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Goal

Build a sufÞcient general effective description of DE 

based on symmetries

no sign of strong coupling for the new DoF

speed of gravity close to c
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Basic assumption: action principle and diff invariance

If the metric is the only Þeld            GR and 2 DoF

adding  Þelds               more  DoF

Simplest option: scalar Þelds minimally coupled to gravity

Internal symmetries

Four scalars with shift symmetry'A ! 'A + cA A = 0, 1, 2, 3

With four scalars their eqs of motion r⌫Tµ⌫ = 0

rotational invariance 'a ! Ra
b'b a = 1, 2, 3
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spatial coordinates

mediumÕs clock

'a = Xa a = 1, 2, 3

'0

'a = xa + ⇡a

! 0 = " (t) + #0

The presence of the medium breaks spontaneously Lorentz:
scalars ßuctuate around non-trivial conÞgurations 

ßuctuations are the Goldstone bosons 
(phonons) of broken translations
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shift symmetric k-essence

the spontaneous breaking of spacetime translations [3, 4]. The medium physical properties are encoded
in a set of symmetries of the scalar field action selecting, order by order in a derivative expansion, a
finite number of operators (see [19, 10, 20, 21] for a next to leading study of the perfect fluid case). At
the leading order the fundamental object is

CAB = gµν∂µϕ
A∂νϕ

B ; (2.1)

where gµν is the spacetime metric. The effective medium action is built assuming diff invariance and
internal rotational invariance, namely ϕa → Ra

b ϕ
b , a, b = 1, 2, 3; with RRR ∈ SO(3). In what follows, we

will always use boldface capital letters for three-dimensional spatial matrices. Since the fields ϕa can
be interpreted as comoving coordinates, this allows to define a (unique) four-velocity uµ, through the
conditions [22]

uµ ∂µϕ
a = 0 , uµuνgµν = −1 , (2.2)

whose only solution is

uµ = −
ϵµναβ

6 b
√
−g

ϵabc ∂νϕ
a ∂αϕ

b ∂βϕ
c , (2.3)

where
b ≡

√
det BBB , (2.4)

and BBB denotes the 3×3 matrix whose components are Bab ≡ Cab. When pulled-back into the spacetime,
the medium metric Bab becomes a projector hµν

hµν = Bab∂µϕ
a ∂νϕ

b ≡ gµν + uµ uν , hµνu
ν = 0 , (2.5)

and Bab indicates the matrix elements of BBB−1. Moreover, we impose the condition

X = C00 < 0 (2.6)

which allows to define another time-like four-velocity

Vµ = −
∂µϕ0

√
−X

, V2 = −1 . (2.7)

Following [6], the operators with definite transformation properties under internal rotation built from
CAB are listed in Table 1.
The most general action at LO for a medium described by the four ϕA can be constructed in terms of
the scalar invariants X, Y , τn and yn with n = 1, 2, 3 and m = 0, .., 3 for a total of nine independent
operators [6]

S = M2
Pl

∫

d4x
√
−g R+

∫

d4x
√
−g U(X, Y, τn, yn) . (2.8)

By imposing further symmetries besides internal rotational invariance, media can be characterised ac-
cording to Table 2. For a detailed analysis see [6]. One can also consider media with reduced internal
dimensionality for which only the fields ϕa are relevant. For instance, U(b) describes a perfect fluid while
U(τ1, τ2, τ2) is a solid.
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progressively to the general structure of the media that
respect VsDiff.
In the case UðbÞ the EMT reads

Tμν ¼ pgμν þ ðρþpÞuμu ν; ρ¼ −U; p¼ U − bUb;

ð5:12Þ

with uμ being defined in (3.4). In comparison to the general
solid (5.8), the symmetry VsDiff removes the anisotropic
stress πμν, thus restricting the medium to be a perfect fluid.
In addition, it also sets to zero the (spin two) graviton mass.
The application of this type of systems for describing

cosmological perfect fluids (and specifically their pertur-
bations) was studied in [10]. For instance, if the fluid has a
barotropic equation of state of the form p ¼ wρ, with
constant w, the master function is of the form

U ∝ b1þw: ð5:13Þ

Hence, the background dynamics of the ΛCDM universe
can be modeled with

U ∝ ðΩrðb4=3 − 1Þ þΩmðb − 1Þ þ 1Þ; ð5:14Þ

with Ωr ∼ 10−4 and Ωm ∼ 0.26, to satisfy the current
constraints on the radiation and (cold dark) matter
densities [3].
In general, the perturbations of a UðbÞ perfect fluid can

be studied decomposing the spatial phonon fields πi, i ¼ 1,
2, 3—introduced in (2.8) for the general four-dimensional
case—into longitudinal and transverse polarizations,

πi ¼ πiL þ πiT ; ∂iπiT ¼ 0; ϵijk∂jπkL ¼ 0; ð5:15Þ

where the transverse fields πiT couple to vector metric
perturbations and their evolution is dictated by the con-
servation of vorticity [10], which is a consequence of the
symmetry VsDiff. As we discuss in Appendix A, this
can be easily obtained applying Noether’s theorem,
which implies and infinite set of covariantly conserved
currents [9,10].
A peculiar property of the perfect fluids of the kind

UðbÞ is that the transverse modes πiT , which are inter-
preted as vortices, do not propagate in flat space since the
symmetry VsDiff forbids spatial derivatives in their
action. Their time evolution is simply given by the
equation !πiT ¼ 0. This has lead to the suggestion that
these fluids may be strongly coupled at all scales [23].
However, it has been argued that the issues associated to
the evolution of these modes (e.g. the appearance of
divergences in the scattering of phonons in flat spacetime)
can be resolved with a careful choice of the appropriate
(physical) observables [32].
It can be easily checked, using a field redefinition, that

the inclusion of the NLO operators respecting VsDiff and

containing only the three spatial Stückelberg fields does not
modify the evolution equation of πiT in Minkowski (with
respect to the one at LO) [10]. There are five independent
operators at NLO: ∂μb∂μb, Hμν∇μuα∇νuα, ðuμ∂μbÞ2,
∇μu ν∇νuμ and ϵαβμν∇μuα∇νuβ, see [10]. Once these
operators are included, the EMT of the system is no longer
that of a perfect fluid.
The relativistic formulation of self-gravitating media

that we are exploring in this paper allows a straightfor-
ward connection to the thermodynamic theory of con-
tinuous media. This can be done by constructing a
dictionary between two EFT pictures: the action (5.1)
and the fundamental equations of thermodynamics, see
e.g. [24]. A more detailed discussion of this dictionary is
beyond the scope of this work and we provide it, for the
case of perfect fluids, in [52]. For the purpose of
illustration we use here the perfect fluid UðbÞ.
Essentially, we need to match the operator b with an
intensive thermodynamic variable (or a combination of
them). Choosing the particle number density n and the
entropy density s as independent variables, we write
b ¼ bðn; sÞ. Then, the chemical potential μ and the
temperature are obtained from the first principle of
thermodynamics as μ ¼ ∂ρ=∂n and T ¼ ∂ρ=∂s. The
pressure enters through the Euler relation

μsþ nT ¼ ρþ p; ð5:16Þ

which must be valid for any UðbÞ. This can be achieved,
for instance, with the identification b ¼ n (and then
T ¼ 0), which implies μ ¼ −Ub, and is in principle
suitable for a degenerate system (i.e. in the limit
T → 0). A different option is b ¼ s (with μ ¼ 0) and
T ¼ −Ub, as for a gas of photons. This second choice is
the one that was advocated e.g. in [10,23,24].

3. UðXÞ: Perfect fluid
At the opposite side of the spectrum from solids and

perfect fluids lie the self-gravitating media that can be
described at LO by introducing only the temporal
Stückelberg field Φ0. We have not found a symmetry that
forbids the spatial Stückelberg fields at LO but reintroduces
them at NLO or at higher orders in derivatives. This is
analogous to what happens for the solids and perfect fluids
studied above, but exchanging the roles of the temporal and
spatial fields. By looking at Table II, it seems that VsDiff
and Φa → Φaþ faðΦ0Þ select X, but this combination of
transformations is not a symmetry of an action based on
UðXÞ, simply because Φa are not in X. Therefore, the
absence of these fields must be assumed.
Clearly, with such an assumption, the function UðXÞ is

the only shift-symmetric possibility that exists at LO (with
a single scalar field). Further restrictions involve neces-
sarily discrete symmetries such as e.g. X → −X.
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The “perfect” part p of P is identified with the thermodynamical pressure, while the viscosity ! is a
component of the anisotropic stress. As a result
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A complete treatment of the thermodynamics of a self-gravitating medium will be given elsewhere.
Here we simply outline general idea. Extending the very same reasoning in [15] to general media, the
particle number density n and the entropy density s can be associated to the following projections of
the conserved currents in the uµ frame

n = ! J" u" = b, s= ! J "
0 u" = UY ! 2 Y UX . (3.16)

An important quantity in the dynamics of self gravitating media is the entropy per particle # = s/n ,
whose evolution can be obtained from the conservation of Jµ and sµ
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While for perfect fluids, described by U(b, Y), # is conserved as expected, for media in which the operators
X and yn are relevant (for instance superfluids and supersolids) # is not conserved.
The presence of a superfluid/supersolid component requires at least an additional thermodynamical
variable [25, 26, 11, 27, 28] $, related to the space like vector $µ , see eq.(3.5), namely

$ =
&

$µ$µ =
&

X + Y 2 . (3.18)

Indeed, by extending the reasoning in [15] one can use as fundamental thermodynamical variables the
densities n, s, any function f ($) of $ and the conjugate variables µ, T and ' [23, 29]. Setting for simplicity
f ($) = $, the thermodynamical dictionary is obtained by taking the operators b, Y , X , " i and yn as
functions of the thermodynamical variables such that the first principle

d! = T ds+ µ dn + ' d$, (3.19)

and the Euler relation in term of the thermodynamical pressure p

! + p = T s+ µ n (3.20)

are satisfied.One can verify that (3.19-3.20) hold when

Y = T , s = UY ! 2 Y UX , b= n ,
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shift symmetric k-essence

the spontaneous breaking of spacetime translations [3, 4]. The medium physical properties are encoded
in a set of symmetries of the scalar field action selecting, order by order in a derivative expansion, a
finite number of operators (see [19, 10, 20, 21] for a next to leading study of the perfect fluid case). At
the leading order the fundamental object is

CAB = gµν∂µϕ
A∂νϕ

B ; (2.1)

where gµν is the spacetime metric. The effective medium action is built assuming diff invariance and
internal rotational invariance, namely ϕa → Ra

b ϕ
b , a, b = 1, 2, 3; with RRR ∈ SO(3). In what follows, we

will always use boldface capital letters for three-dimensional spatial matrices. Since the fields ϕa can
be interpreted as comoving coordinates, this allows to define a (unique) four-velocity uµ, through the
conditions [22]

uµ ∂µϕ
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whose only solution is

uµ = −
ϵµναβ

6 b
√
−g

ϵabc ∂νϕ
a ∂αϕ

b ∂βϕ
c , (2.3)

where
b ≡

√
det BBB , (2.4)

and BBB denotes the 3×3 matrix whose components are Bab ≡ Cab. When pulled-back into the spacetime,
the medium metric Bab becomes a projector hµν

hµν = Bab∂µϕ
a ∂νϕ

b ≡ gµν + uµ uν , hµνu
ν = 0 , (2.5)

and Bab indicates the matrix elements of BBB−1. Moreover, we impose the condition

X = C00 < 0 (2.6)

which allows to define another time-like four-velocity
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√
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, V2 = −1 . (2.7)

Following [6], the operators with definite transformation properties under internal rotation built from
CAB are listed in Table 1.
The most general action at LO for a medium described by the four ϕA can be constructed in terms of
the scalar invariants X, Y , τn and yn with n = 1, 2, 3 and m = 0, .., 3 for a total of nine independent
operators [6]

S = M2
Pl

∫

d4x
√
−g R+

∫

d4x
√
−g U(X, Y, τn, yn) . (2.8)

By imposing further symmetries besides internal rotational invariance, media can be characterised ac-
cording to Table 2. For a detailed analysis see [6]. One can also consider media with reduced internal
dimensionality for which only the fields ϕa are relevant. For instance, U(b) describes a perfect fluid while
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progressively to the general structure of the media that
respect VsDiff.
In the case UðbÞ the EMT reads

Tμν ¼ pgμν þ ðρþpÞuμu ν; ρ¼ −U; p¼ U − bUb;

ð5:12Þ

with uμ being defined in (3.4). In comparison to the general
solid (5.8), the symmetry VsDiff removes the anisotropic
stress πμν, thus restricting the medium to be a perfect fluid.
In addition, it also sets to zero the (spin two) graviton mass.
The application of this type of systems for describing

cosmological perfect fluids (and specifically their pertur-
bations) was studied in [10]. For instance, if the fluid has a
barotropic equation of state of the form p ¼ wρ, with
constant w, the master function is of the form

U ∝ b1þw: ð5:13Þ

Hence, the background dynamics of the ΛCDM universe
can be modeled with

U ∝ ðΩrðb4=3 − 1Þ þΩmðb − 1Þ þ 1Þ; ð5:14Þ

with Ωr ∼ 10−4 and Ωm ∼ 0.26, to satisfy the current
constraints on the radiation and (cold dark) matter
densities [3].
In general, the perturbations of a UðbÞ perfect fluid can

be studied decomposing the spatial phonon fields πi, i ¼ 1,
2, 3—introduced in (2.8) for the general four-dimensional
case—into longitudinal and transverse polarizations,

πi ¼ πiL þ πiT ; ∂iπiT ¼ 0; ϵijk∂jπkL ¼ 0; ð5:15Þ

where the transverse fields πiT couple to vector metric
perturbations and their evolution is dictated by the con-
servation of vorticity [10], which is a consequence of the
symmetry VsDiff. As we discuss in Appendix A, this
can be easily obtained applying Noether’s theorem,
which implies and infinite set of covariantly conserved
currents [9,10].
A peculiar property of the perfect fluids of the kind

UðbÞ is that the transverse modes πiT , which are inter-
preted as vortices, do not propagate in flat space since the
symmetry VsDiff forbids spatial derivatives in their
action. Their time evolution is simply given by the
equation !πiT ¼ 0. This has lead to the suggestion that
these fluids may be strongly coupled at all scales [23].
However, it has been argued that the issues associated to
the evolution of these modes (e.g. the appearance of
divergences in the scattering of phonons in flat spacetime)
can be resolved with a careful choice of the appropriate
(physical) observables [32].
It can be easily checked, using a field redefinition, that

the inclusion of the NLO operators respecting VsDiff and

containing only the three spatial Stückelberg fields does not
modify the evolution equation of πiT in Minkowski (with
respect to the one at LO) [10]. There are five independent
operators at NLO: ∂μb∂μb, Hμν∇μuα∇νuα, ðuμ∂μbÞ2,
∇μu ν∇νuμ and ϵαβμν∇μuα∇νuβ, see [10]. Once these
operators are included, the EMT of the system is no longer
that of a perfect fluid.
The relativistic formulation of self-gravitating media

that we are exploring in this paper allows a straightfor-
ward connection to the thermodynamic theory of con-
tinuous media. This can be done by constructing a
dictionary between two EFT pictures: the action (5.1)
and the fundamental equations of thermodynamics, see
e.g. [24]. A more detailed discussion of this dictionary is
beyond the scope of this work and we provide it, for the
case of perfect fluids, in [52]. For the purpose of
illustration we use here the perfect fluid UðbÞ.
Essentially, we need to match the operator b with an
intensive thermodynamic variable (or a combination of
them). Choosing the particle number density n and the
entropy density s as independent variables, we write
b ¼ bðn; sÞ. Then, the chemical potential μ and the
temperature are obtained from the first principle of
thermodynamics as μ ¼ ∂ρ=∂n and T ¼ ∂ρ=∂s. The
pressure enters through the Euler relation

μsþ nT ¼ ρþ p; ð5:16Þ

which must be valid for any UðbÞ. This can be achieved,
for instance, with the identification b ¼ n (and then
T ¼ 0), which implies μ ¼ −Ub, and is in principle
suitable for a degenerate system (i.e. in the limit
T → 0). A different option is b ¼ s (with μ ¼ 0) and
T ¼ −Ub, as for a gas of photons. This second choice is
the one that was advocated e.g. in [10,23,24].

3. UðXÞ: Perfect fluid
At the opposite side of the spectrum from solids and

perfect fluids lie the self-gravitating media that can be
described at LO by introducing only the temporal
Stückelberg field Φ0. We have not found a symmetry that
forbids the spatial Stückelberg fields at LO but reintroduces
them at NLO or at higher orders in derivatives. This is
analogous to what happens for the solids and perfect fluids
studied above, but exchanging the roles of the temporal and
spatial fields. By looking at Table II, it seems that VsDiff
and Φa → Φaþ faðΦ0Þ select X, but this combination of
transformations is not a symmetry of an action based on
UðXÞ, simply because Φa are not in X. Therefore, the
absence of these fields must be assumed.
Clearly, with such an assumption, the function UðXÞ is

the only shift-symmetric possibility that exists at LO (with
a single scalar field). Further restrictions involve neces-
sarily discrete symmetries such as e.g. X → −X.
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The “perfect” part p of P is identified with the thermodynamical pressure, while the viscosity ! is a
component of the anisotropic stress. As a result

! = ! U + Y UY ! 2 Y 2 UX ; (3.13)
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A complete treatment of the thermodynamics of a self-gravitating medium will be given elsewhere.
Here we simply outline general idea. Extending the very same reasoning in [15] to general media, the
particle number density n and the entropy density s can be associated to the following projections of
the conserved currents in the uµ frame

n = ! J" u" = b, s= ! J "
0 u" = UY ! 2 Y UX . (3.16)

An important quantity in the dynamics of self gravitating media is the entropy per particle # = s/n ,
whose evolution can be obtained from the conservation of Jµ and sµ
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b
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! UX $" +
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%
. (3.17)

While for perfect fluids, described by U(b, Y), # is conserved as expected, for media in which the operators
X and yn are relevant (for instance superfluids and supersolids) # is not conserved.
The presence of a superfluid/supersolid component requires at least an additional thermodynamical
variable [25, 26, 11, 27, 28] $, related to the space like vector $µ , see eq.(3.5), namely

$ =
&

$µ$µ =
&

X + Y 2 . (3.18)

Indeed, by extending the reasoning in [15] one can use as fundamental thermodynamical variables the
densities n, s, any function f ($) of $ and the conjugate variables µ, T and ' [23, 29]. Setting for simplicity
f ($) = $, the thermodynamical dictionary is obtained by taking the operators b, Y , X , " i and yn as
functions of the thermodynamical variables such that the first principle

d! = T ds+ µ dn + ' d$, (3.19)

and the Euler relation in term of the thermodynamical pressure p

! + p = T s+ µ n (3.20)

are satisfied.One can verify that (3.19-3.20) hold when

Y = T , s = UY ! 2 Y UX , b= n ,

$ = (X + Y 2)1/ 2 , ' = ! 2UX $ ! 2$−1
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m=0

ym Uym

µ = ! Ub !
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#

, "m = n2m/ 3 , ym = n2(m+1) / 3 $2 .

(3.21)
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interpreted as four-dimensional media (or hypervolumes)
propagating in spacetime. In Sec. VI we will make the
connection between these media and massive (and modi-
fied) gravity, using the unitary gauge as tool to simplify the
matching.

2. UðX;Y;bÞ: Superfluid
Imposing that the action (5.1) has to be invariant under

VsDiff, the internal volume preserving diffeomorphisms
(4.9), the only invariant LO operators that appear in the
master function are X, Y and b. The corresponding EMT is
given by

Tμν ¼ ðU − bUbÞgμν þ ðYUY − bUbÞuμu ν þ 2XUXVμVν:

ð5:18Þ

In general this is not a perfect fluid, due to the four-
velocities Vμ and uμ not being parallel. The fact that Vμ has
zero vorticity has motivated interpreting these media as
relativistic superfluids [24,26], following earlier ideas for
(nonrelativistic) supersolids [46] and superfluids [61]. The
key idea of this picture is that the EMT (5.18) can be seen
as a two-component fluid whose admixture allows us to
describe the various phases of a superfluid. For instance, it
is straightforward to show that the phonon expansion of
the action leads to two kinds of longitudinal waves
(propagating with different speeds of sound), which sug-
gests interpreting them as the first and second sound in
superfluids [26].
It is worth highlighting some special cases of the general

superfluid.
(i) If in addition to the symmetry VsDiff we impose also

invariance under Φ0 → Φ0 þ fðΦ0Þ, the master
function has to be a function of the operators Oα,
which we defined in (4.17), and b. The operators
O−1 and b, together with the NLO operators that can
be constructed from Vμ, were used in [41] to model
Lorentz breaking in dark matter.

(ii) The master function Uðb; YÞ describes a perfect
fluid with four-velocity uμ and energy density and
pressure

ρ ¼ YUY −U; p ¼ U − bUb: ð5:19Þ

This case is interesting because it comes from
imposing not only the symmetry VsDiff but also
requiring invariance under Φ0 → Φ0 þ fðΦaÞ, see
Table II. This feature makes it qualitatively different
from the other perfect fluids that we have encoun-
tered, UðXÞ and UðbÞ, whose LO structure does not
derive from symmetries acting on the four Stückel-
berg fields. One can obtain a constant barotropic
equation of state for UðY; bÞ choosing

U ∝ b1þwUðb−wYÞ; ð5:20Þ

where U is an arbitrary function. Another choice of
master function which also leads to a constant
barotropic equation of state isU ∝ ðb1þw þ Y1þ1=wÞ.

