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Can DM be heavy and thermal relic?

m > 100TeV
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FIG. 1. Dark matter coscatter and codecay chain.

then it will freezeout too early, and the unitarity bound
on annihilations will apply again. Therefore we propose
that �2 is decaying in equilibrium with the SM bath.
Thus the mechanism is a combination of co-decay and
co-scattering dark matter.
However, one can easily see that the combination of

the scattering process (7), and the in equilibrium decay
process �2 ! sm + sm, will necessarily lead to the fast
decay of �1 via an o↵-shell �2. Therefore, we propose
that there is a coscattering chain, such that scatters take
place only for nearest neighbor

�i + sm $ �i+1 + sm, (8)

which codecay in equilibrium with �N ,

�N ! sm + sm . (9)

This is summarized in Fig. 1. Here �1 is still the dark
matter, but its decay width is suppressed due to the large
phase space needed to decay to the SM (�1 decays to 2N

SM particles). For ⌧�1 > 1018 sec, this would require
N & 13.

III. TWO PARTICLE CASE

We first consider the simplest case of N = 2 dark sec-
tor particles. While this example is not cosmologically
viable, it demonstrates the basic idea of the mechanism.
There are two degenerate states �1 and �2, which coscat-
ter [1] o↵ SM bath particles via the process

�1 + SM $ �2 + SM. (10)

The dark matter candidate is �1, while �2 decays in equi-
librium with the SM bath.
The Boltzmann equations for the system are

ṅ1 + 3Hn1 = nsmh�vi(n2 � n1), (11)

ṅ2 + 3Hn2 = nsmh�vi(n1 � n2)� (n2 � n
eq
2 )�2, (12)

where h�vi is a thermally averaged cross section for the
scattering process, neq is equilibrium number density of
�, and �2 is the decay rate of �2 in the thermal bath. This
system is similar to the co-scattering scenario [1], but here
the dark matter bath is kept in equilibrium with the SM
bath via decays and inverse-decays, rather than annihi-
lations. Ultimately, since decays and inverse-decays can
stay in equilibrium much longer, this will allow for much
heavier DM.

Unlike the case for freezeout via annihilations, the in-
stantaneous freezeout approximation will not give a good
estimate of the relic abundance. This is because the rate
for �1 scattering, � ⇠ nsmh�vi, is not dropping o↵ expo-
nentially fast with the expansion, and therefore freezeout
takes a long time. However, an approximate analytic so-
lution to the relic abundance can still be determined from
the Boltzmann equations.
If the decay rate is larger than the Hubble expansion

parameter when the temperature of the universe is equal
to the dark matter mass, the number density of �2 closely
follows its equilibrium value. Then an approximate so-
lution to the �1 density can be found by considering the
single equation

Y
0
1 =

�

x2
(�Y1 + Yeq), (13)

where Yi = ni/s, � = (nsmh�vi/H)|x=1. The asymptotic
value of the relic abundance is

Y1(1) ⇡
45

23/2⇡3g?s
�e

�2
p
�
. (14)

The fact that the relic abundance scales as Y1(1) ⇠

e
�2xfo and not e

�xfo , is a result of the slow freezeout.
From the Boltzmann equation (13), �1 departs equilib-
rium when �/x

2
fo ⇠ 1. At this point, �1 creation stops,

but can continue to scatter away. Neglecting the inverse
process, one solves

Y
0
1 = �

�

x2
Y1, (15)

to find that Y1(x) = Y1(xfo)e
�
x� �

xfo ! e
�2xfo . One also

sees from this solution that the abundance stops changing
significantly when xfin ⇠ � = x

2
fo.

From this estimation, we can find h�vi, reproduc-
ing the observed relic abundance of dark matter, while
satisfying the unitarity bound. For instance, param-
eterizing the cross-section as h�vi ⌘ ↵

2
/m

2
�, then

m� = mpl = 2.4⇥ 1018 GeV and ↵ ' 17, reproduces the
correct relic abundance (assuming the DM scatters o↵ all
all SM particles and that g?s = 106.75).

Unfortunately, the minimal scenario is not vi-
able because the dark matter can decay through
�1 ! 2 sm + �

⇤
2 ! 4 sm. The decay rate of �1 is

�1

�2
⇠

⇣
↵

16⇡2

⌘2
. (16)

Considering that we assumed that the decays are in equi-
librium, �1 is short lived and therefore cannot be identi-
fied as dark matter.

IV. N > 2 DEGENERATE CASE

Although the simplest N = 2 example does not work,
it is interesting to observe that the decay rate of �1 is
suppressed relative to that of �2 due to the small available
phase space and the coupling constant. In this regard,
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FIG. 1. Dark matter coscatter and codecay chain.

then it will freezeout too early, and the unitarity bound
on annihilations will apply again. Therefore we propose
that �2 is decaying in equilibrium with the SM bath.
Thus the mechanism is a combination of co-decay and
co-scattering dark matter.
However, one can easily see that the combination of

the scattering process (7), and the in equilibrium decay
process �2 ! sm + sm, will necessarily lead to the fast
decay of �1 via an o↵-shell �2. Therefore, we propose
that there is a coscattering chain, such that scatters take
place only for nearest neighbor

�i + sm $ �i+1 + sm, (8)

which codecay in equilibrium with �N ,

�N ! sm + sm . (9)

This is summarized in Fig. 1. Here �1 is still the dark
matter, but its decay width is suppressed due to the large
phase space needed to decay to the SM (�1 decays to 2N

SM particles). For ⌧�1 > 1018 sec, this would require
N & 13.

III. TWO PARTICLE CASE

We first consider the simplest case of N = 2 dark sec-
tor particles. While this example is not cosmologically
viable, it demonstrates the basic idea of the mechanism.
There are two degenerate states �1 and �2, which coscat-
ter [1] o↵ SM bath particles via the process

�1 + SM $ �2 + SM. (10)

The dark matter candidate is �1, while �2 decays in equi-
librium with the SM bath.
The Boltzmann equations for the system are

ṅ1 + 3Hn1 = nsmh�vi(n2 � n1), (11)

ṅ2 + 3Hn2 = nsmh�vi(n1 � n2)� (n2 � n
eq
2 )�2, (12)

where h�vi is a thermally averaged cross section for the
scattering process, neq is equilibrium number density of
�, and �2 is the decay rate of �2 in the thermal bath. This
system is similar to the co-scattering scenario [1], but here
the dark matter bath is kept in equilibrium with the SM
bath via decays and inverse-decays, rather than annihi-
lations. Ultimately, since decays and inverse-decays can
stay in equilibrium much longer, this will allow for much
heavier DM.

Unlike the case for freezeout via annihilations, the in-
stantaneous freezeout approximation will not give a good
estimate of the relic abundance. This is because the rate
for �1 scattering, � ⇠ nsmh�vi, is not dropping o↵ expo-
nentially fast with the expansion, and therefore freezeout
takes a long time. However, an approximate analytic so-
lution to the relic abundance can still be determined from
the Boltzmann equations.
If the decay rate is larger than the Hubble expansion

parameter when the temperature of the universe is equal
to the dark matter mass, the number density of �2 closely
follows its equilibrium value. Then an approximate so-
lution to the �1 density can be found by considering the
single equation

Y
0
1 =

�

x2
(�Y1 + Yeq), (13)

where Yi = ni/s, � = (nsmh�vi/H)|x=1. The asymptotic
value of the relic abundance is

Y1(1) ⇡
45

23/2⇡3g?s
�e

�2
p
�
. (14)

The fact that the relic abundance scales as Y1(1) ⇠

e
�2xfo and not e

�xfo , is a result of the slow freezeout.
From the Boltzmann equation (13), �1 departs equilib-
rium when �/x

2
fo ⇠ 1. At this point, �1 creation stops,

but can continue to scatter away. Neglecting the inverse
process, one solves

Y
0
1 = �

�

x2
Y1, (15)

to find that Y1(x) = Y1(xfo)e
�
x� �

xfo ! e
�2xfo . One also

sees from this solution that the abundance stops changing
significantly when xfin ⇠ � = x

2
fo.

From this estimation, we can find h�vi, reproduc-
ing the observed relic abundance of dark matter, while
satisfying the unitarity bound. For instance, param-
eterizing the cross-section as h�vi ⌘ ↵

2
/m

2
�, then

m� = mpl = 2.4⇥ 1018 GeV and ↵ ' 17, reproduces the
correct relic abundance (assuming the DM scatters o↵ all
all SM particles and that g?s = 106.75).

Unfortunately, the minimal scenario is not vi-
able because the dark matter can decay through
�1 ! 2 sm + �

⇤
2 ! 4 sm. The decay rate of �1 is

�1

�2
⇠

⇣
↵

16⇡2

⌘2
. (16)

Considering that we assumed that the decays are in equi-
librium, �1 is short lived and therefore cannot be identi-
fied as dark matter.

IV. N > 2 DEGENERATE CASE

Although the simplest N = 2 example does not work,
it is interesting to observe that the decay rate of �1 is
suppressed relative to that of �2 due to the small available
phase space and the coupling constant. In this regard,
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FIG. 1. Dark matter coscatter and codecay chain.

then it will freezeout too early, and the unitarity bound
on annihilations will apply again. Therefore we propose
that �2 is decaying in equilibrium with the SM bath.
Thus the mechanism is a combination of co-decay and
co-scattering dark matter.
However, one can easily see that the combination of

the scattering process (7), and the in equilibrium decay
process �2 ! sm + sm, will necessarily lead to the fast
decay of �1 via an o↵-shell �2. Therefore, we propose
that there is a coscattering chain, such that scatters take
place only for nearest neighbor

�i + sm $ �i+1 + sm, (8)

which codecay in equilibrium with �N ,

�N ! sm + sm . (9)

This is summarized in Fig. 1. Here �1 is still the dark
matter, but its decay width is suppressed due to the large
phase space needed to decay to the SM (�1 decays to 2N

SM particles). For ⌧�1 > 1018 sec, this would require
N & 13.

III. TWO PARTICLE CASE

We first consider the simplest case of N = 2 dark sec-
tor particles. While this example is not cosmologically
viable, it demonstrates the basic idea of the mechanism.
There are two degenerate states �1 and �2, which coscat-
ter [1] o↵ SM bath particles via the process

�1 + SM $ �2 + SM. (10)

The dark matter candidate is �1, while �2 decays in equi-
librium with the SM bath.
The Boltzmann equations for the system are

ṅ1 + 3Hn1 = nsmh�vi(n2 � n1), (11)

ṅ2 + 3Hn2 = nsmh�vi(n1 � n2)� (n2 � n
eq
2 )�2, (12)

where h�vi is a thermally averaged cross section for the
scattering process, neq is equilibrium number density of
�, and �2 is the decay rate of �2 in the thermal bath. This
system is similar to the co-scattering scenario [1], but here
the dark matter bath is kept in equilibrium with the SM
bath via decays and inverse-decays, rather than annihi-
lations. Ultimately, since decays and inverse-decays can
stay in equilibrium much longer, this will allow for much
heavier DM.

Unlike the case for freezeout via annihilations, the in-
stantaneous freezeout approximation will not give a good
estimate of the relic abundance. This is because the rate
for �1 scattering, � ⇠ nsmh�vi, is not dropping o↵ expo-
nentially fast with the expansion, and therefore freezeout
takes a long time. However, an approximate analytic so-
lution to the relic abundance can still be determined from
the Boltzmann equations.
If the decay rate is larger than the Hubble expansion

parameter when the temperature of the universe is equal
to the dark matter mass, the number density of �2 closely
follows its equilibrium value. Then an approximate so-
lution to the �1 density can be found by considering the
single equation

Y
0
1 =

�

x2
(�Y1 + Yeq), (13)

where Yi = ni/s, � = (nsmh�vi/H)|x=1. The asymptotic
value of the relic abundance is

Y1(1) ⇡
45

23/2⇡3g?s
�e

�2
p
�
. (14)

The fact that the relic abundance scales as Y1(1) ⇠

e
�2xfo and not e

�xfo , is a result of the slow freezeout.
From the Boltzmann equation (13), �1 departs equilib-
rium when �/x

2
fo ⇠ 1. At this point, �1 creation stops,

but can continue to scatter away. Neglecting the inverse
process, one solves

Y
0
1 = �

�

x2
Y1, (15)

to find that Y1(x) = Y1(xfo)e
�
x� �

xfo ! e
�2xfo . One also

sees from this solution that the abundance stops changing
significantly when xfin ⇠ � = x

2
fo.

From this estimation, we can find h�vi, reproduc-
ing the observed relic abundance of dark matter, while
satisfying the unitarity bound. For instance, param-
eterizing the cross-section as h�vi ⌘ ↵

2
/m

2
�, then

m� = mpl = 2.4⇥ 1018 GeV and ↵ ' 17, reproduces the
correct relic abundance (assuming the DM scatters o↵ all
all SM particles and that g?s = 106.75).

Unfortunately, the minimal scenario is not vi-
able because the dark matter can decay through
�1 ! 2 sm + �

⇤
2 ! 4 sm. The decay rate of �1 is

�1

�2
⇠

⇣
↵

16⇡2

⌘2
. (16)

Considering that we assumed that the decays are in equi-
librium, �1 is short lived and therefore cannot be identi-
fied as dark matter.

IV. N > 2 DEGENERATE CASE

Although the simplest N = 2 example does not work,
it is interesting to observe that the decay rate of �1 is
suppressed relative to that of �2 due to the small available
phase space and the coupling constant. In this regard,
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�
<latexit sha1_base64="gQ5SmJp4Y1WaNASlhBnIZjqMQEo=">AAACCnicbVDNSgMxGPy2/tX6V/XoJVgKnsquCOqt6MVjBdcW2qVks9k2NJtdkmyxLH0Evep7eBKvvoSv4ROYbfdgWwcCw8z3JZPxE86Utu1vq7S2vrG5Vd6u7Ozu7R9UD48eVZxKQl0S81h2fKwoZ4K6mmlOO4mkOPI5bfuj29xvj6lULBYPepJQL8IDwUJGsM6lHhmyfrVmN+wZ0CpxClKDAq1+9acXxCSNqNCEY6W6jp1oL8NSM8LptFLvpYommIzwgHYNFTiiystmYaeobpQAhbE0R2g0Uyt/NjIcKTWJfDMZYT1Uy14u/ud1Ux1eeRkTSaqpIPOHwpQjHaP85yhgkhLNJ4ZgIpkJi8gQS0y06WfhpmDMElWkfprHNiU5y5WsEve8cd1w7i9qzZuirTKcwCmcgQOX0IQ7aIELBIbwAq/wZj1b79aH9TkfLVnFzjEswPr6BV5xm+E=</latexit><latexit sha1_base64="gQ5SmJp4Y1WaNASlhBnIZjqMQEo=">AAACCnicbVDNSgMxGPy2/tX6V/XoJVgKnsquCOqt6MVjBdcW2qVks9k2NJtdkmyxLH0Evep7eBKvvoSv4ROYbfdgWwcCw8z3JZPxE86Utu1vq7S2vrG5Vd6u7Ozu7R9UD48eVZxKQl0S81h2fKwoZ4K6mmlOO4mkOPI5bfuj29xvj6lULBYPepJQL8IDwUJGsM6lHhmyfrVmN+wZ0CpxClKDAq1+9acXxCSNqNCEY6W6jp1oL8NSM8LptFLvpYommIzwgHYNFTiiystmYaeobpQAhbE0R2g0Uyt/NjIcKTWJfDMZYT1Uy14u/ud1Ux1eeRkTSaqpIPOHwpQjHaP85yhgkhLNJ4ZgIpkJi8gQS0y06WfhpmDMElWkfprHNiU5y5WsEve8cd1w7i9qzZuirTKcwCmcgQOX0IQ7aIELBIbwAq/wZj1b79aH9TkfLVnFzjEswPr6BV5xm+E=</latexit><latexit sha1_base64="gQ5SmJp4Y1WaNASlhBnIZjqMQEo=">AAACCnicbVDNSgMxGPy2/tX6V/XoJVgKnsquCOqt6MVjBdcW2qVks9k2NJtdkmyxLH0Evep7eBKvvoSv4ROYbfdgWwcCw8z3JZPxE86Utu1vq7S2vrG5Vd6u7Ozu7R9UD48eVZxKQl0S81h2fKwoZ4K6mmlOO4mkOPI5bfuj29xvj6lULBYPepJQL8IDwUJGsM6lHhmyfrVmN+wZ0CpxClKDAq1+9acXxCSNqNCEY6W6jp1oL8NSM8LptFLvpYommIzwgHYNFTiiystmYaeobpQAhbE0R2g0Uyt/NjIcKTWJfDMZYT1Uy14u/ud1Ux1eeRkTSaqpIPOHwpQjHaP85yhgkhLNJ4ZgIpkJi8gQS0y06WfhpmDMElWkfprHNiU5y5WsEve8cd1w7i9qzZuirTKcwCmcgQOX0IQ7aIELBIbwAq/wZj1b79aH9TkfLVnFzjEswPr6BV5xm+E=</latexit><latexit sha1_base64="gQ5SmJp4Y1WaNASlhBnIZjqMQEo=">AAACCnicbVDNSgMxGPy2/tX6V/XoJVgKnsquCOqt6MVjBdcW2qVks9k2NJtdkmyxLH0Evep7eBKvvoSv4ROYbfdgWwcCw8z3JZPxE86Utu1vq7S2vrG5Vd6u7Ozu7R9UD48eVZxKQl0S81h2fKwoZ4K6mmlOO4mkOPI5bfuj29xvj6lULBYPepJQL8IDwUJGsM6lHhmyfrVmN+wZ0CpxClKDAq1+9acXxCSNqNCEY6W6jp1oL8NSM8LptFLvpYommIzwgHYNFTiiystmYaeobpQAhbE0R2g0Uyt/NjIcKTWJfDMZYT1Uy14u/ud1Ux1eeRkTSaqpIPOHwpQjHaP85yhgkhLNJ4ZgIpkJi8gQS0y06WfhpmDMElWkfprHNiU5y5WsEve8cd1w7i9qzZuirTKcwCmcgQOX0IQ7aIELBIbwAq/wZj1b79aH9TkfLVnFzjEswPr6BV5xm+E=</latexit><latexit sha1_base64="gQ5SmJp4Y1WaNASlhBnIZjqMQEo=">AAACCnicbVDNSgMxGPy2/tX6V/XoJVgKnsquCOqt6MVjBdcW2qVks9k2NJtdkmyxLH0Evep7eBKvvoSv4ROYbfdgWwcCw8z3JZPxE86Utu1vq7S2vrG5Vd6u7Ozu7R9UD48eVZxKQl0S81h2fKwoZ4K6mmlOO4mkOPI5bfuj29xvj6lULBYPepJQL8IDwUJGsM6lHhmyfrVmN+wZ0CpxClKDAq1+9acXxCSNqNCEY6W6jp1oL8NSM8LptFLvpYommIzwgHYNFTiiystmYaeobpQAhbE0R2g0Uyt/NjIcKTWJfDMZYT1Uy14u/ud1Ux1eeRkTSaqpIPOHwpQjHaP85yhgkhLNJ4ZgIpkJi8gQS0y06WfhpmDMElWkfprHNiU5y5WsEve8cd1w7i9qzZuirTKcwCmcgQOX0IQ7aIELBIbwAq/wZj1b79aH9TkfLVnFzjEswPr6BV5xm+E=</latexit>

sm
<latexit sha1_base64="frr0ZB3cJWEb4yP5nXbJyzuYaQA=">AAACDnicbVDNTgIxGPwW/xD/UI9eGgmJJ7JrTNQb0YtHTFwhgQ3pdgs0tN1N2yWSDQ+hV30PT8arr+Br+AQW2IOAkzSZzHxfO50w4Uwb1/12CmvrG5tbxe3Szu7e/kH58OhRx6ki1Ccxj1UrxJpyJqlvmOG0lSiKRchpMxzeTv3miCrNYvlgxgkNBO5L1mMEGyu1so4SSItJt1xxa+4MaJV4OalAjka3/NOJYpIKKg3hWOu25yYmyLAyjHA6KVU7qaYJJkPcp21LJRZUB9ks8ARVrRKhXqzskQbN1NKfjQwLrccitJMCm4Fe9qbif147Nb2rIGMySQ2VZP5QL+XIxGj6exQxRYnhY0swUcyGRWSAFSbGdrRwUzRiic5TP81j25K85UpWiX9eu6559xeV+k3eVhFO4BTOwINLqMMdNMAHAhxe4BXenGfn3flwPuejBSffOYYFOF+/qXudrA==</latexit><latexit sha1_base64="frr0ZB3cJWEb4yP5nXbJyzuYaQA=">AAACDnicbVDNTgIxGPwW/xD/UI9eGgmJJ7JrTNQb0YtHTFwhgQ3pdgs0tN1N2yWSDQ+hV30PT8arr+Br+AQW2IOAkzSZzHxfO50w4Uwb1/12CmvrG5tbxe3Szu7e/kH58OhRx6ki1Ccxj1UrxJpyJqlvmOG0lSiKRchpMxzeTv3miCrNYvlgxgkNBO5L1mMEGyu1so4SSItJt1xxa+4MaJV4OalAjka3/NOJYpIKKg3hWOu25yYmyLAyjHA6KVU7qaYJJkPcp21LJRZUB9ks8ARVrRKhXqzskQbN1NKfjQwLrccitJMCm4Fe9qbif147Nb2rIGMySQ2VZP5QL+XIxGj6exQxRYnhY0swUcyGRWSAFSbGdrRwUzRiic5TP81j25K85UpWiX9eu6559xeV+k3eVhFO4BTOwINLqMMdNMAHAhxe4BXenGfn3flwPuejBSffOYYFOF+/qXudrA==</latexit><latexit sha1_base64="frr0ZB3cJWEb4yP5nXbJyzuYaQA=">AAACDnicbVDNTgIxGPwW/xD/UI9eGgmJJ7JrTNQb0YtHTFwhgQ3pdgs0tN1N2yWSDQ+hV30PT8arr+Br+AQW2IOAkzSZzHxfO50w4Uwb1/12CmvrG5tbxe3Szu7e/kH58OhRx6ki1Ccxj1UrxJpyJqlvmOG0lSiKRchpMxzeTv3miCrNYvlgxgkNBO5L1mMEGyu1so4SSItJt1xxa+4MaJV4OalAjka3/NOJYpIKKg3hWOu25yYmyLAyjHA6KVU7qaYJJkPcp21LJRZUB9ks8ARVrRKhXqzskQbN1NKfjQwLrccitJMCm4Fe9qbif147Nb2rIGMySQ2VZP5QL+XIxGj6exQxRYnhY0swUcyGRWSAFSbGdrRwUzRiic5TP81j25K85UpWiX9eu6559xeV+k3eVhFO4BTOwINLqMMdNMAHAhxe4BXenGfn3flwPuejBSffOYYFOF+/qXudrA==</latexit><latexit sha1_base64="frr0ZB3cJWEb4yP5nXbJyzuYaQA=">AAACDnicbVDNTgIxGPwW/xD/UI9eGgmJJ7JrTNQb0YtHTFwhgQ3pdgs0tN1N2yWSDQ+hV30PT8arr+Br+AQW2IOAkzSZzHxfO50w4Uwb1/12CmvrG5tbxe3Szu7e/kH58OhRx6ki1Ccxj1UrxJpyJqlvmOG0lSiKRchpMxzeTv3miCrNYvlgxgkNBO5L1mMEGyu1so4SSItJt1xxa+4MaJV4OalAjka3/NOJYpIKKg3hWOu25yYmyLAyjHA6KVU7qaYJJkPcp21LJRZUB9ks8ARVrRKhXqzskQbN1NKfjQwLrccitJMCm4Fe9qbif147Nb2rIGMySQ2VZP5QL+XIxGj6exQxRYnhY0swUcyGRWSAFSbGdrRwUzRiic5TP81j25K85UpWiX9eu6559xeV+k3eVhFO4BTOwINLqMMdNMAHAhxe4BXenGfn3flwPuejBSffOYYFOF+/qXudrA==</latexit><latexit sha1_base64="frr0ZB3cJWEb4yP5nXbJyzuYaQA=">AAACDnicbVDNTgIxGPwW/xD/UI9eGgmJJ7JrTNQb0YtHTFwhgQ3pdgs0tN1N2yWSDQ+hV30PT8arr+Br+AQW2IOAkzSZzHxfO50w4Uwb1/12CmvrG5tbxe3Szu7e/kH58OhRx6ki1Ccxj1UrxJpyJqlvmOG0lSiKRchpMxzeTv3miCrNYvlgxgkNBO5L1mMEGyu1so4SSItJt1xxa+4MaJV4OalAjka3/NOJYpIKKg3hWOu25yYmyLAyjHA6KVU7qaYJJkPcp21LJRZUB9ks8ARVrRKhXqzskQbN1NKfjQwLrccitJMCm4Fe9qbif147Nb2rIGMySQ2VZP5QL+XIxGj6exQxRYnhY0swUcyGRWSAFSbGdrRwUzRiic5TP81j25K85UpWiX9eu6559xeV+k3eVhFO4BTOwINLqMMdNMAHAhxe4BXenGfn3flwPuejBSffOYYFOF+/qXudrA==</latexit>

