics of baryons, we switch off the interaction, i.e. op = 0.



Baryon Equation of Motion

Perfect Fluid Action

JH, guv, ¢, ¥, s are fundamental

Sm=— fd4m v —g [p(nys)—"_JM (8M¢+19 8#5)} variables. and n = /7‘];1(]1/‘%“/.

Background eom
o=V, JH=0,
Y=>ut 0, s=0,

s=ut oy, 9=T".

s=sg+0sY ,

[BF. Schutz R. Sorkin, 1977]

Eom for J* will give the relation between the fluid 4-velocity and
the fields ¢, ¥, s. On defining J* = nut we get the constraint

ubuy, = —1. u* represents 4-velocity of the fluid.

Linear Perturbation

Ny is the total number of fluid particles. Y is

¢=—JT dna(m)pntéeY, determined by the property y¥/Y|;; = —k?Y.

9=[T dn at P,s/No+69Y,

N
J“:FQ(HWOY),

i W _ijy
J —;g Y Y‘Ja

[H. Kodama, M. Sasaki, 1092]

For FLRW background % =0,i.e. dsis
gauge invariant. Assuming an adiabatic
fluid, we choose the initial condition

ds2:—(1+2aY) a2 (172+2(1,X Y|i dr dz® 55(f) = 0.

+1a2(14+2¢Y ) +2E Y51 da’da’ . >



Baryon Equation of Motion

. . We redefine the field variables.
We have the equations of motion
0p=p,n v—0(T) s,
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I=—4 0+t oy o2k (5434 242 ), §50=50,— L2 v,
o) _ 20 (E\_kK2 __r Ps
W(pr 6)__9_3C+k ?(?)_TX' Wo= o 0= g 98,
a
v=—2%0.
Where C§ = (Op/0p)s = p/p = npnn/pn-
Non - Relativistic Limit
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. ) 519 a0 term with
fy=—2 Oy +k2atc2 k (5b+3 & kT)—i—RaneaT(O'y—Hb) ) shotons o % 0.

Where R = %pq{/pb.



Tight Coupling Approximation

e In the regime before the recombination the baryons and photons were
coupled to form a stiff photon-baryon fluid. This system becomes
numerically unstable.

e The interaction time scale of the photons and baryonsis 7. = (CL’N,EO'T)71
where o7 is the Thomson scattering amplitude.

e This time scale is much shorter than sub-Horizon and super-Horizon
scales.

e The idea is to solve the system perturbatively in 7. for the terms
which are considerably small in the limit 7. — 0.

e Since we have new covariant baryon equations of motion, we need to
recalculate the Tight Coupling Approximation.

[D. Blas, J. Lesgonrgues, T. Tram, 2011] 7



Tight Coupling Approximation

From the Photon Boltzmann hierarchy equation and baryon equation without
choosing any gauge, we get

. 2
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Our method for finding a perturbative solution is by assuming a solution order
by order up to second order.
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[D. Blas, J. Lesgonrgues, T. Tram, 2011] 8



Tight Coupling Approximation

Slip equation eyb:(i—%)@wb—kﬂﬁ-ﬁ-&-(?(’rg)

Tc
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We also have the assumption H7. < 1 and 6., < 1.

Like this we find up to second order.



Code Implementation and Results

e We choose CLASS Boltzmann solver to implement the correct baryon
equations of motion and tight coupling approximation.

e We implement and perform 4 approximation schemes in the CLASS

code, namely first_order_MB 7. a27 cg x ail, first_order_CAMB

cf o a_l, first_order_CLASS, second_order_CLASS.

e 3072 chains, each chain using 4 cores in parallel. For each chain we
have set 13000 steps.

e We found no numerical inconsistency and the code does not become
slower or stiffer.

e The acceptance rate for MCMC analysis is increased by about 0.95%.

e The likelihood of the covariantly corrected code get slightly im-
proved to —In Lmin = 5984.11, the old covariance-breaking code has
—In Lnin = 5984.45.

[D. Blas, J. Lesgonrgnes, T. Tram, 2011] [ T. Brinck:

nn, J. Lesgonrgues, 20181 1y



Code Implementation and Results
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Conclusion

e The covariant action introduced fixes all the three issues. There are additional

terms in the equations of motion at the order of ¢2 which makes the baryon

equations of motion gauge compatible and obeying general covariance.

e In the previous code there where approximations
k> aH, k*6, > aHOy, &, > n(any scale), during raidation domination (z > 10°)
k> (14 2)vVQ0/(3 x 10°)hMpc ™", k%8, > (1 + 2)vQ0/(3 x 10*)hMpc ™' 0.

This approximation generally fails for large redshifts considering

1072Mpc! < k < 10Mpc™ 1.

e This covariantly corrected im-
plementation does not make
huge difference in the param-
eters but will be important
in the future.
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BACKUP - 01: Photon Boltzmann Hierarchy

Photon Boltzmann hierarchy equations
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BACKUP - 02: Equations in Synchronous Gauge

Synchronous gauge field redefinition
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Synchronous gauge Einstein

Equations
2 La, 2
k‘n— =-—h = —47Ga“dp
2a
K%y = 4nGa%(p+ P)O
h+2%h— 2k = —87Ga26T}
a
b4 6i+22(h+67) —2%%) = —24Ga%(5+ P)o
Baryon equation 4 Synchronous
gauge
: .6
5 = —9—7h—— 285 _ 302 <6b+ h>
5 "a 5
j a 2.2 220
0, = —aﬁb + cik op + 3cg ;6’1, + RaneUT(Qy = Bb) 14



BACKUP - 03: Baryon equation missing terms

We can write Baryon equations as

Op + Hop + 2k%0, + ... = 4nGa®(6p + 36P)
dots includes terms of the order of c2k?n, aHc26,,
aQHQCgéb

Missing terms correspond the approximations

k> aH, k26, > aHOy, 6, > 1

During the Radiation domination H = Hov/Q0(1 + 2)2, where
Ho = hMpc™'/(2997.9).

ie. k> (14 2)vQr0/(3 x 10*)hMpc™, and

k20, > (14 2)v/Qr0/(3 x 10%)hMpc™6,.

15



BACKUP - 04: Baryon equation

Temperature evolution can be written as

1 d (T)_ _ 9T 4 8pyneop Ih-T
aH dr \ pg ) — g 3 p H Me
from equation of state we have
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