(iii) An equation of state w ¼ −1 can be obtained from
(5.20) by choosing

U ¼ UðbYÞ; ð5:21Þ

which interestingly corresponds to the enhanced
symmetry

ΦA → ΨAðΦBÞ; det j! ΨA=! ΦBj ¼ 1: ð5:22Þ

By looking at Eq. (4.8), it is now clear why bY is the
operator that allows us to switch from Eulerian to
Lagrangian coordinates.

3. Special supersolids

These media are the subclasses of the general action (5.1)
listed in Table II.

(i) For instance, imposing the symmetry Φ0 →
Φ0 þ fðΦaÞ, the leading invariant operators are τn
and Y and the EMT is

Tμν ¼ Ugμν − 2Uab! μΦa! νΦb þ YUYuμu ν: ð5:23Þ

Given what we have seen so far, a natural inter-
pretation of (5.23) seems to be that it describes a
solid coupled to a perfect fluid. An analysis of the
thermodynamics of perfect fluids [52] suggests that
Y can be interpreted as the temperature so that
Uðτn ; YÞ may be a possible description for a solid at
finite temperature.

(ii) The symmetry Φa → Φa þ faðΦ0Þ enforces the
master function to be of the form U ¼ Uðwn; XÞ.
If in addition we impose the symmetry Φ0 →
Φ0 þ fðΦ0Þ, the operators wn are selected. We will
comment on these cases in the next section, wherewe
build the connection between massive gravity and
self-gravitating media.

VI. SO(3) SPATIALLY SYMMETRIC
MASSIVE GRAVITY

The main motivation for massive and modified gravity in
the context of cosmology is the possibility that the observed
acceleration of the Universe could be due to a modification
of GR that weakens gravity at large distances. In this
respect, the idea of MG is appealing, since endowing the
graviton with a mass could effectively make gravity a short
range interaction (on cosmological scales).
The first attempt to provide a mass to the graviton dates

back to 1939, when Fierz and Pauli [20] studied the most
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the spontaneous breaking of spacetime translations [3, 4]. The medium physical properties are encoded
in a set of symmetries of the scalar field action selecting, order by order in a derivative expansion, a
finite number of operators (see [19, 10, 20, 21] for a next to leading study of the perfect fluid case). At
the leading order the fundamental object is

CAB = gµν∂µϕ
A∂νϕ

B ; (2.1)

where gµν is the spacetime metric. The effective medium action is built assuming diff invariance and
internal rotational invariance, namely ϕa → Ra

b ϕ
b , a, b = 1, 2, 3; with RRR ∈ SO(3). In what follows, we

will always use boldface capital letters for three-dimensional spatial matrices. Since the fields ϕa can
be interpreted as comoving coordinates, this allows to define a (unique) four-velocity uµ, through the
conditions [22]

uµ ∂µϕ
a = 0 , uµuνgµν = −1 , (2.2)

whose only solution is

uµ = −
ϵµναβ
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where
b ≡

√
det BBB , (2.4)

and BBB denotes the 3×3 matrix whose components are Bab ≡ Cab. When pulled-back into the spacetime,
the medium metric Bab becomes a projector hµν

hµν = Bab∂µϕ
a ∂νϕ

b ≡ gµν + uµ uν , hµνu
ν = 0 , (2.5)

and Bab indicates the matrix elements of BBB−1. Moreover, we impose the condition

X = C00 < 0 (2.6)

which allows to define another time-like four-velocity

Vµ = −
∂µϕ0

√
−X

, V2 = −1 . (2.7)

Following [6], the operators with definite transformation properties under internal rotation built from
CAB are listed in Table 1.
The most general action at LO for a medium described by the four ϕA can be constructed in terms of
the scalar invariants X, Y , τn and yn with n = 1, 2, 3 and m = 0, .., 3 for a total of nine independent
operators [6]
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progressively to the general structure of the media that
respect VsDiff.
In the case UðbÞ the EMT reads

Tμν ¼ pgμν þ ðρþpÞuμu ν; ρ¼ −U; p¼ U − bUb;

ð5:12Þ

with uμ being defined in (3.4). In comparison to the general
solid (5.8), the symmetry VsDiff removes the anisotropic
stress πμν, thus restricting the medium to be a perfect fluid.
In addition, it also sets to zero the (spin two) graviton mass.
The application of this type of systems for describing

cosmological perfect fluids (and specifically their pertur-
bations) was studied in [10]. For instance, if the fluid has a
barotropic equation of state of the form p ¼ wρ, with
constant w, the master function is of the form

U ∝ b1þw: ð5:13Þ

Hence, the background dynamics of the ΛCDM universe
can be modeled with

U ∝ ðΩrðb4=3 − 1Þ þΩmðb − 1Þ þ 1Þ; ð5:14Þ

with Ωr ∼ 10−4 and Ωm ∼ 0.26, to satisfy the current
constraints on the radiation and (cold dark) matter
densities [3].
In general, the perturbations of a UðbÞ perfect fluid can

be studied decomposing the spatial phonon fields πi, i ¼ 1,
2, 3—introduced in (2.8) for the general four-dimensional
case—into longitudinal and transverse polarizations,

πi ¼ πiL þ πiT ; ∂iπiT ¼ 0; ϵijk∂jπkL ¼ 0; ð5:15Þ

where the transverse fields πiT couple to vector metric
perturbations and their evolution is dictated by the con-
servation of vorticity [10], which is a consequence of the
symmetry VsDiff. As we discuss in Appendix A, this
can be easily obtained applying Noether’s theorem,
which implies and infinite set of covariantly conserved
currents [9,10].
A peculiar property of the perfect fluids of the kind

UðbÞ is that the transverse modes πiT , which are inter-
preted as vortices, do not propagate in flat space since the
symmetry VsDiff forbids spatial derivatives in their
action. Their time evolution is simply given by the
equation !πiT ¼ 0. This has lead to the suggestion that
these fluids may be strongly coupled at all scales [23].
However, it has been argued that the issues associated to
the evolution of these modes (e.g. the appearance of
divergences in the scattering of phonons in flat spacetime)
can be resolved with a careful choice of the appropriate
(physical) observables [32].
It can be easily checked, using a field redefinition, that

the inclusion of the NLO operators respecting VsDiff and

containing only the three spatial Stückelberg fields does not
modify the evolution equation of πiT in Minkowski (with
respect to the one at LO) [10]. There are five independent
operators at NLO: ∂μb∂μb, Hμν∇μuα∇νuα, ðuμ∂μbÞ2,
∇μu ν∇νuμ and ϵαβμν∇μuα∇νuβ, see [10]. Once these
operators are included, the EMT of the system is no longer
that of a perfect fluid.
The relativistic formulation of self-gravitating media

that we are exploring in this paper allows a straightfor-
ward connection to the thermodynamic theory of con-
tinuous media. This can be done by constructing a
dictionary between two EFT pictures: the action (5.1)
and the fundamental equations of thermodynamics, see
e.g. [24]. A more detailed discussion of this dictionary is
beyond the scope of this work and we provide it, for the
case of perfect fluids, in [52]. For the purpose of
illustration we use here the perfect fluid UðbÞ.
Essentially, we need to match the operator b with an
intensive thermodynamic variable (or a combination of
them). Choosing the particle number density n and the
entropy density s as independent variables, we write
b ¼ bðn; sÞ. Then, the chemical potential μ and the
temperature are obtained from the first principle of
thermodynamics as μ ¼ ∂ρ=∂n and T ¼ ∂ρ=∂s. The
pressure enters through the Euler relation

μsþ nT ¼ ρþ p; ð5:16Þ

which must be valid for any UðbÞ. This can be achieved,
for instance, with the identification b ¼ n (and then
T ¼ 0), which implies μ ¼ −Ub, and is in principle
suitable for a degenerate system (i.e. in the limit
T → 0). A different option is b ¼ s (with μ ¼ 0) and
T ¼ −Ub, as for a gas of photons. This second choice is
the one that was advocated e.g. in [10,23,24].

3. UðXÞ: Perfect fluid
At the opposite side of the spectrum from solids and

perfect fluids lie the self-gravitating media that can be
described at LO by introducing only the temporal
Stückelberg field Φ0. We have not found a symmetry that
forbids the spatial Stückelberg fields at LO but reintroduces
them at NLO or at higher orders in derivatives. This is
analogous to what happens for the solids and perfect fluids
studied above, but exchanging the roles of the temporal and
spatial fields. By looking at Table II, it seems that VsDiff
and Φa → Φaþ faðΦ0Þ select X, but this combination of
transformations is not a symmetry of an action based on
UðXÞ, simply because Φa are not in X. Therefore, the
absence of these fields must be assumed.
Clearly, with such an assumption, the function UðXÞ is

the only shift-symmetric possibility that exists at LO (with
a single scalar field). Further restrictions involve neces-
sarily discrete symmetries such as e.g. X → −X.
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The “perfect” part p of P is identified with the thermodynamical pressure, while the viscosity ! is a
component of the anisotropic stress. As a result
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A complete treatment of the thermodynamics of a self-gravitating medium will be given elsewhere.
Here we simply outline general idea. Extending the very same reasoning in [15] to general media, the
particle number density n and the entropy density s can be associated to the following projections of
the conserved currents in the uµ frame

n = ! J" u" = b, s= ! J "
0 u" = UY ! 2 Y UX . (3.16)

An important quantity in the dynamics of self gravitating media is the entropy per particle # = s/n ,
whose evolution can be obtained from the conservation of Jµ and sµ
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While for perfect fluids, described by U(b, Y), # is conserved as expected, for media in which the operators
X and yn are relevant (for instance superfluids and supersolids) # is not conserved.
The presence of a superfluid/supersolid component requires at least an additional thermodynamical
variable [25, 26, 11, 27, 28] $, related to the space like vector $µ , see eq.(3.5), namely

$ =
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$µ$µ =
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X + Y 2 . (3.18)

Indeed, by extending the reasoning in [15] one can use as fundamental thermodynamical variables the
densities n, s, any function f ($) of $ and the conjugate variables µ, T and ' [23, 29]. Setting for simplicity
f ($) = $, the thermodynamical dictionary is obtained by taking the operators b, Y , X , " i and yn as
functions of the thermodynamical variables such that the first principle

d! = T ds+ µ dn + ' d$, (3.19)

and the Euler relation in term of the thermodynamical pressure p

! + p = T s+ µ n (3.20)

are satisfied.One can verify that (3.19-3.20) hold when
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interpreted as four-dimensional media (or hypervolumes)
propagating in spacetime. In Sec. VI we will make the
connection between these media and massive (and modi-
fied) gravity, using the unitary gauge as tool to simplify the
matching.

2. UðX;Y;bÞ: Superfluid
Imposing that the action (5.1) has to be invariant under

VsDiff, the internal volume preserving diffeomorphisms
(4.9), the only invariant LO operators that appear in the
master function are X, Y and b. The corresponding EMT is
given by

Tμν ¼ ðU − bUbÞgμν þ ðYUY − bUbÞuμu ν þ 2XUXVμVν:

ð5:18Þ

In general this is not a perfect fluid, due to the four-
velocities Vμ and uμ not being parallel. The fact that Vμ has
zero vorticity has motivated interpreting these media as
relativistic superfluids [24,26], following earlier ideas for
(nonrelativistic) supersolids [46] and superfluids [61]. The
key idea of this picture is that the EMT (5.18) can be seen
as a two-component fluid whose admixture allows us to
describe the various phases of a superfluid. For instance, it
is straightforward to show that the phonon expansion of
the action leads to two kinds of longitudinal waves
(propagating with different speeds of sound), which sug-
gests interpreting them as the first and second sound in
superfluids [26].
It is worth highlighting some special cases of the general

superfluid.
(i) If in addition to the symmetry VsDiff we impose also

invariance under Φ0 → Φ0 þ fðΦ0Þ, the master
function has to be a function of the operators Oα,
which we defined in (4.17), and b. The operators
O−1 and b, together with the NLO operators that can
be constructed from Vμ, were used in [41] to model
Lorentz breaking in dark matter.

(ii) The master function Uðb; YÞ describes a perfect
fluid with four-velocity uμ and energy density and
pressure

ρ ¼ YUY −U; p ¼ U − bUb: ð5:19Þ

This case is interesting because it comes from
imposing not only the symmetry VsDiff but also
requiring invariance under Φ0 → Φ0 þ fðΦaÞ, see
Table II. This feature makes it qualitatively different
from the other perfect fluids that we have encoun-
tered, UðXÞ and UðbÞ, whose LO structure does not
derive from symmetries acting on the four Stückel-
berg fields. One can obtain a constant barotropic
equation of state for UðY; bÞ choosing

U ∝ b1þwUðb−wYÞ; ð5:20Þ

where U is an arbitrary function. Another choice of
master function which also leads to a constant
barotropic equation of state isU ∝ ðb1þw þ Y1þ1=wÞ.

(iii) An equation of state w ¼ −1 can be obtained from
(5.20) by choosing

U ¼ UðbYÞ; ð5:21Þ

which interestingly corresponds to the enhanced
symmetry

ΦA → ΨAðΦBÞ; det j! ΨA=! ΦBj ¼ 1: ð5:22Þ

By looking at Eq. (4.8), it is now clear why bY is the
operator that allows us to switch from Eulerian to
Lagrangian coordinates.

3. Special supersolids

These media are the subclasses of the general action (5.1)
listed in Table II.

(i) For instance, imposing the symmetry Φ0 →
Φ0 þ fðΦaÞ, the leading invariant operators are τn
and Y and the EMT is

Tμν ¼ Ugμν − 2Uab! μΦa! νΦb þ YUYuμu ν: ð5:23Þ

Given what we have seen so far, a natural inter-
pretation of (5.23) seems to be that it describes a
solid coupled to a perfect fluid. An analysis of the
thermodynamics of perfect fluids [52] suggests that
Y can be interpreted as the temperature so that
Uðτn ; YÞ may be a possible description for a solid at
finite temperature.

(ii) The symmetry Φa → Φa þ faðΦ0Þ enforces the
master function to be of the form U ¼ Uðwn; XÞ.
If in addition we impose the symmetry Φ0 →
Φ0 þ fðΦ0Þ, the operators wn are selected. We will
comment on these cases in the next section, wherewe
build the connection between massive gravity and
self-gravitating media.

VI. SO(3) SPATIALLY SYMMETRIC
MASSIVE GRAVITY

The main motivation for massive and modified gravity in
the context of cosmology is the possibility that the observed
acceleration of the Universe could be due to a modification
of GR that weakens gravity at large distances. In this
respect, the idea of MG is appealing, since endowing the
graviton with a mass could effectively make gravity a short
range interaction (on cosmological scales).
The first attempt to provide a mass to the graviton dates

back to 1939, when Fierz and Pauli [20] studied the most
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Solid

The solid is thus the most general medium that we can
construct at LO with only the three spatial StŸckelberg
fields, respecting the basic symmetries that we assumed
(SO!3"s and shift invariance). The corresponding EMT can
be written as

T!" # Ug!" ! 2Uab! ! ! a! " ! b;

where Uab # U#1
$ab $ 2U#2

Bab $ 3U#3
BacBcb. !5:6"

Such a medium can be interpreted as the relativistic
generalization of an elastic material, in the sense that this
kind of media can support compressing pressures; see e.g.
[47]. In standard elasticity theory in a flat space spacetime
[48], the stress state is described by the spatial internal
inverse metricBab, so that the medium is relaxed (not
stressed) ifBab # $ab.

The objectBab is the covariant generalization of the
standard three-dimensional left Cauchy-Green deformation
tensor, and thus! ! a=! xi is the deformation gradient
tensor, see e.g.[49]. This type of medium, which has been
commonly called solid (see e.g.[21]) or elastic solid (to
distinguish it from a perfect fluid) has been applied in
astrophysics and cosmology for the description of the
dynamics of the interior of neutron stars[50], in a proposal
for a dark matter model[51] and also for constructing a
model of primordial inflation[28,40].

Solids posses two features, due to the independent
operators#n, that make them different from perfect fluidsÑ
which we discuss belowÑ and interesting for certain appli-
cations in the context of cosmology. First, they exhibits
anisotropic stress, due to the pressure perturbations being in
general dependent on the spatial direction. And second, the
spatial trace operators#n are the only ones among the nine
LO scalars operators(4.6)that generate a mass for the (spin
two) graviton, as we will see in SecVI. Clearly, these two
properties are not exclusive of the solids with EMT(5.6)Ñ
see TableIIÑ but these are the simplest systems that
display them.

Although it is not immediate to identify a four-velocity
from the EMT(5.6), the natural choice isu! , defined in
(3.4), since this is the onlySO!3"s-invariant four-vector
that is available when only the three spatial StŸckelberg
fields are present. With this choice of frame, the energy
density and the pressure of the solid, defined as usual
through the projections%# T!" u! u" and3p # T!" H!" #
T!" !g!" $ u! u" ", are given by

%# ! U; p # U !
2
3

X3

n# 1

nU#n
#n: !5:7"

The four-velocityu! corresponds to the energy frameÑ
sometimes called rest frameÑ of the solid, which for an
arbitrary EMT is defined (if it exists) as the four-vectorU!

!r"

that solves!g!" $ U!
!r"U

"
!r""U

&
!r"T"& # 0, see e.g.[10].

Then, the EMT(5.6) can be written as follows:

T!" # pg!" $ ! %$ p"u! u" $ ' !" ; !5:8"

where the nonzero anisotropic stress' !" can be obtained,
for instance, from the difference of(5.8) and (5.6). The
expression(5.8)is what in cosmology is usually referred to
as an imperfect fluid.

The symmetric matrixBab can be decomposed in terms
of its eigenvectors( a

!n" and (real) eigenvalues)n, n # 1, 2, 3

asBab #
P

n)n( a
!n"(

b
!n". Then, we can define the projectors

Pab
!n" # ( a

!n"(
b
!n" satisfying P!n" áP!m" # $mnP!n". The

eigenvectors are mutually orthogonal with respect to the
three-dimensional metric$ab, i.e. $mn # ( a

!m"(
b
!n"$ab. By

inspection,Uab is also diagonalized by( a
!m" as follows:

Uab # $ac$bd

X3

n# 1

~)nPcd
!n"; !5:9"

where ~)n # U#1
$ 2U#2

) n $ 3U#3
) 2

n. Therefore, the EMT
(5.6) can then be cast in the following form:

T!" # Ug!" ! 2
X3

n# 1

~)n) n( !n"
! ( !n"

" ;

( !n"
! # ) ! 1=2

n ! ! ! a( b
!n"$ab: !5:10"

Notice that u! ( !n"
! # 0 and g!" ( !m"

! ( !n"
" # $mn and thus

f u! ; ( !m"
" g form an orthonormal tetrad. The elastic solid

has principal pressures given by

pn " T*+( !n"* ( !n"+ # U ! 2~)n)n; n # 1; 2; 3. !5:11"

The thermodynamics of solids can be studied following
analogous lines to those given below and in[52] for the
special case of perfect fluids.

2. U!b": Perfect fluid

If the SO!3"s symmetry of the solid is enlarged to the
invariance under volume preserving spatial diffeomor-
phisms VsDiff, see (4.9), the trace operators#n must
combine into the determinantb2 defined in (3.5), con-
straining further the properties of the medium. Indeed, we
recall thatb2 can be expressed as a function of#n using
b2 # ! #3

1 ! 3#1#2 $ 2#3"=6. Then, under the assumption
that only the spatial StŸckelberg fields are present and
imposingVsDiff, the master functionU that determines the
Lagrangian of the system depends only onb at LO.
However, if the restriction on the field content is relaxed,
allowing also for the presence of the temporal StŸckelberg
! 0, the operatorsY andX should be included as well under
at lowest order in derivatives, see TableII. In this section we
will focus on the special caseU!b" and we will later move
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3 Self-gravitating Medium and Massive Gravity

Let us now include dynamical gravity in our picture. The medium becomes self-gravitating by simply
coupling minimally the scalar fields with gravity. Namely, one consider the following action
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p
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where R is the Ricci scalar, as before, U , is the medium Lagrangian containing four derivatively coupled
scalar fields minimally coupled with gravity (see appendix A for more details). Perturbations around
flat space are studied by taking

ds2 = ⌘µ⌫ + hµ⌫ dx
µdx⌫ , 'A = '̄A + ⇡A . (3.2)

By definition, in the unitary gauge the scalar fields fluctuations are gauged away and their value coincides
with the background values 'A

(U) = xµ �Aµ ; all perturbations are in the metric and we set hµ⌫ = h(U)
µ⌫ . In

flat space, the expansion of the action (2.1) generates a linear term
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proportional to the EMT of the medium Tµ⌫
Mink (2.3). At the quadratic level there is a contribution coming

from both the Einstein-Hilbert Lagrangian, L(U)
g and the medium action, the later can be parametrised

in the form [5, 22, 1, 23]

L
(U)
m =

p
�g U

���
O(2)

=
M2

Pl

4

h
�2
0 h

(U)
00

2 + 2�2
1 h

(U) 2
0i � 2�2

4 h
(U)
00 h(U)

ii + �2
3 h

(U)
ii

2
� �2

2 h
(U) 2
ij

i
, (3.4)

whose structure is the origin of the name massive gravity theories. Thus in the unitary gauge a self-
gravitating medium is equivalent to a general massive gravity theory. The parameters �i are given in
terms of suitable first and second derivatives of the function U computed on Minkowski background and
their expression can be found in (A.10) and are simply related to the parameters Mi used to study the
dynamics of a medium [17, 18] by
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To be as general as possible we imposed on the mass terms only rotational invariance. Such a choice is
rather natural in the medium picture the spontaneous breaking of Lorentz symmetry originates simply
by the presence of the medium. Strictly speaking only the presence of the term �2

2 corresponds to a mass
term for the spin two component of the graviton, however we will generically refer to massive gravity
when at least one of the �2

i is non-vanishing. Insisting on having a Lorentz symmetric background
configuration constraints the value the �a and the quadratic expansion 3.4 reduces to
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2 = �A and �2

3 = �2
4 = B. Of course in this case the corresponding medium is

rather special; Lorentz invariance forces to have p = �⇢ and thus Tµ⌫
Mink = �⇢ ⌘µ⌫ .