sm
<latexit sha1_base64="frr0ZB3cJWEb4yP5nXbJyzuYaQA=">AAACDnicbVDNTgIxGPwW/xD/UI9eGgmJJ7JrTNQb0YtHTFwhgQ3pdgs0tN1N2yWSDQ+hV30PT8arr+Br+AQW2IOAkzSZzHxfO50w4Uwb1/12CmvrG5tbxe3Szu7e/kH58OhRx6ki1Ccxj1UrxJpyJqlvmOG0lSiKRchpMxzeTv3miCrNYvlgxgkNBO5L1mMEGyu1so4SSItJt1xxa+4MaJV4OalAjka3/NOJYpIKKg3hWOu25yYmyLAyjHA6KVU7qaYJJkPcp21LJRZUB9ks8ARVrRKhXqzskQbN1NKfjQwLrccitJMCm4Fe9qbif147Nb2rIGMySQ2VZP5QL+XIxGj6exQxRYnhY0swUcyGRWSAFSbGdrRwUzRiic5TP81j25K85UpWiX9eu6559xeV+k3eVhFO4BTOwINLqMMdNMAHAhxe4BXenGfn3flwPuejBSffOYYFOF+/qXudrA==</latexit><latexit sha1_base64="frr0ZB3cJWEb4yP5nXbJyzuYaQA=">AAACDnicbVDNTgIxGPwW/xD/UI9eGgmJJ7JrTNQb0YtHTFwhgQ3pdgs0tN1N2yWSDQ+hV30PT8arr+Br+AQW2IOAkzSZzHxfO50w4Uwb1/12CmvrG5tbxe3Szu7e/kH58OhRx6ki1Ccxj1UrxJpyJqlvmOG0lSiKRchpMxzeTv3miCrNYvlgxgkNBO5L1mMEGyu1so4SSItJt1xxa+4MaJV4OalAjka3/NOJYpIKKg3hWOu25yYmyLAyjHA6KVU7qaYJJkPcp21LJRZUB9ks8ARVrRKhXqzskQbN1NKfjQwLrccitJMCm4Fe9qbif147Nb2rIGMySQ2VZP5QL+XIxGj6exQxRYnhY0swUcyGRWSAFSbGdrRwUzRiic5TP81j25K85UpWiX9eu6559xeV+k3eVhFO4BTOwINLqMMdNMAHAhxe4BXenGfn3flwPuejBSffOYYFOF+/qXudrA==</latexit><latexit sha1_base64="frr0ZB3cJWEb4yP5nXbJyzuYaQA=">AAACDnicbVDNTgIxGPwW/xD/UI9eGgmJJ7JrTNQb0YtHTFwhgQ3pdgs0tN1N2yWSDQ+hV30PT8arr+Br+AQW2IOAkzSZzHxfO50w4Uwb1/12CmvrG5tbxe3Szu7e/kH58OhRx6ki1Ccxj1UrxJpyJqlvmOG0lSiKRchpMxzeTv3miCrNYvlgxgkNBO5L1mMEGyu1so4SSItJt1xxa+4MaJV4OalAjka3/NOJYpIKKg3hWOu25yYmyLAyjHA6KVU7qaYJJkPcp21LJRZUB9ks8ARVrRKhXqzskQbN1NKfjQwLrccitJMCm4Fe9qbif147Nb2rIGMySQ2VZP5QL+XIxGj6exQxRYnhY0swUcyGRWSAFSbGdrRwUzRiic5TP81j25K85UpWiX9eu6559xeV+k3eVhFO4BTOwINLqMMdNMAHAhxe4BXenGfn3flwPuejBSffOYYFOF+/qXudrA==</latexit><latexit sha1_base64="frr0ZB3cJWEb4yP5nXbJyzuYaQA=">AAACDnicbVDNTgIxGPwW/xD/UI9eGgmJJ7JrTNQb0YtHTFwhgQ3pdgs0tN1N2yWSDQ+hV30PT8arr+Br+AQW2IOAkzSZzHxfO50w4Uwb1/12CmvrG5tbxe3Szu7e/kH58OhRx6ki1Ccxj1UrxJpyJqlvmOG0lSiKRchpMxzeTv3miCrNYvlgxgkNBO5L1mMEGyu1so4SSItJt1xxa+4MaJV4OalAjka3/NOJYpIKKg3hWOu25yYmyLAyjHA6KVU7qaYJJkPcp21LJRZUB9ks8ARVrRKhXqzskQbN1NKfjQwLrccitJMCm4Fe9qbif147Nb2rIGMySQ2VZP5QL+XIxGj6exQxRYnhY0swUcyGRWSAFSbGdrRwUzRiic5TP81j25K85UpWiX9eu6559xeV+k3eVhFO4BTOwINLqMMdNMAHAhxe4BXenGfn3flwPuejBSffOYYFOF+/qXudrA==</latexit><latexit sha1_base64="frr0ZB3cJWEb4yP5nXbJyzuYaQA=">AAACDnicbVDNTgIxGPwW/xD/UI9eGgmJJ7JrTNQb0YtHTFwhgQ3pdgs0tN1N2yWSDQ+hV30PT8arr+Br+AQW2IOAkzSZzHxfO50w4Uwb1/12CmvrG5tbxe3Szu7e/kH58OhRx6ki1Ccxj1UrxJpyJqlvmOG0lSiKRchpMxzeTv3miCrNYvlgxgkNBO5L1mMEGyu1so4SSItJt1xxa+4MaJV4OalAjka3/NOJYpIKKg3hWOu25yYmyLAyjHA6KVU7qaYJJkPcp21LJRZUB9ks8ARVrRKhXqzskQbN1NKfjQwLrccitJMCm4Fe9qbif147Nb2rIGMySQ2VZP5QL+XIxGj6exQxRYnhY0swUcyGRWSAFSbGdrRwUzRiic5TP81j25K85UpWiX9eu6559xeV+k3eVhFO4BTOwINLqMMdNMAHAhxe4BXenGfn3flwPuejBSffOYYFOF+/qXudrA==</latexit>

freeze-out happens at

correct relic abundance is achieved when

h�viann ' 3⇥ 10�26 cm3/sec ⇠ (10TeV)�2
<latexit sha1_base64="b8GwASS5iHrYKGzNxHw4Panpvl8="></latexit><latexit sha1_base64="b8GwASS5iHrYKGzNxHw4Panpvl8="></latexit><latexit sha1_base64="b8GwASS5iHrYKGzNxHw4Panpvl8="></latexit><latexit sha1_base64="b8GwASS5iHrYKGzNxHw4Panpvl8="></latexit><latexit sha1_base64="b8GwASS5iHrYKGzNxHw4Panpvl8="></latexit>

n�h�viann ' H
<latexit sha1_base64="t/tWxmOBOszcOfCdHm7tBA0rf7c="></latexit><latexit sha1_base64="t/tWxmOBOszcOfCdHm7tBA0rf7c="></latexit><latexit sha1_base64="t/tWxmOBOszcOfCdHm7tBA0rf7c="></latexit><latexit sha1_base64="t/tWxmOBOszcOfCdHm7tBA0rf7c="></latexit><latexit sha1_base64="t/tWxmOBOszcOfCdHm7tBA0rf7c="></latexit>



A trouble with heavy thermal relic

correct relic abundance is achieved when

h�viann ' 3⇥ 10�26 cm3/sec ⇠ (10TeV)�2
<latexit sha1_base64="b8GwASS5iHrYKGzNxHw4Panpvl8="></latexit><latexit sha1_base64="b8GwASS5iHrYKGzNxHw4Panpvl8="></latexit><latexit sha1_base64="b8GwASS5iHrYKGzNxHw4Panpvl8="></latexit><latexit sha1_base64="b8GwASS5iHrYKGzNxHw4Panpvl8="></latexit><latexit sha1_base64="b8GwASS5iHrYKGzNxHw4Panpvl8="></latexit>

the cross section cannot be arbitrarily large



A trouble with heavy thermal relic

correct relic abundance is achieved when

h�viann ' 3⇥ 10�26 cm3/sec ⇠ (10TeV)�2
<latexit sha1_base64="b8GwASS5iHrYKGzNxHw4Panpvl8="></latexit><latexit sha1_base64="b8GwASS5iHrYKGzNxHw4Panpvl8="></latexit><latexit sha1_base64="b8GwASS5iHrYKGzNxHw4Panpvl8="></latexit><latexit sha1_base64="b8GwASS5iHrYKGzNxHw4Panpvl8="></latexit><latexit sha1_base64="b8GwASS5iHrYKGzNxHw4Panpvl8="></latexit>

the cross section cannot be arbitrarily large

�v . 4⇡

m2v
<latexit sha1_base64="i34mJC4qIAysvf8EfCvpvRhtKyU=">AAACLXicbVBPS8MwHE3nvzn/VT16CY6Bp9GOgXobevE4wbrBOkeapltY0pYkLY7ST+CX0at+D0EQr979BGZbD27zQeDx3u+XvDwvZlQqy/owSmvrG5tb5e3Kzu7e/oF5eHQvo0Rg4uCIRaLrIUkYDYmjqGKkGwuCuMdIxxtfT/1OSoSkUXinJjHpczQMaUAxUloamDVX0iFHMIUuI1JKyqEbCISzphvTPOMPDZjmcGBWrbo1A1wldkGqoEB7YP64foQTTkKFGZKyZ1ux6mdIKIoZySs1N5EkRniMhqSnaYg4kf1s9p8c1rTiwyAS+oQKztTKn40McSkn3NOTHKmRXPam4n9eL1HBRT+jYZwoEuL5Q0HCoIrgtBzoU0GwYhNNEBZUh4V4hHQdSle4cJOf0lgWqR/nsXVJ9nIlq8Rp1C/r9m2z2roq2iqDE3AKzoANzkEL3IA2cAAGT+AFvII349l4Nz6Nr/loySh2jsECjO9fYoSpbw==</latexit><latexit sha1_base64="i34mJC4qIAysvf8EfCvpvRhtKyU=">AAACLXicbVBPS8MwHE3nvzn/VT16CY6Bp9GOgXobevE4wbrBOkeapltY0pYkLY7ST+CX0at+D0EQr979BGZbD27zQeDx3u+XvDwvZlQqy/owSmvrG5tb5e3Kzu7e/oF5eHQvo0Rg4uCIRaLrIUkYDYmjqGKkGwuCuMdIxxtfT/1OSoSkUXinJjHpczQMaUAxUloamDVX0iFHMIUuI1JKyqEbCISzphvTPOMPDZjmcGBWrbo1A1wldkGqoEB7YP64foQTTkKFGZKyZ1ux6mdIKIoZySs1N5EkRniMhqSnaYg4kf1s9p8c1rTiwyAS+oQKztTKn40McSkn3NOTHKmRXPam4n9eL1HBRT+jYZwoEuL5Q0HCoIrgtBzoU0GwYhNNEBZUh4V4hHQdSle4cJOf0lgWqR/nsXVJ9nIlq8Rp1C/r9m2z2roq2iqDE3AKzoANzkEL3IA2cAAGT+AFvII349l4Nz6Nr/loySh2jsECjO9fYoSpbw==</latexit><latexit sha1_base64="i34mJC4qIAysvf8EfCvpvRhtKyU=">AAACLXicbVBPS8MwHE3nvzn/VT16CY6Bp9GOgXobevE4wbrBOkeapltY0pYkLY7ST+CX0at+D0EQr979BGZbD27zQeDx3u+XvDwvZlQqy/owSmvrG5tb5e3Kzu7e/oF5eHQvo0Rg4uCIRaLrIUkYDYmjqGKkGwuCuMdIxxtfT/1OSoSkUXinJjHpczQMaUAxUloamDVX0iFHMIUuI1JKyqEbCISzphvTPOMPDZjmcGBWrbo1A1wldkGqoEB7YP64foQTTkKFGZKyZ1ux6mdIKIoZySs1N5EkRniMhqSnaYg4kf1s9p8c1rTiwyAS+oQKztTKn40McSkn3NOTHKmRXPam4n9eL1HBRT+jYZwoEuL5Q0HCoIrgtBzoU0GwYhNNEBZUh4V4hHQdSle4cJOf0lgWqR/nsXVJ9nIlq8Rp1C/r9m2z2roq2iqDE3AKzoANzkEL3IA2cAAGT+AFvII349l4Nz6Nr/loySh2jsECjO9fYoSpbw==</latexit><latexit sha1_base64="i34mJC4qIAysvf8EfCvpvRhtKyU=">AAACLXicbVBPS8MwHE3nvzn/VT16CY6Bp9GOgXobevE4wbrBOkeapltY0pYkLY7ST+CX0at+D0EQr979BGZbD27zQeDx3u+XvDwvZlQqy/owSmvrG5tb5e3Kzu7e/oF5eHQvo0Rg4uCIRaLrIUkYDYmjqGKkGwuCuMdIxxtfT/1OSoSkUXinJjHpczQMaUAxUloamDVX0iFHMIUuI1JKyqEbCISzphvTPOMPDZjmcGBWrbo1A1wldkGqoEB7YP64foQTTkKFGZKyZ1ux6mdIKIoZySs1N5EkRniMhqSnaYg4kf1s9p8c1rTiwyAS+oQKztTKn40McSkn3NOTHKmRXPam4n9eL1HBRT+jYZwoEuL5Q0HCoIrgtBzoU0GwYhNNEBZUh4V4hHQdSle4cJOf0lgWqR/nsXVJ9nIlq8Rp1C/r9m2z2roq2iqDE3AKzoANzkEL3IA2cAAGT+AFvII349l4Nz6Nr/loySh2jsECjO9fYoSpbw==</latexit><latexit sha1_base64="i34mJC4qIAysvf8EfCvpvRhtKyU=">AAACLXicbVBPS8MwHE3nvzn/VT16CY6Bp9GOgXobevE4wbrBOkeapltY0pYkLY7ST+CX0at+D0EQr979BGZbD27zQeDx3u+XvDwvZlQqy/owSmvrG5tb5e3Kzu7e/oF5eHQvo0Rg4uCIRaLrIUkYDYmjqGKkGwuCuMdIxxtfT/1OSoSkUXinJjHpczQMaUAxUloamDVX0iFHMIUuI1JKyqEbCISzphvTPOMPDZjmcGBWrbo1A1wldkGqoEB7YP64foQTTkKFGZKyZ1ux6mdIKIoZySs1N5EkRniMhqSnaYg4kf1s9p8c1rTiwyAS+oQKztTKn40McSkn3NOTHKmRXPam4n9eL1HBRT+jYZwoEuL5Q0HCoIrgtBzoU0GwYhNNEBZUh4V4hHQdSle4cJOf0lgWqR/nsXVJ9nIlq8Rp1C/r9m2z2roq2iqDE3AKzoANzkEL3IA2cAAGT+AFvII349l4Nz6Nr/loySh2jsECjO9fYoSpbw==</latexit>

for s-wave annihilation



A trouble with heavy thermal relic

correct relic abundance is achieved when

h�viann ' 3⇥ 10�26 cm3/sec ⇠ (10TeV)�2
<latexit sha1_base64="b8GwASS5iHrYKGzNxHw4Panpvl8="></latexit><latexit sha1_base64="b8GwASS5iHrYKGzNxHw4Panpvl8="></latexit><latexit sha1_base64="b8GwASS5iHrYKGzNxHw4Panpvl8="></latexit><latexit sha1_base64="b8GwASS5iHrYKGzNxHw4Panpvl8="></latexit><latexit sha1_base64="b8GwASS5iHrYKGzNxHw4Panpvl8="></latexit>

the cross section cannot be arbitrarily large

�v . 4⇡

m2v
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for s-wave annihilation

they saturate when

m ⇠ 100TeV
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For heavy DM

m & 100TeV
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too small annihilation cross section 

leading to over-abundant DM relic density



some other channel to deplete DM relic further 

realizing heavy thermal DM needs
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FIG. 1. Dark matter coscatter and codecay chain.

process �2 ! sm + sm, will necessarily lead to the fast
decay of �1 via an o↵-shell �2. Therefore, we propose
that there is a coscattering chain, such that scatters take
place only for nearest neighbor

�i + sm $ �i+1 + sm, (4)

which codecay in equilibrium with �N ,

�N ! sm + sm . (5)

This is summarized in Fig. 1. Here �1 is still the dark
matter, but its decay width is suppressed due to the large
phase space needed to decay to the SM (�1 decays to 2N
SM particles).

III. TWO PARTICLE CASE

We first consider the simplest case of N = 2 dark sec-
tor particles. While this example is not cosmologically
viable, it demonstrates the basic idea of the mechanism.
There are two degenerate states �1 and �2, which coscat-
ter [1] o↵ SM bath particles via the process

�1 + SM $ �2 + SM. (6)

The dark matter candidate is �1, while �2 decays in equi-
librium with the SM bath.
The Boltzmann equations for the system are

ṅ1 + 3Hn1 = nsmh�vi(n2 � n1), (7)

ṅ2 + 3Hn2 = nsmh�vi(n1 � n2)� (n2 � n
eq
2 )�2, (8)

where h�vi is a thermally averaged cross section for the
scattering process, neq is equilibrium number density of
�, and �2 is the decay rate of �2 in the thermal bath. This
system is similar to the co-scattering scenario [1], but here
the dark matter bath is kept in equilibrium with the SM
bath via decays and inverse-decays, rather than annihi-
lations. Ultimately, since decays and inverse-decays can
stay in equilibrium much longer, this will allow for much
heavier DM.

Unlike the case for freezeout via annihilations, the in-
stantaneous freezeout approximation will not give a good
estimate of the relic abundance. This is because the rate
for �1 scattering, � ⇠ nsmh�vi, is not dropping o↵ expo-
nentially fast with the expansion, and therefore freezeout
takes a long time. However, an approximate analytic so-
lution to the relic abundance can still be determined from
the Boltzmann equations.

If the decay rate is larger than the Hubble expansion
parameter when the temperature of the universe is equal
to the dark matter mass, the number density of �2 closely
follows its equilibrium value. Then an approximate so-
lution to the �1 density can be found by considering the
single equation

Y
0
1 =

�

x2
(�Y1 + Yeq), (9)

where Yi = ni/s, � = (nsmh�vi/H)|x=1. The asymptotic
value of the relic abundance is

Y1(1) ⇡
45

23/2⇡3g?s
�e

�2
p
�
⌘ Y1(�). (10)

The fact that the relic abundance scales as Y1(1) ⇠

e
�2xfo and not e

�xfo , is a result of the slow freezeout.
From the Boltzmann equation (9), �1 departs equilibrium
when �/x

2
fo ⇠ 1. At this point, �1 creation stops, but can

continue to scatter away. Neglecting the inverse process,
one solves

Y
0
1 = �

�

x2
Y1, (11)

to find that Y1(x) = Y1(xfo)e
�
x� �

xfo ! e
�2xfo . One also

sees from this solution that the abundance stops changing
significantly when xfin ⇠ � = x

2
fo.

From this estimation, we can find h�vi, reproduc-
ing the observed relic abundance of dark matter, while
satisfying the unitarity bound. For instance, param-
eterizing the cross-section as h�vi ⌘ ↵

2
/m

2
�, then

m� = mpl = 2.4⇥ 1018 GeV and ↵ ' 17, reproduces the
correct relic abundance (assuming the DM scatters o↵ all
all SM particles and that g?s = 106.75).

Unfortunately, the minimal scenario is not vi-
able because the dark matter can decay through
�1 ! 2 sm + �

⇤
2 ! 4 sm. The decay rate of �1 is

�1

�2
⇠

⇣
↵

16⇡2

⌘2
. (12)

Considering that we assumed that the decays are in equi-
librium, �1 is short lived and therefore cannot be identi-
fied as dark matter.

IV. N > 2 DEGENERATE CASE

Although the simplest N = 2 example does not work,
it is interesting to observe that the decay rate of �1 is
suppressed relative to that of �2 due to the small available
phase space and the coupling constant. In this regard,
we consider N > 2 case with the same type of nearest-
neighbor interactions. Similarly, we assume that only �N

is able to decay into SM particles, that the masses are
degenerate, and that the cross section for each interaction
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process �2 ! sm + sm, will necessarily lead to the fast
decay of �1 via an o↵-shell �2. Therefore, we propose
that there is a coscattering chain, such that scatters take
place only for nearest neighbor

�i + sm $ �i+1 + sm, (4)

which codecay in equilibrium with �N ,

�N ! sm + sm . (5)

This is summarized in Fig. 1. Here �1 is still the dark
matter, but its decay width is suppressed due to the large
phase space needed to decay to the SM (�1 decays to 2N
SM particles).

III. TWO PARTICLE CASE

We first consider the simplest case of N = 2 dark sec-
tor particles. While this example is not cosmologically
viable, it demonstrates the basic idea of the mechanism.
There are two degenerate states �1 and �2, which coscat-
ter [1] o↵ SM bath particles via the process

�1 + SM $ �2 + SM. (6)

The dark matter candidate is �1, while �2 decays in equi-
librium with the SM bath.
The Boltzmann equations for the system are

ṅ1 + 3Hn1 = nsmh�vi(n2 � n1), (7)

ṅ2 + 3Hn2 = nsmh�vi(n1 � n2)� (n2 � n
eq
2 )�2, (8)

where h�vi is a thermally averaged cross section for the
scattering process, neq is equilibrium number density of
�, and �2 is the decay rate of �2 in the thermal bath. This
system is similar to the co-scattering scenario [1], but here
the dark matter bath is kept in equilibrium with the SM
bath via decays and inverse-decays, rather than annihi-
lations. Ultimately, since decays and inverse-decays can
stay in equilibrium much longer, this will allow for much
heavier DM.

Unlike the case for freezeout via annihilations, the in-
stantaneous freezeout approximation will not give a good
estimate of the relic abundance. This is because the rate
for �1 scattering, � ⇠ nsmh�vi, is not dropping o↵ expo-
nentially fast with the expansion, and therefore freezeout
takes a long time. However, an approximate analytic so-
lution to the relic abundance can still be determined from
the Boltzmann equations.

If the decay rate is larger than the Hubble expansion
parameter when the temperature of the universe is equal
to the dark matter mass, the number density of �2 closely
follows its equilibrium value. Then an approximate so-
lution to the �1 density can be found by considering the
single equation

Y
0
1 =

�

x2
(�Y1 + Yeq), (9)

where Yi = ni/s, � = (nsmh�vi/H)|x=1. The asymptotic
value of the relic abundance is

Y1(1) ⇡
45

23/2⇡3g?s
�e

�2
p
�
⌘ Y1(�). (10)

The fact that the relic abundance scales as Y1(1) ⇠

e
�2xfo and not e

�xfo , is a result of the slow freezeout.
From the Boltzmann equation (9), �1 departs equilibrium
when �/x

2
fo ⇠ 1. At this point, �1 creation stops, but can

continue to scatter away. Neglecting the inverse process,
one solves

Y
0
1 = �

�

x2
Y1, (11)

to find that Y1(x) = Y1(xfo)e
�
x� �

xfo ! e
�2xfo . One also

sees from this solution that the abundance stops changing
significantly when xfin ⇠ � = x

2
fo.

From this estimation, we can find h�vi, reproduc-
ing the observed relic abundance of dark matter, while
satisfying the unitarity bound. For instance, param-
eterizing the cross-section as h�vi ⌘ ↵

2
/m

2
�, then

m� = mpl = 2.4⇥ 1018 GeV and ↵ ' 17, reproduces the
correct relic abundance (assuming the DM scatters o↵ all
all SM particles and that g?s = 106.75).

Unfortunately, the minimal scenario is not vi-
able because the dark matter can decay through
�1 ! 2 sm + �

⇤
2 ! 4 sm. The decay rate of �1 is

�1

�2
⇠

⇣
↵

16⇡2

⌘2
. (12)

Considering that we assumed that the decays are in equi-
librium, �1 is short lived and therefore cannot be identi-
fied as dark matter.

IV. N > 2 DEGENERATE CASE

Although the simplest N = 2 example does not work,
it is interesting to observe that the decay rate of �1 is
suppressed relative to that of �2 due to the small available
phase space and the coupling constant. In this regard,
we consider N > 2 case with the same type of nearest-
neighbor interactions. Similarly, we assume that only �N

is able to decay into SM particles, that the masses are
degenerate, and that the cross section for each interaction

[HK and Kuflik, 1906.00981]

we introduce a chain



DM candidate decays in-equilibrium n�N ⇡ neq
<latexit sha1_base64="40qM71LsH/IlPSc9fRuDKWm1dWQ="></latexit><latexit sha1_base64="40qM71LsH/IlPSc9fRuDKWm1dWQ="></latexit><latexit sha1_base64="40qM71LsH/IlPSc9fRuDKWm1dWQ="></latexit><latexit sha1_base64="40qM71LsH/IlPSc9fRuDKWm1dWQ="></latexit><latexit sha1_base64="40qM71LsH/IlPSc9fRuDKWm1dWQ="></latexit>

2

�1

sm

�2

sm

�2

sm

�3

sm

· · ·

�N�1

sm

�N

sm

sm

sm

FIG. 1. Dark matter coscatter and codecay chain.

process �2 ! sm + sm, will necessarily lead to the fast
decay of �1 via an o↵-shell �2. Therefore, we propose
that there is a coscattering chain, such that scatters take
place only for nearest neighbor

�i + sm $ �i+1 + sm, (4)

which codecay in equilibrium with �N ,

�N ! sm + sm . (5)

This is summarized in Fig. 1. Here �1 is still the dark
matter, but its decay width is suppressed due to the large
phase space needed to decay to the SM (�1 decays to 2N
SM particles).

III. TWO PARTICLE CASE

We first consider the simplest case of N = 2 dark sec-
tor particles. While this example is not cosmologically
viable, it demonstrates the basic idea of the mechanism.
There are two degenerate states �1 and �2, which coscat-
ter [1] o↵ SM bath particles via the process

�1 + SM $ �2 + SM. (6)

The dark matter candidate is �1, while �2 decays in equi-
librium with the SM bath.
The Boltzmann equations for the system are

ṅ1 + 3Hn1 = nsmh�vi(n2 � n1), (7)

ṅ2 + 3Hn2 = nsmh�vi(n1 � n2)� (n2 � n
eq
2 )�2, (8)

where h�vi is a thermally averaged cross section for the
scattering process, neq is equilibrium number density of
�, and �2 is the decay rate of �2 in the thermal bath. This
system is similar to the co-scattering scenario [1], but here
the dark matter bath is kept in equilibrium with the SM
bath via decays and inverse-decays, rather than annihi-
lations. Ultimately, since decays and inverse-decays can
stay in equilibrium much longer, this will allow for much
heavier DM.

Unlike the case for freezeout via annihilations, the in-
stantaneous freezeout approximation will not give a good
estimate of the relic abundance. This is because the rate
for �1 scattering, � ⇠ nsmh�vi, is not dropping o↵ expo-
nentially fast with the expansion, and therefore freezeout
takes a long time. However, an approximate analytic so-
lution to the relic abundance can still be determined from
the Boltzmann equations.

If the decay rate is larger than the Hubble expansion
parameter when the temperature of the universe is equal
to the dark matter mass, the number density of �2 closely
follows its equilibrium value. Then an approximate so-
lution to the �1 density can be found by considering the
single equation

Y
0
1 =
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x2
(�Y1 + Yeq), (9)

where Yi = ni/s, � = (nsmh�vi/H)|x=1. The asymptotic
value of the relic abundance is

Y1(1) ⇡
45

23/2⇡3g?s
�e
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p
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⌘ Y1(�). (10)

The fact that the relic abundance scales as Y1(1) ⇠

e
�2xfo and not e

�xfo , is a result of the slow freezeout.
From the Boltzmann equation (9), �1 departs equilibrium
when �/x

2
fo ⇠ 1. At this point, �1 creation stops, but can

continue to scatter away. Neglecting the inverse process,
one solves

Y
0
1 = �

�

x2
Y1, (11)

to find that Y1(x) = Y1(xfo)e
�
x� �

xfo ! e
�2xfo . One also

sees from this solution that the abundance stops changing
significantly when xfin ⇠ � = x

2
fo.

From this estimation, we can find h�vi, reproduc-
ing the observed relic abundance of dark matter, while
satisfying the unitarity bound. For instance, param-
eterizing the cross-section as h�vi ⌘ ↵

2
/m

2
�, then

m� = mpl = 2.4⇥ 1018 GeV and ↵ ' 17, reproduces the
correct relic abundance (assuming the DM scatters o↵ all
all SM particles and that g?s = 106.75).

Unfortunately, the minimal scenario is not vi-
able because the dark matter can decay through
�1 ! 2 sm + �

⇤
2 ! 4 sm. The decay rate of �1 is

�1

�2
⇠

⇣
↵

16⇡2

⌘2
. (12)

Considering that we assumed that the decays are in equi-
librium, �1 is short lived and therefore cannot be identi-
fied as dark matter.

IV. N > 2 DEGENERATE CASE

Although the simplest N = 2 example does not work,
it is interesting to observe that the decay rate of �1 is
suppressed relative to that of �2 due to the small available
phase space and the coupling constant. In this regard,
we consider N > 2 case with the same type of nearest-
neighbor interactions. Similarly, we assume that only �N

is able to decay into SM particles, that the masses are
degenerate, and that the cross section for each interaction
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process �2 ! sm + sm, will necessarily lead to the fast
decay of �1 via an o↵-shell �2. Therefore, we propose
that there is a coscattering chain, such that scatters take
place only for nearest neighbor

�i + sm $ �i+1 + sm, (4)

which codecay in equilibrium with �N ,

�N ! sm + sm . (5)

This is summarized in Fig. 1. Here �1 is still the dark
matter, but its decay width is suppressed due to the large
phase space needed to decay to the SM (�1 decays to 2N
SM particles).

III. TWO PARTICLE CASE

We first consider the simplest case of N = 2 dark sec-
tor particles. While this example is not cosmologically
viable, it demonstrates the basic idea of the mechanism.
There are two degenerate states �1 and �2, which coscat-
ter [1] o↵ SM bath particles via the process

�1 + SM $ �2 + SM. (6)

The dark matter candidate is �1, while �2 decays in equi-
librium with the SM bath.
The Boltzmann equations for the system are

ṅ1 + 3Hn1 = nsmh�vi(n2 � n1), (7)

ṅ2 + 3Hn2 = nsmh�vi(n1 � n2)� (n2 � n
eq
2 )�2, (8)

where h�vi is a thermally averaged cross section for the
scattering process, neq is equilibrium number density of
�, and �2 is the decay rate of �2 in the thermal bath. This
system is similar to the co-scattering scenario [1], but here
the dark matter bath is kept in equilibrium with the SM
bath via decays and inverse-decays, rather than annihi-
lations. Ultimately, since decays and inverse-decays can
stay in equilibrium much longer, this will allow for much
heavier DM.

Unlike the case for freezeout via annihilations, the in-
stantaneous freezeout approximation will not give a good
estimate of the relic abundance. This is because the rate
for �1 scattering, � ⇠ nsmh�vi, is not dropping o↵ expo-
nentially fast with the expansion, and therefore freezeout
takes a long time. However, an approximate analytic so-
lution to the relic abundance can still be determined from
the Boltzmann equations.

If the decay rate is larger than the Hubble expansion
parameter when the temperature of the universe is equal
to the dark matter mass, the number density of �2 closely
follows its equilibrium value. Then an approximate so-
lution to the �1 density can be found by considering the
single equation

Y
0
1 =

�

x2
(�Y1 + Yeq), (9)

where Yi = ni/s, � = (nsmh�vi/H)|x=1. The asymptotic
value of the relic abundance is

Y1(1) ⇡
45

23/2⇡3g?s
�e

�2
p
�
⌘ Y1(�). (10)

The fact that the relic abundance scales as Y1(1) ⇠

e
�2xfo and not e

�xfo , is a result of the slow freezeout.
From the Boltzmann equation (9), �1 departs equilibrium
when �/x

2
fo ⇠ 1. At this point, �1 creation stops, but can

continue to scatter away. Neglecting the inverse process,
one solves

Y
0
1 = �

�

x2
Y1, (11)

to find that Y1(x) = Y1(xfo)e
�
x� �

xfo ! e
�2xfo . One also

sees from this solution that the abundance stops changing
significantly when xfin ⇠ � = x

2
fo.

From this estimation, we can find h�vi, reproduc-
ing the observed relic abundance of dark matter, while
satisfying the unitarity bound. For instance, param-
eterizing the cross-section as h�vi ⌘ ↵

2
/m

2
�, then

m� = mpl = 2.4⇥ 1018 GeV and ↵ ' 17, reproduces the
correct relic abundance (assuming the DM scatters o↵ all
all SM particles and that g?s = 106.75).

Unfortunately, the minimal scenario is not vi-
able because the dark matter can decay through
�1 ! 2 sm + �

⇤
2 ! 4 sm. The decay rate of �1 is

�1

�2
⇠

⇣
↵

16⇡2

⌘2
. (12)

Considering that we assumed that the decays are in equi-
librium, �1 is short lived and therefore cannot be identi-
fied as dark matter.

IV. N > 2 DEGENERATE CASE

Although the simplest N = 2 example does not work,
it is interesting to observe that the decay rate of �1 is
suppressed relative to that of �2 due to the small available
phase space and the coupling constant. In this regard,
we consider N > 2 case with the same type of nearest-
neighbor interactions. Similarly, we assume that only �N

is able to decay into SM particles, that the masses are
degenerate, and that the cross section for each interaction
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I. INTRODUCTION

One of the fundamental questions in modern particle
physics is the nature of dark matter (DM). The possibility
that DM is a thermal Weakly Interacting Massive Parti-
cle (WIMP), whose abundance is determined by 2 ! 2
annihilations into Standard Model (SM) bath particles,
is an exciting possibility, but has alluded detection, both
directly [] and at the LHC []. The WIMP is particularly
intriguing because it is very predictive–the abundance is
determined only by the interactions with the SM, and
inform us how it may be detected. Other models...

The WIMP has been guide towards what the proper-
ties of the DM might be–such as its mass and interac-
tions. In particular, within the WIMP freezeout mech-
anism, there is a theoretical upper bound on the mass,
m < O(102) TeV []. This arrises because the annihilation
cross section cannot be arbitrarily large. Since the anni-
hilation rate to an exponentially decreasing DM density,
the amount of dark matter that can be annihilated away
before freezeout is limited by the theoretical size of the
cross-section.

Of course, DM may be much heavier than this bound,
if it is not a WIMP. Such models include non-thermal
dynamics [], decoupled dark sectors [], or nonstandard
cosmological histories []. However, in none of these cases
is the DM the abundance solely determined by its in-
teractions with the SM. One generally believes that any
elementary DM candidate thermally coupled to the SM
cannot have mass well above the WIMP pertubative uni-
tarity bound. Exceptions include composite DM, but do
not go much beyond this scale [].

In the letter we present a new freezeout mechanism
within a standard cosmological history. The dark matter
is an elementary particle that is thermalized with the SM
at high temperatures, its relic abundance is determined
via its freezeout from the SM bath, and allows for the DM
mass to be as high as the Planck mass, m ⇠ 1018 GeV.
Therefore, this leads to a fully predictive DM mechanism.

The general idea is as follows. The dark sector con-
sists on N approximately degenerate states. These states
coscatter [] o↵ the SM bath, but only in a chain for near-
est neighbor interactions

�i + sm $ �i+1 + sm, (1)

while the N
th state codecays [] in equilibrium with SM,

�N ! sm + sm . (2)

This is summarized in Fig. (1). Here �1 is the DM can-
didate. The processes (1) can maintain chemical equilib-
rium much longer than annihilations, because the inter-
action rate for the scattering �sctr = nSM h�visctr never
becomes exponentially suppressed. The in-equilibrium
decay allows for the whole system to have vanishing chem-
ical potential for a long time–if the N

t
h particle was an-

nihilating with the bath, the system would inherit the
unitarity bound from co-annihilations. Finally, the chain,
which will typically require N = 5 � 20 insures the sta-
bility of �1.

The draft is organized as follows.

II. GENERAL IDEA

We propose that dark matter density �1, changes via
scattering with a light bath particle

�1 + sm $ �2 + sm, (3)

where �2 has similar mass to �1. This process can be
in thermal equilibrium much longer than annihilation
with the same interaction strength, because the interac-
tion rate for the scattering does not depend on the dark
matter density, and therefore the rate does not become
exponentially suppressed. The dark matter is able to
maintain equilibrium to smaller temperatures, becoming
more Boltzmann suppressed than a WIMP for the same
size cross-section.

However, �1 can only reduce exponentially for as long
as �2 reduces exponentially (for instance, by maintain-
ing equilibrium with the SM bath). Thus in order to go
beyond the unitarity bound on annihilations, some other
process is still needed to reduce the �2 density. If this
process is annihilations (such as �2 + �2 $ sm + sm),
then it will freezeout too early, and the unitarity bound
on annihilations will apply again. Therefore we propose
that �2 is decaying in equilibrium with the SM bath.
Thus the mechanism is a combination of co-decay and
co-scattering dark matter.

However, one can easily see that the combination of
the scattering process (3), and the in equilibrium decay
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process �2 ! sm + sm, will necessarily lead to the fast
decay of �1 via an o↵-shell �2. Therefore, we propose
that there is a coscattering chain, such that scatters take
place only for nearest neighbor

�i + sm $ �i+1 + sm, (4)

which codecay in equilibrium with �N ,

�N ! sm + sm . (5)

This is summarized in Fig. 1. Here �1 is still the dark
matter, but its decay width is suppressed due to the large
phase space needed to decay to the SM (�1 decays to 2N
SM particles).

III. TWO PARTICLE CASE

We first consider the simplest case of N = 2 dark sec-
tor particles. While this example is not cosmologically
viable, it demonstrates the basic idea of the mechanism.
There are two degenerate states �1 and �2, which coscat-
ter [1] o↵ SM bath particles via the process

�1 + SM $ �2 + SM. (6)

The dark matter candidate is �1, while �2 decays in equi-
librium with the SM bath.
The Boltzmann equations for the system are

ṅ1 + 3Hn1 = nsmh�vi(n2 � n1), (7)

ṅ2 + 3Hn2 = nsmh�vi(n1 � n2)� (n2 � n
eq
2 )�2, (8)

where h�vi is a thermally averaged cross section for the
scattering process, neq is equilibrium number density of
�, and �2 is the decay rate of �2 in the thermal bath. This
system is similar to the co-scattering scenario [1], but here
the dark matter bath is kept in equilibrium with the SM
bath via decays and inverse-decays, rather than annihi-
lations. Ultimately, since decays and inverse-decays can
stay in equilibrium much longer, this will allow for much
heavier DM.

Unlike the case for freezeout via annihilations, the in-
stantaneous freezeout approximation will not give a good
estimate of the relic abundance. This is because the rate
for �1 scattering, � ⇠ nsmh�vi, is not dropping o↵ expo-
nentially fast with the expansion, and therefore freezeout
takes a long time. However, an approximate analytic so-
lution to the relic abundance can still be determined from
the Boltzmann equations.

If the decay rate is larger than the Hubble expansion
parameter when the temperature of the universe is equal
to the dark matter mass, the number density of �2 closely
follows its equilibrium value. Then an approximate so-
lution to the �1 density can be found by considering the
single equation

Y
0
1 =

�

x2
(�Y1 + Yeq), (9)

where Yi = ni/s, � = (nsmh�vi/H)|x=1. The asymptotic
value of the relic abundance is

Y1(1) ⇡
45

23/2⇡3g?s
�e

�2
p
�
⌘ Y1(�). (10)

The fact that the relic abundance scales as Y1(1) ⇠

e
�2xfo and not e

�xfo , is a result of the slow freezeout.
From the Boltzmann equation (9), �1 departs equilibrium
when �/x

2
fo ⇠ 1. At this point, �1 creation stops, but can

continue to scatter away. Neglecting the inverse process,
one solves

Y
0
1 = �

�

x2
Y1, (11)

to find that Y1(x) = Y1(xfo)e
�
x� �

xfo ! e
�2xfo . One also

sees from this solution that the abundance stops changing
significantly when xfin ⇠ � = x

2
fo.

From this estimation, we can find h�vi, reproduc-
ing the observed relic abundance of dark matter, while
satisfying the unitarity bound. For instance, param-
eterizing the cross-section as h�vi ⌘ ↵

2
/m

2
�, then

m� = mpl = 2.4⇥ 1018 GeV and ↵ ' 17, reproduces the
correct relic abundance (assuming the DM scatters o↵ all
all SM particles and that g?s = 106.75).

Unfortunately, the minimal scenario is not vi-
able because the dark matter can decay through
�1 ! 2 sm + �

⇤
2 ! 4 sm. The decay rate of �1 is

�1

�2
⇠

⇣
↵

16⇡2
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. (12)

Considering that we assumed that the decays are in equi-
librium, �1 is short lived and therefore cannot be identi-
fied as dark matter.

IV. N > 2 DEGENERATE CASE

Although the simplest N = 2 example does not work,
it is interesting to observe that the decay rate of �1 is
suppressed relative to that of �2 due to the small available
phase space and the coupling constant. In this regard,
we consider N > 2 case with the same type of nearest-
neighbor interactions. Similarly, we assume that only �N

is able to decay into SM particles, that the masses are
degenerate, and that the cross section for each interaction
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realized via a

I. INTRODUCTION

One of the fundamental questions in modern particle
physics is the nature of dark matter (DM). The possibility
that DM is a thermal Weakly Interacting Massive Parti-
cle (WIMP), whose abundance is determined by 2 ! 2
annihilations into Standard Model (SM) bath particles,
is an exciting possibility, but has alluded detection, both
directly [] and at the LHC []. The WIMP is particularly
intriguing because it is very predictive–the abundance is
determined only by the interactions with the SM, and
inform us how it may be detected. Other models...

The WIMP has been guide towards what the proper-
ties of the DM might be–such as its mass and interac-
tions. In particular, within the WIMP freezeout mech-
anism, there is a theoretical upper bound on the mass,
m < O(102) TeV []. This arrises because the annihilation
cross section cannot be arbitrarily large. Since the anni-
hilation rate to an exponentially decreasing DM density,
the amount of dark matter that can be annihilated away
before freezeout is limited by the theoretical size of the
cross-section.

Of course, DM may be much heavier than this bound,
if it is not a WIMP. Such models include non-thermal
dynamics [], decoupled dark sectors [], or nonstandard
cosmological histories []. However, in none of these cases
is the DM the abundance solely determined by its in-
teractions with the SM. One generally believes that any
elementary DM candidate thermally coupled to the SM
cannot have mass well above the WIMP pertubative uni-
tarity bound. Exceptions include composite DM, but do
not go much beyond this scale [].

In the letter we present a new freezeout mechanism
within a standard cosmological history. The dark matter
is an elementary particle that is thermalized with the SM
at high temperatures, its relic abundance is determined
via its freezeout from the SM bath, and allows for the DM
mass to be as high as the Planck mass, m ⇠ 1018 GeV.
Therefore, this leads to a fully predictive DM mechanism.

The general idea is as follows. The dark sector con-
sists on N approximately degenerate states. These states
coscatter [] o↵ the SM bath, but only in a chain for near-
est neighbor interactions

�i + sm $ �i+1 + sm, (1)

while the N
th state codecays [] in equilibrium with SM,

�N ! sm + sm . (2)

This is summarized in Fig. (1). Here �1 is the DM can-
didate. The processes (1) can maintain chemical equilib-
rium much longer than annihilations, because the inter-
action rate for the scattering �sctr = nSM h�visctr never
becomes exponentially suppressed. The in-equilibrium
decay allows for the whole system to have vanishing chem-
ical potential for a long time–if the N

t
h particle was an-

nihilating with the bath, the system would inherit the
unitarity bound from co-annihilations. Finally, the chain,
which will typically require N = 5 � 20 insures the sta-
bility of �1.

The draft is organized as follows.

II. GENERAL IDEA

We propose that dark matter density �1, changes via
scattering with a light bath particle

�1 + sm $ �2 + sm, (3)

where �2 has similar mass to �1. This process can be
in thermal equilibrium much longer than annihilation
with the same interaction strength, because the interac-
tion rate for the scattering does not depend on the dark
matter density, and therefore the rate does not become
exponentially suppressed. The dark matter is able to
maintain equilibrium to smaller temperatures, becoming
more Boltzmann suppressed than a WIMP for the same
size cross-section.

However, �1 can only reduce exponentially for as long
as �2 reduces exponentially (for instance, by maintain-
ing equilibrium with the SM bath). Thus in order to go
beyond the unitarity bound on annihilations, some other
process is still needed to reduce the �2 density. If this
process is annihilations (such as �2 + �2 $ sm + sm),
then it will freezeout too early, and the unitarity bound
on annihilations will apply again. Therefore we propose
that �2 is decaying in equilibrium with the SM bath.
Thus the mechanism is a combination of co-decay and
co-scattering dark matter.

However, one can easily see that the combination of
the scattering process (3), and the in equilibrium decay
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process �2 ! sm + sm, will necessarily lead to the fast
decay of �1 via an o↵-shell �2. Therefore, we propose
that there is a coscattering chain, such that scatters take
place only for nearest neighbor

�i + sm $ �i+1 + sm, (4)

which codecay in equilibrium with �N ,

�N ! sm + sm . (5)

This is summarized in Fig. 1. Here �1 is still the dark
matter, but its decay width is suppressed due to the large
phase space needed to decay to the SM (�1 decays to 2N
SM particles).