Before proceeding let us point out that a consistent study of gravity perturbations around flat space
conflicts with the fluid/medium picture. Take for instance the unitary gauge; flat space is a solution of
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whose structure is the origin of the name massive gravity theories. Thus in the unitary gauge a self-
gravitating medium is equivalent to a general massive gravity theory. The parameters &i are given in
terms of suitable first and second derivatives of the function U computed on Minkowski background and
their expression can be found in (A.10) and are simply related to the parameters M i used to study the
dynamics of a medium [17, 18] by
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To be as general as possible we imposed on the mass terms only rotational invariance. Such a choice is
rather natural in the medium picture the spontaneous breaking of Lorentz symmetry originates simply
by the presence of the medium. Strictly speaking only the presence of the term &2

2 corresponds to a mass
term for the spin two component of the graviton, however we will generically refer to massive gravity
when at least one of the &2

i is non-vanishing. Insisting on having a Lorentz symmetric background
configuration constraints the value the &a and the quadratic expansion 3.4 reduces to
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thus &2
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4 = B . Of course in this case the corresponding medium is

rather special; Lorentz invariance forces to have p = " ' and thus Tµ!
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Before proceeding let us point out that a consistent study of gravity perturbations around flat space
conflicts with the fluid/medium picture. Take for instance the unitary gauge; flat space is a solution of
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3 Self-gravitating Medium and Massive Gravity

Let us now include dynamical gravity in our picture. The medium becomes self-gravitating by simply
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where R is the Ricci scalar, as before, U , is the medium Lagrangian containing four derivatively coupled
scalar fields minimally coupled with gravity (see appendix A for more details). Perturbations around
flat space are studied by taking
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whose structure is the origin of the name massive gravity theories. Thus in the unitary gauge a self-
gravitating medium is equivalent to a general massive gravity theory. The parameters �i are given in
terms of suitable first and second derivatives of the function U computed on Minkowski background and
their expression can be found in (A.10) and are simply related to the parameters Mi used to study the
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To be as general as possible we imposed on the mass terms only rotational invariance. Such a choice is
rather natural in the medium picture the spontaneous breaking of Lorentz symmetry originates simply
by the presence of the medium. Strictly speaking only the presence of the term �2

2 corresponds to a mass
term for the spin two component of the graviton, however we will generically refer to massive gravity
when at least one of the �2

i is non-vanishing. Insisting on having a Lorentz symmetric background
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Before proceeding let us point out that a consistent study of gravity perturbations around flat space
conflicts with the fluid/medium picture. Take for instance the unitary gauge; flat space is a solution of
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To be as general as possible we imposed on the mass terms only rotational invariance. Such a choice is
rather natural in the medium picture the spontaneous breaking of Lorentz symmetry originates simply
by the presence of the medium. Strictly speaking only the presence of the term &2

2 corresponds to a mass
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Let us now include dynamical gravity in our picture. The medium becomes self-gravitating by simply
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whose structure is the origin of the name massive gravity theories. Thus in the unitary gauge a self-
gravitating medium is equivalent to a general massive gravity theory. The parameters �i are given in
terms of suitable first and second derivatives of the function U computed on Minkowski background and
their expression can be found in (A.10) and are simply related to the parameters Mi used to study the
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To be as general as possible we imposed on the mass terms only rotational invariance. Such a choice is
rather natural in the medium picture the spontaneous breaking of Lorentz symmetry originates simply
by the presence of the medium. Strictly speaking only the presence of the term �2

2 corresponds to a mass
term for the spin two component of the graviton, however we will generically refer to massive gravity
when at least one of the �2
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Linear StabilityIt is easy to see that in order to have a EMT constant, the background value of the scalar Þelds is
ø! A = xA . The presence of the ßuid breaks spontaneously the Lorentz group. Notice that setting ø! A = 0
it would imply that there is no background ßuid ( " = p = 0). The Lagrangian U gives the following
background EMT
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j ) = p $µ! + ( " + p) uµ u! ; (2.3)

where " and p are constant that gives the energy density and the pressure evaluated on ßat space by
(A.9), measured by observers with 4-velocityuµ = (1 ,%0 ).
The Þrst thing to be noticed is that if one requires the background EMT to be Lorentz invariant 1 then
we have to impose" + p = 0, i.e. Tµ!

Mink = p $µ! , i.e. the ßuid has the same equation of state of a
cosmological constant. From the media/ßuid interpretation it is rather natural that the vacuum state
breaks Lorentz by its presence, that is precisely what happen in any solid state lab. In what follows we
will consider the case" + p != 0, while the exotic case" + p = 0 will be studied elsewhere.
Decomposing the&A Þelds according toSO(3) vector and scalar perturbations: ! 0 = t + &0 and ! i =
xi + ' i &l + V i (with ' i V i = 0), we get that for the scalar modes the quadratic Lagrangian is2
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where we have introduced the mass paratemetersM i deÞned in terms of the derivatives of the medium
Lagrangian (2.1), their explicitly expression (A.11) is given in appendix A; such parameters are quite
useful in order to classify the various media with respect of their mechanical and thermodynamical
properties 3. Moreover it is convenient to set öM a = M 2

Pl M j , j = 0 , 1, 2, 3, 4. The linear expansion of the
medium action gives
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where ( is the background entropy per particle. By integration by parts, the linear action is zero upon
the constancy in space and in time of( . Thus no condition on p and " needs to be imposed in sharp
contrast with the case where dynamical gravity is present, as we shall see later.

For transverse vectors%V = ( V 1, V 2, V 3) one gets
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We consider the case of genericM i values, thus no tuning and/or additional symmetries are imposed.
From the kinetic terms in (2.4) it is clear that there are two critical points öM 1 + p + " = 0 and öM 0 = 0
where at least one DoF can be integrated and the stability analysis has to be redone. As soon as we
are away from such a points we can study the stability looking to the total energy, or equivalently the
Hamiltonian (see appendix B). In the scalar sector the total energy is given by
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1Of course this is statement based on symmetry and not on the equations of motion.
2We can get such a Lagrangian from equations (B.11) taking only the 3rd and 4th diagonal entries and then imposing

the Minkowski limit (�0 = a = 1, H = 0).
3From the mechanical point of view we have: perfect fluids with M1,2 = 0, solids M1 = 0, superfluids M2 = 0 and

supersolids M1,2 6= 0. From the thermodynamical point of view we have: adiabatic media when M1 = 0, isentropic media
when M0 = 0, isentropic perfect fluids when M̂1 + ⇢+ p = 0.
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Linear Stability

It is easy to see that in order to have a EMT constant, the background value of the scalar fields is
'̄A = xA. The presence of the fluid breaks spontaneously the Lorentz group. Notice that setting '̄A = 0
it would imply that there is no background fluid (⇢ = p = 0). The Lagrangian U gives the following
background EMT

Tµ⌫
Mink = (⇢ �µ0 �⌫0 + p �µi �ij �

⌫
j ) = p ⌘µ⌫ + (⇢+ p) uµ u⌫ ; (2.3)

where ⇢ and p are constant that gives the energy density and the pressure evaluated on flat space by
(A.9), measured by observers with 4-velocity uµ = (1,~0 ).
The first thing to be noticed is that if one requires the background EMT to be Lorentz invariant 1 then
we have to impose ⇢ + p = 0, i.e. Tµ⌫

Mink = p ⌘µ⌫ , i.e. the fluid has the same equation of state of a
cosmological constant. From the media/fluid interpretation it is rather natural that the vacuum state
breaks Lorentz by its presence, that is precisely what happen in any solid state lab. In what follows we
will consider the case ⇢+ p 6= 0, while the exotic case ⇢+ p = 0 will be studied elsewhere.
Decomposing the ⇡A fields according to SO(3) vector and scalar perturbations: '0 = t + ⇡0 and 'i =
xi + @i ⇡l + V i (with @i V i = 0), we get that for the scalar modes the quadratic Lagrangian is2
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where we have introduced the mass paratemeters Mi defined in terms of the derivatives of the medium
Lagrangian (2.1), their explicitly expression (A.11) is given in appendix A; such parameters are quite
useful in order to classify the various media with respect of their mechanical and thermodynamical
properties 3. Moreover it is convenient to set M̂a = M2

PlMj , j = 0, 1, 2, 3, 4. The linear expansion of the
medium action gives

S(1)
⇡ =

Z
d4x

⇥
� ⇡̇0 + (� � p� ⇢) @i⇡

i
⇤
= 0 ; (2.5)

where � is the background entropy per particle. By integration by parts, the linear action is zero upon
the constancy in space and in time of �. Thus no condition on p and ⇢ needs to be imposed in sharp
contrast with the case where dynamical gravity is present, as we shall see later.
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We consider the case of generic Mi values, thus no tuning and/or additional symmetries are imposed.
From the kinetic terms in (2.4) it is clear that there are two critical points M̂1 + p+ ⇢ = 0 and M̂0 = 0
where at least one DoF can be integrated and the stability analysis has to be redone. As soon as we
are away from such a points we can study the stability looking to the total energy, or equivalently the
Hamiltonian (see appendix B). In the scalar sector the total energy is given by
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1Of course this is statement based on symmetry and not on the equations of motion.
2We can get such a Lagrangian from equations (B.11) taking only the 3rd and 4th diagonal entries and then imposing

the Minkowski limit (�0 = a = 1, H = 0).
3From the mechanical point of view we have: perfect fluids with M1,2 = 0, solids M1 = 0, superfluids M2 = 0 and

supersolids M1,2 6= 0. From the thermodynamical point of view we have: adiabatic media when M1 = 0, isentropic media
when M0 = 0, isentropic perfect fluids when M̂1 + ⇢+ p = 0.
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where we have introduced the mass paratemetersM i deÞned in terms of the derivatives of the medium
Lagrangian (2.1), their explicitly expression (A.11) is given in appendix A; such parameters are quite
useful in order to classify the various media with respect of their mechanical and thermodynamical
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3From the mechanical point of view we have: perfect fluids with M1,2 = 0, solids M1 = 0, superfluids M2 = 0 and

supersolids M1,2 6= 0. From the thermodynamical point of view we have: adiabatic media when M1 = 0, isentropic media
when M0 = 0, isentropic perfect fluids when M̂1 + ⇢+ p = 0.
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Linear Stability

It is easy to see that in order to have a EMT constant, the background value of the scalar fields is
'̄A = xA. The presence of the fluid breaks spontaneously the Lorentz group. Notice that setting '̄A = 0
it would imply that there is no background fluid (⇢ = p = 0). The Lagrangian U gives the following
background EMT

Tµ⌫
Mink = (⇢ �µ0 �⌫0 + p �µi �ij �

⌫
j ) = p ⌘µ⌫ + (⇢+ p) uµ u⌫ ; (2.3)

where ⇢ and p are constant that gives the energy density and the pressure evaluated on flat space by
(A.9), measured by observers with 4-velocity uµ = (1,~0 ).
The first thing to be noticed is that if one requires the background EMT to be Lorentz invariant 1 then
we have to impose ⇢ + p = 0, i.e. Tµ⌫

Mink = p ⌘µ⌫ , i.e. the fluid has the same equation of state of a
cosmological constant. From the media/fluid interpretation it is rather natural that the vacuum state
breaks Lorentz by its presence, that is precisely what happen in any solid state lab. In what follows we
will consider the case ⇢+ p 6= 0, while the exotic case ⇢+ p = 0 will be studied elsewhere.
Decomposing the ⇡A fields according to SO(3) vector and scalar perturbations: '0 = t + ⇡0 and 'i =
xi + @i ⇡l + V i (with @i V i = 0), we get that for the scalar modes the quadratic Lagrangian is2
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where we have introduced the mass paratemeters Mi defined in terms of the derivatives of the medium
Lagrangian (2.1), their explicitly expression (A.11) is given in appendix A; such parameters are quite
useful in order to classify the various media with respect of their mechanical and thermodynamical
properties 3. Moreover it is convenient to set M̂a = M2

PlMj , j = 0, 1, 2, 3, 4. The linear expansion of the
medium action gives
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where � is the background entropy per particle. By integration by parts, the linear action is zero upon
the constancy in space and in time of �. Thus no condition on p and ⇢ needs to be imposed in sharp
contrast with the case where dynamical gravity is present, as we shall see later.

For transverse vectors ~V = (V 1, V 2, V 3) one gets
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We consider the case of generic Mi values, thus no tuning and/or additional symmetries are imposed.
From the kinetic terms in (2.4) it is clear that there are two critical points M̂1 + p+ ⇢ = 0 and M̂0 = 0
where at least one DoF can be integrated and the stability analysis has to be redone. As soon as we
are away from such a points we can study the stability looking to the total energy, or equivalently the
Hamiltonian (see appendix B). In the scalar sector the total energy is given by
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1Of course this is statement based on symmetry and not on the equations of motion.
2We can get such a Lagrangian from equations (B.11) taking only the 3rd and 4th diagonal entries and then imposing

the Minkowski limit (�0 = a = 1, H = 0).
3From the mechanical point of view we have: perfect fluids with M1,2 = 0, solids M1 = 0, superfluids M2 = 0 and

supersolids M1,2 6= 0. From the thermodynamical point of view we have: adiabatic media when M1 = 0, isentropic media
when M0 = 0, isentropic perfect fluids when M̂1 + ⇢+ p = 0.
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It is easy to see that in order to have a EMT constant, the background value of the scalar fields is
'̄A = xA. The presence of the fluid breaks spontaneously the Lorentz group. Notice that setting '̄A = 0
it would imply that there is no background fluid (⇢ = p = 0). The Lagrangian U gives the following
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where ⇢ and p are constant that gives the energy density and the pressure evaluated on flat space by
(A.9), measured by observers with 4-velocity uµ = (1,~0 ).
The first thing to be noticed is that if one requires the background EMT to be Lorentz invariant 1 then
we have to impose ⇢ + p = 0, i.e. Tµ⌫

Mink = p ⌘µ⌫ , i.e. the fluid has the same equation of state of a
cosmological constant. From the media/fluid interpretation it is rather natural that the vacuum state
breaks Lorentz by its presence, that is precisely what happen in any solid state lab. In what follows we
will consider the case ⇢+ p 6= 0, while the exotic case ⇢+ p = 0 will be studied elsewhere.
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where we have introduced the mass paratemeters Mi defined in terms of the derivatives of the medium
Lagrangian (2.1), their explicitly expression (A.11) is given in appendix A; such parameters are quite
useful in order to classify the various media with respect of their mechanical and thermodynamical
properties 3. Moreover it is convenient to set M̂a = M2
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where � is the background entropy per particle. By integration by parts, the linear action is zero upon
the constancy in space and in time of �. Thus no condition on p and ⇢ needs to be imposed in sharp
contrast with the case where dynamical gravity is present, as we shall see later.
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We consider the case of generic Mi values, thus no tuning and/or additional symmetries are imposed.
From the kinetic terms in (2.4) it is clear that there are two critical points M̂1 + p+ ⇢ = 0 and M̂0 = 0
where at least one DoF can be integrated and the stability analysis has to be redone. As soon as we
are away from such a points we can study the stability looking to the total energy, or equivalently the
Hamiltonian (see appendix B). In the scalar sector the total energy is given by
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3From the mechanical point of view we have: perfect fluids with M1,2 = 0, solids M1 = 0, superfluids M2 = 0 and

supersolids M1,2 6= 0. From the thermodynamical point of view we have: adiabatic media when M1 = 0, isentropic media
when M0 = 0, isentropic perfect fluids when M̂1 + ⇢+ p = 0.
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where we have introduced the mass paratemetersM i deÞned in terms of the derivatives of the medium
Lagrangian (2.1), their explicitly expression (A.11) is given in appendix A; such parameters are quite
useful in order to classify the various media with respect of their mechanical and thermodynamical
properties 3. Moreover it is convenient to set öM a = M 2
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medium action gives
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where ( is the background entropy per particle. By integration by parts, the linear action is zero upon
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From the kinetic terms in (2.4) it is clear that there are two critical points öM 1 + p + " = 0 and öM 0 = 0
where at least one DoF can be integrated and the stability analysis has to be redone. As soon as we
are away from such a points we can study the stability looking to the total energy, or equivalently the
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3From the mechanical point of view we have: perfect fluids with M1,2 = 0, solids M1 = 0, superfluids M2 = 0 and

supersolids M1,2 6= 0. From the thermodynamical point of view we have: adiabatic media when M1 = 0, isentropic media
when M0 = 0, isentropic perfect fluids when M̂1 + ⇢+ p = 0.

3

background EMT for 
the medium



ds2 =
!

! µ! + h(U)
µ!

"
dxµdx! " A

(U) = ø" A

U(b, Y) Y = uµ#! " 0

U(b, Y, X)

Vµ = ! (! X )! 1/ 2 #µ" 0

" A " " A + cA #µcA = 0 A = 0 , 1, 2, 3

# ! Tµ! = 0

" a " R a
b" b a = 1 , 2, 3

" a = xa + $a

Sfluid =
#

d4x
$

! g U(b, Y,)

b =
!

det
!

gµ! #µ" a#! " b
"" 1/ 2

Y = uµ#µ" 0

Tµ! = p (gµ! + uµ%) + &uµ u!

&= ! U + Y UY p = U + b Ub

" 0 = ' 0(t) + $0 " i = xi + #i $l + V i

! ! " = M 2
$
A0 " + A1 " " + B ()

%

uµ = !
*µ!"#

6b
$

! g
*abc#! " a #" " b ##" c

uµ#µ " a = 0 u2 = ! 1

S = M 2
P l

#
d4x

$
! g R +

#
d4x

$
! g U(X, Y, +n , yn)

Linear Stability

It is easy to see that in order to have a EMT constant, the background value of the scalar fields is
'̄A = xA. The presence of the fluid breaks spontaneously the Lorentz group. Notice that setting '̄A = 0
it would imply that there is no background fluid (⇢ = p = 0). The Lagrangian U gives the following
background EMT

Tµ⌫
Mink = (⇢ �µ0 �⌫0 + p �µi �ij �

⌫
j ) = p ⌘µ⌫ + (⇢+ p) uµ u⌫ ; (2.3)

where ⇢ and p are constant that gives the energy density and the pressure evaluated on flat space by
(A.9), measured by observers with 4-velocity uµ = (1,~0 ).
The first thing to be noticed is that if one requires the background EMT to be Lorentz invariant 1 then
we have to impose ⇢ + p = 0, i.e. Tµ⌫

Mink = p ⌘µ⌫ , i.e. the fluid has the same equation of state of a
cosmological constant. From the media/fluid interpretation it is rather natural that the vacuum state
breaks Lorentz by its presence, that is precisely what happen in any solid state lab. In what follows we
will consider the case ⇢+ p 6= 0, while the exotic case ⇢+ p = 0 will be studied elsewhere.
Decomposing the ⇡A fields according to SO(3) vector and scalar perturbations: '0 = t + ⇡0 and 'i =
xi + @i ⇡l + V i (with @i V i = 0), we get that for the scalar modes the quadratic Lagrangian is2
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where we have introduced the mass paratemeters Mi defined in terms of the derivatives of the medium
Lagrangian (2.1), their explicitly expression (A.11) is given in appendix A; such parameters are quite
useful in order to classify the various media with respect of their mechanical and thermodynamical
properties 3. Moreover it is convenient to set M̂a = M2

PlMj , j = 0, 1, 2, 3, 4. The linear expansion of the
medium action gives
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where � is the background entropy per particle. By integration by parts, the linear action is zero upon
the constancy in space and in time of �. Thus no condition on p and ⇢ needs to be imposed in sharp
contrast with the case where dynamical gravity is present, as we shall see later.
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We consider the case of generic Mi values, thus no tuning and/or additional symmetries are imposed.
From the kinetic terms in (2.4) it is clear that there are two critical points M̂1 + p+ ⇢ = 0 and M̂0 = 0
where at least one DoF can be integrated and the stability analysis has to be redone. As soon as we
are away from such a points we can study the stability looking to the total energy, or equivalently the
Hamiltonian (see appendix B). In the scalar sector the total energy is given by
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1Of course this is statement based on symmetry and not on the equations of motion.
2We can get such a Lagrangian from equations (B.11) taking only the 3rd and 4th diagonal entries and then imposing

the Minkowski limit (�0 = a = 1, H = 0).
3From the mechanical point of view we have: perfect fluids with M1,2 = 0, solids M1 = 0, superfluids M2 = 0 and

supersolids M1,2 6= 0. From the thermodynamical point of view we have: adiabatic media when M1 = 0, isentropic media
when M0 = 0, isentropic perfect fluids when M̂1 + ⇢+ p = 0.
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3 Self-gravitating Medium and Massive Gravity

Let us now include dynamical gravity in our picture. The medium becomes self-gravitating by simply
coupling minimally the scalar fields with gravity. Namely, one consider the following action
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" g U(!" , gµ! ) ; (3.1)

where R is the Ricci scalar, as before, U , is the medium Lagrangian containing four derivatively coupled
scalar fields minimally coupled with gravity (see appendix A for more details). Perturbations around
flat space are studied by taking

ds2 = #µ! + hµ! dx
µdx! , " A = "̄ A + $A . (3.2)

By definition, in the unitary gauge the scalar fields fluctuations are gauged away and their value coincides
with the background values " A

(U) = xµ %A
µ ; all perturbations are in the metric and we set hµ! = h(U)

µ! . In

flat space, the expansion of the action (2.1) generates a linear term
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Mink (2.3). At the quadratic level there is a contribution coming

from both the Einstein-Hilbert Lagrangian, L (U)
g and the medium action, the later can be parametrised

in the form [5, 22, 1, 23]
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whose structure is the origin of the name massive gravity theories. Thus in the unitary gauge a self-
gravitating medium is equivalent to a general massive gravity theory. The parameters &i are given in
terms of suitable first and second derivatives of the function U computed on Minkowski background and
their expression can be found in (A.10) and are simply related to the parameters Mi used to study the
dynamics of a medium [17, 18] by
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To be as general as possible we imposed on the mass terms only rotational invariance. Such a choice is
rather natural in the medium picture the spontaneous breaking of Lorentz symmetry originates simply
by the presence of the medium. Strictly speaking only the presence of the term &2

2 corresponds to a mass
term for the spin two component of the graviton, however we will generically refer to massive gravity
when at least one of the &2

i is non-vanishing. Insisting on having a Lorentz symmetric background
configuration constraints the value the &a and the quadratic expansion 3.4 reduces to
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thus &2
0 = A+B, &2

1 = &2
2 = " A and &2

3 = &2
4 = B. Of course in this case the corresponding medium is

rather special; Lorentz invariance forces to have p = " ' and thus T µ!
Mink = " ' # µ! .

Before proceeding let us point out that a consistent study of gravity perturbations around flat space
conflicts with the fluid/medium picture. Take for instance the unitary gauge; flat space is a solution of

5

Imposing that the the energy is bounded from below in both the scalar and vector sectors leads to (see
appendix B)

M 0 > 0, ! (p + ! ) < öM 1 < 0, M 2 > 0, M 2 > M 3 . (2.8)

Clearly, when ! + p > 0, stability is possible, as it should be. Actually the conditions of dynamical and
thermodynamical stability for a perfect ßuid are the same [21]. It is interesting to note that the previous
stability conditions do not hold in the Lorentz invariant case 4. Indeed, requiring that that Tµ!

Mink to be
proportional to " µ! implies that p + ! = 0; thus only the barotropic equation of state w = ! 1 is viable
and the stability windows closes down5.

Though St¬uckelberg Þelds are perfectly suitable for studying stability, they are not invariant under
the shift symmetries of the action and their physical interpretation is not direct. It is convenient to
introduce [21, 18] as observables: the energy density perturbation#! , the pressure perturbation #p and
the entropy per particle perturbation #$ given by
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The equations of motion derived from (2.4) can be written as
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The evolution equation (2.11) has been derived in the hypothesis thatM 1 "= 0. If M 1 = 0 we simply
have

#$! = 0 . (2.14)

It is clear from the equations of motion that the second scalar mode, beside#! is the entropy per particle
#$. The stability condition that we have found imply that the speed of sound c2

# of #! and c2
" of #$ are

both positive. Generically, the two scalar perturbations of a media are the energy density#! and the
entropy per particle #$ and their dynamics is stable.

4Here we do not consider that the case whereøT µ ! is not Lorentz Invariant but the quadratic action Lagrangian is Lorentz
invariant.

5Unless we requireM 0 = 0 or öM 1 + ! + p = 0 resulting in less then six propagating DoF.
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Absence of instabilities

It is easy to see that in order to have a EMT constant, the background value of the scalar Þelds is
ø! A = xA . The presence of the ßuid breaks spontaneously the Lorentz group. Notice that setting ø! A = 0
it would imply that there is no background ßuid ( " = p = 0). The Lagrangian U gives the following
background EMT
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where " and p are constant that gives the energy density and the pressure evaluated on ßat space by
(A.9), measured by observers with 4-velocityuµ = (1 ,%0 ).
The Þrst thing to be noticed is that if one requires the background EMT to be Lorentz invariant 1 then
we have to impose" + p = 0, i.e. Tµ!

Mink = p $µ! , i.e. the ßuid has the same equation of state of a
cosmological constant. From the media/ßuid interpretation it is rather natural that the vacuum state
breaks Lorentz by its presence, that is precisely what happen in any solid state lab. In what follows we
will consider the case" + p != 0, while the exotic case" + p = 0 will be studied elsewhere.
Decomposing the&A Þelds according toSO(3) vector and scalar perturbations: ! 0 = t + &0 and ! i =
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where we have introduced the mass paratemetersM i deÞned in terms of the derivatives of the medium
Lagrangian (2.1), their explicitly expression (A.11) is given in appendix A; such parameters are quite
useful in order to classify the various media with respect of their mechanical and thermodynamical
properties 3. Moreover it is convenient to set öM a = M 2

Pl M j , j = 0 , 1, 2, 3, 4. The linear expansion of the
medium action gives
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where ( is the background entropy per particle. By integration by parts, the linear action is zero upon
the constancy in space and in time of( . Thus no condition on p and " needs to be imposed in sharp
contrast with the case where dynamical gravity is present, as we shall see later.

For transverse vectors%V = ( V 1, V 2, V 3) one gets
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We consider the case of genericM i values, thus no tuning and/or additional symmetries are imposed.
From the kinetic terms in (2.4) it is clear that there are two critical points öM 1 + p + " = 0 and öM 0 = 0
where at least one DoF can be integrated and the stability analysis has to be redone. As soon as we
are away from such a points we can study the stability looking to the total energy, or equivalently the
Hamiltonian (see appendix B). In the scalar sector the total energy is given by
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1Of course this is statement based on symmetry and not on the equations of motion.
2We can get such a Lagrangian from equations (B.11) taking only the 3rd and 4th diagonal entries and then imposing

the Minkowski limit (�0 = a = 1, H = 0).
3From the mechanical point of view we have: perfect fluids with M1,2 = 0, solids M1 = 0, superfluids M2 = 0 and

supersolids M1,2 6= 0. From the thermodynamical point of view we have: adiabatic media when M1 = 0, isentropic media
when M0 = 0, isentropic perfect fluids when M̂1 + ⇢+ p = 0.
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What happens when gravity is turned on

cosmological background

the background equations only if ! = p = 0, as a result no fluid is present.
Physically it simply means that when gravity matters, the consistent background is not flat: the presence
of a non-vanishing p and ! wants to warp the background. To study perturbations in a consistent way,
keeping p and ! non-vanishing, one has to look carefully at the scale involved.

1. If the curvature radius is large compared to the typical wavelength of the perturbations we are
considering, the flat space picture is adequate and the fluctuations of the spacetime metric can be
neglected.

2. The curvature radius is comparable with the typical wavelength of the perturbations, as a result
the background solution has to amended and the metric fluctuations are important.

In case 1, at very large momentum and energy, curvature is negligible together with the mixing of the
Stückelberg fields with the metric; much like in a spontaneously broken gauge theory where the ultravio-
let behaviour is captured by " s alone. Thus, one can forget about gravity and simply study the e! ective
quadratic Lagrangian for the " s obtained by expanding U and the stability analysis is the one given in
the previous section. When case 2 applies we need to consider a consistent background, the natural one
is an expanding FLRW Universe that will be discussed in the next section.

One may be tempted to simply forget about the restriction imposed by the background equations,
however this is not an option and it leads to a contradiction. Indeed, as shown in appendix B, the
quadratic Lagrangian in unitary gauge does not depend on p and ! and for generic values of the masses
two DoF are present and one is a ghost. On the other hand, employing the Newtonian gauge, the
quadratic action depends on both p and ! but this time, though the kinetic matrix for the relevant fields
is not positive definite, three DoF seems to be present. As expected, to reconcile the two gauges one has
that ! = p = 0. The bottom line is that, a self-gravitating medium cannot be consistently studied in flat
space unless there is no medium ! We stress again that the medium picture is not available when Lorentz
invariance is imposed on the background EMT, then p+ ! = 0. In this case, the stability windows closes
down, making clear, once again, the key role played by the background pressure and energy density of
the medium which have to be di! erent from zero to avoid instabilities in the presence of six DoF.

4 Stability in an Expanding Universe

Let now consider the case when the perturbation wavelength is comparable with the curvature scale; in
this case the background pressure and energy density makes the Universe expand and we enter in the
realm of cosmology. To study perturbations we consider a spatially flat FLRW perturbed solution in the
conformal Newtonian gauge, namely

ds2 = a2 #µ! dxµdx! + 2 a2 !
" (t, $x) dt2 + # (t, $x) d$x2"

= a2 (#µ! + hµ! ) dxµdx! ; (4.1)

while for the Stückelberg fields in the scalar sector we have

%0 = &(t) + " 0(t, $x), %a = xa + ' a" L (t, $x) . (4.2)

The mass paramaters ( a and M a in a FLRW background the are similarly defined as in (3.4); it is
convenient to introduce an overall factor a4 6 in the quadratic Lagrangian corresponding to the square

6Notice that such overall factor is not present in the deÞnition given in [18].
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realm of cosmology. To study perturbations we consider a spatially flat FLRW perturbed solution in the
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The expression ofMMM is not particularly illuminating and will not be given here. What is important is
to Þnd the condition for which the total energy is positive deÞnite in the largek limit, namely when
k2 " H 2, to conÞrm the pure St¬uckelberg analysis in ßat space. Proceeding as for the case of ßat space,
in the large k limit, we Þnd the kinetic energy is positive if

M 0 > 0 and öM 1 + ( p + ! ) > 0. (4.12)

Moreover on can easily see that such condition together with

öM 0 < ! (4.13)

enforce that the kinetic energy is positive deÞnite for anyk. Turning to the mass matrix in the energy,
it is positive if

M 2 > M 3 and M 1 < 0. (4.14)

Finally, looking at vector modes it is easy to see that [18] stability requires

öM 1 + ( p + ! ) > 0 and M 2 > 0. (4.15)

As a result, the stability conditions are the same of the ones derived with the previous St¬uckelberg
analysis; in addition when öM 0 < ! , ghost instability are forbidden at any k. The only instability found
is a Jeans instability when, for k < k J , one of the eigenvalues of the mass matrix of the total energy
becomes negative. Such gravitational instability is typical of any self-gravitating system.

As a technical comment, we note that taking the limit H # 0, via the background equations, one is
led again to p = ! = 0 and we are back to well known problems discussed in the previous section.

Let us consider a number of concrete examples.

¥ Perfect ßuid
This is the simplest case one can immagine. Flat space stability actually coincide with thermody-
namical stability [21]. From the ßuid Lagrangian of the form U(, b, Y), we have that M 1 = M 2 = 0.
The transverse spin 1 modes has a degenerate dispersion relation related to the classical conser-
vation of vorticity in a perfect ßuid and the dynamics of tensor modes is not modiÞed. Stability
conditions are simpler and come only form (2.7) with M 1 = 0 and are equivalently from the
corresponding expression in FLRW. Thus

M 0 =
" "2 UY Y

2a2 M 2
Pl

> 0, p + ! > 0 ; (4.16)

which can be easily satisÞed. The only exception is when the null energy condition is violated.

¥ Superßuid
A superßuid is the simplest example of a medium withM 1 $= 0. Being still a ßuid, M 2 = 0.
The Lagrangian has the general formU(b, Y, X), see appendix A and [18] for the deÞnition of the
relevant operators. Clearly the most stringent stability conditions are the ones involvingM 1 that
for a superßuid is given, together with the background value ofX on FLRW, by

M 1 =
2" "2 UX

M 2
Pl a2 , X = !

" "2

a2 . (4.17)
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The expression of MMM is not particularly illuminating and will not be given here. What is important is
to find the condition for which the total energy is positive definite in the large k limit, namely when
k2 � H

2, to confirm the pure Stückelberg analysis in flat space. Proceeding as for the case of flat space,
in the large k limit, we find the kinetic energy is positive if

M0 > 0 and M̂1 + (p+ ⇢) > 0 . (4.12)

Moreover on can easily see that such condition together with

M̂0 < ⇢ (4.13)

enforce that the kinetic energy is positive definite for any k. Turning to the mass matrix in the energy,
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Finally, looking at vector modes it is easy to see that [18] stability requires
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is a Jeans instability when, for k < kJ , one of the eigenvalues of the mass matrix of the total energy
becomes negative. Such gravitational instability is typical of any self-gravitating system.

As a technical comment, we note that taking the limit H ! 0, via the background equations, one is
led again to p = ⇢ = 0 and we are back to well known problems discussed in the previous section.

Let us consider a number of concrete examples.

• Perfect fluid
This is the simplest case one can immagine. Flat space stability actually coincide with thermody-
namical stability [21]. From the fluid Lagrangian of the form U(, b, Y ), we have that M1 = M2 = 0.
The transverse spin 1 modes has a degenerate dispersion relation related to the classical conser-
vation of vorticity in a perfect fluid and the dynamics of tensor modes is not modified. Stability
conditions are simpler and come only form (2.7) with M1 = 0 and are equivalently from the
corresponding expression in FLRW. Thus
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which can be easily satisfied. The only exception is when the null energy condition is violated.

• Superfluid
A superfluid is the simplest example of a medium with M1 6= 0. Being still a fluid, M2 = 0.
The Lagrangian has the general form U(b, Y,X), see appendix A and [18] for the definition of the
relevant operators. Clearly the most stringent stability conditions are the ones involving M1 that
for a superfluid is given, together with the background value of X on FLRW, by
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What happens when gravity is turned on

cosmological background

the background equations only if ! = p = 0, as a result no fluid is present.
Physically it simply means that when gravity matters, the consistent background is not flat: the presence
of a non-vanishing p and ! wants to warp the background. To study perturbations in a consistent way,
keeping p and ! non-vanishing, one has to look carefully at the scale involved.

1. If the curvature radius is large compared to the typical wavelength of the perturbations we are
considering, the flat space picture is adequate and the fluctuations of the spacetime metric can be
neglected.

2. The curvature radius is comparable with the typical wavelength of the perturbations, as a result
the background solution has to amended and the metric fluctuations are important.

In case 1, at very large momentum and energy, curvature is negligible together with the mixing of the
Stückelberg fields with the metric; much like in a spontaneously broken gauge theory where the ultravio-
let behaviour is captured by " s alone. Thus, one can forget about gravity and simply study the e! ective
quadratic Lagrangian for the " s obtained by expanding U and the stability analysis is the one given in
the previous section. When case 2 applies we need to consider a consistent background, the natural one
is an expanding FLRW Universe that will be discussed in the next section.

One may be tempted to simply forget about the restriction imposed by the background equations,
however this is not an option and it leads to a contradiction. Indeed, as shown in appendix B, the
quadratic Lagrangian in unitary gauge does not depend on p and ! and for generic values of the masses
two DoF are present and one is a ghost. On the other hand, employing the Newtonian gauge, the
quadratic action depends on both p and ! but this time, though the kinetic matrix for the relevant fields
is not positive definite, three DoF seems to be present. As expected, to reconcile the two gauges one has
that ! = p = 0. The bottom line is that, a self-gravitating medium cannot be consistently studied in flat
space unless there is no medium ! We stress again that the medium picture is not available when Lorentz
invariance is imposed on the background EMT, then p+ ! = 0. In this case, the stability windows closes
down, making clear, once again, the key role played by the background pressure and energy density of
the medium which have to be di! erent from zero to avoid instabilities in the presence of six DoF.

4 Stability in an Expanding Universe

Let now consider the case when the perturbation wavelength is comparable with the curvature scale; in
this case the background pressure and energy density makes the Universe expand and we enter in the
realm of cosmology. To study perturbations we consider a spatially flat FLRW perturbed solution in the
conformal Newtonian gauge, namely

ds2 = a2 #µ! dxµdx! + 2 a2 !
" (t, $x) dt2 + # (t, $x) d$x2"

= a2 (#µ! + hµ! ) dxµdx! ; (4.1)

while for the Stückelberg fields in the scalar sector we have

%0 = &(t) + " 0(t, $x), %a = xa + ' a" L (t, $x) . (4.2)

The mass paramaters ( a and M a in a FLRW background the are similarly defined as in (3.4); it is
convenient to introduce an overall factor a4 6 in the quadratic Lagrangian corresponding to the square

6Notice that such overall factor is not present in the deÞnition given in [18].
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The expression ofMMM is not particularly illuminating and will not be given here. What is important is
to Þnd the condition for which the total energy is positive deÞnite in the largek limit, namely when
k2 " H 2, to conÞrm the pure St¬uckelberg analysis in ßat space. Proceeding as for the case of ßat space,
in the large k limit, we Þnd the kinetic energy is positive if

M 0 > 0 and öM 1 + ( p + ! ) > 0. (4.12)

Moreover on can easily see that such condition together with

öM 0 < ! (4.13)

enforce that the kinetic energy is positive deÞnite for anyk. Turning to the mass matrix in the energy,
it is positive if

M 2 > M 3 and M 1 < 0. (4.14)

Finally, looking at vector modes it is easy to see that [18] stability requires

öM 1 + ( p + ! ) > 0 and M 2 > 0. (4.15)

As a result, the stability conditions are the same of the ones derived with the previous St¬uckelberg
analysis; in addition when öM 0 < ! , ghost instability are forbidden at any k. The only instability found
is a Jeans instability when, for k < k J , one of the eigenvalues of the mass matrix of the total energy
becomes negative. Such gravitational instability is typical of any self-gravitating system.

As a technical comment, we note that taking the limit H # 0, via the background equations, one is
led again to p = ! = 0 and we are back to well known problems discussed in the previous section.

Let us consider a number of concrete examples.

¥ Perfect ßuid
This is the simplest case one can immagine. Flat space stability actually coincide with thermody-
namical stability [21]. From the ßuid Lagrangian of the form U(, b, Y), we have that M 1 = M 2 = 0.
The transverse spin 1 modes has a degenerate dispersion relation related to the classical conser-
vation of vorticity in a perfect ßuid and the dynamics of tensor modes is not modiÞed. Stability
conditions are simpler and come only form (2.7) with M 1 = 0 and are equivalently from the
corresponding expression in FLRW. Thus

M 0 =
" "2 UY Y

2a2 M 2
Pl

> 0, p + ! > 0 ; (4.16)

which can be easily satisÞed. The only exception is when the null energy condition is violated.

¥ Superßuid
A superßuid is the simplest example of a medium withM 1 $= 0. Being still a ßuid, M 2 = 0.
The Lagrangian has the general formU(b, Y, X), see appendix A and [18] for the deÞnition of the
relevant operators. Clearly the most stringent stability conditions are the ones involvingM 1 that
for a superßuid is given, together with the background value ofX on FLRW, by
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The expression of MMM is not particularly illuminating and will not be given here. What is important is
to find the condition for which the total energy is positive definite in the large k limit, namely when
k2 � H

2, to confirm the pure Stückelberg analysis in flat space. Proceeding as for the case of flat space,
in the large k limit, we find the kinetic energy is positive if

M0 > 0 and M̂1 + (p+ ⇢) > 0 . (4.12)
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As a technical comment, we note that taking the limit H ! 0, via the background equations, one is
led again to p = ⇢ = 0 and we are back to well known problems discussed in the previous section.

Let us consider a number of concrete examples.

• Perfect fluid
This is the simplest case one can immagine. Flat space stability actually coincide with thermody-
namical stability [21]. From the fluid Lagrangian of the form U(, b, Y ), we have that M1 = M2 = 0.
The transverse spin 1 modes has a degenerate dispersion relation related to the classical conser-
vation of vorticity in a perfect fluid and the dynamics of tensor modes is not modified. Stability
conditions are simpler and come only form (2.7) with M1 = 0 and are equivalently from the
corresponding expression in FLRW. Thus
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The Lagrangian has the general form U(b, Y,X), see appendix A and [18] for the definition of the
relevant operators. Clearly the most stringent stability conditions are the ones involving M1 that
for a superfluid is given, together with the background value of X on FLRW, by

M1 =
2�02 UX

M2
Pl a

2
, X = �

�02

a2
. (4.17)

8

when kinetic energy is positive

ßat space analysis conÞrmed



Symmetries determine: 
¥ thermodynamics properties of the medium

¥ dynamics of linear cosmological  perturbation



Symmetries determine: 
¥ thermodynamics properties of the medium

¥ dynamics of linear cosmological  perturbation

! != "

Supersolids 
¥  two independent scalar perturbations:

¥ entropy per particle perturbation 

¥ anisotropic stress 

¥ massive dispersion relation for gravitons

!"

! , !"

! g00 = 2a2 

�gij = 2�ija
2�



Symmetries determine: 
¥ thermodynamics properties of the medium

¥ dynamics of linear cosmological  perturbation

! != "

Supersolids 
¥  two independent scalar perturbations:

¥ entropy per particle perturbation 

¥ anisotropic stress 

¥ massive dispersion relation for gravitons

!"

! , !"