III. TWO PARTICLE CASE

We first consider the simplest case of N = 2 dark sec-
tor particles. While this example is not cosmologically
viable, it demonstrates the basic idea of the mechanism.
There are two degenerate states �1 and �2, which coscat-
ter [1] o↵ SM bath particles via the process

�1 + SM $ �2 + SM. (6)

The dark matter candidate is �1, while �2 decays in equi-
librium with the SM bath.
The Boltzmann equations for the system are

ṅ1 + 3Hn1 = nsmh�vi(n2 � n1), (7)

ṅ2 + 3Hn2 = nsmh�vi(n1 � n2)� (n2 � n
eq
2 )�2, (8)

where h�vi is a thermally averaged cross section for the
scattering process, neq is equilibrium number density of
�, and �2 is the decay rate of �2 in the thermal bath. This
system is similar to the co-scattering scenario [1], but here
the dark matter bath is kept in equilibrium with the SM
bath via decays and inverse-decays, rather than annihi-
lations. Ultimately, since decays and inverse-decays can
stay in equilibrium much longer, this will allow for much
heavier DM.

Unlike the case for freezeout via annihilations, the in-
stantaneous freezeout approximation will not give a good
estimate of the relic abundance. This is because the rate
for �1 scattering, � ⇠ nsmh�vi, is not dropping o↵ expo-
nentially fast with the expansion, and therefore freezeout
takes a long time. However, an approximate analytic so-
lution to the relic abundance can still be determined from
the Boltzmann equations.

If the decay rate is larger than the Hubble expansion
parameter when the temperature of the universe is equal
to the dark matter mass, the number density of �2 closely
follows its equilibrium value. Then an approximate so-
lution to the �1 density can be found by considering the
single equation

Y
0
1 =

�

x2
(�Y1 + Yeq), (9)

where Yi = ni/s, � = (nsmh�vi/H)|x=1. The asymptotic
value of the relic abundance is

Y1(1) ⇡
45

23/2⇡3g?s
�e

�2
p
�
⌘ Y1(�). (10)

The fact that the relic abundance scales as Y1(1) ⇠

e
�2xfo and not e

�xfo , is a result of the slow freezeout.
From the Boltzmann equation (9), �1 departs equilibrium
when �/x

2
fo ⇠ 1. At this point, �1 creation stops, but can

continue to scatter away. Neglecting the inverse process,
one solves

Y
0
1 = �

�

x2
Y1, (11)

to find that Y1(x) = Y1(xfo)e
�
x� �

xfo ! e
�2xfo . One also

sees from this solution that the abundance stops changing
significantly when xfin ⇠ � = x

2
fo.

From this estimation, we can find h�vi, reproduc-
ing the observed relic abundance of dark matter, while
satisfying the unitarity bound. For instance, param-
eterizing the cross-section as h�vi ⌘ ↵

2
/m

2
�, then

m� = mpl = 2.4⇥ 1018 GeV and ↵ ' 17, reproduces the
correct relic abundance (assuming the DM scatters o↵ all
all SM particles and that g?s = 106.75).

Unfortunately, the minimal scenario is not vi-
able because the dark matter can decay through
�1 ! 2 sm + �

⇤
2 ! 4 sm. The decay rate of �1 is

�1

�2
⇠

⇣
↵

16⇡2

⌘2
. (12)

Considering that we assumed that the decays are in equi-
librium, �1 is short lived and therefore cannot be identi-
fied as dark matter.

IV. N > 2 DEGENERATE CASE

Although the simplest N = 2 example does not work,
it is interesting to observe that the decay rate of �1 is
suppressed relative to that of �2 due to the small available
phase space and the coupling constant. In this regard,
we consider N > 2 case with the same type of nearest-
neighbor interactions. Similarly, we assume that only �N

is able to decay into SM particles, that the masses are
degenerate, and that the cross section for each interaction
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process �2 ! sm + sm, will necessarily lead to the fast
decay of �1 via an o↵-shell �2. Therefore, we propose
that there is a coscattering chain, such that scatters take
place only for nearest neighbor

�i + sm $ �i+1 + sm, (4)

which codecay in equilibrium with �N ,

�N ! sm + sm . (5)

This is summarized in Fig. 1. Here �1 is still the dark
matter, but its decay width is suppressed due to the large
phase space needed to decay to the SM (�1 decays to 2N
SM particles).

III. TWO PARTICLE CASE

We first consider the simplest case of N = 2 dark sec-
tor particles. While this example is not cosmologically
viable, it demonstrates the basic idea of the mechanism.
There are two degenerate states �1 and �2, which coscat-
ter [1] o↵ SM bath particles via the process

�1 + SM $ �2 + SM. (6)

The dark matter candidate is �1, while �2 decays in equi-
librium with the SM bath.
The Boltzmann equations for the system are

ṅ1 + 3Hn1 = nsmh�vi(n2 � n1), (7)

ṅ2 + 3Hn2 = nsmh�vi(n1 � n2)� (n2 � n
eq
2 )�2, (8)

where h�vi is a thermally averaged cross section for the
scattering process, neq is equilibrium number density of
�, and �2 is the decay rate of �2 in the thermal bath. This
system is similar to the co-scattering scenario [1], but here
the dark matter bath is kept in equilibrium with the SM
bath via decays and inverse-decays, rather than annihi-
lations. Ultimately, since decays and inverse-decays can
stay in equilibrium much longer, this will allow for much
heavier DM.

Unlike the case for freezeout via annihilations, the in-
stantaneous freezeout approximation will not give a good
estimate of the relic abundance. This is because the rate
for �1 scattering, � ⇠ nsmh�vi, is not dropping o↵ expo-
nentially fast with the expansion, and therefore freezeout
takes a long time. However, an approximate analytic so-
lution to the relic abundance can still be determined from
the Boltzmann equations.

If the decay rate is larger than the Hubble expansion
parameter when the temperature of the universe is equal
to the dark matter mass, the number density of �2 closely
follows its equilibrium value. Then an approximate so-
lution to the �1 density can be found by considering the
single equation
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continue to scatter away. Neglecting the inverse process,
one solves

Y
0
1 = �

�

x2
Y1, (11)

to find that Y1(x) = Y1(xfo)e
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�2xfo . One also

sees from this solution that the abundance stops changing
significantly when xfin ⇠ � = x
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From this estimation, we can find h�vi, reproduc-
ing the observed relic abundance of dark matter, while
satisfying the unitarity bound. For instance, param-
eterizing the cross-section as h�vi ⌘ ↵
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�, then

m� = mpl = 2.4⇥ 1018 GeV and ↵ ' 17, reproduces the
correct relic abundance (assuming the DM scatters o↵ all
all SM particles and that g?s = 106.75).

Unfortunately, the minimal scenario is not vi-
able because the dark matter can decay through
�1 ! 2 sm + �

⇤
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Considering that we assumed that the decays are in equi-
librium, �1 is short lived and therefore cannot be identi-
fied as dark matter.

IV. N > 2 DEGENERATE CASE

Although the simplest N = 2 example does not work,
it is interesting to observe that the decay rate of �1 is
suppressed relative to that of �2 due to the small available
phase space and the coupling constant. In this regard,
we consider N > 2 case with the same type of nearest-
neighbor interactions. Similarly, we assume that only �N

is able to decay into SM particles, that the masses are
degenerate, and that the cross section for each interaction
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process �2 ! sm + sm, will necessarily lead to the fast
decay of �1 via an o↵-shell �2. Therefore, we propose
that there is a coscattering chain, such that scatters take
place only for nearest neighbor

�i + sm $ �i+1 + sm, (4)

which codecay in equilibrium with �N ,
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This is summarized in Fig. 1. Here �1 is still the dark
matter, but its decay width is suppressed due to the large
phase space needed to decay to the SM (�1 decays to 2N
SM particles).
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We first consider the simplest case of N = 2 dark sec-
tor particles. While this example is not cosmologically
viable, it demonstrates the basic idea of the mechanism.
There are two degenerate states �1 and �2, which coscat-
ter [1] o↵ SM bath particles via the process
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it is interesting to observe that the decay rate of �1 is
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process �2 ! sm + sm, will necessarily lead to the fast
decay of �1 via an o↵-shell �2. Therefore, we propose
that there is a coscattering chain, such that scatters take
place only for nearest neighbor

�i + sm $ �i+1 + sm, (4)

which codecay in equilibrium with �N ,
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This is summarized in Fig. 1. Here �1 is still the dark
matter, but its decay width is suppressed due to the large
phase space needed to decay to the SM (�1 decays to 2N
SM particles).
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ṅ1 + 3Hn1 ' nsmh�vi(�n1 + neq)
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Boltzmann equation is

h�vi = ↵2

m2
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<latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit><latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit><latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit><latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit><latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit>

�2 = 102H(m)
<latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit><latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit><latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit><latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit><latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit>

↵ = 0.004
<latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit><latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit><latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit><latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit><latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit>

freeze-out happens quite slowly

h�visctr ⇠ (1013 GeV)�2
<latexit sha1_base64="FrAVV3WyDGd1+yaEf8GwsKFS4Hc="></latexit><latexit sha1_base64="FrAVV3WyDGd1+yaEf8GwsKFS4Hc="></latexit><latexit sha1_base64="FrAVV3WyDGd1+yaEf8GwsKFS4Hc="></latexit><latexit sha1_base64="FrAVV3WyDGd1+yaEf8GwsKFS4Hc="></latexit><latexit sha1_base64="FrAVV3WyDGd1+yaEf8GwsKFS4Hc="></latexit>



ṅ1 + 3Hn1 ' nsmh�vi(�n1 + neq)
<latexit sha1_base64="kyCxAzkZubwwW0JtpWHswRJdFt0="></latexit><latexit sha1_base64="kyCxAzkZubwwW0JtpWHswRJdFt0="></latexit><latexit sha1_base64="kyCxAzkZubwwW0JtpWHswRJdFt0="></latexit><latexit sha1_base64="kyCxAzkZubwwW0JtpWHswRJdFt0="></latexit><latexit sha1_base64="kyCxAzkZubwwW0JtpWHswRJdFt0="></latexit>

Boltzmann equation again



ṅ1 + 3Hn1 ' nsmh�vi(�n1 + neq)
<latexit sha1_base64="kyCxAzkZubwwW0JtpWHswRJdFt0="></latexit><latexit sha1_base64="kyCxAzkZubwwW0JtpWHswRJdFt0="></latexit><latexit sha1_base64="kyCxAzkZubwwW0JtpWHswRJdFt0="></latexit><latexit sha1_base64="kyCxAzkZubwwW0JtpWHswRJdFt0="></latexit><latexit sha1_base64="kyCxAzkZubwwW0JtpWHswRJdFt0="></latexit>

Boltzmann equation again

More convenient form is

dY1

dx
=

�

x2
(�Y1 + Yeq)

<latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="dgbxSy/II3pRpoEzxdyNp9F++o8=">AAAB+HicbVDLTsJAFL3FF1ZUXLuZSEhckdaNujNx4xITKyRAyHR6CxOm02ZmSiQNe+PW/3Bl/Bd/wy9wgC4EPMlNTs6Zx7knzATXxvO+ncrO7t7+QfXQPaq5xyen9dqzTnPFMGCpSFU3pBoFlxgYbgR2M4U0CQV2wsn9wu9MUWmeyiczy3CQ0JHkMWfUWKk9rDe8lrcE2SZ+SRpQYlj/6UcpyxOUhgmqdc/3MjMoqDKcCZy7zX6uMaNsQkfYs1TSBPWgWOack6ZVIhKnyo40ZKm6f24UNNF6loT2ZELNWG96C/E/r5eb+GZQcJnlBiVbfRTngpiULJYmEVfIjJhZQpniNixhY6ooM7aatZeiKc90mfplFdt25G82sk2Cq9Zty3/0oArncAGX4MM13MEDtCEABhG8wbvz6nw4n6sqK07Z6Rmswfn6BayWl8g=</latexit><latexit sha1_base64="MI+rawIO501Wmop1FwEKxuTJfP0="></latexit><latexit sha1_base64="MI+rawIO501Wmop1FwEKxuTJfP0="></latexit><latexit sha1_base64="hK5ts5aSIlQC9xaOUD6NrCSMA74="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit>



ṅ1 + 3Hn1 ' nsmh�vi(�n1 + neq)
<latexit sha1_base64="kyCxAzkZubwwW0JtpWHswRJdFt0="></latexit><latexit sha1_base64="kyCxAzkZubwwW0JtpWHswRJdFt0="></latexit><latexit sha1_base64="kyCxAzkZubwwW0JtpWHswRJdFt0="></latexit><latexit sha1_base64="kyCxAzkZubwwW0JtpWHswRJdFt0="></latexit><latexit sha1_base64="kyCxAzkZubwwW0JtpWHswRJdFt0="></latexit>

Boltzmann equation again

More convenient form is

dY1

dx
=

�

x2
(�Y1 + Yeq)

<latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="dgbxSy/II3pRpoEzxdyNp9F++o8=">AAAB+HicbVDLTsJAFL3FF1ZUXLuZSEhckdaNujNx4xITKyRAyHR6CxOm02ZmSiQNe+PW/3Bl/Bd/wy9wgC4EPMlNTs6Zx7knzATXxvO+ncrO7t7+QfXQPaq5xyen9dqzTnPFMGCpSFU3pBoFlxgYbgR2M4U0CQV2wsn9wu9MUWmeyiczy3CQ0JHkMWfUWKk9rDe8lrcE2SZ+SRpQYlj/6UcpyxOUhgmqdc/3MjMoqDKcCZy7zX6uMaNsQkfYs1TSBPWgWOack6ZVIhKnyo40ZKm6f24UNNF6loT2ZELNWG96C/E/r5eb+GZQcJnlBiVbfRTngpiULJYmEVfIjJhZQpniNixhY6ooM7aatZeiKc90mfplFdt25G82sk2Cq9Zty3/0oArncAGX4MM13MEDtCEABhG8wbvz6nw4n6sqK07Z6Rmswfn6BayWl8g=</latexit><latexit sha1_base64="MI+rawIO501Wmop1FwEKxuTJfP0="></latexit><latexit sha1_base64="MI+rawIO501Wmop1FwEKxuTJfP0="></latexit><latexit sha1_base64="hK5ts5aSIlQC9xaOUD6NrCSMA74="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit> � =
nsmh�vi

H

����
T=m

<latexit sha1_base64="sdKIL9hoOlqi1RqsVo0S/yzkgLo="></latexit><latexit sha1_base64="sdKIL9hoOlqi1RqsVo0S/yzkgLo="></latexit><latexit sha1_base64="sdKIL9hoOlqi1RqsVo0S/yzkgLo="></latexit><latexit sha1_base64="sdKIL9hoOlqi1RqsVo0S/yzkgLo="></latexit><latexit sha1_base64="sdKIL9hoOlqi1RqsVo0S/yzkgLo="></latexit>

x =
m

T
<latexit sha1_base64="YjL10hPSL7Vm22+b0BzGa0aNZ5c=">AAACF3icbVDNSgMxGMzWv1p/uurRS7AUPJVdEdSDUPTisULXFtqlZNNsG5pklyRbWpZ9Eb3qe3gSrx59DZ/AtN2DbR0IDDPf92WYIGZUacf5tgobm1vbO8Xd0t7+wWHZPjp+UlEiMfFwxCLZDpAijAriaaoZaceSIB4w0gpG9zO/NSZS0Ug09TQmPkcDQUOKkTZSzy5P4C3shhLhlGdpM+vZFafmzAHXiZuTCsjR6Nk/3X6EE06Exgwp1XGdWPspkppiRrJStZsoEiM8QgPSMVQgTpSfzpNnsGqUPgwjaZ7QcK6W/mykiCs15YGZ5EgP1ao3E//zOokOr/2UijjRRODFR2HCoI7grAbYp5JgzaaGICypCQvxEJkatClr6VJ/TGOVp54sYpuS3NVK1ol3UbupuY+Xlfpd3lYRnIIzcA5ccAXq4AE0gAcwSMALeAVv1rP1bn1Yn4vRgpXvnIAlWF+/Neagjg==</latexit><latexit sha1_base64="YjL10hPSL7Vm22+b0BzGa0aNZ5c=">AAACF3icbVDNSgMxGMzWv1p/uurRS7AUPJVdEdSDUPTisULXFtqlZNNsG5pklyRbWpZ9Eb3qe3gSrx59DZ/AtN2DbR0IDDPf92WYIGZUacf5tgobm1vbO8Xd0t7+wWHZPjp+UlEiMfFwxCLZDpAijAriaaoZaceSIB4w0gpG9zO/NSZS0Ug09TQmPkcDQUOKkTZSzy5P4C3shhLhlGdpM+vZFafmzAHXiZuTCsjR6Nk/3X6EE06Exgwp1XGdWPspkppiRrJStZsoEiM8QgPSMVQgTpSfzpNnsGqUPgwjaZ7QcK6W/mykiCs15YGZ5EgP1ao3E//zOokOr/2UijjRRODFR2HCoI7grAbYp5JgzaaGICypCQvxEJkatClr6VJ/TGOVp54sYpuS3NVK1ol3UbupuY+Xlfpd3lYRnIIzcA5ccAXq4AE0gAcwSMALeAVv1rP1bn1Yn4vRgpXvnIAlWF+/Neagjg==</latexit><latexit sha1_base64="YjL10hPSL7Vm22+b0BzGa0aNZ5c=">AAACF3icbVDNSgMxGMzWv1p/uurRS7AUPJVdEdSDUPTisULXFtqlZNNsG5pklyRbWpZ9Eb3qe3gSrx59DZ/AtN2DbR0IDDPf92WYIGZUacf5tgobm1vbO8Xd0t7+wWHZPjp+UlEiMfFwxCLZDpAijAriaaoZaceSIB4w0gpG9zO/NSZS0Ug09TQmPkcDQUOKkTZSzy5P4C3shhLhlGdpM+vZFafmzAHXiZuTCsjR6Nk/3X6EE06Exgwp1XGdWPspkppiRrJStZsoEiM8QgPSMVQgTpSfzpNnsGqUPgwjaZ7QcK6W/mykiCs15YGZ5EgP1ao3E//zOokOr/2UijjRRODFR2HCoI7grAbYp5JgzaaGICypCQvxEJkatClr6VJ/TGOVp54sYpuS3NVK1ol3UbupuY+Xlfpd3lYRnIIzcA5ccAXq4AE0gAcwSMALeAVv1rP1bn1Yn4vRgpXvnIAlWF+/Neagjg==</latexit><latexit sha1_base64="YjL10hPSL7Vm22+b0BzGa0aNZ5c=">AAACF3icbVDNSgMxGMzWv1p/uurRS7AUPJVdEdSDUPTisULXFtqlZNNsG5pklyRbWpZ9Eb3qe3gSrx59DZ/AtN2DbR0IDDPf92WYIGZUacf5tgobm1vbO8Xd0t7+wWHZPjp+UlEiMfFwxCLZDpAijAriaaoZaceSIB4w0gpG9zO/NSZS0Ug09TQmPkcDQUOKkTZSzy5P4C3shhLhlGdpM+vZFafmzAHXiZuTCsjR6Nk/3X6EE06Exgwp1XGdWPspkppiRrJStZsoEiM8QgPSMVQgTpSfzpNnsGqUPgwjaZ7QcK6W/mykiCs15YGZ5EgP1ao3E//zOokOr/2UijjRRODFR2HCoI7grAbYp5JgzaaGICypCQvxEJkatClr6VJ/TGOVp54sYpuS3NVK1ol3UbupuY+Xlfpd3lYRnIIzcA5ccAXq4AE0gAcwSMALeAVv1rP1bn1Yn4vRgpXvnIAlWF+/Neagjg==</latexit><latexit sha1_base64="YjL10hPSL7Vm22+b0BzGa0aNZ5c=">AAACF3icbVDNSgMxGMzWv1p/uurRS7AUPJVdEdSDUPTisULXFtqlZNNsG5pklyRbWpZ9Eb3qe3gSrx59DZ/AtN2DbR0IDDPf92WYIGZUacf5tgobm1vbO8Xd0t7+wWHZPjp+UlEiMfFwxCLZDpAijAriaaoZaceSIB4w0gpG9zO/NSZS0Ug09TQmPkcDQUOKkTZSzy5P4C3shhLhlGdpM+vZFafmzAHXiZuTCsjR6Nk/3X6EE06Exgwp1XGdWPspkppiRrJStZsoEiM8QgPSMVQgTpSfzpNnsGqUPgwjaZ7QcK6W/mykiCs15YGZ5EgP1ao3E//zOokOr/2UijjRRODFR2HCoI7grAbYp5JgzaaGICypCQvxEJkatClr6VJ/TGOVp54sYpuS3NVK1ol3UbupuY+Xlfpd3lYRnIIzcA5ccAXq4AE0gAcwSMALeAVv1rP1bn1Yn4vRgpXvnIAlWF+/Neagjg==</latexit>