! g00 = 2a2 

�gij = 2�ija
2�

Fluids and Superßuids 

��

¥ one independent scalar perturbations (ßuids): 

¥ constant in time but still sources

¥ dynamical for superßuids

¥ anisotropic stress is zero

��

�



Symmetries

Operator DeÞnition

CAB gµ! ! µ " A ! ! " B , A, B = 0 , 1, 2, 3

B ab gµ! ! µ " a ! µ " b , a, b = 1 , 2, 3

Z ab Ca0 Cb0

X C00

W ab B ab ! Z ab/X

b
"

detBBB

Y uµ ! µ " 0

Operator DeÞnition

yn Tr ( BBB n áZZZ ) , n = 0 , 1, 2, 3

#n Tr ( BBB n ) , n = 1 , 2, 3

wn Tr ( WWW n ) , n = 0 , 1, 2, 3

O"# n
(

X/Y 2
)" (

yn /Y 2
)#

, α , β ∈ R

O"
(

X/Y 2
)"

, α ∈ R

Table 1: Operators summary. Greek letters for spacetime indices, capital Latin letters (A, B, . . . = 0 , 1, 2, 3)

for indices in the internal spacetime of the medium and small Latin letters (a, b, . . . = 1 , 2, 3) for spatial
indices of the medium [6].

Four-dimensional media

Symmetries of the action LO scalar operators Type of medium

SO(3)s & " A # " A + f A , ! µ f A = 0 X , Y , #n , yn supersolids

" a # " a + f a(" 0) X , wn

" 0 # " 0 + f (" 0) #n , wn , O"# n

" a # " a + f a(" 0) & " 0 # " 0 + f (" 0) wn

" 0 # " 0 + f (" a) Y , #n solids

VsDi! : " a # " a(" b) , det |! " a/ !" b| = 1 b, Y , X superßuids

" 0 # " 0 + f (" 0) & VsDi! b, O"

" 0 # " 0 + f (" a) & VsDi! b, Y perfect ßuid

" A # " A (" B ) , det |! " A / !" B | = 1 b Y perfect ßuid with $ + p = 0

Table 2: Summary of local symmetries in material spacetime and the corresponding invariant scalar
operators. Invariance under SO(3)s and shift symmetries are assumed by default in all cases [6].

3 Conserved Currents, EMT and Thermodynamics

As a consequence of the shift symmetry" A # " A + cA , the equations of motion derived from (2.8) have
the form

2$ µ(UCAB ! µ " B ) = 0 = $ µJ µA (3.1)

where the J µ
A are the Noether currents for the shift symmetry

J µ
A =

! U
! (! µ " A )

= 2 UAB $ µ" B , UAB =
! U

! CAB ; (3.2)
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The EMT formally has the form of imperfect fluid with heat flow

qµ = 2Y

[ 3
∑

m=0

Uym(B
m)ab∇ϕbCa0 − UXξµ

]

. (3.7)

Writing the current Jµ
0 as

Jµ
0 = (UY − 2Y UX)uµ +

qµ

Y
(3.8)

it formally coincides with the entropy current sµ of an imperfect fluid [24]

sµ = suµ +
qµ

T
. (3.9)

Thus, it is natural to identify the temperature T with Y and the entropy density s with
UY − 2Y UX . Notice that of course no dissipation is present being ∇µJ

µ
0 = ∇µsµ = 0. The

current
Jµ = buµ , ∇µJµ = 0 (3.10)

is conserved o! shell and can be identified with the particle density current. Splitting the
tensor Pµ! in a trace and a traceless part

Pµ! = hµ! P + P tl
µ! , P =

Pµ! hµ!

3
, P tl

µ! h
µ! = 0 ; (3.11)

we have that (see eq. (A.9)–(A.10))

P = p+ " , p = U −
1

3
J "
a h

µ
" ∇µϕ

a, " =
qµξµ

3Y
. (3.12)

The “perfect” part p of P is identified with the thermodynamical pressure, while the viscosity
" is a component of the anisotropic stress. As a result

ρ = −U + Y UY − 2Y 2UX ; (3.13)

P = U − bUb −
2

3

3
∑

n=1

nτnU#n −
2

3

3
∑

n=0

nynUyn −
2

3
UX(Y 2 +X) (3.14)

p = U − bUb −
2

3

3
∑

n=1

nτnU#n −
2

3

3
∑

n=0

(n+ 1)ynUyn . (3.15)

A complete treatment of the thermodynamics of a self-gravitating medium will be given
elsewhere. Here we simply outline general idea. Extending the very same reasoning in [15]
to general media, the particle number density n and the entropy density s can be associated
to the following projections of the conserved currents in the uµ frame

n = −J" u
" = b , s = −J "

0 u" = UY − 2Y UX . (3.16)

An important quantity in the dynamics of self gravitating media is the entropy per particle
σ = s/n, whose evolution can be obtained from the conservation of Jµ and sµ

u" ∇" σ = −
2

b
∇"

[

− UXξ" +
3

∑

n=0

UynC0a(Bn)ab∂" ϕ
b

]

= −
1

b
∇"

(

q"

Y

)

. (3.17)
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[ 3
∑

m=0

Uym(B
m)ab∇ϕbCa0 − UXξµ

]

. (3.7)

Writing the current Jµ
0 as
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0 = (UY − 2Y UX)uµ +

qµ

Y
(3.8)

it formally coincides with the entropy current sµ of an imperfect fluid [24]
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T
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UY − 2Y UX . Notice that of course no dissipation is present being ∇µJ

µ
0 = ∇µsµ = 0. The

current
Jµ = buµ , ∇µJµ = 0 (3.10)

is conserved off shell and can be identified with the particle density current. Splitting the
tensor Pµν in a trace and a traceless part

Pµν = hµνP + Ptl
µν , P =

Pµνhµν

3
, Ptl

µνh
µν = 0 ; (3.11)

we have that (see eq. (A.9)–(A.10))

P = p+Π , p = U −
1

3
Jα
a h

µ
α∇µϕ

a, Π =
qµξµ

3Y
. (3.12)

The “perfect” part p of P is identified with the thermodynamical pressure, while the viscosity
Π is a component of the anisotropic stress. As a result

ρ = −U + Y UY − 2Y 2UX ; (3.13)

P = U − bUb −
2
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3
∑
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nτnUτn −
2
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nτnUτn −
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∑
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(n+ 1)ynUyn . (3.15)

A complete treatment of the thermodynamics of a self-gravitating medium will be given
elsewhere. Here we simply outline general idea. Extending the very same reasoning in [15]
to general media, the particle number density n and the entropy density s can be associated
to the following projections of the conserved currents in the uµ frame

n = −Jαu
α = b , s = −Jα

0 uα = UY − 2Y UX . (3.16)

An important quantity in the dynamics of self gravitating media is the entropy per particle
σ = s/n, whose evolution can be obtained from the conservation of Jµ and sµ

uα∇ασ = −
2

b
∇α

[

− UXξα +
3

∑

n=0

UynC0a(Bn)ab∂αϕ
b

]

= −
1

b
∇α

(

qα
Y

)

. (3.17)
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p = ! ! " p = "! = 0

! "= "

U(#1, #2, #3) #n = Tr( BBB n) B ab = gµ! $µ%a$! %b

& =
s
n
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Four-dimensional media

Symmetries of the action LO scalar operators Type of medium

SO(3)s & ! A ! ! A + f A , " µ f A = 0 X , Y , #n , yn supersolids

! a ! ! a + f a(! 0) X , wn

! 0 ! ! 0 + f (! 0) #n , wn , O!" n

! a ! ! a + f a(! 0) & ! 0 ! ! 0 + f (! 0) wn

! 0 ! ! 0 + f (! a) Y , #n solids

Vs Di! : ! a ! " a(! b), det |" " a/ "! b| = 1 b, Y , X superßuids

! 0 ! ! 0 + f (! 0) & Vs Di! b, O!

! 0 ! ! 0 + f (! a) & Vs Di! b, Y perfect ßuid

! A ! " A (! B ), det |" " A / "! B | = 1 bY perfect ßuid with $ + p = 0

Table 2 . Summary of local symmetries in material spacetime and the corresponding invariant scalar
operators. Invariance under SO(3)s and shift symmetries are assumed by default in all cases [6].

By imposing further symmetries besides internal rotational invariance, media can be char-
acterised according to table2. For a detailed analysis see [6]. One can also consider media
with reduced internal dimensionality for which only the Þelds ! a are relevant. For instance,
U(b) describes a perfect ßuid whileU(#1, #2, #2) is a solid.

3 Conserved currents, EMT and thermodynamics

As a consequence of the shift symmetry! A ! ! A + cA , the equations of motion derived
from (2.8) have the form

2" µ(UCAB " µ ! B ) = 0 = " µJ µA (3.1)

where the J µ
A are the Noether currents for the shift symmetry

J µ
A =

" U
" (" µ ! A )

= 2UAB " µ ! B , UAB =
" U

" CAB ; (3.2)

the expression ofJ µ
A are given in appendixA. The energy-momentum tensor (EMT) derived

from (2.8) (see appendixA for details) can be written in terms of the Noether currents as

Tµ! = # 2
%(

$
# g U)

$
# g%gµ! = Ugµ! # JAµ " ! ! A . (3.3)

The conservation of the EMT, " ! Tµ! = 0, is equivalent to equations of motion of the scalar
Þelds. It is convenient to deÞne the following tetrad{ &A

µ , A = 0 , 1, 2, 3} deÞned by

&0
µ = uµ , hµ! = &a

µ&b
! %ab , with &A

µ &B
! gµ! = ' AB , (3.4)

and the vector
(µ = # hµ! " ! ! 0 = # Y uµ +

$
# X Vµ (3.5)

which is related to the relative velocity of the superßuid/supersolid component with respect
to the normal component [11, 23]. Projecting the EMT ( 3.3) on { &A

µ } , we have

Tµ! = $uµu! + qµu! + q! uµ + Pµ! ;

$ = Tµ! uµu! , qµ = # hµ" T"# u# , Pµ! = hµ" h!# T"# .
(3.6)

Ð 4 Ð

Shift symmetries Currents



Fluids with  U(bY)

2

THERMODYNAMICS OF ! -MEDIA

From the action (3), the energy momentum tensor
(EMT) for the most generic media has the following
structure

Tµ! = !
2

"
! g

! S
! gµ ! = p hµ! +" uµ u! +2q(µ u! ) +#µ! (5)

where " = uµ u! Tµ ! , p = hµ! Tµ ! / 3, qµ satisfies uµ qµ = 0
and #µ

µ = uµ #µ ! = 0.
Depending on the internal symmetries, we can select
some special combinations of the operators appearing
in the Lagrangian, corresponding to particular classes of
media. For instance, fluids and super fluids U(X, Y, b)
are protected by the invariance under volume preserving
di! eomorphisms

$a # %a($b) , det
!
!&%a/ &$b

!
! = 1 . (6)

Since for " -media w = ! 1, the condition p(U) = ! " (U)
at the non-perturbative level is equivalent to a di! erential
equation for U, which can be solved in terms of the basic
operators considered as independent variables.
Let us describe this procedure for the following classes of
media

¥ solids, characterised by U(Y,' n )

¥ special super solids, characterised by U(X, w n )

¥ perfect fluids, characterised by U(Y, b).

Solids are selected by the invariance under the internal
symmetry [8, 22]

$0 # $0 + f ($j ) (7)

and the thermodynamical dictionary is given in Table I.
The entropy per particle ( = s/n is constant in time

(̇ = uµ &µ ( = 0 . (8)

From the non-perturbative expression for p and " in Ta-
ble I, imposing w = ! 1 gives

Y UY !
2

3

3"

m =1

m ' m U" m = 0 , (9)

which reduces the original dependence of U from the orig-
inal four operators down to the following three special
combinations

U!
S = U

#
Y ' 3/ 2

1 ,
' 2

' 2
1

,
' 3

' 3
1

$
(10)

invariant under the Lifshitz scaling [16, 23, 24]

%
$0 # ) ! 3 $0

$ j # ) $ j . (11)

An interesting subcase is the isentropic solid with an
entropy per particle constant in spacetime, described
by U(' n ) (where only the spatial Stückelberg $j are
present) and are characterised by s = 0. In particular,
" -isentropic solids are described by

U!
IS = U

#
' 2

' 2
1

,
' 3

' 3
1

$
. (12)

Special super solids U(X, w n ) are selected by the invari-
ance under the internal symmetry [8, 9, 22, 25]

$j # $j + f j ($0) . (13)

" -special super solids are obtained imposing p = ! " for
expressions in Table I; we have

U!
SS = U

#
Xw 3

1,
w2

w2
1

,
w3

w3
1

$
, (14)

which is again invariant under the Lifshitz scaling (11).
Similar media where studied in a cosmological setting in
[23, 26] and also in the contest of spherically symmetric
solutions in massive gravity [27, 28].
Isentropic special super solids, described by U(wn ), are
invariant under (13) and [8]

$0 # $0 + f ($0) . (15)

Remarkably, a proposal for a UV completion for isen-
tropic special super solids involving at LO the scalar op-
erators w1 and w2 was put forward in [29], where the
temporal Stückelberg $0 is embedded into the khrono-
metric model and the spatial Stückelberg $j are coupled
to a triplet of Higgs vector fields.
The symmetry (15) forbids the operator X in U!

SS and
we conclude that " -isentropic special super solids are de-
scribed by

U!
ISS = U

#
w2

w2
1

,
w3

w3
1

$
. (16)

Finally, perfect fluids are protected by the symmetries
(6) and (7); their Lagrangian is of the form U(Y, b).
" -perfect fluids with p + " = 0 have the following La-
grangian [8]

U!
P F = U(Y b) (17)

which is protected by the enhanced symmetry

$A # %A ($B ) , det
!
!&%A / &$B

!
! = 1 . (18)

The " -perfect fluid EMT simply reads Tµ! = p gµ! whose
conservation leads directly to " =constant. Although
a " -perfect fluid is similar to a CC, the non-vanishing
entropy per particle indicates that underlying degrees of
freedom are present. Moreover, the Stückelberg fields
satisfy non-trivial equations of motion in order to keep
b Y constant.

protected by 

Fluids
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From the action (3), the energy momentum tensor
(EMT) for the most generic media has the following
structure
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! g
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equation for U, which can be solved in terms of the basic
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Let us describe this procedure for the following classes of
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¥ solids, characterised by U(Y,' n )

¥ special super solids, characterised by U(X, w n )

¥ perfect fluids, characterised by U(Y, b).

Solids are selected by the invariance under the internal
symmetry [8, 22]

$0 # $0 + f ($j ) (7)

and the thermodynamical dictionary is given in Table I.
The entropy per particle ( = s/n is constant in time
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From the non-perturbative expression for p and " in Ta-
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3

3"

m =1

m ' m U" m = 0 , (9)

which reduces the original dependence of U from the orig-
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,
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' 3
1

$
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invariant under the Lifshitz scaling [16, 23, 24]
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$0 # ) ! 3 $0
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An interesting subcase is the isentropic solid with an
entropy per particle constant in spacetime, described
by U(' n ) (where only the spatial Stückelberg $j are
present) and are characterised by s = 0. In particular,
" -isentropic solids are described by

U!
IS = U

#
' 2

' 2
1

,
' 3

' 3
1

$
. (12)

Special super solids U(X, w n ) are selected by the invari-
ance under the internal symmetry [8, 9, 22, 25]

$j # $j + f j ($0) . (13)

" -special super solids are obtained imposing p = ! " for
expressions in Table I; we have

U!
SS = U

#
Xw 3

1,
w2

w2
1

,
w3

w3
1

$
, (14)

which is again invariant under the Lifshitz scaling (11).
Similar media where studied in a cosmological setting in
[23, 26] and also in the contest of spherically symmetric
solutions in massive gravity [27, 28].
Isentropic special super solids, described by U(wn ), are
invariant under (13) and [8]

$0 # $0 + f ($0) . (15)

Remarkably, a proposal for a UV completion for isen-
tropic special super solids involving at LO the scalar op-
erators w1 and w2 was put forward in [29], where the
temporal Stückelberg $0 is embedded into the khrono-
metric model and the spatial Stückelberg $j are coupled
to a triplet of Higgs vector fields.
The symmetry (15) forbids the operator X in U!

SS and
we conclude that " -isentropic special super solids are de-
scribed by

U!
ISS = U

#
w2

w2
1

,
w3

w3
1

$
. (16)

Finally, perfect fluids are protected by the symmetries
(6) and (7); their Lagrangian is of the form U(Y, b).
" -perfect fluids with p + " = 0 have the following La-
grangian [8]

U!
P F = U(Y b) (17)

which is protected by the enhanced symmetry

$A # %A ($B ) , det
!
!&%A / &$B

!
! = 1 . (18)

The " -perfect fluid EMT simply reads Tµ! = p gµ! whose
conservation leads directly to " =constant. Although
a " -perfect fluid is similar to a CC, the non-vanishing
entropy per particle indicates that underlying degrees of
freedom are present. Moreover, the Stückelberg fields
satisfy non-trivial equations of motion in order to keep
b Y constant.

protected by 

!  is constant, scalar Þelds non-trivial impossible to distinguish 
from a CC 
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THERMODYNAMICS OF ! -MEDIA

From the action (3), the energy momentum tensor
(EMT) for the most generic media has the following
structure

Tµ! = !
2
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! g
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! gµ ! = p hµ! +" uµ u! +2q(µ u! ) +#µ! (5)

where " = uµ u! Tµ ! , p = hµ! Tµ ! / 3, qµ satisfies uµ qµ = 0
and #µ

µ = uµ #µ ! = 0.
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di! eomorphisms
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Since for " -media w = ! 1, the condition p(U) = ! " (U)
at the non-perturbative level is equivalent to a di! erential
equation for U, which can be solved in terms of the basic
operators considered as independent variables.
Let us describe this procedure for the following classes of
media

¥ solids, characterised by U(Y,' n )

¥ special super solids, characterised by U(X, w n )

¥ perfect fluids, characterised by U(Y, b).

Solids are selected by the invariance under the internal
symmetry [8, 22]

$0 # $0 + f ($j ) (7)

and the thermodynamical dictionary is given in Table I.
The entropy per particle ( = s/n is constant in time

(̇ = uµ &µ ( = 0 . (8)

From the non-perturbative expression for p and " in Ta-
ble I, imposing w = ! 1 gives
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2

3
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inal four operators down to the following three special
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1

,
' 3

' 3
1
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invariant under the Lifshitz scaling [16, 23, 24]
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$0 # ) ! 3 $0
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An interesting subcase is the isentropic solid with an
entropy per particle constant in spacetime, described
by U(' n ) (where only the spatial Stückelberg $j are
present) and are characterised by s = 0. In particular,
" -isentropic solids are described by

U!
IS = U

#
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' 2
1

,
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' 3
1

$
. (12)

Special super solids U(X, w n ) are selected by the invari-
ance under the internal symmetry [8, 9, 22, 25]

$j # $j + f j ($0) . (13)

" -special super solids are obtained imposing p = ! " for
expressions in Table I; we have

U!
SS = U

#
Xw 3

1,
w2

w2
1

,
w3

w3
1

$
, (14)

which is again invariant under the Lifshitz scaling (11).
Similar media where studied in a cosmological setting in
[23, 26] and also in the contest of spherically symmetric
solutions in massive gravity [27, 28].
Isentropic special super solids, described by U(wn ), are
invariant under (13) and [8]

$0 # $0 + f ($0) . (15)

Remarkably, a proposal for a UV completion for isen-
tropic special super solids involving at LO the scalar op-
erators w1 and w2 was put forward in [29], where the
temporal Stückelberg $0 is embedded into the khrono-
metric model and the spatial Stückelberg $j are coupled
to a triplet of Higgs vector fields.
The symmetry (15) forbids the operator X in U!

SS and
we conclude that " -isentropic special super solids are de-
scribed by

U!
ISS = U

#
w2

w2
1

,
w3

w3
1

$
. (16)

Finally, perfect fluids are protected by the symmetries
(6) and (7); their Lagrangian is of the form U(Y, b).
" -perfect fluids with p + " = 0 have the following La-
grangian [8]

U!
P F = U(Y b) (17)

which is protected by the enhanced symmetry

$A # %A ($B ) , det
!
!&%A / &$B

!
! = 1 . (18)

The " -perfect fluid EMT simply reads Tµ! = p gµ! whose
conservation leads directly to " =constant. Although
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From the action (3), the energy momentum tensor
(EMT) for the most generic media has the following
structure

Tµ⌫ = �
2

p
�g

�S
�gµ⌫

= p hµ⌫ + ⇢ uµu⌫ +2 q(µu⌫)+ ⇡µ⌫ (5)

where ⇢ = uµu⌫Tµ⌫ , p = hµ⌫Tµ⌫ / 3, qµ satisÞesuµqµ = 0
and ⇡µ

µ
= uµ⇡µ⌫ = 0.
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Finally, perfect ßuids are protected by the symmetries
(6) and (7); their Lagrangian is of the form U(Y, b).
⇤-perfect ßuids with p + ⇢ = 0 have the following La-
grangian [8]
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conservation leads directly to ⇢ =constant. Although
a ⇤-perfect ßuid is similar to a CC, the non-vanishing
entropy per particle indicates that underlying degrees of
freedom are present. Moreover, the St¬uckelberg Þelds
satisfy non-trivial equations of motion in order to keep
b Y constant.
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operators considered as independent variables.
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An interesting subcase is the isentropic solid with an
entropy per particle constant in spacetime, described
by U(' n ) (where only the spatial Stückelberg $j are
present) and are characterised by s = 0. In particular,
" -isentropic solids are described by
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Special super solids U(X, w n ) are selected by the invari-
ance under the internal symmetry [8, 9, 22, 25]
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" -special super solids are obtained imposing p = ! " for
expressions in Table I; we have
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1,
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,
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which is again invariant under the Lifshitz scaling (11).
Similar media where studied in a cosmological setting in
[23, 26] and also in the contest of spherically symmetric
solutions in massive gravity [27, 28].
Isentropic special super solids, described by U(wn ), are
invariant under (13) and [8]

$0 # $0 + f ($0) . (15)

Remarkably, a proposal for a UV completion for isen-
tropic special super solids involving at LO the scalar op-
erators w1 and w2 was put forward in [29], where the
temporal Stückelberg $0 is embedded into the khrono-
metric model and the spatial Stückelberg $j are coupled
to a triplet of Higgs vector fields.
The symmetry (15) forbids the operator X in U!

SS and
we conclude that " -isentropic special super solids are de-
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Finally, perfect fluids are protected by the symmetries
(6) and (7); their Lagrangian is of the form U(Y, b).
" -perfect fluids with p + " = 0 have the following La-
grangian [8]

U!
P F = U(Y b) (17)

which is protected by the enhanced symmetry
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!
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!
! = 1 . (18)

The " -perfect fluid EMT simply reads Tµ! = p gµ! whose
conservation leads directly to " =constant. Although
a " -perfect fluid is similar to a CC, the non-vanishing
entropy per particle indicates that underlying degrees of
freedom are present. Moreover, the Stückelberg fields
satisfy non-trivial equations of motion in order to keep
b Y constant.
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From the action (3), the energy momentum tensor
(EMT) for the most generic media has the following
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which is again invariant under the Lifshitz scaling (11).
Similar media where studied in a cosmological setting in
[23, 26] and also in the contest of spherically symmetric
solutions in massive gravity [27, 28].
Isentropic special super solids, described byU(wn), are
invariant under (13) and [8]

'0
! '0 + f ('0) . (15)

Remarkably, a proposal for a UV completion for isen-
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erators w1 and w2 was put forward in [29], where the
temporal St¬uckelberg'0 is embedded into the khrono-
metric model and the spatial St¬uckelberg'j are coupled
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Finally, perfect ßuids are protected by the symmetries
(6) and (7); their Lagrangian is of the form U(Y, b).
⇤-perfect ßuids with p + ⇢ = 0 have the following La-
grangian [8]
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which is protected by the enhanced symmetry
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The ⇤-perfect ßuid EMT simply reads Tµ⌫ = p gµ⌫ whose
conservation leads directly to ⇢ =constant. Although
a ⇤-perfect ßuid is similar to a CC, the non-vanishing
entropy per particle indicates that underlying degrees of
freedom are present. Moreover, the St¬uckelberg Þelds
satisfy non-trivial equations of motion in order to keep
b Y constant.
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which is again invariant under the Lifshitz scaling (11).
Similar media where studied in a cosmological setting in
[23, 26] and also in the contest of spherically symmetric
solutions in massive gravity [27, 28].
Isentropic special super solids, described byU(wn ), are
invariant under (13) and [8]

$0 # $0 + f ($0) . (15)

Remarkably, a proposal for a UV completion for isen-
tropic special super solids involving at LO the scalar op-
erators w1 and w2 was put forward in [29], where the
temporal St¬uckelberg $0 is embedded into the khrono-
metric model and the spatial St¬uckelberg$j are coupled
to a triplet of Higgs vector Þelds.
The symmetry (15) forbids the operator X in U!

SS and
we conclude that" -isentropic special super solids are de-
scribed by
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Finally, perfect ßuids are protected by the symmetries
(6) and (7); their Lagrangian is of the form U(Y, b).
" -perfect ßuids with p + " = 0 have the following La-
grangian [8]
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P F = U(Y b) (17)

which is protected by the enhanced symmetry
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!&%A / &$B

!
! = 1 . (18)

The " -perfect ßuid EMT simply reads Tµ! = p gµ! whose
conservation leads directly to " =constant. Although
a " -perfect ßuid is similar to a CC, the non-vanishing
entropy per particle indicates that underlying degrees of
freedom are present. Moreover, the St¬uckelberg Þelds
satisfy non-trivial equations of motion in order to keep
b Y constant.
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media

¥ solids, characterised byU(Y,' n )

¥ special super solids, characterised byU(X, w n )

¥ perfect ßuids, characterised byU(Y, b).

Solids are selected by the invariance under the internal
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which reduces the original dependence ofU from the orig-
inal four operators down to the following three special
combinations

U!
S = U

#
Y ' 3/ 2

1 ,
' 2

' 2
1

,
' 3

' 3
1

$
(10)

invariant under the Lifshitz scaling [16, 23, 24]
%

$0 # ) ! 3 $0

$ j # ) $ j . (11)

An interesting subcase is the isentropic solid with an
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SS and
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Finally, perfect ßuids are protected by the symmetries
(6) and (7); their Lagrangian is of the form U(Y, b).
" -perfect ßuids with p + " = 0 have the following La-
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which is protected by the enhanced symmetry
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The " -perfect ßuid EMT simply reads Tµ! = p gµ! whose
conservation leads directly to " =constant. Although
a " -perfect ßuid is similar to a CC, the non-vanishing
entropy per particle indicates that underlying degrees of
freedom are present. Moreover, the St¬uckelberg Þelds
satisfy non-trivial equations of motion in order to keep
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Similar media where studied in a cosmological setting in
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tropic special super solids involving at LO the scalar op-
erators w1 and w2 was put forward in [29], where the
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(6) and (7); their Lagrangian is of the form U(Y, b).
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conservation leads directly to " =constant. Although
a " -perfect ßuid is similar to a CC, the non-vanishing
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expressions in Table I; we have
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which is again invariant under the Lifshitz scaling (11).
Similar media where studied in a cosmological setting in
[23, 26] and also in the contest of spherically symmetric
solutions in massive gravity [27, 28].
Isentropic special super solids, described byU(wn ), are
invariant under (13) and [8]

$0 # $0 + f ($0) . (15)

Remarkably, a proposal for a UV completion for isen-
tropic special super solids involving at LO the scalar op-
erators w1 and w2 was put forward in [29], where the
temporal St¬uckelberg $0 is embedded into the khrono-
metric model and the spatial St¬uckelberg$j are coupled
to a triplet of Higgs vector Þelds.
The symmetry (15) forbids the operator X in U!

SS and
we conclude that" -isentropic special super solids are de-
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Finally, perfect ßuids are protected by the symmetries
(6) and (7); their Lagrangian is of the form U(Y, b).
" -perfect ßuids with p + " = 0 have the following La-
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The " -perfect ßuid EMT simply reads Tµ! = p gµ! whose
conservation leads directly to " =constant. Although
a " -perfect ßuid is similar to a CC, the non-vanishing
entropy per particle indicates that underlying degrees of
freedom are present. Moreover, the St¬uckelberg Þelds
satisfy non-trivial equations of motion in order to keep
b Y constant.
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THERMODYNAMICS OF ! -MEDIA

From the action (3), the energy momentum tensor
(EMT) for the most generic media has the following
structure

Tµ! = !
2

"
! g

! S
! gµ ! = p hµ! +" uµ u! +2q(µ u! ) +#µ! (5)

where " = uµ u! Tµ ! , p = hµ! Tµ ! / 3, qµ satisfies uµ qµ = 0
and #µ

µ = uµ #µ ! = 0.
Depending on the internal symmetries, we can select
some special combinations of the operators appearing
in the Lagrangian, corresponding to particular classes of
media. For instance, fluids and super fluids U(X, Y, b)
are protected by the invariance under volume preserving
di! eomorphisms

$a # %a($b) , det
!
!&%a/ &$b

!
! = 1 . (6)

Since for " -media w = ! 1, the condition p(U) = ! " (U)
at the non-perturbative level is equivalent to a di! erential
equation for U, which can be solved in terms of the basic
operators considered as independent variables.
Let us describe this procedure for the following classes of
media

¥ solids, characterised by U(Y,' n )

¥ special super solids, characterised by U(X, w n )

¥ perfect fluids, characterised by U(Y, b).

Solids are selected by the invariance under the internal
symmetry [8, 22]

$0 # $0 + f ($j ) (7)

and the thermodynamical dictionary is given in Table I.
The entropy per particle ( = s/n is constant in time

(̇ = uµ &µ ( = 0 . (8)

From the non-perturbative expression for p and " in Ta-
ble I, imposing w = ! 1 gives
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3
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m =1

m ' m U" m = 0 , (9)

which reduces the original dependence of U from the orig-
inal four operators down to the following three special
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1
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invariant under the Lifshitz scaling [16, 23, 24]
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An interesting subcase is the isentropic solid with an
entropy per particle constant in spacetime, described
by U(' n ) (where only the spatial Stückelberg $j are
present) and are characterised by s = 0. In particular,
" -isentropic solids are described by

U!
IS = U

#
' 2

' 2
1

,
' 3

' 3
1

$
. (12)

Special super solids U(X, w n ) are selected by the invari-
ance under the internal symmetry [8, 9, 22, 25]

$j # $j + f j ($0) . (13)

" -special super solids are obtained imposing p = ! " for
expressions in Table I; we have

U!
SS = U

#
Xw 3

1,
w2

w2
1

,
w3

w3
1

$
, (14)

which is again invariant under the Lifshitz scaling (11).
Similar media where studied in a cosmological setting in
[23, 26] and also in the contest of spherically symmetric
solutions in massive gravity [27, 28].
Isentropic special super solids, described by U(wn ), are
invariant under (13) and [8]

$0 # $0 + f ($0) . (15)

Remarkably, a proposal for a UV completion for isen-
tropic special super solids involving at LO the scalar op-
erators w1 and w2 was put forward in [29], where the
temporal Stückelberg $0 is embedded into the khrono-
metric model and the spatial Stückelberg $j are coupled
to a triplet of Higgs vector fields.
The symmetry (15) forbids the operator X in U!

SS and
we conclude that " -isentropic special super solids are de-
scribed by

U!
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,
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Finally, perfect fluids are protected by the symmetries
(6) and (7); their Lagrangian is of the form U(Y, b).
" -perfect fluids with p + " = 0 have the following La-
grangian [8]

U!
P F = U(Y b) (17)

which is protected by the enhanced symmetry

$A # %A ($B ) , det
!
!&%A / &$B

!
! = 1 . (18)

The " -perfect fluid EMT simply reads Tµ! = p gµ! whose
conservation leads directly to " =constant. Although
a " -perfect fluid is similar to a CC, the non-vanishing
entropy per particle indicates that underlying degrees of
freedom are present. Moreover, the Stückelberg fields
satisfy non-trivial equations of motion in order to keep
b Y constant.
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THERMODYNAMICS OF ! -MEDIA

From the action (3), the energy momentum tensor
(EMT) for the most generic media has the following
structure

Tµ⌫ = �
2

p
�g

�S
�gµ⌫

= p hµ⌫ + ⇢ uµu⌫ +2 q(µu⌫)+ ⇡µ⌫ (5)

where ⇢ = uµu⌫Tµ⌫ , p = hµ⌫Tµ⌫ / 3, qµ satisÞesuµqµ = 0
and ⇡µ

µ
= uµ⇡µ⌫ = 0.

Depending on the internal symmetries, we can select
some special combinations of the operators appearing
in the Lagrangian, corresponding to particular classes of
media. For instance, ßuids and super ßuidsU(X, Y, b)
are protected by the invariance under volume preserving
di↵eomorphisms

'a
!  a('b) , det

��@ a/ @'b
�� = 1 . (6)

Since for⇤-media w = �1, the condition p(U) = �⇢(U)
at the non-perturbative level is equivalent to a di↵erential
equation for U, which can be solved in terms of the basic
operators considered as independent variables.
Let us describe this procedure for the following classes of
media

• solids, characterised byU(Y,⌧n)

• special super solids, characterised byU(X, w n)

• perfect ßuids, characterised byU(Y, b).

Solids are selected by the invariance under the internal
symmetry [8, 22]

'0
! '0 + f ('j) (7)

and the thermodynamical dictionary is given in Table I.
The entropy per particle � = s/n is constant in time

ú� = uµ@µ� = 0 . (8)

From the non-perturbative expression forp and ⇢ in Ta-
ble I, imposing w = �1 gives
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which reduces the original dependence ofU from the orig-
inal four operators down to the following three special
combinations
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invariant under the Lifshitz scaling [16, 23, 24]
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An interesting subcase is the isentropic solid with an
entropy per particle constant in spacetime, described
by U(⌧n) (where only the spatial St¬uckelberg 'j are
present) and are characterised bys = 0. In particular,
⇤-isentropic solids are described by

U⇤
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Special super solidsU(X, w n) are selected by the invari-
ance under the internal symmetry [8, 9, 22, 25]
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⇤-special super solids are obtained imposingp = �⇢ for
expressions in Table I; we have
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which is again invariant under the Lifshitz scaling (11).
Similar media where studied in a cosmological setting in
[23, 26] and also in the contest of spherically symmetric
solutions in massive gravity [27, 28].
Isentropic special super solids, described byU(wn), are
invariant under (13) and [8]

'0
! '0 + f ('0) . (15)

Remarkably, a proposal for a UV completion for isen-
tropic special super solids involving at LO the scalar op-
erators w1 and w2 was put forward in [29], where the
temporal St¬uckelberg'0 is embedded into the khrono-
metric model and the spatial St¬uckelberg'j are coupled
to a triplet of Higgs vector Þelds.
The symmetry (15) forbids the operator X in U⇤
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Finally, perfect ßuids are protected by the symmetries
(6) and (7); their Lagrangian is of the form U(Y, b).
⇤-perfect ßuids with p + ⇢ = 0 have the following La-
grangian [8]

U⇤
PF

= U(Y b) (17)

which is protected by the enhanced symmetry
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The ⇤-perfect ßuid EMT simply reads Tµ⌫ = p gµ⌫ whose
conservation leads directly to ⇢ =constant. Although
a ⇤-perfect ßuid is similar to a CC, the non-vanishing
entropy per particle indicates that underlying degrees of
freedom are present. Moreover, the St¬uckelberg Þelds
satisfy non-trivial equations of motion in order to keep
b Y constant.

2

THERMODYNAMICS OF ! -MEDIA

From the action (3), the energy momentum tensor
(EMT) for the most generic media has the following
structure

Tµ! = !
2

"
! g

! S
! gµ ! = p hµ! + " uµ u! +2 q(µ u! ) + #µ ! (5)

where " = uµ u! Tµ ! , p = hµ! Tµ ! / 3, qµ satisÞesuµ qµ = 0
and #µ

µ = uµ #µ ! = 0.
Depending on the internal symmetries, we can select
some special combinations of the operators appearing
in the Lagrangian, corresponding to particular classes of
media. For instance, ßuids and super ßuidsU(X, Y, b)
are protected by the invariance under volume preserving
di! eomorphisms

$a # %a($b) , det
!
!&%a/ &$b

!
! = 1 . (6)

Since for " -media w = ! 1, the condition p(U) = ! " (U)
at the non-perturbative level is equivalent to a di! erential
equation for U, which can be solved in terms of the basic
operators considered as independent variables.
Let us describe this procedure for the following classes of
media

¥ solids, characterised byU(Y,' n )

¥ special super solids, characterised byU(X, w n )

¥ perfect ßuids, characterised byU(Y, b).

Solids are selected by the invariance under the internal
symmetry [8, 22]

$0 # $0 + f ($ j ) (7)

and the thermodynamical dictionary is given in Table I.
The entropy per particle ( = s/n is constant in time

ú( = uµ &µ ( = 0 . (8)

From the non-perturbative expression forp and " in Ta-
ble I, imposing w = ! 1 gives

Y UY !
2
3

3"

m =1

m ' m U" m = 0 , (9)

which reduces the original dependence ofU from the orig-
inal four operators down to the following three special
combinations

U!
S = U

#
Y ' 3/ 2

1 ,
' 2

' 2
1

,
' 3

' 3
1

$
(10)

invariant under the Lifshitz scaling [16, 23, 24]
%

$0 # ) ! 3 $0

$ j # ) $ j . (11)

An interesting subcase is the isentropic solid with an
entropy per particle constant in spacetime, described
by U(' n ) (where only the spatial St¬uckelberg $j are
present) and are characterised bys = 0. In particular,
" -isentropic solids are described by

U!
IS = U

#
' 2

' 2
1

,
' 3

' 3
1

$
. (12)

Special super solidsU(X, w n ) are selected by the invari-
ance under the internal symmetry [8, 9, 22, 25]

$ j # $ j + f j ($0) . (13)

" -special super solids are obtained imposingp = ! " for
expressions in Table I; we have

U!
SS = U

#
Xw 3

1,
w2

w2
1

,
w3

w3
1

$
, (14)

which is again invariant under the Lifshitz scaling (11).
Similar media where studied in a cosmological setting in
[23, 26] and also in the contest of spherically symmetric
solutions in massive gravity [27, 28].
Isentropic special super solids, described byU(wn ), are
invariant under (13) and [8]

$0 # $0 + f ($0) . (15)

Remarkably, a proposal for a UV completion for isen-
tropic special super solids involving at LO the scalar op-
erators w1 and w2 was put forward in [29], where the
temporal St¬uckelberg $0 is embedded into the khrono-
metric model and the spatial St¬uckelberg$j are coupled
to a triplet of Higgs vector Þelds.
The symmetry (15) forbids the operator X in U!

SS and
we conclude that" -isentropic special super solids are de-
scribed by

U!
ISS = U

#
w2

w2
1

,
w3

w3
1

$
. (16)

Finally, perfect ßuids are protected by the symmetries
(6) and (7); their Lagrangian is of the form U(Y, b).
" -perfect ßuids with p + " = 0 have the following La-
grangian [8]

U!
P F = U(Y b) (17)

which is protected by the enhanced symmetry

$A # %A ($B ) , det
!
!&%A / &$B

!
! = 1 . (18)

The " -perfect ßuid EMT simply reads Tµ! = p gµ! whose
conservation leads directly to " =constant. Although
a " -perfect ßuid is similar to a CC, the non-vanishing
entropy per particle indicates that underlying degrees of
freedom are present. Moreover, the St¬uckelberg Þelds
satisfy non-trivial equations of motion in order to keep
b Y constant.

2

THERMODYNAMICS OF ! -MEDIA

From the action (3), the energy momentum tensor
(EMT) for the most generic media has the following
structure

Tµ! = !
2

"
! g

! S
! gµ ! = p hµ! + " uµ u! +2 q(µ u! ) + #µ ! (5)

where " = uµ u! Tµ ! , p = hµ! Tµ ! / 3, qµ satisÞesuµ qµ = 0
and #µ

µ = uµ #µ ! = 0.
Depending on the internal symmetries, we can select
some special combinations of the operators appearing
in the Lagrangian, corresponding to particular classes of
media. For instance, ßuids and super ßuidsU(X, Y, b)
are protected by the invariance under volume preserving
di! eomorphisms

$a # %a($b) , det
!
!&%a/ &$b

!
! = 1 . (6)

Since for " -media w = ! 1, the condition p(U) = ! " (U)
at the non-perturbative level is equivalent to a di! erential
equation for U, which can be solved in terms of the basic
operators considered as independent variables.
Let us describe this procedure for the following classes of
media

¥ solids, characterised byU(Y,' n )

¥ special super solids, characterised byU(X, w n )

¥ perfect ßuids, characterised byU(Y, b).

Solids are selected by the invariance under the internal
symmetry [8, 22]

$0 # $0 + f ($ j ) (7)

and the thermodynamical dictionary is given in Table I.
The entropy per particle ( = s/n is constant in time

ú( = uµ &µ ( = 0 . (8)

From the non-perturbative expression forp and " in Ta-
ble I, imposing w = ! 1 gives

Y UY !
2
3

3"

m =1

m ' m U" m = 0 , (9)

which reduces the original dependence ofU from the orig-
inal four operators down to the following three special
combinations

U!
S = U

#
Y ' 3/ 2

1 ,
' 2

' 2
1

,
' 3

' 3
1

$
(10)

invariant under the Lifshitz scaling [16, 23, 24]
%

$0 # ) ! 3 $0

$ j # ) $ j . (11)

An interesting subcase is the isentropic solid with an
entropy per particle constant in spacetime, described
by U(' n ) (where only the spatial St¬uckelberg $j are
present) and are characterised bys = 0. In particular,
" -isentropic solids are described by

U!
IS = U

#
' 2

' 2
1

,
' 3

' 3
1

$
. (12)

Special super solidsU(X, w n ) are selected by the invari-
ance under the internal symmetry [8, 9, 22, 25]

$ j # $ j + f j ($0) . (13)

" -special super solids are obtained imposingp = ! " for
expressions in Table I; we have

U!
SS = U

#
Xw 3

1,
w2

w2
1

,
w3

w3
1

$
, (14)

which is again invariant under the Lifshitz scaling (11).
Similar media where studied in a cosmological setting in
[23, 26] and also in the contest of spherically symmetric
solutions in massive gravity [27, 28].
Isentropic special super solids, described byU(wn ), are
invariant under (13) and [8]

$0 # $0 + f ($0) . (15)

Remarkably, a proposal for a UV completion for isen-
tropic special super solids involving at LO the scalar op-
erators w1 and w2 was put forward in [29], where the
temporal St¬uckelberg $0 is embedded into the khrono-
metric model and the spatial St¬uckelberg$j are coupled
to a triplet of Higgs vector Þelds.
The symmetry (15) forbids the operator X in U!