Y1 =
n1

s
,

<latexit sha1_base64="nmXESuCvnVfea404r2opQ1xYMc4=">AAACHHicbVDLSsNAFJ3UV62v+Ni5GSwFF1ISEdSFUHTjsoKxlTaEyWTSDp1MwsykWEO+Rbf6H67EreBv+AVO2yxs9cDA4Zx77xyOnzAqlWV9GaWFxaXllfJqZW19Y3PL3N65k3EqMHFwzGLR9pEkjHLiKKoYaSeCoMhnpOUPrsZ+a0iEpDG/VaOEuBHqcRpSjJSWPHPv3rPhBeyGAuGMe3aeyfzIM6tW3ZoA/iV2QaqgQNMzv7tBjNOIcIUZkrJjW4lyMyQUxYzklVo3lSRBeIB6pKMpRxGRbjaJn8OaVgIYxkI/ruBErfzayFAk5Sjy9WSEVF/Oe2PxP6+TqvDMzShPUkU4nn4UpgyqGI67gAEVBCs20gRhQXVYiPtIN6F0YzOXgiFNZJH6YRpbl2TPV/KXOMf187p9c1JtXBZtlcE+OACHwAanoAGuQRM4AINH8AxewKvxZLwZ78bHdLRkFDu7YAbG5w8qsqIN</latexit><latexit sha1_base64="nmXESuCvnVfea404r2opQ1xYMc4=">AAACHHicbVDLSsNAFJ3UV62v+Ni5GSwFF1ISEdSFUHTjsoKxlTaEyWTSDp1MwsykWEO+Rbf6H67EreBv+AVO2yxs9cDA4Zx77xyOnzAqlWV9GaWFxaXllfJqZW19Y3PL3N65k3EqMHFwzGLR9pEkjHLiKKoYaSeCoMhnpOUPrsZ+a0iEpDG/VaOEuBHqcRpSjJSWPHPv3rPhBeyGAuGMe3aeyfzIM6tW3ZoA/iV2QaqgQNMzv7tBjNOIcIUZkrJjW4lyMyQUxYzklVo3lSRBeIB6pKMpRxGRbjaJn8OaVgIYxkI/ruBErfzayFAk5Sjy9WSEVF/Oe2PxP6+TqvDMzShPUkU4nn4UpgyqGI67gAEVBCs20gRhQXVYiPtIN6F0YzOXgiFNZJH6YRpbl2TPV/KXOMf187p9c1JtXBZtlcE+OACHwAanoAGuQRM4AINH8AxewKvxZLwZ78bHdLRkFDu7YAbG5w8qsqIN</latexit><latexit sha1_base64="nmXESuCvnVfea404r2opQ1xYMc4=">AAACHHicbVDLSsNAFJ3UV62v+Ni5GSwFF1ISEdSFUHTjsoKxlTaEyWTSDp1MwsykWEO+Rbf6H67EreBv+AVO2yxs9cDA4Zx77xyOnzAqlWV9GaWFxaXllfJqZW19Y3PL3N65k3EqMHFwzGLR9pEkjHLiKKoYaSeCoMhnpOUPrsZ+a0iEpDG/VaOEuBHqcRpSjJSWPHPv3rPhBeyGAuGMe3aeyfzIM6tW3ZoA/iV2QaqgQNMzv7tBjNOIcIUZkrJjW4lyMyQUxYzklVo3lSRBeIB6pKMpRxGRbjaJn8OaVgIYxkI/ruBErfzayFAk5Sjy9WSEVF/Oe2PxP6+TqvDMzShPUkU4nn4UpgyqGI67gAEVBCs20gRhQXVYiPtIN6F0YzOXgiFNZJH6YRpbl2TPV/KXOMf187p9c1JtXBZtlcE+OACHwAanoAGuQRM4AINH8AxewKvxZLwZ78bHdLRkFDu7YAbG5w8qsqIN</latexit><latexit sha1_base64="nmXESuCvnVfea404r2opQ1xYMc4=">AAACHHicbVDLSsNAFJ3UV62v+Ni5GSwFF1ISEdSFUHTjsoKxlTaEyWTSDp1MwsykWEO+Rbf6H67EreBv+AVO2yxs9cDA4Zx77xyOnzAqlWV9GaWFxaXllfJqZW19Y3PL3N65k3EqMHFwzGLR9pEkjHLiKKoYaSeCoMhnpOUPrsZ+a0iEpDG/VaOEuBHqcRpSjJSWPHPv3rPhBeyGAuGMe3aeyfzIM6tW3ZoA/iV2QaqgQNMzv7tBjNOIcIUZkrJjW4lyMyQUxYzklVo3lSRBeIB6pKMpRxGRbjaJn8OaVgIYxkI/ruBErfzayFAk5Sjy9WSEVF/Oe2PxP6+TqvDMzShPUkU4nn4UpgyqGI67gAEVBCs20gRhQXVYiPtIN6F0YzOXgiFNZJH6YRpbl2TPV/KXOMf187p9c1JtXBZtlcE+OACHwAanoAGuQRM4AINH8AxewKvxZLwZ78bHdLRkFDu7YAbG5w8qsqIN</latexit><latexit sha1_base64="nmXESuCvnVfea404r2opQ1xYMc4=">AAACHHicbVDLSsNAFJ3UV62v+Ni5GSwFF1ISEdSFUHTjsoKxlTaEyWTSDp1MwsykWEO+Rbf6H67EreBv+AVO2yxs9cDA4Zx77xyOnzAqlWV9GaWFxaXllfJqZW19Y3PL3N65k3EqMHFwzGLR9pEkjHLiKKoYaSeCoMhnpOUPrsZ+a0iEpDG/VaOEuBHqcRpSjJSWPHPv3rPhBeyGAuGMe3aeyfzIM6tW3ZoA/iV2QaqgQNMzv7tBjNOIcIUZkrJjW4lyMyQUxYzklVo3lSRBeIB6pKMpRxGRbjaJn8OaVgIYxkI/ruBErfzayFAk5Sjy9WSEVF/Oe2PxP6+TqvDMzShPUkU4nn4UpgyqGI67gAEVBCs20gRhQXVYiPtIN6F0YzOXgiFNZJH6YRpbl2TPV/KXOMf187p9c1JtXBZtlcE+OACHwAanoAGuQRM4AINH8AxewKvxZLwZ78bHdLRkFDu7YAbG5w8qsqIN</latexit>



ṅ1 + 3Hn1 ' nsmh�vi(�n1 + neq)
<latexit sha1_base64="kyCxAzkZubwwW0JtpWHswRJdFt0="></latexit><latexit sha1_base64="kyCxAzkZubwwW0JtpWHswRJdFt0="></latexit><latexit sha1_base64="kyCxAzkZubwwW0JtpWHswRJdFt0="></latexit><latexit sha1_base64="kyCxAzkZubwwW0JtpWHswRJdFt0="></latexit><latexit sha1_base64="kyCxAzkZubwwW0JtpWHswRJdFt0="></latexit>

Boltzmann equation again

More convenient form is

dY1

dx
=

�

x2
(�Y1 + Yeq)

<latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="dgbxSy/II3pRpoEzxdyNp9F++o8=">AAAB+HicbVDLTsJAFL3FF1ZUXLuZSEhckdaNujNx4xITKyRAyHR6CxOm02ZmSiQNe+PW/3Bl/Bd/wy9wgC4EPMlNTs6Zx7knzATXxvO+ncrO7t7+QfXQPaq5xyen9dqzTnPFMGCpSFU3pBoFlxgYbgR2M4U0CQV2wsn9wu9MUWmeyiczy3CQ0JHkMWfUWKk9rDe8lrcE2SZ+SRpQYlj/6UcpyxOUhgmqdc/3MjMoqDKcCZy7zX6uMaNsQkfYs1TSBPWgWOack6ZVIhKnyo40ZKm6f24UNNF6loT2ZELNWG96C/E/r5eb+GZQcJnlBiVbfRTngpiULJYmEVfIjJhZQpniNixhY6ooM7aatZeiKc90mfplFdt25G82sk2Cq9Zty3/0oArncAGX4MM13MEDtCEABhG8wbvz6nw4n6sqK07Z6Rmswfn6BayWl8g=</latexit><latexit sha1_base64="MI+rawIO501Wmop1FwEKxuTJfP0="></latexit><latexit sha1_base64="MI+rawIO501Wmop1FwEKxuTJfP0="></latexit><latexit sha1_base64="hK5ts5aSIlQC9xaOUD6NrCSMA74="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit> � =
nsmh�vi

H

����
T=m

<latexit sha1_base64="sdKIL9hoOlqi1RqsVo0S/yzkgLo="></latexit><latexit sha1_base64="sdKIL9hoOlqi1RqsVo0S/yzkgLo="></latexit><latexit sha1_base64="sdKIL9hoOlqi1RqsVo0S/yzkgLo="></latexit><latexit sha1_base64="sdKIL9hoOlqi1RqsVo0S/yzkgLo="></latexit><latexit sha1_base64="sdKIL9hoOlqi1RqsVo0S/yzkgLo="></latexit>

x =
m

T
<latexit sha1_base64="YjL10hPSL7Vm22+b0BzGa0aNZ5c=">AAACF3icbVDNSgMxGMzWv1p/uurRS7AUPJVdEdSDUPTisULXFtqlZNNsG5pklyRbWpZ9Eb3qe3gSrx59DZ/AtN2DbR0IDDPf92WYIGZUacf5tgobm1vbO8Xd0t7+wWHZPjp+UlEiMfFwxCLZDpAijAriaaoZaceSIB4w0gpG9zO/NSZS0Ug09TQmPkcDQUOKkTZSzy5P4C3shhLhlGdpM+vZFafmzAHXiZuTCsjR6Nk/3X6EE06Exgwp1XGdWPspkppiRrJStZsoEiM8QgPSMVQgTpSfzpNnsGqUPgwjaZ7QcK6W/mykiCs15YGZ5EgP1ao3E//zOokOr/2UijjRRODFR2HCoI7grAbYp5JgzaaGICypCQvxEJkatClr6VJ/TGOVp54sYpuS3NVK1ol3UbupuY+Xlfpd3lYRnIIzcA5ccAXq4AE0gAcwSMALeAVv1rP1bn1Yn4vRgpXvnIAlWF+/Neagjg==</latexit><latexit sha1_base64="YjL10hPSL7Vm22+b0BzGa0aNZ5c=">AAACF3icbVDNSgMxGMzWv1p/uurRS7AUPJVdEdSDUPTisULXFtqlZNNsG5pklyRbWpZ9Eb3qe3gSrx59DZ/AtN2DbR0IDDPf92WYIGZUacf5tgobm1vbO8Xd0t7+wWHZPjp+UlEiMfFwxCLZDpAijAriaaoZaceSIB4w0gpG9zO/NSZS0Ug09TQmPkcDQUOKkTZSzy5P4C3shhLhlGdpM+vZFafmzAHXiZuTCsjR6Nk/3X6EE06Exgwp1XGdWPspkppiRrJStZsoEiM8QgPSMVQgTpSfzpNnsGqUPgwjaZ7QcK6W/mykiCs15YGZ5EgP1ao3E//zOokOr/2UijjRRODFR2HCoI7grAbYp5JgzaaGICypCQvxEJkatClr6VJ/TGOVp54sYpuS3NVK1ol3UbupuY+Xlfpd3lYRnIIzcA5ccAXq4AE0gAcwSMALeAVv1rP1bn1Yn4vRgpXvnIAlWF+/Neagjg==</latexit><latexit sha1_base64="YjL10hPSL7Vm22+b0BzGa0aNZ5c=">AAACF3icbVDNSgMxGMzWv1p/uurRS7AUPJVdEdSDUPTisULXFtqlZNNsG5pklyRbWpZ9Eb3qe3gSrx59DZ/AtN2DbR0IDDPf92WYIGZUacf5tgobm1vbO8Xd0t7+wWHZPjp+UlEiMfFwxCLZDpAijAriaaoZaceSIB4w0gpG9zO/NSZS0Ug09TQmPkcDQUOKkTZSzy5P4C3shhLhlGdpM+vZFafmzAHXiZuTCsjR6Nk/3X6EE06Exgwp1XGdWPspkppiRrJStZsoEiM8QgPSMVQgTpSfzpNnsGqUPgwjaZ7QcK6W/mykiCs15YGZ5EgP1ao3E//zOokOr/2UijjRRODFR2HCoI7grAbYp5JgzaaGICypCQvxEJkatClr6VJ/TGOVp54sYpuS3NVK1ol3UbupuY+Xlfpd3lYRnIIzcA5ccAXq4AE0gAcwSMALeAVv1rP1bn1Yn4vRgpXvnIAlWF+/Neagjg==</latexit><latexit sha1_base64="YjL10hPSL7Vm22+b0BzGa0aNZ5c=">AAACF3icbVDNSgMxGMzWv1p/uurRS7AUPJVdEdSDUPTisULXFtqlZNNsG5pklyRbWpZ9Eb3qe3gSrx59DZ/AtN2DbR0IDDPf92WYIGZUacf5tgobm1vbO8Xd0t7+wWHZPjp+UlEiMfFwxCLZDpAijAriaaoZaceSIB4w0gpG9zO/NSZS0Ug09TQmPkcDQUOKkTZSzy5P4C3shhLhlGdpM+vZFafmzAHXiZuTCsjR6Nk/3X6EE06Exgwp1XGdWPspkppiRrJStZsoEiM8QgPSMVQgTpSfzpNnsGqUPgwjaZ7QcK6W/mykiCs15YGZ5EgP1ao3E//zOokOr/2UijjRRODFR2HCoI7grAbYp5JgzaaGICypCQvxEJkatClr6VJ/TGOVp54sYpuS3NVK1ol3UbupuY+Xlfpd3lYRnIIzcA5ccAXq4AE0gAcwSMALeAVv1rP1bn1Yn4vRgpXvnIAlWF+/Neagjg==</latexit><latexit sha1_base64="YjL10hPSL7Vm22+b0BzGa0aNZ5c=">AAACF3icbVDNSgMxGMzWv1p/uurRS7AUPJVdEdSDUPTisULXFtqlZNNsG5pklyRbWpZ9Eb3qe3gSrx59DZ/AtN2DbR0IDDPf92WYIGZUacf5tgobm1vbO8Xd0t7+wWHZPjp+UlEiMfFwxCLZDpAijAriaaoZaceSIB4w0gpG9zO/NSZS0Ug09TQmPkcDQUOKkTZSzy5P4C3shhLhlGdpM+vZFafmzAHXiZuTCsjR6Nk/3X6EE06Exgwp1XGdWPspkppiRrJStZsoEiM8QgPSMVQgTpSfzpNnsGqUPgwjaZ7QcK6W/mykiCs15YGZ5EgP1ao3E//zOokOr/2UijjRRODFR2HCoI7grAbYp5JgzaaGICypCQvxEJkatClr6VJ/TGOVp54sYpuS3NVK1ol3UbupuY+Xlfpd3lYRnIIzcA5ccAXq4AE0gAcwSMALeAVv1rP1bn1Yn4vRgpXvnIAlWF+/Neagjg==</latexit>

Y1 =
n1

s
,

<latexit sha1_base64="nmXESuCvnVfea404r2opQ1xYMc4=">AAACHHicbVDLSsNAFJ3UV62v+Ni5GSwFF1ISEdSFUHTjsoKxlTaEyWTSDp1MwsykWEO+Rbf6H67EreBv+AVO2yxs9cDA4Zx77xyOnzAqlWV9GaWFxaXllfJqZW19Y3PL3N65k3EqMHFwzGLR9pEkjHLiKKoYaSeCoMhnpOUPrsZ+a0iEpDG/VaOEuBHqcRpSjJSWPHPv3rPhBeyGAuGMe3aeyfzIM6tW3ZoA/iV2QaqgQNMzv7tBjNOIcIUZkrJjW4lyMyQUxYzklVo3lSRBeIB6pKMpRxGRbjaJn8OaVgIYxkI/ruBErfzayFAk5Sjy9WSEVF/Oe2PxP6+TqvDMzShPUkU4nn4UpgyqGI67gAEVBCs20gRhQXVYiPtIN6F0YzOXgiFNZJH6YRpbl2TPV/KXOMf187p9c1JtXBZtlcE+OACHwAanoAGuQRM4AINH8AxewKvxZLwZ78bHdLRkFDu7YAbG5w8qsqIN</latexit><latexit sha1_base64="nmXESuCvnVfea404r2opQ1xYMc4=">AAACHHicbVDLSsNAFJ3UV62v+Ni5GSwFF1ISEdSFUHTjsoKxlTaEyWTSDp1MwsykWEO+Rbf6H67EreBv+AVO2yxs9cDA4Zx77xyOnzAqlWV9GaWFxaXllfJqZW19Y3PL3N65k3EqMHFwzGLR9pEkjHLiKKoYaSeCoMhnpOUPrsZ+a0iEpDG/VaOEuBHqcRpSjJSWPHPv3rPhBeyGAuGMe3aeyfzIM6tW3ZoA/iV2QaqgQNMzv7tBjNOIcIUZkrJjW4lyMyQUxYzklVo3lSRBeIB6pKMpRxGRbjaJn8OaVgIYxkI/ruBErfzayFAk5Sjy9WSEVF/Oe2PxP6+TqvDMzShPUkU4nn4UpgyqGI67gAEVBCs20gRhQXVYiPtIN6F0YzOXgiFNZJH6YRpbl2TPV/KXOMf187p9c1JtXBZtlcE+OACHwAanoAGuQRM4AINH8AxewKvxZLwZ78bHdLRkFDu7YAbG5w8qsqIN</latexit><latexit sha1_base64="nmXESuCvnVfea404r2opQ1xYMc4=">AAACHHicbVDLSsNAFJ3UV62v+Ni5GSwFF1ISEdSFUHTjsoKxlTaEyWTSDp1MwsykWEO+Rbf6H67EreBv+AVO2yxs9cDA4Zx77xyOnzAqlWV9GaWFxaXllfJqZW19Y3PL3N65k3EqMHFwzGLR9pEkjHLiKKoYaSeCoMhnpOUPrsZ+a0iEpDG/VaOEuBHqcRpSjJSWPHPv3rPhBeyGAuGMe3aeyfzIM6tW3ZoA/iV2QaqgQNMzv7tBjNOIcIUZkrJjW4lyMyQUxYzklVo3lSRBeIB6pKMpRxGRbjaJn8OaVgIYxkI/ruBErfzayFAk5Sjy9WSEVF/Oe2PxP6+TqvDMzShPUkU4nn4UpgyqGI67gAEVBCs20gRhQXVYiPtIN6F0YzOXgiFNZJH6YRpbl2TPV/KXOMf187p9c1JtXBZtlcE+OACHwAanoAGuQRM4AINH8AxewKvxZLwZ78bHdLRkFDu7YAbG5w8qsqIN</latexit><latexit sha1_base64="nmXESuCvnVfea404r2opQ1xYMc4=">AAACHHicbVDLSsNAFJ3UV62v+Ni5GSwFF1ISEdSFUHTjsoKxlTaEyWTSDp1MwsykWEO+Rbf6H67EreBv+AVO2yxs9cDA4Zx77xyOnzAqlWV9GaWFxaXllfJqZW19Y3PL3N65k3EqMHFwzGLR9pEkjHLiKKoYaSeCoMhnpOUPrsZ+a0iEpDG/VaOEuBHqcRpSjJSWPHPv3rPhBeyGAuGMe3aeyfzIM6tW3ZoA/iV2QaqgQNMzv7tBjNOIcIUZkrJjW4lyMyQUxYzklVo3lSRBeIB6pKMpRxGRbjaJn8OaVgIYxkI/ruBErfzayFAk5Sjy9WSEVF/Oe2PxP6+TqvDMzShPUkU4nn4UpgyqGI67gAEVBCs20gRhQXVYiPtIN6F0YzOXgiFNZJH6YRpbl2TPV/KXOMf187p9c1JtXBZtlcE+OACHwAanoAGuQRM4AINH8AxewKvxZLwZ78bHdLRkFDu7YAbG5w8qsqIN</latexit><latexit sha1_base64="nmXESuCvnVfea404r2opQ1xYMc4=">AAACHHicbVDLSsNAFJ3UV62v+Ni5GSwFF1ISEdSFUHTjsoKxlTaEyWTSDp1MwsykWEO+Rbf6H67EreBv+AVO2yxs9cDA4Zx77xyOnzAqlWV9GaWFxaXllfJqZW19Y3PL3N65k3EqMHFwzGLR9pEkjHLiKKoYaSeCoMhnpOUPrsZ+a0iEpDG/VaOEuBHqcRpSjJSWPHPv3rPhBeyGAuGMe3aeyfzIM6tW3ZoA/iV2QaqgQNMzv7tBjNOIcIUZkrJjW4lyMyQUxYzklVo3lSRBeIB6pKMpRxGRbjaJn8OaVgIYxkI/ruBErfzayFAk5Sjy9WSEVF/Oe2PxP6+TqvDMzShPUkU4nn4UpgyqGI67gAEVBCs20gRhQXVYiPtIN6F0YzOXgiFNZJH6YRpbl2TPV/KXOMf187p9c1JtXBZtlcE+OACHwAanoAGuQRM4AINH8AxewKvxZLwZ78bHdLRkFDu7YAbG5w8qsqIN</latexit>

relic abundance ceases to follow equilibrium at

xfo =
p
� ⇠ ↵

r
MP

m
<latexit sha1_base64="VTh5Ac+cxjLmZjZQw2BWmDvuIwc="></latexit><latexit sha1_base64="VTh5Ac+cxjLmZjZQw2BWmDvuIwc="></latexit><latexit sha1_base64="VTh5Ac+cxjLmZjZQw2BWmDvuIwc="></latexit><latexit sha1_base64="VTh5Ac+cxjLmZjZQw2BWmDvuIwc="></latexit><latexit sha1_base64="VTh5Ac+cxjLmZjZQw2BWmDvuIwc="></latexit>
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m = 1010 GeV
<latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit><latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit><latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit><latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit><latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit>

�2 = 102H(m)
<latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit><latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit><latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit><latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit><latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit>

↵ = 0.004
<latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit><latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit><latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit><latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit><latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit>

xfo =
p
� ⇠ 22

<latexit sha1_base64="EWlxrQaoVXUrM22vbI6KL0sofnA="></latexit><latexit sha1_base64="EWlxrQaoVXUrM22vbI6KL0sofnA="></latexit><latexit sha1_base64="EWlxrQaoVXUrM22vbI6KL0sofnA="></latexit><latexit sha1_base64="EWlxrQaoVXUrM22vbI6KL0sofnA="></latexit><latexit sha1_base64="EWlxrQaoVXUrM22vbI6KL0sofnA="></latexit>

xfo =
p
� ⇠ ↵

r
MP

m
<latexit sha1_base64="VTh5Ac+cxjLmZjZQw2BWmDvuIwc="></latexit><latexit sha1_base64="VTh5Ac+cxjLmZjZQw2BWmDvuIwc="></latexit><latexit sha1_base64="VTh5Ac+cxjLmZjZQw2BWmDvuIwc="></latexit><latexit sha1_base64="VTh5Ac+cxjLmZjZQw2BWmDvuIwc="></latexit><latexit sha1_base64="VTh5Ac+cxjLmZjZQw2BWmDvuIwc="></latexit>



we approximate BE

dY1

dx
=

�

x2
(�Y1 + Yeq)

<latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="dgbxSy/II3pRpoEzxdyNp9F++o8=">AAAB+HicbVDLTsJAFL3FF1ZUXLuZSEhckdaNujNx4xITKyRAyHR6CxOm02ZmSiQNe+PW/3Bl/Bd/wy9wgC4EPMlNTs6Zx7knzATXxvO+ncrO7t7+QfXQPaq5xyen9dqzTnPFMGCpSFU3pBoFlxgYbgR2M4U0CQV2wsn9wu9MUWmeyiczy3CQ0JHkMWfUWKk9rDe8lrcE2SZ+SRpQYlj/6UcpyxOUhgmqdc/3MjMoqDKcCZy7zX6uMaNsQkfYs1TSBPWgWOack6ZVIhKnyo40ZKm6f24UNNF6loT2ZELNWG96C/E/r5eb+GZQcJnlBiVbfRTngpiULJYmEVfIjJhZQpniNixhY6ooM7aatZeiKc90mfplFdt25G82sk2Cq9Zty3/0oArncAGX4MM13MEDtCEABhG8wbvz6nw4n6sqK07Z6Rmswfn6BayWl8g=</latexit><latexit sha1_base64="MI+rawIO501Wmop1FwEKxuTJfP0="></latexit><latexit sha1_base64="MI+rawIO501Wmop1FwEKxuTJfP0="></latexit><latexit sha1_base64="hK5ts5aSIlQC9xaOUD6NrCSMA74="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit>

' � �

x2
Y1

<latexit sha1_base64="U7rkdhAiC2Ay4uVPHzOi5CXZkLw=">AAACKHicbVC9TsMwGHT4LeUvwMhiUVVioUoqJGCrYGEsEqFFTYgcx2mtOj/YTtUqysrLwArvwYS68gg8AW6bgbacZOl09539+byEUSENY6ytrK6tb2yWtsrbO7t7+/rB4YOIU46JhWMW87aHBGE0IpakkpF2wgkKPUZaXv9m4rcGhAsaR/dylBAnRN2IBhQjqSRXh7agIXmGZ9AOOMKZzVTWR3k2fKrn8NE1Xb1i1Iwp4DIxC1IBBZqu/mP7MU5DEknMkBAd00ikkyEuKWYkL1ftVJAE4T7qko6iEQqJcLLpV3JYVYoPg5irE0k4Vct/EhkKhRiFnpoMkeyJRW8i/ud1UhlcOhmNklSSCM8eClIGZQwnvUCfcoIlGymCMKdqWYh7SFUiVXtzN/kDmohi6+FsbVWSuVjJMrHqtauaeXdeaVwXbZXAMTgBp8AEF6ABbkETWACDF/AG3sGH9qp9al/aeDa6ohWZIzAH7fsXFdOnOA==</latexit><latexit sha1_base64="U7rkdhAiC2Ay4uVPHzOi5CXZkLw=">AAACKHicbVC9TsMwGHT4LeUvwMhiUVVioUoqJGCrYGEsEqFFTYgcx2mtOj/YTtUqysrLwArvwYS68gg8AW6bgbacZOl09539+byEUSENY6ytrK6tb2yWtsrbO7t7+/rB4YOIU46JhWMW87aHBGE0IpakkpF2wgkKPUZaXv9m4rcGhAsaR/dylBAnRN2IBhQjqSRXh7agIXmGZ9AOOMKZzVTWR3k2fKrn8NE1Xb1i1Iwp4DIxC1IBBZqu/mP7MU5DEknMkBAd00ikkyEuKWYkL1ftVJAE4T7qko6iEQqJcLLpV3JYVYoPg5irE0k4Vct/EhkKhRiFnpoMkeyJRW8i/ud1UhlcOhmNklSSCM8eClIGZQwnvUCfcoIlGymCMKdqWYh7SFUiVXtzN/kDmohi6+FsbVWSuVjJMrHqtauaeXdeaVwXbZXAMTgBp8AEF6ABbkETWACDF/AG3sGH9qp9al/aeDa6ohWZIzAH7fsXFdOnOA==</latexit><latexit sha1_base64="U7rkdhAiC2Ay4uVPHzOi5CXZkLw=">AAACKHicbVC9TsMwGHT4LeUvwMhiUVVioUoqJGCrYGEsEqFFTYgcx2mtOj/YTtUqysrLwArvwYS68gg8AW6bgbacZOl09539+byEUSENY6ytrK6tb2yWtsrbO7t7+/rB4YOIU46JhWMW87aHBGE0IpakkpF2wgkKPUZaXv9m4rcGhAsaR/dylBAnRN2IBhQjqSRXh7agIXmGZ9AOOMKZzVTWR3k2fKrn8NE1Xb1i1Iwp4DIxC1IBBZqu/mP7MU5DEknMkBAd00ikkyEuKWYkL1ftVJAE4T7qko6iEQqJcLLpV3JYVYoPg5irE0k4Vct/EhkKhRiFnpoMkeyJRW8i/ud1UhlcOhmNklSSCM8eClIGZQwnvUCfcoIlGymCMKdqWYh7SFUiVXtzN/kDmohi6+FsbVWSuVjJMrHqtauaeXdeaVwXbZXAMTgBp8AEF6ABbkETWACDF/AG3sGH9qp9al/aeDa6ohWZIzAH7fsXFdOnOA==</latexit><latexit sha1_base64="U7rkdhAiC2Ay4uVPHzOi5CXZkLw=">AAACKHicbVC9TsMwGHT4LeUvwMhiUVVioUoqJGCrYGEsEqFFTYgcx2mtOj/YTtUqysrLwArvwYS68gg8AW6bgbacZOl09539+byEUSENY6ytrK6tb2yWtsrbO7t7+/rB4YOIU46JhWMW87aHBGE0IpakkpF2wgkKPUZaXv9m4rcGhAsaR/dylBAnRN2IBhQjqSRXh7agIXmGZ9AOOMKZzVTWR3k2fKrn8NE1Xb1i1Iwp4DIxC1IBBZqu/mP7MU5DEknMkBAd00ikkyEuKWYkL1ftVJAE4T7qko6iEQqJcLLpV3JYVYoPg5irE0k4Vct/EhkKhRiFnpoMkeyJRW8i/ud1UhlcOhmNklSSCM8eClIGZQwnvUCfcoIlGymCMKdqWYh7SFUiVXtzN/kDmohi6+FsbVWSuVjJMrHqtauaeXdeaVwXbZXAMTgBp8AEF6ABbkETWACDF/AG3sGH9qp9al/aeDa6ohWZIzAH7fsXFdOnOA==</latexit><latexit sha1_base64="U7rkdhAiC2Ay4uVPHzOi5CXZkLw=">AAACKHicbVC9TsMwGHT4LeUvwMhiUVVioUoqJGCrYGEsEqFFTYgcx2mtOj/YTtUqysrLwArvwYS68gg8AW6bgbacZOl09539+byEUSENY6ytrK6tb2yWtsrbO7t7+/rB4YOIU46JhWMW87aHBGE0IpakkpF2wgkKPUZaXv9m4rcGhAsaR/dylBAnRN2IBhQjqSRXh7agIXmGZ9AOOMKZzVTWR3k2fKrn8NE1Xb1i1Iwp4DIxC1IBBZqu/mP7MU5DEknMkBAd00ikkyEuKWYkL1ftVJAE4T7qko6iEQqJcLLpV3JYVYoPg5irE0k4Vct/EhkKhRiFnpoMkeyJRW8i/ud1UhlcOhmNklSSCM8eClIGZQwnvUCfcoIlGymCMKdqWYh7SFUiVXtzN/kDmohi6+FsbVWSuVjJMrHqtauaeXdeaVwXbZXAMTgBp8AEF6ABbkETWACDF/AG3sGH9qp9al/aeDa6ohWZIzAH7fsXFdOnOA==</latexit><latexit sha1_base64="U7rkdhAiC2Ay4uVPHzOi5CXZkLw=">AAACKHicbVC9TsMwGHT4LeUvwMhiUVVioUoqJGCrYGEsEqFFTYgcx2mtOj/YTtUqysrLwArvwYS68gg8AW6bgbacZOl09539+byEUSENY6ytrK6tb2yWtsrbO7t7+/rB4YOIU46JhWMW87aHBGE0IpakkpF2wgkKPUZaXv9m4rcGhAsaR/dylBAnRN2IBhQjqSRXh7agIXmGZ9AOOMKZzVTWR3k2fKrn8NE1Xb1i1Iwp4DIxC1IBBZqu/mP7MU5DEknMkBAd00ikkyEuKWYkL1ftVJAE4T7qko6iEQqJcLLpV3JYVYoPg5irE0k4Vct/EhkKhRiFnpoMkeyJRW8i/ud1UhlcOhmNklSSCM8eClIGZQwnvUCfcoIlGymCMKdqWYh7SFUiVXtzN/kDmohi6+FsbVWSuVjJMrHqtauaeXdeaVwXbZXAMTgBp8AEF6ABbkETWACDF/AG3sGH9qp9al/aeDa6ohWZIzAH7fsXFdOnOA==</latexit>

to find evolution after x_fo

,
<latexit sha1_base64="9e3zqd7/NkDSKbgeVEqL2mPJ8no=">AAACF3icbVDLTsJAFJ3iC/FB1aWbiYTEFWmNibojunHhAhMrJtCQ6XQKE6bTZuYWJYQf0a3+hyvj1qW/4Rc4QBcCnmSSk3PuvXNyglRwDY7zbRVWVtfWN4qbpa3tnd2yvbd/r5NMUebRRCTqISCaCS6ZBxwEe0gVI3EgWDPoX0385oApzRN5B8OU+THpSh5xSsBIHbvcvmERKN7tAVEqeezYFafmTIGXiZuTCsrR6Ng/7TChWcwkUEG0brlOCv6IKOBUsHGp2s40Swntky5rGSpJzLQ/miYf46pRQhwlyjwJeKqW/myMSKz1MA7MZEygpxe9ifif18ogOvdHXKYZMElnH0WZwJDgSQ045IpREENDCFXchMW0RxShYMqauxQOeKrz1E+z2KYkd7GSZeKd1C5q7u1ppX6Zt1VEh+gIHSMXnaE6ukYN5CGKMvSCXtGb9Wy9Wx/W52y0YOU7B2gO1tcvK3KhIA==</latexit><latexit sha1_base64="9e3zqd7/NkDSKbgeVEqL2mPJ8no=">AAACF3icbVDLTsJAFJ3iC/FB1aWbiYTEFWmNibojunHhAhMrJtCQ6XQKE6bTZuYWJYQf0a3+hyvj1qW/4Rc4QBcCnmSSk3PuvXNyglRwDY7zbRVWVtfWN4qbpa3tnd2yvbd/r5NMUebRRCTqISCaCS6ZBxwEe0gVI3EgWDPoX0385oApzRN5B8OU+THpSh5xSsBIHbvcvmERKN7tAVEqeezYFafmTIGXiZuTCsrR6Ng/7TChWcwkUEG0brlOCv6IKOBUsHGp2s40Swntky5rGSpJzLQ/miYf46pRQhwlyjwJeKqW/myMSKz1MA7MZEygpxe9ifif18ogOvdHXKYZMElnH0WZwJDgSQ045IpREENDCFXchMW0RxShYMqauxQOeKrz1E+z2KYkd7GSZeKd1C5q7u1ppX6Zt1VEh+gIHSMXnaE6ukYN5CGKMvSCXtGb9Wy9Wx/W52y0YOU7B2gO1tcvK3KhIA==</latexit><latexit sha1_base64="9e3zqd7/NkDSKbgeVEqL2mPJ8no=">AAACF3icbVDLTsJAFJ3iC/FB1aWbiYTEFWmNibojunHhAhMrJtCQ6XQKE6bTZuYWJYQf0a3+hyvj1qW/4Rc4QBcCnmSSk3PuvXNyglRwDY7zbRVWVtfWN4qbpa3tnd2yvbd/r5NMUebRRCTqISCaCS6ZBxwEe0gVI3EgWDPoX0385oApzRN5B8OU+THpSh5xSsBIHbvcvmERKN7tAVEqeezYFafmTIGXiZuTCsrR6Ng/7TChWcwkUEG0brlOCv6IKOBUsHGp2s40Swntky5rGSpJzLQ/miYf46pRQhwlyjwJeKqW/myMSKz1MA7MZEygpxe9ifif18ogOvdHXKYZMElnH0WZwJDgSQ045IpREENDCFXchMW0RxShYMqauxQOeKrz1E+z2KYkd7GSZeKd1C5q7u1ppX6Zt1VEh+gIHSMXnaE6ukYN5CGKMvSCXtGb9Wy9Wx/W52y0YOU7B2gO1tcvK3KhIA==</latexit><latexit sha1_base64="9e3zqd7/NkDSKbgeVEqL2mPJ8no=">AAACF3icbVDLTsJAFJ3iC/FB1aWbiYTEFWmNibojunHhAhMrJtCQ6XQKE6bTZuYWJYQf0a3+hyvj1qW/4Rc4QBcCnmSSk3PuvXNyglRwDY7zbRVWVtfWN4qbpa3tnd2yvbd/r5NMUebRRCTqISCaCS6ZBxwEe0gVI3EgWDPoX0385oApzRN5B8OU+THpSh5xSsBIHbvcvmERKN7tAVEqeezYFafmTIGXiZuTCsrR6Ng/7TChWcwkUEG0brlOCv6IKOBUsHGp2s40Swntky5rGSpJzLQ/miYf46pRQhwlyjwJeKqW/myMSKz1MA7MZEygpxe9ifif18ogOvdHXKYZMElnH0WZwJDgSQ045IpREENDCFXchMW0RxShYMqauxQOeKrz1E+z2KYkd7GSZeKd1C5q7u1ppX6Zt1VEh+gIHSMXnaE6ukYN5CGKMvSCXtGb9Wy9Wx/W52y0YOU7B2gO1tcvK3KhIA==</latexit><latexit sha1_base64="9e3zqd7/NkDSKbgeVEqL2mPJ8no=">AAACF3icbVDLTsJAFJ3iC/FB1aWbiYTEFWmNibojunHhAhMrJtCQ6XQKE6bTZuYWJYQf0a3+hyvj1qW/4Rc4QBcCnmSSk3PuvXNyglRwDY7zbRVWVtfWN4qbpa3tnd2yvbd/r5NMUebRRCTqISCaCS6ZBxwEe0gVI3EgWDPoX0385oApzRN5B8OU+THpSh5xSsBIHbvcvmERKN7tAVEqeezYFafmTIGXiZuTCsrR6Ng/7TChWcwkUEG0brlOCv6IKOBUsHGp2s40Swntky5rGSpJzLQ/miYf46pRQhwlyjwJeKqW/myMSKz1MA7MZEygpxe9ifif18ogOvdHXKYZMElnH0WZwJDgSQ045IpREENDCFXchMW0RxShYMqauxQOeKrz1E+z2KYkd7GSZeKd1C5q7u1ppX6Zt1VEh+gIHSMXnaE6ukYN5CGKMvSCXtGb9Wy9Wx/W52y0YOU7B2gO1tcvK3KhIA==</latexit>

d lnY1

d lnx
= ��

x
<latexit sha1_base64="5aTMZKEH46IFwGkruBpNFO1ZEyk="></latexit><latexit sha1_base64="5aTMZKEH46IFwGkruBpNFO1ZEyk="></latexit><latexit sha1_base64="5aTMZKEH46IFwGkruBpNFO1ZEyk="></latexit><latexit sha1_base64="5aTMZKEH46IFwGkruBpNFO1ZEyk="></latexit><latexit sha1_base64="5aTMZKEH46IFwGkruBpNFO1ZEyk="></latexit>



we approximate BE

dY1

dx
=

�

x2
(�Y1 + Yeq)

<latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="dgbxSy/II3pRpoEzxdyNp9F++o8=">AAAB+HicbVDLTsJAFL3FF1ZUXLuZSEhckdaNujNx4xITKyRAyHR6CxOm02ZmSiQNe+PW/3Bl/Bd/wy9wgC4EPMlNTs6Zx7knzATXxvO+ncrO7t7+QfXQPaq5xyen9dqzTnPFMGCpSFU3pBoFlxgYbgR2M4U0CQV2wsn9wu9MUWmeyiczy3CQ0JHkMWfUWKk9rDe8lrcE2SZ+SRpQYlj/6UcpyxOUhgmqdc/3MjMoqDKcCZy7zX6uMaNsQkfYs1TSBPWgWOack6ZVIhKnyo40ZKm6f24UNNF6loT2ZELNWG96C/E/r5eb+GZQcJnlBiVbfRTngpiULJYmEVfIjJhZQpniNixhY6ooM7aatZeiKc90mfplFdt25G82sk2Cq9Zty3/0oArncAGX4MM13MEDtCEABhG8wbvz6nw4n6sqK07Z6Rmswfn6BayWl8g=</latexit><latexit sha1_base64="MI+rawIO501Wmop1FwEKxuTJfP0="></latexit><latexit sha1_base64="MI+rawIO501Wmop1FwEKxuTJfP0="></latexit><latexit sha1_base64="hK5ts5aSIlQC9xaOUD6NrCSMA74="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit>

' � �

x2
Y1

<latexit sha1_base64="U7rkdhAiC2Ay4uVPHzOi5CXZkLw=">AAACKHicbVC9TsMwGHT4LeUvwMhiUVVioUoqJGCrYGEsEqFFTYgcx2mtOj/YTtUqysrLwArvwYS68gg8AW6bgbacZOl09539+byEUSENY6ytrK6tb2yWtsrbO7t7+/rB4YOIU46JhWMW87aHBGE0IpakkpF2wgkKPUZaXv9m4rcGhAsaR/dylBAnRN2IBhQjqSRXh7agIXmGZ9AOOMKZzVTWR3k2fKrn8NE1Xb1i1Iwp4DIxC1IBBZqu/mP7MU5DEknMkBAd00ikkyEuKWYkL1ftVJAE4T7qko6iEQqJcLLpV3JYVYoPg5irE0k4Vct/EhkKhRiFnpoMkeyJRW8i/ud1UhlcOhmNklSSCM8eClIGZQwnvUCfcoIlGymCMKdqWYh7SFUiVXtzN/kDmohi6+FsbVWSuVjJMrHqtauaeXdeaVwXbZXAMTgBp8AEF6ABbkETWACDF/AG3sGH9qp9al/aeDa6ohWZIzAH7fsXFdOnOA==</latexit><latexit sha1_base64="U7rkdhAiC2Ay4uVPHzOi5CXZkLw=">AAACKHicbVC9TsMwGHT4LeUvwMhiUVVioUoqJGCrYGEsEqFFTYgcx2mtOj/YTtUqysrLwArvwYS68gg8AW6bgbacZOl09539+byEUSENY6ytrK6tb2yWtsrbO7t7+/rB4YOIU46JhWMW87aHBGE0IpakkpF2wgkKPUZaXv9m4rcGhAsaR/dylBAnRN2IBhQjqSRXh7agIXmGZ9AOOMKZzVTWR3k2fKrn8NE1Xb1i1Iwp4DIxC1IBBZqu/mP7MU5DEknMkBAd00ikkyEuKWYkL1ftVJAE4T7qko6iEQqJcLLpV3JYVYoPg5irE0k4Vct/EhkKhRiFnpoMkeyJRW8i/ud1UhlcOhmNklSSCM8eClIGZQwnvUCfcoIlGymCMKdqWYh7SFUiVXtzN/kDmohi6+FsbVWSuVjJMrHqtauaeXdeaVwXbZXAMTgBp8AEF6ABbkETWACDF/AG3sGH9qp9al/aeDa6ohWZIzAH7fsXFdOnOA==</latexit><latexit sha1_base64="U7rkdhAiC2Ay4uVPHzOi5CXZkLw=">AAACKHicbVC9TsMwGHT4LeUvwMhiUVVioUoqJGCrYGEsEqFFTYgcx2mtOj/YTtUqysrLwArvwYS68gg8AW6bgbacZOl09539+byEUSENY6ytrK6tb2yWtsrbO7t7+/rB4YOIU46JhWMW87aHBGE0IpakkpF2wgkKPUZaXv9m4rcGhAsaR/dylBAnRN2IBhQjqSRXh7agIXmGZ9AOOMKZzVTWR3k2fKrn8NE1Xb1i1Iwp4DIxC1IBBZqu/mP7MU5DEknMkBAd00ikkyEuKWYkL1ftVJAE4T7qko6iEQqJcLLpV3JYVYoPg5irE0k4Vct/EhkKhRiFnpoMkeyJRW8i/ud1UhlcOhmNklSSCM8eClIGZQwnvUCfcoIlGymCMKdqWYh7SFUiVXtzN/kDmohi6+FsbVWSuVjJMrHqtauaeXdeaVwXbZXAMTgBp8AEF6ABbkETWACDF/AG3sGH9qp9al/aeDa6ohWZIzAH7fsXFdOnOA==</latexit><latexit sha1_base64="U7rkdhAiC2Ay4uVPHzOi5CXZkLw=">AAACKHicbVC9TsMwGHT4LeUvwMhiUVVioUoqJGCrYGEsEqFFTYgcx2mtOj/YTtUqysrLwArvwYS68gg8AW6bgbacZOl09539+byEUSENY6ytrK6tb2yWtsrbO7t7+/rB4YOIU46JhWMW87aHBGE0IpakkpF2wgkKPUZaXv9m4rcGhAsaR/dylBAnRN2IBhQjqSRXh7agIXmGZ9AOOMKZzVTWR3k2fKrn8NE1Xb1i1Iwp4DIxC1IBBZqu/mP7MU5DEknMkBAd00ikkyEuKWYkL1ftVJAE4T7qko6iEQqJcLLpV3JYVYoPg5irE0k4Vct/EhkKhRiFnpoMkeyJRW8i/ud1UhlcOhmNklSSCM8eClIGZQwnvUCfcoIlGymCMKdqWYh7SFUiVXtzN/kDmohi6+FsbVWSuVjJMrHqtauaeXdeaVwXbZXAMTgBp8AEF6ABbkETWACDF/AG3sGH9qp9al/aeDa6ohWZIzAH7fsXFdOnOA==</latexit><latexit sha1_base64="U7rkdhAiC2Ay4uVPHzOi5CXZkLw=">AAACKHicbVC9TsMwGHT4LeUvwMhiUVVioUoqJGCrYGEsEqFFTYgcx2mtOj/YTtUqysrLwArvwYS68gg8AW6bgbacZOl09539+byEUSENY6ytrK6tb2yWtsrbO7t7+/rB4YOIU46JhWMW87aHBGE0IpakkpF2wgkKPUZaXv9m4rcGhAsaR/dylBAnRN2IBhQjqSRXh7agIXmGZ9AOOMKZzVTWR3k2fKrn8NE1Xb1i1Iwp4DIxC1IBBZqu/mP7MU5DEknMkBAd00ikkyEuKWYkL1ftVJAE4T7qko6iEQqJcLLpV3JYVYoPg5irE0k4Vct/EhkKhRiFnpoMkeyJRW8i/ud1UhlcOhmNklSSCM8eClIGZQwnvUCfcoIlGymCMKdqWYh7SFUiVXtzN/kDmohi6+FsbVWSuVjJMrHqtauaeXdeaVwXbZXAMTgBp8AEF6ABbkETWACDF/AG3sGH9qp9al/aeDa6ohWZIzAH7fsXFdOnOA==</latexit><latexit sha1_base64="U7rkdhAiC2Ay4uVPHzOi5CXZkLw=">AAACKHicbVC9TsMwGHT4LeUvwMhiUVVioUoqJGCrYGEsEqFFTYgcx2mtOj/YTtUqysrLwArvwYS68gg8AW6bgbacZOl09539+byEUSENY6ytrK6tb2yWtsrbO7t7+/rB4YOIU46JhWMW87aHBGE0IpakkpF2wgkKPUZaXv9m4rcGhAsaR/dylBAnRN2IBhQjqSRXh7agIXmGZ9AOOMKZzVTWR3k2fKrn8NE1Xb1i1Iwp4DIxC1IBBZqu/mP7MU5DEknMkBAd00ikkyEuKWYkL1ftVJAE4T7qko6iEQqJcLLpV3JYVYoPg5irE0k4Vct/EhkKhRiFnpoMkeyJRW8i/ud1UhlcOhmNklSSCM8eClIGZQwnvUCfcoIlGymCMKdqWYh7SFUiVXtzN/kDmohi6+FsbVWSuVjJMrHqtauaeXdeaVwXbZXAMTgBp8AEF6ABbkETWACDF/AG3sGH9qp9al/aeDa6ohWZIzAH7fsXFdOnOA==</latexit>