SS and
we conclude that" -isentropic special super solids are de-
scribed by

U!
ISS = U

#
w2

w2
1

,
w3

w3
1

$
. (16)

Finally, perfect ßuids are protected by the symmetries
(6) and (7); their Lagrangian is of the form U(Y, b).
" -perfect ßuids with p + " = 0 have the following La-
grangian [8]

U!
P F = U(Y b) (17)

which is protected by the enhanced symmetry

$A # %A ($B ) , det
!
!&%A / &$B

!
! = 1 . (18)

The " -perfect ßuid EMT simply reads Tµ! = p gµ! whose
conservation leads directly to " =constant. Although
a " -perfect ßuid is similar to a CC, the non-vanishing
entropy per particle indicates that underlying degrees of
freedom are present. Moreover, the St¬uckelberg Þelds
satisfy non-trivial equations of motion in order to keep
b Y constant.

Special Super Solids

2

THERMODYNAMICS OF ! -MEDIA

From the action (3), the energy momentum tensor
(EMT) for the most generic media has the following
structure

Tµ! = !
2

"
! g

! S
! gµ ! = p hµ! + " uµ u! +2 q(µ u! ) + #µ ! (5)

where " = uµ u! Tµ ! , p = hµ! Tµ ! / 3, qµ satisÞesuµ qµ = 0
and #µ

µ = uµ #µ ! = 0.
Depending on the internal symmetries, we can select
some special combinations of the operators appearing
in the Lagrangian, corresponding to particular classes of
media. For instance, ßuids and super ßuidsU(X, Y, b)
are protected by the invariance under volume preserving
di! eomorphisms

$a # %a($b) , det
!
!&%a/ &$b

!
! = 1 . (6)

Since for " -media w = ! 1, the condition p(U) = ! " (U)
at the non-perturbative level is equivalent to a di! erential
equation for U, which can be solved in terms of the basic
operators considered as independent variables.
Let us describe this procedure for the following classes of
media

¥ solids, characterised byU(Y,' n )

¥ special super solids, characterised byU(X, w n )

¥ perfect ßuids, characterised byU(Y, b).

Solids are selected by the invariance under the internal
symmetry [8, 22]

$0 # $0 + f ($ j ) (7)

and the thermodynamical dictionary is given in Table I.
The entropy per particle ( = s/n is constant in time

ú( = uµ &µ ( = 0 . (8)

From the non-perturbative expression forp and " in Ta-
ble I, imposing w = ! 1 gives

Y UY !
2
3

3"

m =1

m ' m U" m = 0 , (9)

which reduces the original dependence ofU from the orig-
inal four operators down to the following three special
combinations

U!
S = U

#
Y ' 3/ 2

1 ,
' 2

' 2
1

,
' 3

' 3
1

$
(10)

invariant under the Lifshitz scaling [16, 23, 24]
%

$0 # ) ! 3 $0

$ j # ) $ j . (11)

An interesting subcase is the isentropic solid with an
entropy per particle constant in spacetime, described
by U(' n ) (where only the spatial St¬uckelberg $j are
present) and are characterised bys = 0. In particular,
" -isentropic solids are described by

U!
IS = U

#
' 2

' 2
1

,
' 3

' 3
1

$
. (12)

Special super solidsU(X, w n ) are selected by the invari-
ance under the internal symmetry [8, 9, 22, 25]

$ j # $ j + f j ($0) . (13)

" -special super solids are obtained imposingp = ! " for
expressions in Table I; we have

U!
SS = U

#
Xw 3

1,
w2

w2
1

,
w3

w3
1

$
, (14)

which is again invariant under the Lifshitz scaling (11).
Similar media where studied in a cosmological setting in
[23, 26] and also in the contest of spherically symmetric
solutions in massive gravity [27, 28].
Isentropic special super solids, described byU(wn ), are
invariant under (13) and [8]

$0 # $0 + f ($0) . (15)

Remarkably, a proposal for a UV completion for isen-
tropic special super solids involving at LO the scalar op-
erators w1 and w2 was put forward in [29], where the
temporal St¬uckelberg $0 is embedded into the khrono-
metric model and the spatial St¬uckelberg$j are coupled
to a triplet of Higgs vector Þelds.
The symmetry (15) forbids the operator X in U!

SS and
we conclude that" -isentropic special super solids are de-
scribed by

U!
ISS = U

#
w2

w2
1

,
w3

w3
1

$
. (16)

Finally, perfect ßuids are protected by the symmetries
(6) and (7); their Lagrangian is of the form U(Y, b).
" -perfect ßuids with p + " = 0 have the following La-
grangian [8]

U!
P F = U(Y b) (17)

which is protected by the enhanced symmetry

$A # %A ($B ) , det
!
!&%A / &$B

!
! = 1 . (18)

The " -perfect ßuid EMT simply reads Tµ! = p gµ! whose
conservation leads directly to " =constant. Although
a " -perfect ßuid is similar to a CC, the non-vanishing
entropy per particle indicates that underlying degrees of
freedom are present. Moreover, the St¬uckelberg Þelds
satisfy non-trivial equations of motion in order to keep
b Y constant.

2

THERMODYNAMICS OF ! -MEDIA

From the action (3), the energy momentum tensor
(EMT) for the most generic media has the following
structure

Tµ! = !
2

"
! g

! S
! gµ ! = p hµ! + " uµ u! +2 q(µ u! ) + #µ ! (5)

where " = uµ u! Tµ ! , p = hµ! Tµ ! / 3, qµ satisÞesuµ qµ = 0
and #µ

µ = uµ #µ ! = 0.
Depending on the internal symmetries, we can select
some special combinations of the operators appearing
in the Lagrangian, corresponding to particular classes of
media. For instance, ßuids and super ßuidsU(X, Y, b)
are protected by the invariance under volume preserving
di! eomorphisms

$a # %a($b) , det
!
!&%a/ &$b

!
! = 1 . (6)

Since for " -media w = ! 1, the condition p(U) = ! " (U)
at the non-perturbative level is equivalent to a di! erential
equation for U, which can be solved in terms of the basic
operators considered as independent variables.
Let us describe this procedure for the following classes of
media

¥ solids, characterised byU(Y,' n )

¥ special super solids, characterised byU(X, w n )

¥ perfect ßuids, characterised byU(Y, b).

Solids are selected by the invariance under the internal
symmetry [8, 22]

$0 # $0 + f ($ j ) (7)

and the thermodynamical dictionary is given in Table I.
The entropy per particle ( = s/n is constant in time

ú( = uµ &µ ( = 0 . (8)

From the non-perturbative expression forp and " in Ta-
ble I, imposing w = ! 1 gives

Y UY !
2
3

3"

m =1

m ' m U" m = 0 , (9)

which reduces the original dependence ofU from the orig-
inal four operators down to the following three special
combinations

U!
S = U

#
Y ' 3/ 2

1 ,
' 2

' 2
1

,
' 3

' 3
1

$
(10)

invariant under the Lifshitz scaling [16, 23, 24]
%

$0 # ) ! 3 $0

$ j # ) $ j . (11)

An interesting subcase is the isentropic solid with an
entropy per particle constant in spacetime, described
by U(' n ) (where only the spatial St¬uckelberg $j are
present) and are characterised bys = 0. In particular,
" -isentropic solids are described by

U!
IS = U

#
' 2

' 2
1

,
' 3

' 3
1

$
. (12)

Special super solidsU(X, w n ) are selected by the invari-
ance under the internal symmetry [8, 9, 22, 25]

$ j # $ j + f j ($0) . (13)

" -special super solids are obtained imposingp = ! " for
expressions in Table I; we have

U!
SS = U

#
Xw 3

1,
w2

w2
1

,
w3

w3
1

$
, (14)

which is again invariant under the Lifshitz scaling (11).
Similar media where studied in a cosmological setting in
[23, 26] and also in the contest of spherically symmetric
solutions in massive gravity [27, 28].
Isentropic special super solids, described byU(wn ), are
invariant under (13) and [8]

$0 # $0 + f ($0) . (15)

Remarkably, a proposal for a UV completion for isen-
tropic special super solids involving at LO the scalar op-
erators w1 and w2 was put forward in [29], where the
temporal St¬uckelberg $0 is embedded into the khrono-
metric model and the spatial St¬uckelberg$j are coupled
to a triplet of Higgs vector Þelds.
The symmetry (15) forbids the operator X in U!

SS and
we conclude that" -isentropic special super solids are de-
scribed by

U!
ISS = U

#
w2

w2
1

,
w3

w3
1

$
. (16)

Finally, perfect ßuids are protected by the symmetries
(6) and (7); their Lagrangian is of the form U(Y, b).
" -perfect ßuids with p + " = 0 have the following La-
grangian [8]

U!
P F = U(Y b) (17)

which is protected by the enhanced symmetry

$A # %A ($B ) , det
!
!&%A / &$B

!
! = 1 . (18)

The " -perfect ßuid EMT simply reads Tµ! = p gµ! whose
conservation leads directly to " =constant. Although
a " -perfect ßuid is similar to a CC, the non-vanishing
entropy per particle indicates that underlying degrees of
freedom are present. Moreover, the St¬uckelberg Þelds
satisfy non-trivial equations of motion in order to keep
b Y constant.

2

THERMODYNAMICS OF ! -MEDIA

From the action (3), the energy momentum tensor
(EMT) for the most generic media has the following
structure

Tµ! = !
2

"
! g

! S
! gµ ! = p hµ! + " uµ u! +2 q(µ u! ) + #µ ! (5)

where " = uµ u! Tµ ! , p = hµ! Tµ ! / 3, qµ satisÞesuµ qµ = 0
and #µ

µ = uµ #µ ! = 0.
Depending on the internal symmetries, we can select
some special combinations of the operators appearing
in the Lagrangian, corresponding to particular classes of
media. For instance, ßuids and super ßuidsU(X, Y, b)
are protected by the invariance under volume preserving
di! eomorphisms

$a # %a($b) , det
!
!&%a/ &$b

!
! = 1 . (6)

Since for " -media w = ! 1, the condition p(U) = ! " (U)
at the non-perturbative level is equivalent to a di! erential
equation for U, which can be solved in terms of the basic
operators considered as independent variables.
Let us describe this procedure for the following classes of
media

¥ solids, characterised byU(Y,' n )

¥ special super solids, characterised byU(X, w n )

¥ perfect ßuids, characterised byU(Y, b).

Solids are selected by the invariance under the internal
symmetry [8, 22]

$0 # $0 + f ($ j ) (7)

and the thermodynamical dictionary is given in Table I.
The entropy per particle ( = s/n is constant in time

ú( = uµ &µ ( = 0 . (8)

From the non-perturbative expression forp and " in Ta-
ble I, imposing w = ! 1 gives

Y UY !
2
3

3"

m =1

m ' m U" m = 0 , (9)

which reduces the original dependence ofU from the orig-
inal four operators down to the following three special
combinations

U!
S = U

#
Y ' 3/ 2

1 ,
' 2

' 2
1

,
' 3

' 3
1

$
(10)

invariant under the Lifshitz scaling [16, 23, 24]
%

$0 # ) ! 3 $0

$ j # ) $ j . (11)

An interesting subcase is the isentropic solid with an
entropy per particle constant in spacetime, described
by U(' n ) (where only the spatial St¬uckelberg $j are
present) and are characterised bys = 0. In particular,
" -isentropic solids are described by

U!
IS = U

#
' 2

' 2
1

,
' 3

' 3
1

$
. (12)

Special super solidsU(X, w n ) are selected by the invari-
ance under the internal symmetry [8, 9, 22, 25]

$ j # $ j + f j ($0) . (13)

" -special super solids are obtained imposingp = ! " for
expressions in Table I; we have

U!
SS = U

#
Xw 3

1,
w2

w2
1

,
w3

w3
1

$
, (14)

which is again invariant under the Lifshitz scaling (11).
Similar media where studied in a cosmological setting in
[23, 26] and also in the contest of spherically symmetric
solutions in massive gravity [27, 28].
Isentropic special super solids, described byU(wn ), are
invariant under (13) and [8]

$0 # $0 + f ($0) . (15)

Remarkably, a proposal for a UV completion for isen-
tropic special super solids involving at LO the scalar op-
erators w1 and w2 was put forward in [29], where the
temporal St¬uckelberg $0 is embedded into the khrono-
metric model and the spatial St¬uckelberg$j are coupled
to a triplet of Higgs vector Þelds.
The symmetry (15) forbids the operator X in U!

SS and
we conclude that" -isentropic special super solids are de-
scribed by

U!
ISS = U

#
w2

w2
1

,
w3

w3
1

$
. (16)

Finally, perfect ßuids are protected by the symmetries
(6) and (7); their Lagrangian is of the form U(Y, b).
" -perfect ßuids with p + " = 0 have the following La-
grangian [8]

U!
P F = U(Y b) (17)

which is protected by the enhanced symmetry

$A # %A ($B ) , det
!
!&%A / &$B

!
! = 1 . (18)

The " -perfect ßuid EMT simply reads Tµ! = p gµ! whose
conservation leads directly to " =constant. Although
a " -perfect ßuid is similar to a CC, the non-vanishing
entropy per particle indicates that underlying degrees of
freedom are present. Moreover, the St¬uckelberg Þelds
satisfy non-trivial equations of motion in order to keep
b Y constant.



CC:   
constant, no perturbation

2

THERMODYNAMICS OF ! -MEDIA

From the action (3), the energy momentum tensor
(EMT) for the most generic media has the following
structure

Tµ! = !
2

"
! g

! S
! gµ ! = p hµ! + " uµ u! +2 q(µ u! ) + #µ ! (5)

where " = uµ u! Tµ ! , p = hµ! Tµ ! / 3, qµ satisÞesuµ qµ = 0
and #µ

µ = uµ #µ ! = 0.
Depending on the internal symmetries, we can select
some special combinations of the operators appearing
in the Lagrangian, corresponding to particular classes of
media. For instance, ßuids and super ßuidsU(X, Y, b)
are protected by the invariance under volume preserving
di! eomorphisms

$a # %a($b) , det
!
!&%a/ &$b

!
! = 1 . (6)

Since for " -media w = ! 1, the condition p(U) = ! " (U)
at the non-perturbative level is equivalent to a di! erential
equation for U, which can be solved in terms of the basic
operators considered as independent variables.
Let us describe this procedure for the following classes of
media

¥ solids, characterised byU(Y,' n )

¥ special super solids, characterised byU(X, w n )

¥ perfect ßuids, characterised byU(Y, b).

Solids are selected by the invariance under the internal
symmetry [8, 22]

$0 # $0 + f ($ j ) (7)

and the thermodynamical dictionary is given in Table I.
The entropy per particle ( = s/n is constant in time

ú( = uµ &µ ( = 0 . (8)

From the non-perturbative expression forp and " in Ta-
ble I, imposing w = ! 1 gives

Y UY !
2
3

3"

m =1

m ' m U" m = 0 , (9)

which reduces the original dependence ofU from the orig-
inal four operators down to the following three special
combinations

U!
S = U

#
Y ' 3/ 2

1 ,
' 2

' 2
1

,
' 3

' 3
1

$
(10)

invariant under the Lifshitz scaling [16, 23, 24]
%

$0 # ) ! 3 $0

$ j # ) $ j . (11)

An interesting subcase is the isentropic solid with an
entropy per particle constant in spacetime, described
by U(' n ) (where only the spatial St¬uckelberg $j are
present) and are characterised bys = 0. In particular,
" -isentropic solids are described by

U!
IS = U

#
' 2

' 2
1

,
' 3

' 3
1

$
. (12)

Special super solidsU(X, w n ) are selected by the invari-
ance under the internal symmetry [8, 9, 22, 25]

$ j # $ j + f j ($0) . (13)

" -special super solids are obtained imposingp = ! " for
expressions in Table I; we have

U!
SS = U

#
Xw 3

1,
w2

w2
1

,
w3

w3
1

$
, (14)

which is again invariant under the Lifshitz scaling (11).
Similar media where studied in a cosmological setting in
[23, 26] and also in the contest of spherically symmetric
solutions in massive gravity [27, 28].
Isentropic special super solids, described byU(wn ), are
invariant under (13) and [8]

$0 # $0 + f ($0) . (15)

Remarkably, a proposal for a UV completion for isen-
tropic special super solids involving at LO the scalar op-
erators w1 and w2 was put forward in [29], where the
temporal St¬uckelberg $0 is embedded into the khrono-
metric model and the spatial St¬uckelberg$j are coupled
to a triplet of Higgs vector Þelds.
The symmetry (15) forbids the operator X in U!

SS and
we conclude that" -isentropic special super solids are de-
scribed by

U!
ISS = U

#
w2

w2
1

,
w3

w3
1

$
. (16)

Finally, perfect ßuids are protected by the symmetries
(6) and (7); their Lagrangian is of the form U(Y, b).
" -perfect ßuids with p + " = 0 have the following La-
grangian [8]

U!
P F = U(Y b) (17)

which is protected by the enhanced symmetry

$A # %A ($B ) , det
!
!&%A / &$B

!
! = 1 . (18)

The " -perfect ßuid EMT simply reads Tµ! = p gµ! whose
conservation leads directly to " =constant. Although
a " -perfect ßuid is similar to a CC, the non-vanishing
entropy per particle indicates that underlying degrees of
freedom are present. Moreover, the St¬uckelberg Þelds
satisfy non-trivial equations of motion in order to keep
b Y constant.

and p 

matter perturbation also absent during CC perturbation



CC:   
constant, no perturbation

2

THERMODYNAMICS OF ! -MEDIA

From the action (3), the energy momentum tensor
(EMT) for the most generic media has the following
structure

Tµ! = !
2

"
! g

! S
! gµ ! = p hµ! + " uµ u! +2 q(µ u! ) + #µ ! (5)

where " = uµ u! Tµ ! , p = hµ! Tµ ! / 3, qµ satisÞesuµ qµ = 0
and #µ

µ = uµ #µ ! = 0.
Depending on the internal symmetries, we can select
some special combinations of the operators appearing
in the Lagrangian, corresponding to particular classes of
media. For instance, ßuids and super ßuidsU(X, Y, b)
are protected by the invariance under volume preserving
di! eomorphisms

$a # %a($b) , det
!
!&%a/ &$b

!
! = 1 . (6)

Since for " -media w = ! 1, the condition p(U) = ! " (U)
at the non-perturbative level is equivalent to a di! erential
equation for U, which can be solved in terms of the basic
operators considered as independent variables.
Let us describe this procedure for the following classes of
media

¥ solids, characterised byU(Y,' n )

¥ special super solids, characterised byU(X, w n )

¥ perfect ßuids, characterised byU(Y, b).

Solids are selected by the invariance under the internal
symmetry [8, 22]

$0 # $0 + f ($ j ) (7)

and the thermodynamical dictionary is given in Table I.
The entropy per particle ( = s/n is constant in time

ú( = uµ &µ ( = 0 . (8)

From the non-perturbative expression forp and " in Ta-
ble I, imposing w = ! 1 gives

Y UY !
2
3

3"

m =1

m ' m U" m = 0 , (9)

which reduces the original dependence ofU from the orig-
inal four operators down to the following three special
combinations

U!
S = U

#
Y ' 3/ 2

1 ,
' 2

' 2
1

,
' 3

' 3
1

$
(10)

invariant under the Lifshitz scaling [16, 23, 24]
%

$0 # ) ! 3 $0

$ j # ) $ j . (11)

An interesting subcase is the isentropic solid with an
entropy per particle constant in spacetime, described
by U(' n ) (where only the spatial St¬uckelberg $j are
present) and are characterised bys = 0. In particular,
" -isentropic solids are described by

U!
IS = U

#
' 2

' 2
1

,
' 3

' 3
1

$
. (12)

Special super solidsU(X, w n ) are selected by the invari-
ance under the internal symmetry [8, 9, 22, 25]

$ j # $ j + f j ($0) . (13)

" -special super solids are obtained imposingp = ! " for
expressions in Table I; we have

U!
SS = U

#
Xw 3

1,
w2

w2
1

,
w3

w3
1

$
, (14)

which is again invariant under the Lifshitz scaling (11).
Similar media where studied in a cosmological setting in
[23, 26] and also in the contest of spherically symmetric
solutions in massive gravity [27, 28].
Isentropic special super solids, described byU(wn ), are
invariant under (13) and [8]

$0 # $0 + f ($0) . (15)

Remarkably, a proposal for a UV completion for isen-
tropic special super solids involving at LO the scalar op-
erators w1 and w2 was put forward in [29], where the
temporal St¬uckelberg $0 is embedded into the khrono-
metric model and the spatial St¬uckelberg$j are coupled
to a triplet of Higgs vector Þelds.
The symmetry (15) forbids the operator X in U!

SS and
we conclude that" -isentropic special super solids are de-
scribed by

U!
ISS = U

#
w2

w2
1

,
w3

w3
1

$
. (16)
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entropy per particle indicates that underlying degrees of
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freedom are present. Moreover, the St¬uckelberg Þelds
satisfy non-trivial equations of motion in order to keep
b Y constant.

and p 

matter perturbation also absent during CC perturbation
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THERMODYNAMICS OF ! -MEDIA

From the action (3), the energy momentum tensor
(EMT) for the most generic media has the following
structure

Tµ! = !
2

"
! g

! S
! gµ ! = p hµ! + " uµ u! +2 q(µ u! ) + #µ ! (5)

where " = uµ u! Tµ ! , p = hµ! Tµ ! / 3, qµ satisÞesuµ qµ = 0
and #µ

µ = uµ #µ ! = 0.
Depending on the internal symmetries, we can select
some special combinations of the operators appearing
in the Lagrangian, corresponding to particular classes of
media. For instance, ßuids and super ßuidsU(X, Y, b)
are protected by the invariance under volume preserving
di! eomorphisms

$a # %a($b) , det
!
!&%a/ &$b

!
! = 1 . (6)

Since for " -media w = ! 1, the condition p(U) = ! " (U)
at the non-perturbative level is equivalent to a di! erential
equation for U, which can be solved in terms of the basic
operators considered as independent variables.
Let us describe this procedure for the following classes of
media

¥ solids, characterised byU(Y,' n )

¥ special super solids, characterised byU(X, w n )

¥ perfect ßuids, characterised byU(Y, b).

Solids are selected by the invariance under the internal
symmetry [8, 22]

$0 # $0 + f ($ j ) (7)

and the thermodynamical dictionary is given in Table I.
The entropy per particle ( = s/n is constant in time

ú( = uµ &µ ( = 0 . (8)

From the non-perturbative expression forp and " in Ta-
ble I, imposing w = ! 1 gives

Y UY !
2
3

3"

m =1

m ' m U" m = 0 , (9)

which reduces the original dependence ofU from the orig-
inal four operators down to the following three special
combinations

U!
S = U

#
Y ' 3/ 2

1 ,
' 2
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1

,
' 3

' 3
1

$
(10)

invariant under the Lifshitz scaling [16, 23, 24]
%

$0 # ) ! 3 $0

$ j # ) $ j . (11)

An interesting subcase is the isentropic solid with an
entropy per particle constant in spacetime, described
by U(' n ) (where only the spatial St¬uckelberg $j are
present) and are characterised bys = 0. In particular,
" -isentropic solids are described by
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#
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Special super solidsU(X, w n ) are selected by the invari-
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[23, 26] and also in the contest of spherically symmetric
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Isentropic special super solids, described byU(wn ), are
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Remarkably, a proposal for a UV completion for isen-
tropic special super solids involving at LO the scalar op-
erators w1 and w2 was put forward in [29], where the
temporal St¬uckelberg $0 is embedded into the khrono-
metric model and the spatial St¬uckelberg$j are coupled
to a triplet of Higgs vector Þelds.
The symmetry (15) forbids the operator X in U!

SS and
we conclude that" -isentropic special super solids are de-
scribed by

U!
ISS = U

#
w2
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,
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. (16)

Finally, perfect ßuids are protected by the symmetries
(6) and (7); their Lagrangian is of the form U(Y, b).
" -perfect ßuids with p + " = 0 have the following La-
grangian [8]

U!
P F = U(Y b) (17)

which is protected by the enhanced symmetry

$A # %A ($B ) , det
!
!&%A / &$B

!
! = 1 . (18)

The " -perfect ßuid EMT simply reads Tµ! = p gµ! whose
conservation leads directly to " =constant. Although
a " -perfect ßuid is similar to a CC, the non-vanishing
entropy per particle indicates that underlying degrees of
freedom are present. Moreover, the St¬uckelberg Þelds
satisfy non-trivial equations of motion in order to keep
b Y constant.
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THERMODYNAMICS OF ! -MEDIA

From the action (3), the energy momentum tensor
(EMT) for the most generic media has the following
structure

Tµ! = !
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! gµ ! = p hµ! + " uµ u! +2 q(µ u! ) + #µ ! (5)

where " = uµ u! Tµ ! , p = hµ! Tµ ! / 3, qµ satisÞesuµ qµ = 0
and #µ

µ = uµ #µ ! = 0.
Depending on the internal symmetries, we can select
some special combinations of the operators appearing
in the Lagrangian, corresponding to particular classes of
media. For instance, ßuids and super ßuidsU(X, Y, b)
are protected by the invariance under volume preserving
di! eomorphisms

$a # %a($b) , det
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!
! = 1 . (6)

Since for " -media w = ! 1, the condition p(U) = ! " (U)
at the non-perturbative level is equivalent to a di! erential
equation for U, which can be solved in terms of the basic
operators considered as independent variables.
Let us describe this procedure for the following classes of
media

¥ solids, characterised byU(Y,' n )

¥ special super solids, characterised byU(X, w n )

¥ perfect ßuids, characterised byU(Y, b).

Solids are selected by the invariance under the internal
symmetry [8, 22]

$0 # $0 + f ($ j ) (7)

and the thermodynamical dictionary is given in Table I.
The entropy per particle ( = s/n is constant in time

ú( = uµ &µ ( = 0 . (8)

From the non-perturbative expression forp and " in Ta-
ble I, imposing w = ! 1 gives

Y UY !
2
3
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which reduces the original dependence ofU from the orig-
inal four operators down to the following three special
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(10)

invariant under the Lifshitz scaling [16, 23, 24]
%

$0 # ) ! 3 $0

$ j # ) $ j . (11)

An interesting subcase is the isentropic solid with an
entropy per particle constant in spacetime, described
by U(' n ) (where only the spatial St¬uckelberg $j are
present) and are characterised bys = 0. In particular,
" -isentropic solids are described by
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. (12)

Special super solidsU(X, w n ) are selected by the invari-
ance under the internal symmetry [8, 9, 22, 25]

$ j # $ j + f j ($0) . (13)

" -special super solids are obtained imposingp = ! " for
expressions in Table I; we have

U!
SS = U

#
Xw 3

1,
w2

w2
1

,
w3

w3
1

$
, (14)

which is again invariant under the Lifshitz scaling (11).
Similar media where studied in a cosmological setting in
[23, 26] and also in the contest of spherically symmetric
solutions in massive gravity [27, 28].
Isentropic special super solids, described byU(wn ), are
invariant under (13) and [8]

$0 # $0 + f ($0) . (15)

Remarkably, a proposal for a UV completion for isen-
tropic special super solids involving at LO the scalar op-
erators w1 and w2 was put forward in [29], where the
temporal St¬uckelberg $0 is embedded into the khrono-
metric model and the spatial St¬uckelberg$j are coupled
to a triplet of Higgs vector Þelds.
The symmetry (15) forbids the operator X in U!

SS and
we conclude that" -isentropic special super solids are de-
scribed by

U!
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Finally, perfect ßuids are protected by the symmetries
(6) and (7); their Lagrangian is of the form U(Y, b).
" -perfect ßuids with p + " = 0 have the following La-
grangian [8]

U!
P F = U(Y b) (17)

which is protected by the enhanced symmetry

$A # %A ($B ) , det
!
!&%A / &$B

!
! = 1 . (18)

The " -perfect ßuid EMT simply reads Tµ! = p gµ! whose
conservation leads directly to " =constant. Although
a " -perfect ßuid is similar to a CC, the non-vanishing
entropy per particle indicates that underlying degrees of
freedom are present. Moreover, the St¬uckelberg Þelds
satisfy non-trivial equations of motion in order to keep
b Y constant.
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matter perturbation also absent during CC perturbation
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From the action (3), the energy momentum tensor
(EMT) for the most generic media has the following
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where " = uµ u! Tµ ! , p = hµ! Tµ ! / 3, qµ satisÞesuµ qµ = 0
and #µ

µ = uµ #µ ! = 0.
Depending on the internal symmetries, we can select
some special combinations of the operators appearing
in the Lagrangian, corresponding to particular classes of
media. For instance, ßuids and super ßuidsU(X, Y, b)
are protected by the invariance under volume preserving
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Since for " -media w = ! 1, the condition p(U) = ! " (U)
at the non-perturbative level is equivalent to a di! erential
equation for U, which can be solved in terms of the basic
operators considered as independent variables.
Let us describe this procedure for the following classes of
media

¥ solids, characterised byU(Y,' n )

¥ special super solids, characterised byU(X, w n )

¥ perfect ßuids, characterised byU(Y, b).

Solids are selected by the invariance under the internal
symmetry [8, 22]

$0 # $0 + f ($ j ) (7)

and the thermodynamical dictionary is given in Table I.
The entropy per particle ( = s/n is constant in time

ú( = uµ &µ ( = 0 . (8)

From the non-perturbative expression forp and " in Ta-
ble I, imposing w = ! 1 gives
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which reduces the original dependence ofU from the orig-
inal four operators down to the following three special
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invariant under the Lifshitz scaling [16, 23, 24]
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An interesting subcase is the isentropic solid with an
entropy per particle constant in spacetime, described
by U(' n ) (where only the spatial St¬uckelberg $j are
present) and are characterised bys = 0. In particular,
" -isentropic solids are described by

U!
IS = U

#
' 2

' 2
1

,
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' 3
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. (12)

Special super solidsU(X, w n ) are selected by the invari-
ance under the internal symmetry [8, 9, 22, 25]

$ j # $ j + f j ($0) . (13)

" -special super solids are obtained imposingp = ! " for
expressions in Table I; we have

U!
SS = U

#
Xw 3

1,
w2

w2
1

,
w3

w3
1
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, (14)

which is again invariant under the Lifshitz scaling (11).
Similar media where studied in a cosmological setting in
[23, 26] and also in the contest of spherically symmetric
solutions in massive gravity [27, 28].
Isentropic special super solids, described byU(wn ), are
invariant under (13) and [8]

$0 # $0 + f ($0) . (15)

Remarkably, a proposal for a UV completion for isen-
tropic special super solids involving at LO the scalar op-
erators w1 and w2 was put forward in [29], where the
temporal St¬uckelberg $0 is embedded into the khrono-
metric model and the spatial St¬uckelberg$j are coupled
to a triplet of Higgs vector Þelds.
The symmetry (15) forbids the operator X in U!

SS and
we conclude that" -isentropic special super solids are de-
scribed by
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Finally, perfect ßuids are protected by the symmetries
(6) and (7); their Lagrangian is of the form U(Y, b).
" -perfect ßuids with p + " = 0 have the following La-
grangian [8]

U!
P F = U(Y b) (17)

which is protected by the enhanced symmetry

$A # %A ($B ) , det
!
!&%A / &$B

!
! = 1 . (18)

The " -perfect ßuid EMT simply reads Tµ! = p gµ! whose
conservation leads directly to " =constant. Although
a " -perfect ßuid is similar to a CC, the non-vanishing
entropy per particle indicates that underlying degrees of
freedom are present. Moreover, the St¬uckelberg Þelds
satisfy non-trivial equations of motion in order to keep
b Y constant.
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CC:   
constant, no perturbation

2

THERMODYNAMICS OF ! -MEDIA

From the action (3), the energy momentum tensor
(EMT) for the most generic media has the following
structure

Tµ! = !
2

"
! g

! S
! gµ ! = p hµ! + " uµ u! +2 q(µ u! ) + #µ ! (5)

where " = uµ u! Tµ ! , p = hµ! Tµ ! / 3, qµ satisÞesuµ qµ = 0
and #µ

µ = uµ #µ ! = 0.
Depending on the internal symmetries, we can select
some special combinations of the operators appearing
in the Lagrangian, corresponding to particular classes of
media. For instance, ßuids and super ßuidsU(X, Y, b)
are protected by the invariance under volume preserving
di! eomorphisms

$a # %a($b) , det
!
!&%a/ &$b

!
! = 1 . (6)

Since for " -media w = ! 1, the condition p(U) = ! " (U)
at the non-perturbative level is equivalent to a di! erential
equation for U, which can be solved in terms of the basic
operators considered as independent variables.
Let us describe this procedure for the following classes of
media

¥ solids, characterised byU(Y,' n )

¥ special super solids, characterised byU(X, w n )

¥ perfect ßuids, characterised byU(Y, b).

Solids are selected by the invariance under the internal
symmetry [8, 22]

$0 # $0 + f ($ j ) (7)

and the thermodynamical dictionary is given in Table I.
The entropy per particle ( = s/n is constant in time

ú( = uµ &µ ( = 0 . (8)

From the non-perturbative expression forp and " in Ta-
ble I, imposing w = ! 1 gives

Y UY !
2
3

3"

m =1

m ' m U" m = 0 , (9)

which reduces the original dependence ofU from the orig-
inal four operators down to the following three special
combinations

U!
S = U

#
Y ' 3/ 2

1 ,
' 2

' 2
1

,
' 3

' 3
1

$
(10)

invariant under the Lifshitz scaling [16, 23, 24]
%

$0 # ) ! 3 $0

$ j # ) $ j . (11)

An interesting subcase is the isentropic solid with an
entropy per particle constant in spacetime, described
by U(' n ) (where only the spatial St¬uckelberg $j are
present) and are characterised bys = 0. In particular,
" -isentropic solids are described by

U!
IS = U

#
' 2

' 2
1

,
' 3

' 3
1

$
. (12)

Special super solidsU(X, w n ) are selected by the invari-
ance under the internal symmetry [8, 9, 22, 25]

$ j # $ j + f j ($0) . (13)

" -special super solids are obtained imposingp = ! " for
expressions in Table I; we have

U!
SS = U

#
Xw 3

1,
w2

w2
1

,
w3

w3
1

$
, (14)

which is again invariant under the Lifshitz scaling (11).
Similar media where studied in a cosmological setting in
[23, 26] and also in the contest of spherically symmetric
solutions in massive gravity [27, 28].
Isentropic special super solids, described byU(wn ), are
invariant under (13) and [8]

$0 # $0 + f ($0) . (15)

Remarkably, a proposal for a UV completion for isen-
tropic special super solids involving at LO the scalar op-
erators w1 and w2 was put forward in [29], where the
temporal St¬uckelberg $0 is embedded into the khrono-
metric model and the spatial St¬uckelberg$j are coupled
to a triplet of Higgs vector Þelds.
The symmetry (15) forbids the operator X in U!

SS and
we conclude that" -isentropic special super solids are de-
scribed by
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. (16)

Finally, perfect ßuids are protected by the symmetries
(6) and (7); their Lagrangian is of the form U(Y, b).
" -perfect ßuids with p + " = 0 have the following La-
grangian [8]

U!
P F = U(Y b) (17)

which is protected by the enhanced symmetry

$A # %A ($B ) , det
!
!&%A / &$B

!
! = 1 . (18)

The " -perfect ßuid EMT simply reads Tµ! = p gµ! whose
conservation leads directly to " =constant. Although
a " -perfect ßuid is similar to a CC, the non-vanishing
entropy per particle indicates that underlying degrees of
freedom are present. Moreover, the St¬uckelberg Þelds
satisfy non-trivial equations of motion in order to keep
b Y constant.

and p 

matter perturbation also absent during CC perturbation
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From the action (3), the energy momentum tensor
(EMT) for the most generic media has the following
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are protected by the invariance under volume preserving
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Since for " -media w = ! 1, the condition p(U) = ! " (U)
at the non-perturbative level is equivalent to a di! erential
equation for U, which can be solved in terms of the basic
operators considered as independent variables.
Let us describe this procedure for the following classes of
media

¥ solids, characterised byU(Y,' n )

¥ special super solids, characterised byU(X, w n )

¥ perfect ßuids, characterised byU(Y, b).

Solids are selected by the invariance under the internal
symmetry [8, 22]
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[23, 26] and also in the contest of spherically symmetric
solutions in massive gravity [27, 28].
Isentropic special super solids, described byU(wn ), are
invariant under (13) and [8]

$0 # $0 + f ($0) . (15)

Remarkably, a proposal for a UV completion for isen-
tropic special super solids involving at LO the scalar op-
erators w1 and w2 was put forward in [29], where the
temporal St¬uckelberg $0 is embedded into the khrono-
metric model and the spatial St¬uckelberg$j are coupled
to a triplet of Higgs vector Þelds.
The symmetry (15) forbids the operator X in U!

SS and
we conclude that" -isentropic special super solids are de-
scribed by

U!
ISS = U

#
w2

w2
1

,
w3

w3
1

$
. (16)

Finally, perfect ßuids are protected by the symmetries
(6) and (7); their Lagrangian is of the form U(Y, b).
" -perfect ßuids with p + " = 0 have the following La-
grangian [8]

U!
P F = U(Y b) (17)

which is protected by the enhanced symmetry

$A # %A ($B ) , det
!
!&%A / &$B

!
! = 1 . (18)

The " -perfect ßuid EMT simply reads Tµ! = p gµ! whose
conservation leads directly to " =constant. Although
a " -perfect ßuid is similar to a CC, the non-vanishing
entropy per particle indicates that underlying degrees of
freedom are present. Moreover, the St¬uckelberg Þelds
satisfy non-trivial equations of motion in order to keep
b Y constant.
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present: massive tensor 

matter perturbations grow during 

Lambda-medium domination
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! -Medium !" = ! ! p, !# " # ! m mg

CC 0 0 0 const. 0

U!
P F 0 0 0 const. 0

U!
S & U!

SS !" 0 = !# 0 ! 2 # # 0 a2 " a2 #= 0

U!
IS & U!

ISS 0 0 0 const. #= 0

TABLE II: Features of the di ! erent " -Media. The
quantities # 0 and !" 0 are time independent.

Gravitational Waves

The quadratic Lagrangian for tensor perturbations in
the Fourier basis is [8, 23, 25, 37]

L T =
a2 M 2

Pl

2

!
#!2

ij ! #2
ij

"
k2 + a2 M 2

#$
, (42)

where #ij is the transverse and traceless spin two part
of the metric perturbations. For perfect ßuids and super
ßuids, whereM 2 = 0, the dynamics of spin 2 modes is
standard. This is not the case for solids and super solids
where M 2 "= 0.
If the accelerated expansion of the universe is related to
the presence of the graviton mass then the graviton mass
has to be the of order ofmg =

#
M 2 $ 10" 33 eV. On

the other hand, massive gravitons represent also a cold
dark matter candidate when mg % 10" 27 eV [23]. How-
ever, bounds from gravitational waves observations as
GW150914 and the time delay of 1.7 seconds between
GW170817 and the electromagnetic counterpart GRB
170817A led tomg ! &10" 22 eV.

Let us comment brießy on the familiar Higuchi bound
[38, 39]. Such a bound on the Pauli-Fierz mass in dS
spacetime is derived when the massive spin 2 action gives
no contribution to the background [40, 41]. By deÞnition,
the above considerations do not apply for self-gravitating
" -media, where the dS background is related to the en-
ergy density of the " -medium through the Friedmann
equations.
Note that for self-gravitating Lorentz invariant " -media,
Lorentz invariance implies p + $ = 0 and the relations
M 1 = M 2, M 3 = M 4, M 0 = M 3 ! M 1 that, from (28)
and (23), requiresM 0 = M 4 = M 3, M 1 = M 2 = 0. Thus
the only " -media compatible with the above conditions
are the" -perfect ßuids, thus the graviton is still massless.

DARK ENERGY AND DARK MATTER

Let us consider the e! ect on dark matter (DM) $DM of
the dark energy in the form of an adiabatic " -medium.
Taking dark matter as a perfect ßuid with equation of
state pDM = 0, the only (indirect) coupling with the " -
medium is via gravity. Being M 1 = 0, the only contribu-
tion to 0i component of the perturbed EMT comes from

the DM ßuid and the corresponding Einstein equation
gives an equation for the scalar velocityv of DM; namely

a2 v ø$DM ! 4 M 2
Pl (# ! + H $ ) = 0 . (43)

The 00 component of the perturbed Einstein equation al-
lows to express!$ DM in terms of the gravitational scalar
perturbations and !" as

a2 !$ DM = 4 M 2
Pl #

"
k2 + 3 H 2#

! M 2
Pl

"
k2 + 9 H 2#

!" ph + 12 M 2
Pl H # ! ;

(44)

The remaining perturbed equations can be casted in a
second oder equation for#

# !! +3 H # ! ! 3 w H 2 # +
3
4

(3 w! 2) H 2 !" ph = 0 ; (45)

where

H 2 =
a2(ø$! + ø$DM )

6M 2
Pl

, w = !
a2 ø$!

6H 2 M 2
Pl

; (46)

with ø$DM and ø$! are the background dark matter and
dark energy density respectively. During an expansion
phase dominated by an adiabatic " -medium, one can
check that by combining the continuity and Euler equa-
tions for a subdominant dark matter component its den-
sity contrast behaves as!$ DM $ a2, in sharp contrast
with !$ DM =constant found in the familiar case of CC
domination. For ø$m ' ø$! we getH 2 ( H 2

0
a and the lead-

ing terms are exactly those in DM dominated universe

# = ø# ; (47)

! DM =
2 a k2 ø#

3 H 2
0

+ ø! ; (48)

where we have neglected subleading decreasing modes
and ø# , ø! are integration constants. For ø$! ' ø$DM we get
H 2 ( a2 H 2

0 with neglecting again subleading decreasing
modes

# =
a2

4
!" ph (49)

! DM = ø! !
%

3 a2

4
+

k2 log(a)
4 H 2

0

&
!" ph . (50)

Moreover

# ! $ =
3
4

a2 !" ph . (51)

The universal and simple relation (38),(51) which relate
the Bardeen potentials give a clear prediction for lensing.

CONCLUSIONS

By using the EFT of self-gravitating media, we have
shown that there are media, protected by symmetries,

Clear prediction for lensing 



Examples

Fluids U(b, Y) Tµ! = ( U ! b Ub)gµ ! + ( Y UY ! b Ub)uµ u!

Super Fluids U(b, Y, X)

Tµ! = ( U ! b Ub) gµ ! + ( Y UY ! b Ub) uµ u! + 2X U X Vµ V!
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in the unitary gauge the medium action (ßuids, solids ..) is interpreted 
as modiÞcation of gravity

in the unitary gauge diffs appear to be broken 

in a generic gauge diffs are ÒrestoredÓ by the Stuckelberg Þelds! A

what really matters is the number of DoF and underlying symmetries  

GR has 2 DoF realized in a minimal way: just by the metric
other theories will typically have more DoF and more Þelds
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