there could be substantial dilution until

xfin = �
<latexit sha1_base64="C/ucMFTrzeXJQZXmjVrsjTp0AhA=">AAACHXicbVDNSgMxGMzWv1r/VsWTl2ApeCq7IqgHoejFYwVXC92lZLPZNjTJLkm2tCx9F73qe3gSr+Jr+ASm7R5s60BgmPm+L8OEKaNKO863VVpZXVvfKG9WtrZ3dvfs/YNHlWQSEw8nLJGtECnCqCCeppqRVioJ4iEjT2H/duI/DYhUNBEPepSSgKOuoDHFSBupYx8NO7kvOYypGMNr6DOzGqGOXXXqzhRwmbgFqYICzY7940cJzjgRGjOkVNt1Uh3kSGqKGRlXan6mSIpwH3VJ21CBOFFBPs0/hjWjRDBOpHlCw6la+bORI67UiIdmkiPdU4veRPzPa2c6vgxyKtJME4FnH8UZgzqBkzJgRCXBmo0MQVhSExbiHpIIa1PZ3KVoQFNVpB7OYpuS3MVKlol3Vr+qu/fn1cZN0VYZHIMTcApccAEa4A40gQcwyMELeAVv1rP1bn1Yn7PRklXsHII5WF+/i+WizQ==</latexit><latexit sha1_base64="C/ucMFTrzeXJQZXmjVrsjTp0AhA=">AAACHXicbVDNSgMxGMzWv1r/VsWTl2ApeCq7IqgHoejFYwVXC92lZLPZNjTJLkm2tCx9F73qe3gSr+Jr+ASm7R5s60BgmPm+L8OEKaNKO863VVpZXVvfKG9WtrZ3dvfs/YNHlWQSEw8nLJGtECnCqCCeppqRVioJ4iEjT2H/duI/DYhUNBEPepSSgKOuoDHFSBupYx8NO7kvOYypGMNr6DOzGqGOXXXqzhRwmbgFqYICzY7940cJzjgRGjOkVNt1Uh3kSGqKGRlXan6mSIpwH3VJ21CBOFFBPs0/hjWjRDBOpHlCw6la+bORI67UiIdmkiPdU4veRPzPa2c6vgxyKtJME4FnH8UZgzqBkzJgRCXBmo0MQVhSExbiHpIIa1PZ3KVoQFNVpB7OYpuS3MVKlol3Vr+qu/fn1cZN0VYZHIMTcApccAEa4A40gQcwyMELeAVv1rP1bn1Yn7PRklXsHII5WF+/i+WizQ==</latexit><latexit sha1_base64="C/ucMFTrzeXJQZXmjVrsjTp0AhA=">AAACHXicbVDNSgMxGMzWv1r/VsWTl2ApeCq7IqgHoejFYwVXC92lZLPZNjTJLkm2tCx9F73qe3gSr+Jr+ASm7R5s60BgmPm+L8OEKaNKO863VVpZXVvfKG9WtrZ3dvfs/YNHlWQSEw8nLJGtECnCqCCeppqRVioJ4iEjT2H/duI/DYhUNBEPepSSgKOuoDHFSBupYx8NO7kvOYypGMNr6DOzGqGOXXXqzhRwmbgFqYICzY7940cJzjgRGjOkVNt1Uh3kSGqKGRlXan6mSIpwH3VJ21CBOFFBPs0/hjWjRDBOpHlCw6la+bORI67UiIdmkiPdU4veRPzPa2c6vgxyKtJME4FnH8UZgzqBkzJgRCXBmo0MQVhSExbiHpIIa1PZ3KVoQFNVpB7OYpuS3MVKlol3Vr+qu/fn1cZN0VYZHIMTcApccAEa4A40gQcwyMELeAVv1rP1bn1Yn7PRklXsHII5WF+/i+WizQ==</latexit><latexit sha1_base64="C/ucMFTrzeXJQZXmjVrsjTp0AhA=">AAACHXicbVDNSgMxGMzWv1r/VsWTl2ApeCq7IqgHoejFYwVXC92lZLPZNjTJLkm2tCx9F73qe3gSr+Jr+ASm7R5s60BgmPm+L8OEKaNKO863VVpZXVvfKG9WtrZ3dvfs/YNHlWQSEw8nLJGtECnCqCCeppqRVioJ4iEjT2H/duI/DYhUNBEPepSSgKOuoDHFSBupYx8NO7kvOYypGMNr6DOzGqGOXXXqzhRwmbgFqYICzY7940cJzjgRGjOkVNt1Uh3kSGqKGRlXan6mSIpwH3VJ21CBOFFBPs0/hjWjRDBOpHlCw6la+bORI67UiIdmkiPdU4veRPzPa2c6vgxyKtJME4FnH8UZgzqBkzJgRCXBmo0MQVhSExbiHpIIa1PZ3KVoQFNVpB7OYpuS3MVKlol3Vr+qu/fn1cZN0VYZHIMTcApccAEa4A40gQcwyMELeAVv1rP1bn1Yn7PRklXsHII5WF+/i+WizQ==</latexit><latexit sha1_base64="C/ucMFTrzeXJQZXmjVrsjTp0AhA=">AAACHXicbVDNSgMxGMzWv1r/VsWTl2ApeCq7IqgHoejFYwVXC92lZLPZNjTJLkm2tCx9F73qe3gSr+Jr+ASm7R5s60BgmPm+L8OEKaNKO863VVpZXVvfKG9WtrZ3dvfs/YNHlWQSEw8nLJGtECnCqCCeppqRVioJ4iEjT2H/duI/DYhUNBEPepSSgKOuoDHFSBupYx8NO7kvOYypGMNr6DOzGqGOXXXqzhRwmbgFqYICzY7940cJzjgRGjOkVNt1Uh3kSGqKGRlXan6mSIpwH3VJ21CBOFFBPs0/hjWjRDBOpHlCw6la+bORI67UiIdmkiPdU4veRPzPa2c6vgxyKtJME4FnH8UZgzqBkzJgRCXBmo0MQVhSExbiHpIIa1PZ3KVoQFNVpB7OYpuS3MVKlol3Vr+qu/fn1cZN0VYZHIMTcApccAEa4A40gQcwyMELeAVv1rP1bn1Yn7PRklXsHII5WF+/i+WizQ==</latexit>

to find evolution after x_fo

,
<latexit sha1_base64="9e3zqd7/NkDSKbgeVEqL2mPJ8no=">AAACF3icbVDLTsJAFJ3iC/FB1aWbiYTEFWmNibojunHhAhMrJtCQ6XQKE6bTZuYWJYQf0a3+hyvj1qW/4Rc4QBcCnmSSk3PuvXNyglRwDY7zbRVWVtfWN4qbpa3tnd2yvbd/r5NMUebRRCTqISCaCS6ZBxwEe0gVI3EgWDPoX0385oApzRN5B8OU+THpSh5xSsBIHbvcvmERKN7tAVEqeezYFafmTIGXiZuTCsrR6Ng/7TChWcwkUEG0brlOCv6IKOBUsHGp2s40Swntky5rGSpJzLQ/miYf46pRQhwlyjwJeKqW/myMSKz1MA7MZEygpxe9ifif18ogOvdHXKYZMElnH0WZwJDgSQ045IpREENDCFXchMW0RxShYMqauxQOeKrz1E+z2KYkd7GSZeKd1C5q7u1ppX6Zt1VEh+gIHSMXnaE6ukYN5CGKMvSCXtGb9Wy9Wx/W52y0YOU7B2gO1tcvK3KhIA==</latexit><latexit sha1_base64="9e3zqd7/NkDSKbgeVEqL2mPJ8no=">AAACF3icbVDLTsJAFJ3iC/FB1aWbiYTEFWmNibojunHhAhMrJtCQ6XQKE6bTZuYWJYQf0a3+hyvj1qW/4Rc4QBcCnmSSk3PuvXNyglRwDY7zbRVWVtfWN4qbpa3tnd2yvbd/r5NMUebRRCTqISCaCS6ZBxwEe0gVI3EgWDPoX0385oApzRN5B8OU+THpSh5xSsBIHbvcvmERKN7tAVEqeezYFafmTIGXiZuTCsrR6Ng/7TChWcwkUEG0brlOCv6IKOBUsHGp2s40Swntky5rGSpJzLQ/miYf46pRQhwlyjwJeKqW/myMSKz1MA7MZEygpxe9ifif18ogOvdHXKYZMElnH0WZwJDgSQ045IpREENDCFXchMW0RxShYMqauxQOeKrz1E+z2KYkd7GSZeKd1C5q7u1ppX6Zt1VEh+gIHSMXnaE6ukYN5CGKMvSCXtGb9Wy9Wx/W52y0YOU7B2gO1tcvK3KhIA==</latexit><latexit sha1_base64="9e3zqd7/NkDSKbgeVEqL2mPJ8no=">AAACF3icbVDLTsJAFJ3iC/FB1aWbiYTEFWmNibojunHhAhMrJtCQ6XQKE6bTZuYWJYQf0a3+hyvj1qW/4Rc4QBcCnmSSk3PuvXNyglRwDY7zbRVWVtfWN4qbpa3tnd2yvbd/r5NMUebRRCTqISCaCS6ZBxwEe0gVI3EgWDPoX0385oApzRN5B8OU+THpSh5xSsBIHbvcvmERKN7tAVEqeezYFafmTIGXiZuTCsrR6Ng/7TChWcwkUEG0brlOCv6IKOBUsHGp2s40Swntky5rGSpJzLQ/miYf46pRQhwlyjwJeKqW/myMSKz1MA7MZEygpxe9ifif18ogOvdHXKYZMElnH0WZwJDgSQ045IpREENDCFXchMW0RxShYMqauxQOeKrz1E+z2KYkd7GSZeKd1C5q7u1ppX6Zt1VEh+gIHSMXnaE6ukYN5CGKMvSCXtGb9Wy9Wx/W52y0YOU7B2gO1tcvK3KhIA==</latexit><latexit sha1_base64="9e3zqd7/NkDSKbgeVEqL2mPJ8no=">AAACF3icbVDLTsJAFJ3iC/FB1aWbiYTEFWmNibojunHhAhMrJtCQ6XQKE6bTZuYWJYQf0a3+hyvj1qW/4Rc4QBcCnmSSk3PuvXNyglRwDY7zbRVWVtfWN4qbpa3tnd2yvbd/r5NMUebRRCTqISCaCS6ZBxwEe0gVI3EgWDPoX0385oApzRN5B8OU+THpSh5xSsBIHbvcvmERKN7tAVEqeezYFafmTIGXiZuTCsrR6Ng/7TChWcwkUEG0brlOCv6IKOBUsHGp2s40Swntky5rGSpJzLQ/miYf46pRQhwlyjwJeKqW/myMSKz1MA7MZEygpxe9ifif18ogOvdHXKYZMElnH0WZwJDgSQ045IpREENDCFXchMW0RxShYMqauxQOeKrz1E+z2KYkd7GSZeKd1C5q7u1ppX6Zt1VEh+gIHSMXnaE6ukYN5CGKMvSCXtGb9Wy9Wx/W52y0YOU7B2gO1tcvK3KhIA==</latexit><latexit sha1_base64="9e3zqd7/NkDSKbgeVEqL2mPJ8no=">AAACF3icbVDLTsJAFJ3iC/FB1aWbiYTEFWmNibojunHhAhMrJtCQ6XQKE6bTZuYWJYQf0a3+hyvj1qW/4Rc4QBcCnmSSk3PuvXNyglRwDY7zbRVWVtfWN4qbpa3tnd2yvbd/r5NMUebRRCTqISCaCS6ZBxwEe0gVI3EgWDPoX0385oApzRN5B8OU+THpSh5xSsBIHbvcvmERKN7tAVEqeezYFafmTIGXiZuTCsrR6Ng/7TChWcwkUEG0brlOCv6IKOBUsHGp2s40Swntky5rGSpJzLQ/miYf46pRQhwlyjwJeKqW/myMSKz1MA7MZEygpxe9ifif18ogOvdHXKYZMElnH0WZwJDgSQ045IpREENDCFXchMW0RxShYMqauxQOeKrz1E+z2KYkd7GSZeKd1C5q7u1ppX6Zt1VEh+gIHSMXnaE6ukYN5CGKMvSCXtGb9Wy9Wx/W52y0YOU7B2gO1tcvK3KhIA==</latexit>

d lnY1

d lnx
= ��

x
<latexit sha1_base64="5aTMZKEH46IFwGkruBpNFO1ZEyk="></latexit><latexit sha1_base64="5aTMZKEH46IFwGkruBpNFO1ZEyk="></latexit><latexit sha1_base64="5aTMZKEH46IFwGkruBpNFO1ZEyk="></latexit><latexit sha1_base64="5aTMZKEH46IFwGkruBpNFO1ZEyk="></latexit><latexit sha1_base64="5aTMZKEH46IFwGkruBpNFO1ZEyk="></latexit>



we approximate BE

dY1

dx
=

�

x2
(�Y1 + Yeq)

<latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="dgbxSy/II3pRpoEzxdyNp9F++o8=">AAAB+HicbVDLTsJAFL3FF1ZUXLuZSEhckdaNujNx4xITKyRAyHR6CxOm02ZmSiQNe+PW/3Bl/Bd/wy9wgC4EPMlNTs6Zx7knzATXxvO+ncrO7t7+QfXQPaq5xyen9dqzTnPFMGCpSFU3pBoFlxgYbgR2M4U0CQV2wsn9wu9MUWmeyiczy3CQ0JHkMWfUWKk9rDe8lrcE2SZ+SRpQYlj/6UcpyxOUhgmqdc/3MjMoqDKcCZy7zX6uMaNsQkfYs1TSBPWgWOack6ZVIhKnyo40ZKm6f24UNNF6loT2ZELNWG96C/E/r5eb+GZQcJnlBiVbfRTngpiULJYmEVfIjJhZQpniNixhY6ooM7aatZeiKc90mfplFdt25G82sk2Cq9Zty3/0oArncAGX4MM13MEDtCEABhG8wbvz6nw4n6sqK07Z6Rmswfn6BayWl8g=</latexit><latexit sha1_base64="MI+rawIO501Wmop1FwEKxuTJfP0="></latexit><latexit sha1_base64="MI+rawIO501Wmop1FwEKxuTJfP0="></latexit><latexit sha1_base64="hK5ts5aSIlQC9xaOUD6NrCSMA74="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit><latexit sha1_base64="20n10Ej1SgSNnDO4buFTqCr/RDg="></latexit>

' � �

x2
Y1

<latexit sha1_base64="U7rkdhAiC2Ay4uVPHzOi5CXZkLw=">AAACKHicbVC9TsMwGHT4LeUvwMhiUVVioUoqJGCrYGEsEqFFTYgcx2mtOj/YTtUqysrLwArvwYS68gg8AW6bgbacZOl09539+byEUSENY6ytrK6tb2yWtsrbO7t7+/rB4YOIU46JhWMW87aHBGE0IpakkpF2wgkKPUZaXv9m4rcGhAsaR/dylBAnRN2IBhQjqSRXh7agIXmGZ9AOOMKZzVTWR3k2fKrn8NE1Xb1i1Iwp4DIxC1IBBZqu/mP7MU5DEknMkBAd00ikkyEuKWYkL1ftVJAE4T7qko6iEQqJcLLpV3JYVYoPg5irE0k4Vct/EhkKhRiFnpoMkeyJRW8i/ud1UhlcOhmNklSSCM8eClIGZQwnvUCfcoIlGymCMKdqWYh7SFUiVXtzN/kDmohi6+FsbVWSuVjJMrHqtauaeXdeaVwXbZXAMTgBp8AEF6ABbkETWACDF/AG3sGH9qp9al/aeDa6ohWZIzAH7fsXFdOnOA==</latexit><latexit sha1_base64="U7rkdhAiC2Ay4uVPHzOi5CXZkLw=">AAACKHicbVC9TsMwGHT4LeUvwMhiUVVioUoqJGCrYGEsEqFFTYgcx2mtOj/YTtUqysrLwArvwYS68gg8AW6bgbacZOl09539+byEUSENY6ytrK6tb2yWtsrbO7t7+/rB4YOIU46JhWMW87aHBGE0IpakkpF2wgkKPUZaXv9m4rcGhAsaR/dylBAnRN2IBhQjqSRXh7agIXmGZ9AOOMKZzVTWR3k2fKrn8NE1Xb1i1Iwp4DIxC1IBBZqu/mP7MU5DEknMkBAd00ikkyEuKWYkL1ftVJAE4T7qko6iEQqJcLLpV3JYVYoPg5irE0k4Vct/EhkKhRiFnpoMkeyJRW8i/ud1UhlcOhmNklSSCM8eClIGZQwnvUCfcoIlGymCMKdqWYh7SFUiVXtzN/kDmohi6+FsbVWSuVjJMrHqtauaeXdeaVwXbZXAMTgBp8AEF6ABbkETWACDF/AG3sGH9qp9al/aeDa6ohWZIzAH7fsXFdOnOA==</latexit><latexit sha1_base64="U7rkdhAiC2Ay4uVPHzOi5CXZkLw=">AAACKHicbVC9TsMwGHT4LeUvwMhiUVVioUoqJGCrYGEsEqFFTYgcx2mtOj/YTtUqysrLwArvwYS68gg8AW6bgbacZOl09539+byEUSENY6ytrK6tb2yWtsrbO7t7+/rB4YOIU46JhWMW87aHBGE0IpakkpF2wgkKPUZaXv9m4rcGhAsaR/dylBAnRN2IBhQjqSRXh7agIXmGZ9AOOMKZzVTWR3k2fKrn8NE1Xb1i1Iwp4DIxC1IBBZqu/mP7MU5DEknMkBAd00ikkyEuKWYkL1ftVJAE4T7qko6iEQqJcLLpV3JYVYoPg5irE0k4Vct/EhkKhRiFnpoMkeyJRW8i/ud1UhlcOhmNklSSCM8eClIGZQwnvUCfcoIlGymCMKdqWYh7SFUiVXtzN/kDmohi6+FsbVWSuVjJMrHqtauaeXdeaVwXbZXAMTgBp8AEF6ABbkETWACDF/AG3sGH9qp9al/aeDa6ohWZIzAH7fsXFdOnOA==</latexit><latexit sha1_base64="U7rkdhAiC2Ay4uVPHzOi5CXZkLw=">AAACKHicbVC9TsMwGHT4LeUvwMhiUVVioUoqJGCrYGEsEqFFTYgcx2mtOj/YTtUqysrLwArvwYS68gg8AW6bgbacZOl09539+byEUSENY6ytrK6tb2yWtsrbO7t7+/rB4YOIU46JhWMW87aHBGE0IpakkpF2wgkKPUZaXv9m4rcGhAsaR/dylBAnRN2IBhQjqSRXh7agIXmGZ9AOOMKZzVTWR3k2fKrn8NE1Xb1i1Iwp4DIxC1IBBZqu/mP7MU5DEknMkBAd00ikkyEuKWYkL1ftVJAE4T7qko6iEQqJcLLpV3JYVYoPg5irE0k4Vct/EhkKhRiFnpoMkeyJRW8i/ud1UhlcOhmNklSSCM8eClIGZQwnvUCfcoIlGymCMKdqWYh7SFUiVXtzN/kDmohi6+FsbVWSuVjJMrHqtauaeXdeaVwXbZXAMTgBp8AEF6ABbkETWACDF/AG3sGH9qp9al/aeDa6ohWZIzAH7fsXFdOnOA==</latexit><latexit sha1_base64="U7rkdhAiC2Ay4uVPHzOi5CXZkLw=">AAACKHicbVC9TsMwGHT4LeUvwMhiUVVioUoqJGCrYGEsEqFFTYgcx2mtOj/YTtUqysrLwArvwYS68gg8AW6bgbacZOl09539+byEUSENY6ytrK6tb2yWtsrbO7t7+/rB4YOIU46JhWMW87aHBGE0IpakkpF2wgkKPUZaXv9m4rcGhAsaR/dylBAnRN2IBhQjqSRXh7agIXmGZ9AOOMKZzVTWR3k2fKrn8NE1Xb1i1Iwp4DIxC1IBBZqu/mP7MU5DEknMkBAd00ikkyEuKWYkL1ftVJAE4T7qko6iEQqJcLLpV3JYVYoPg5irE0k4Vct/EhkKhRiFnpoMkeyJRW8i/ud1UhlcOhmNklSSCM8eClIGZQwnvUCfcoIlGymCMKdqWYh7SFUiVXtzN/kDmohi6+FsbVWSuVjJMrHqtauaeXdeaVwXbZXAMTgBp8AEF6ABbkETWACDF/AG3sGH9qp9al/aeDa6ohWZIzAH7fsXFdOnOA==</latexit><latexit sha1_base64="U7rkdhAiC2Ay4uVPHzOi5CXZkLw=">AAACKHicbVC9TsMwGHT4LeUvwMhiUVVioUoqJGCrYGEsEqFFTYgcx2mtOj/YTtUqysrLwArvwYS68gg8AW6bgbacZOl09539+byEUSENY6ytrK6tb2yWtsrbO7t7+/rB4YOIU46JhWMW87aHBGE0IpakkpF2wgkKPUZaXv9m4rcGhAsaR/dylBAnRN2IBhQjqSRXh7agIXmGZ9AOOMKZzVTWR3k2fKrn8NE1Xb1i1Iwp4DIxC1IBBZqu/mP7MU5DEknMkBAd00ikkyEuKWYkL1ftVJAE4T7qko6iEQqJcLLpV3JYVYoPg5irE0k4Vct/EhkKhRiFnpoMkeyJRW8i/ud1UhlcOhmNklSSCM8eClIGZQwnvUCfcoIlGymCMKdqWYh7SFUiVXtzN/kDmohi6+FsbVWSuVjJMrHqtauaeXdeaVwXbZXAMTgBp8AEF6ABbkETWACDF/AG3sGH9qp9al/aeDa6ohWZIzAH7fsXFdOnOA==</latexit>

one can directly compute the solution of BE as

Y1(x) = Yeq(xfo) exp


�

x
� �

xfo

�

<latexit sha1_base64="OgZ/5trfQASxhNgrDpOjULduHa8="></latexit><latexit sha1_base64="OgZ/5trfQASxhNgrDpOjULduHa8="></latexit><latexit sha1_base64="OgZ/5trfQASxhNgrDpOjULduHa8="></latexit><latexit sha1_base64="OgZ/5trfQASxhNgrDpOjULduHa8="></latexit><latexit sha1_base64="OgZ/5trfQASxhNgrDpOjULduHa8="></latexit>

there could be substantial dilution until

xfin = �
<latexit sha1_base64="C/ucMFTrzeXJQZXmjVrsjTp0AhA=">AAACHXicbVDNSgMxGMzWv1r/VsWTl2ApeCq7IqgHoejFYwVXC92lZLPZNjTJLkm2tCx9F73qe3gSr+Jr+ASm7R5s60BgmPm+L8OEKaNKO863VVpZXVvfKG9WtrZ3dvfs/YNHlWQSEw8nLJGtECnCqCCeppqRVioJ4iEjT2H/duI/DYhUNBEPepSSgKOuoDHFSBupYx8NO7kvOYypGMNr6DOzGqGOXXXqzhRwmbgFqYICzY7940cJzjgRGjOkVNt1Uh3kSGqKGRlXan6mSIpwH3VJ21CBOFFBPs0/hjWjRDBOpHlCw6la+bORI67UiIdmkiPdU4veRPzPa2c6vgxyKtJME4FnH8UZgzqBkzJgRCXBmo0MQVhSExbiHpIIa1PZ3KVoQFNVpB7OYpuS3MVKlol3Vr+qu/fn1cZN0VYZHIMTcApccAEa4A40gQcwyMELeAVv1rP1bn1Yn7PRklXsHII5WF+/i+WizQ==</latexit><latexit sha1_base64="C/ucMFTrzeXJQZXmjVrsjTp0AhA=">AAACHXicbVDNSgMxGMzWv1r/VsWTl2ApeCq7IqgHoejFYwVXC92lZLPZNjTJLkm2tCx9F73qe3gSr+Jr+ASm7R5s60BgmPm+L8OEKaNKO863VVpZXVvfKG9WtrZ3dvfs/YNHlWQSEw8nLJGtECnCqCCeppqRVioJ4iEjT2H/duI/DYhUNBEPepSSgKOuoDHFSBupYx8NO7kvOYypGMNr6DOzGqGOXXXqzhRwmbgFqYICzY7940cJzjgRGjOkVNt1Uh3kSGqKGRlXan6mSIpwH3VJ21CBOFFBPs0/hjWjRDBOpHlCw6la+bORI67UiIdmkiPdU4veRPzPa2c6vgxyKtJME4FnH8UZgzqBkzJgRCXBmo0MQVhSExbiHpIIa1PZ3KVoQFNVpB7OYpuS3MVKlol3Vr+qu/fn1cZN0VYZHIMTcApccAEa4A40gQcwyMELeAVv1rP1bn1Yn7PRklXsHII5WF+/i+WizQ==</latexit><latexit sha1_base64="C/ucMFTrzeXJQZXmjVrsjTp0AhA=">AAACHXicbVDNSgMxGMzWv1r/VsWTl2ApeCq7IqgHoejFYwVXC92lZLPZNjTJLkm2tCx9F73qe3gSr+Jr+ASm7R5s60BgmPm+L8OEKaNKO863VVpZXVvfKG9WtrZ3dvfs/YNHlWQSEw8nLJGtECnCqCCeppqRVioJ4iEjT2H/duI/DYhUNBEPepSSgKOuoDHFSBupYx8NO7kvOYypGMNr6DOzGqGOXXXqzhRwmbgFqYICzY7940cJzjgRGjOkVNt1Uh3kSGqKGRlXan6mSIpwH3VJ21CBOFFBPs0/hjWjRDBOpHlCw6la+bORI67UiIdmkiPdU4veRPzPa2c6vgxyKtJME4FnH8UZgzqBkzJgRCXBmo0MQVhSExbiHpIIa1PZ3KVoQFNVpB7OYpuS3MVKlol3Vr+qu/fn1cZN0VYZHIMTcApccAEa4A40gQcwyMELeAVv1rP1bn1Yn7PRklXsHII5WF+/i+WizQ==</latexit><latexit sha1_base64="C/ucMFTrzeXJQZXmjVrsjTp0AhA=">AAACHXicbVDNSgMxGMzWv1r/VsWTl2ApeCq7IqgHoejFYwVXC92lZLPZNjTJLkm2tCx9F73qe3gSr+Jr+ASm7R5s60BgmPm+L8OEKaNKO863VVpZXVvfKG9WtrZ3dvfs/YNHlWQSEw8nLJGtECnCqCCeppqRVioJ4iEjT2H/duI/DYhUNBEPepSSgKOuoDHFSBupYx8NO7kvOYypGMNr6DOzGqGOXXXqzhRwmbgFqYICzY7940cJzjgRGjOkVNt1Uh3kSGqKGRlXan6mSIpwH3VJ21CBOFFBPs0/hjWjRDBOpHlCw6la+bORI67UiIdmkiPdU4veRPzPa2c6vgxyKtJME4FnH8UZgzqBkzJgRCXBmo0MQVhSExbiHpIIa1PZ3KVoQFNVpB7OYpuS3MVKlol3Vr+qu/fn1cZN0VYZHIMTcApccAEa4A40gQcwyMELeAVv1rP1bn1Yn7PRklXsHII5WF+/i+WizQ==</latexit><latexit sha1_base64="C/ucMFTrzeXJQZXmjVrsjTp0AhA=">AAACHXicbVDNSgMxGMzWv1r/VsWTl2ApeCq7IqgHoejFYwVXC92lZLPZNjTJLkm2tCx9F73qe3gSr+Jr+ASm7R5s60BgmPm+L8OEKaNKO863VVpZXVvfKG9WtrZ3dvfs/YNHlWQSEw8nLJGtECnCqCCeppqRVioJ4iEjT2H/duI/DYhUNBEPepSSgKOuoDHFSBupYx8NO7kvOYypGMNr6DOzGqGOXXXqzhRwmbgFqYICzY7940cJzjgRGjOkVNt1Uh3kSGqKGRlXan6mSIpwH3VJ21CBOFFBPs0/hjWjRDBOpHlCw6la+bORI67UiIdmkiPdU4veRPzPa2c6vgxyKtJME4FnH8UZgzqBkzJgRCXBmo0MQVhSExbiHpIIa1PZ3KVoQFNVpB7OYpuS3MVKlol3Vr+qu/fn1cZN0VYZHIMTcApccAEa4A40gQcwyMELeAVv1rP1bn1Yn7PRklXsHII5WF+/i+WizQ==</latexit>

to find evolution after x_fo

,
<latexit sha1_base64="9e3zqd7/NkDSKbgeVEqL2mPJ8no=">AAACF3icbVDLTsJAFJ3iC/FB1aWbiYTEFWmNibojunHhAhMrJtCQ6XQKE6bTZuYWJYQf0a3+hyvj1qW/4Rc4QBcCnmSSk3PuvXNyglRwDY7zbRVWVtfWN4qbpa3tnd2yvbd/r5NMUebRRCTqISCaCS6ZBxwEe0gVI3EgWDPoX0385oApzRN5B8OU+THpSh5xSsBIHbvcvmERKN7tAVEqeezYFafmTIGXiZuTCsrR6Ng/7TChWcwkUEG0brlOCv6IKOBUsHGp2s40Swntky5rGSpJzLQ/miYf46pRQhwlyjwJeKqW/myMSKz1MA7MZEygpxe9ifif18ogOvdHXKYZMElnH0WZwJDgSQ045IpREENDCFXchMW0RxShYMqauxQOeKrz1E+z2KYkd7GSZeKd1C5q7u1ppX6Zt1VEh+gIHSMXnaE6ukYN5CGKMvSCXtGb9Wy9Wx/W52y0YOU7B2gO1tcvK3KhIA==</latexit><latexit sha1_base64="9e3zqd7/NkDSKbgeVEqL2mPJ8no=">AAACF3icbVDLTsJAFJ3iC/FB1aWbiYTEFWmNibojunHhAhMrJtCQ6XQKE6bTZuYWJYQf0a3+hyvj1qW/4Rc4QBcCnmSSk3PuvXNyglRwDY7zbRVWVtfWN4qbpa3tnd2yvbd/r5NMUebRRCTqISCaCS6ZBxwEe0gVI3EgWDPoX0385oApzRN5B8OU+THpSh5xSsBIHbvcvmERKN7tAVEqeezYFafmTIGXiZuTCsrR6Ng/7TChWcwkUEG0brlOCv6IKOBUsHGp2s40Swntky5rGSpJzLQ/miYf46pRQhwlyjwJeKqW/myMSKz1MA7MZEygpxe9ifif18ogOvdHXKYZMElnH0WZwJDgSQ045IpREENDCFXchMW0RxShYMqauxQOeKrz1E+z2KYkd7GSZeKd1C5q7u1ppX6Zt1VEh+gIHSMXnaE6ukYN5CGKMvSCXtGb9Wy9Wx/W52y0YOU7B2gO1tcvK3KhIA==</latexit><latexit sha1_base64="9e3zqd7/NkDSKbgeVEqL2mPJ8no=">AAACF3icbVDLTsJAFJ3iC/FB1aWbiYTEFWmNibojunHhAhMrJtCQ6XQKE6bTZuYWJYQf0a3+hyvj1qW/4Rc4QBcCnmSSk3PuvXNyglRwDY7zbRVWVtfWN4qbpa3tnd2yvbd/r5NMUebRRCTqISCaCS6ZBxwEe0gVI3EgWDPoX0385oApzRN5B8OU+THpSh5xSsBIHbvcvmERKN7tAVEqeezYFafmTIGXiZuTCsrR6Ng/7TChWcwkUEG0brlOCv6IKOBUsHGp2s40Swntky5rGSpJzLQ/miYf46pRQhwlyjwJeKqW/myMSKz1MA7MZEygpxe9ifif18ogOvdHXKYZMElnH0WZwJDgSQ045IpREENDCFXchMW0RxShYMqauxQOeKrz1E+z2KYkd7GSZeKd1C5q7u1ppX6Zt1VEh+gIHSMXnaE6ukYN5CGKMvSCXtGb9Wy9Wx/W52y0YOU7B2gO1tcvK3KhIA==</latexit><latexit sha1_base64="9e3zqd7/NkDSKbgeVEqL2mPJ8no=">AAACF3icbVDLTsJAFJ3iC/FB1aWbiYTEFWmNibojunHhAhMrJtCQ6XQKE6bTZuYWJYQf0a3+hyvj1qW/4Rc4QBcCnmSSk3PuvXNyglRwDY7zbRVWVtfWN4qbpa3tnd2yvbd/r5NMUebRRCTqISCaCS6ZBxwEe0gVI3EgWDPoX0385oApzRN5B8OU+THpSh5xSsBIHbvcvmERKN7tAVEqeezYFafmTIGXiZuTCsrR6Ng/7TChWcwkUEG0brlOCv6IKOBUsHGp2s40Swntky5rGSpJzLQ/miYf46pRQhwlyjwJeKqW/myMSKz1MA7MZEygpxe9ifif18ogOvdHXKYZMElnH0WZwJDgSQ045IpREENDCFXchMW0RxShYMqauxQOeKrz1E+z2KYkd7GSZeKd1C5q7u1ppX6Zt1VEh+gIHSMXnaE6ukYN5CGKMvSCXtGb9Wy9Wx/W52y0YOU7B2gO1tcvK3KhIA==</latexit><latexit sha1_base64="9e3zqd7/NkDSKbgeVEqL2mPJ8no=">AAACF3icbVDLTsJAFJ3iC/FB1aWbiYTEFWmNibojunHhAhMrJtCQ6XQKE6bTZuYWJYQf0a3+hyvj1qW/4Rc4QBcCnmSSk3PuvXNyglRwDY7zbRVWVtfWN4qbpa3tnd2yvbd/r5NMUebRRCTqISCaCS6ZBxwEe0gVI3EgWDPoX0385oApzRN5B8OU+THpSh5xSsBIHbvcvmERKN7tAVEqeezYFafmTIGXiZuTCsrR6Ng/7TChWcwkUEG0brlOCv6IKOBUsHGp2s40Swntky5rGSpJzLQ/miYf46pRQhwlyjwJeKqW/myMSKz1MA7MZEygpxe9ifif18ogOvdHXKYZMElnH0WZwJDgSQ045IpREENDCFXchMW0RxShYMqauxQOeKrz1E+z2KYkd7GSZeKd1C5q7u1ppX6Zt1VEh+gIHSMXnaE6ukYN5CGKMvSCXtGb9Wy9Wx/W52y0YOU7B2gO1tcvK3KhIA==</latexit>

d lnY1

d lnx
= ��

x
<latexit sha1_base64="5aTMZKEH46IFwGkruBpNFO1ZEyk="></latexit><latexit sha1_base64="5aTMZKEH46IFwGkruBpNFO1ZEyk="></latexit><latexit sha1_base64="5aTMZKEH46IFwGkruBpNFO1ZEyk="></latexit><latexit sha1_base64="5aTMZKEH46IFwGkruBpNFO1ZEyk="></latexit><latexit sha1_base64="5aTMZKEH46IFwGkruBpNFO1ZEyk="></latexit>



100 101 102 103 10410-26
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m = 1010 GeV
<latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit><latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit><latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit><latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit><latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit>

�2 = 102H(m)
<latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit><latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit><latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit><latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit><latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit>

↵ = 0.004
<latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit><latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit><latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit><latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit><latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit>

Y1(x) = Yeq(xfo) exp


�

x
� �

xfo

�

<latexit sha1_base64="OgZ/5trfQASxhNgrDpOjULduHa8="></latexit><latexit sha1_base64="OgZ/5trfQASxhNgrDpOjULduHa8="></latexit><latexit sha1_base64="OgZ/5trfQASxhNgrDpOjULduHa8="></latexit><latexit sha1_base64="OgZ/5trfQASxhNgrDpOjULduHa8="></latexit><latexit sha1_base64="OgZ/5trfQASxhNgrDpOjULduHa8="></latexit>

xfo =
p
� ⇠ 22

<latexit sha1_base64="EWlxrQaoVXUrM22vbI6KL0sofnA="></latexit><latexit sha1_base64="EWlxrQaoVXUrM22vbI6KL0sofnA="></latexit><latexit sha1_base64="EWlxrQaoVXUrM22vbI6KL0sofnA="></latexit><latexit sha1_base64="EWlxrQaoVXUrM22vbI6KL0sofnA="></latexit><latexit sha1_base64="EWlxrQaoVXUrM22vbI6KL0sofnA="></latexit>



100 101 102 103 10410-26
10-21
10-16
10-11
10-6
10-1

m = 1010 GeV
<latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit><latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit><latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit><latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit><latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit>

�2 = 102H(m)
<latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit><latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit><latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit><latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit><latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit>

↵ = 0.004
<latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit><latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit><latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit><latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit><latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit>

Y1(x) = Yeq(xfo) exp


�

x
� �

xfo

�

<latexit sha1_base64="OgZ/5trfQASxhNgrDpOjULduHa8="></latexit><latexit sha1_base64="OgZ/5trfQASxhNgrDpOjULduHa8="></latexit><latexit sha1_base64="OgZ/5trfQASxhNgrDpOjULduHa8="></latexit><latexit sha1_base64="OgZ/5trfQASxhNgrDpOjULduHa8="></latexit><latexit sha1_base64="OgZ/5trfQASxhNgrDpOjULduHa8="></latexit>

xfo =
p
� ⇠ 22

<latexit sha1_base64="EWlxrQaoVXUrM22vbI6KL0sofnA="></latexit><latexit sha1_base64="EWlxrQaoVXUrM22vbI6KL0sofnA="></latexit><latexit sha1_base64="EWlxrQaoVXUrM22vbI6KL0sofnA="></latexit><latexit sha1_base64="EWlxrQaoVXUrM22vbI6KL0sofnA="></latexit><latexit sha1_base64="EWlxrQaoVXUrM22vbI6KL0sofnA="></latexit>

xfin = � ⇠ 470
<latexit sha1_base64="lka+2OGmfDoexBl1i/zzEx1OhCk="></latexit><latexit sha1_base64="lka+2OGmfDoexBl1i/zzEx1OhCk="></latexit><latexit sha1_base64="lka+2OGmfDoexBl1i/zzEx1OhCk="></latexit><latexit sha1_base64="lka+2OGmfDoexBl1i/zzEx1OhCk="></latexit><latexit sha1_base64="lka+2OGmfDoexBl1i/zzEx1OhCk="></latexit>



100 101 102 103 10410-26
10-21
10-16
10-11
10-6
10-1

m = 1010 GeV
<latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit><latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit><latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit><latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit><latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit>

�2 = 102H(m)
<latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit><latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit><latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit><latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit><latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit>

↵ = 0.004
<latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit><latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit><latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit><latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit><latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit>

Y1(x) = Yeq(xfo) exp


�

x
� �

xfo

�

<latexit sha1_base64="OgZ/5trfQASxhNgrDpOjULduHa8="></latexit><latexit sha1_base64="OgZ/5trfQASxhNgrDpOjULduHa8="></latexit><latexit sha1_base64="OgZ/5trfQASxhNgrDpOjULduHa8="></latexit><latexit sha1_base64="OgZ/5trfQASxhNgrDpOjULduHa8="></latexit><latexit sha1_base64="OgZ/5trfQASxhNgrDpOjULduHa8="></latexit>

xfo =
p
� ⇠ 22

<latexit sha1_base64="EWlxrQaoVXUrM22vbI6KL0sofnA="></latexit><latexit sha1_base64="EWlxrQaoVXUrM22vbI6KL0sofnA="></latexit><latexit sha1_base64="EWlxrQaoVXUrM22vbI6KL0sofnA="></latexit><latexit sha1_base64="EWlxrQaoVXUrM22vbI6KL0sofnA="></latexit><latexit sha1_base64="EWlxrQaoVXUrM22vbI6KL0sofnA="></latexit>

xfin = � ⇠ 470
<latexit sha1_base64="lka+2OGmfDoexBl1i/zzEx1OhCk="></latexit><latexit sha1_base64="lka+2OGmfDoexBl1i/zzEx1OhCk="></latexit><latexit sha1_base64="lka+2OGmfDoexBl1i/zzEx1OhCk="></latexit><latexit sha1_base64="lka+2OGmfDoexBl1i/zzEx1OhCk="></latexit><latexit sha1_base64="lka+2OGmfDoexBl1i/zzEx1OhCk="></latexit>

e�44 ' 10�19
<latexit sha1_base64="LIukx3joUCui0fsxPjhiuoJvvc0=">AAACL3icbVDLSgMxFM3Ud32NunQTLEU3lhkpaHdFEVwqWC20tWQyt21oMjMmmWIZ5hP8Gd3qf+hG3Lr1C0zbWWjrgcC55z5yOF7EmdKO827l5uYXFpeWV/Kra+sbm/bW9o0KY0mhRkMeyrpHFHAWQE0zzaEeSSDC43Dr9c9G/dsBSMXC4FoPI2gJ0g1Yh1GijdS295vjG8m5AEm4n2K4Sw7L5RQ3FRNwj13H1G4lbdsFp+SMgWeJm5ECynDZtr+bfkhjAYGmnCjVcJ1ItxIiNaMc0nyxGSuICO2TLjQMDYgA1UrGblJcNIqPO6E0L9B4rOZ/bSREKDUUnpkURPfUdG8k/tdrxLpz0kpYEMUaAjr5qBNzrEM8igf7TALVfGgIoZIZs5j2iCRUmxD/XPIHLFKZ64eJbROSOx3JLKkdlSol96pcqJ5maS2jXbSHDpCLjlEVXaBLVEMUPaJn9IJerSfrzfqwPiejOSvb2UF/YH39AM2ZqYY=</latexit><latexit sha1_base64="LIukx3joUCui0fsxPjhiuoJvvc0=">AAACL3icbVDLSgMxFM3Ud32NunQTLEU3lhkpaHdFEVwqWC20tWQyt21oMjMmmWIZ5hP8Gd3qf+hG3Lr1C0zbWWjrgcC55z5yOF7EmdKO827l5uYXFpeWV/Kra+sbm/bW9o0KY0mhRkMeyrpHFHAWQE0zzaEeSSDC43Dr9c9G/dsBSMXC4FoPI2gJ0g1Yh1GijdS295vjG8m5AEm4n2K4Sw7L5RQ3FRNwj13H1G4lbdsFp+SMgWeJm5ECynDZtr+bfkhjAYGmnCjVcJ1ItxIiNaMc0nyxGSuICO2TLjQMDYgA1UrGblJcNIqPO6E0L9B4rOZ/bSREKDUUnpkURPfUdG8k/tdrxLpz0kpYEMUaAjr5qBNzrEM8igf7TALVfGgIoZIZs5j2iCRUmxD/XPIHLFKZ64eJbROSOx3JLKkdlSol96pcqJ5maS2jXbSHDpCLjlEVXaBLVEMUPaJn9IJerSfrzfqwPiejOSvb2UF/YH39AM2ZqYY=</latexit><latexit sha1_base64="LIukx3joUCui0fsxPjhiuoJvvc0=">AAACL3icbVDLSgMxFM3Ud32NunQTLEU3lhkpaHdFEVwqWC20tWQyt21oMjMmmWIZ5hP8Gd3qf+hG3Lr1C0zbWWjrgcC55z5yOF7EmdKO827l5uYXFpeWV/Kra+sbm/bW9o0KY0mhRkMeyrpHFHAWQE0zzaEeSSDC43Dr9c9G/dsBSMXC4FoPI2gJ0g1Yh1GijdS295vjG8m5AEm4n2K4Sw7L5RQ3FRNwj13H1G4lbdsFp+SMgWeJm5ECynDZtr+bfkhjAYGmnCjVcJ1ItxIiNaMc0nyxGSuICO2TLjQMDYgA1UrGblJcNIqPO6E0L9B4rOZ/bSREKDUUnpkURPfUdG8k/tdrxLpz0kpYEMUaAjr5qBNzrEM8igf7TALVfGgIoZIZs5j2iCRUmxD/XPIHLFKZ64eJbROSOx3JLKkdlSol96pcqJ5maS2jXbSHDpCLjlEVXaBLVEMUPaJn9IJerSfrzfqwPiejOSvb2UF/YH39AM2ZqYY=</latexit><latexit sha1_base64="LIukx3joUCui0fsxPjhiuoJvvc0=">AAACL3icbVDLSgMxFM3Ud32NunQTLEU3lhkpaHdFEVwqWC20tWQyt21oMjMmmWIZ5hP8Gd3qf+hG3Lr1C0zbWWjrgcC55z5yOF7EmdKO827l5uYXFpeWV/Kra+sbm/bW9o0KY0mhRkMeyrpHFHAWQE0zzaEeSSDC43Dr9c9G/dsBSMXC4FoPI2gJ0g1Yh1GijdS295vjG8m5AEm4n2K4Sw7L5RQ3FRNwj13H1G4lbdsFp+SMgWeJm5ECynDZtr+bfkhjAYGmnCjVcJ1ItxIiNaMc0nyxGSuICO2TLjQMDYgA1UrGblJcNIqPO6E0L9B4rOZ/bSREKDUUnpkURPfUdG8k/tdrxLpz0kpYEMUaAjr5qBNzrEM8igf7TALVfGgIoZIZs5j2iCRUmxD/XPIHLFKZ64eJbROSOx3JLKkdlSol96pcqJ5maS2jXbSHDpCLjlEVXaBLVEMUPaJn9IJerSfrzfqwPiejOSvb2UF/YH39AM2ZqYY=</latexit><latexit sha1_base64="LIukx3joUCui0fsxPjhiuoJvvc0=">AAACL3icbVDLSgMxFM3Ud32NunQTLEU3lhkpaHdFEVwqWC20tWQyt21oMjMmmWIZ5hP8Gd3qf+hG3Lr1C0zbWWjrgcC55z5yOF7EmdKO827l5uYXFpeWV/Kra+sbm/bW9o0KY0mhRkMeyrpHFHAWQE0zzaEeSSDC43Dr9c9G/dsBSMXC4FoPI2gJ0g1Yh1GijdS295vjG8m5AEm4n2K4Sw7L5RQ3FRNwj13H1G4lbdsFp+SMgWeJm5ECynDZtr+bfkhjAYGmnCjVcJ1ItxIiNaMc0nyxGSuICO2TLjQMDYgA1UrGblJcNIqPO6E0L9B4rOZ/bSREKDUUnpkURPfUdG8k/tdrxLpz0kpYEMUaAjr5qBNzrEM8igf7TALVfGgIoZIZs5j2iCRUmxD/XPIHLFKZ64eJbROSOx3JLKkdlSol96pcqJ5maS2jXbSHDpCLjlEVXaBLVEMUPaJn9IJerSfrzfqwPiejOSvb2UF/YH39AM2ZqYY=</latexit>
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process �2 ! sm + sm, will necessarily lead to the fast
decay of �1 via an o↵-shell �2. Therefore, we propose
that there is a coscattering chain, such that scatters take
place only for nearest neighbor

�i + sm $ �i+1 + sm, (4)

which codecay in equilibrium with �N ,

�N ! sm + sm . (5)

This is summarized in Fig. 1. Here �1 is still the dark
matter, but its decay width is suppressed due to the large
phase space needed to decay to the SM (�1 decays to 2N
SM particles).

III. TWO PARTICLE CASE

We first consider the simplest case of N = 2 dark sec-
tor particles. While this example is not cosmologically
viable, it demonstrates the basic idea of the mechanism.
There are two degenerate states �1 and �2, which coscat-
ter [1] o↵ SM bath particles via the process

�1 + SM $ �2 + SM. (6)

The dark matter candidate is �1, while �2 decays in equi-
librium with the SM bath.
The Boltzmann equations for the system are

ṅ1 + 3Hn1 = nsmh�vi(n2 � n1), (7)

ṅ2 + 3Hn2 = nsmh�vi(n1 � n2)� (n2 � n
eq
2 )�2, (8)

where h�vi is a thermally averaged cross section for the
scattering process, neq is equilibrium number density of
�, and �2 is the decay rate of �2 in the thermal bath. This
system is similar to the co-scattering scenario [1], but here
the dark matter bath is kept in equilibrium with the SM
bath via decays and inverse-decays, rather than annihi-
lations. Ultimately, since decays and inverse-decays can
stay in equilibrium much longer, this will allow for much
heavier DM.

Unlike the case for freezeout via annihilations, the in-
stantaneous freezeout approximation will not give a good
estimate of the relic abundance. This is because the rate
for �1 scattering, � ⇠ nsmh�vi, is not dropping o↵ expo-
nentially fast with the expansion, and therefore freezeout
takes a long time. However, an approximate analytic so-
lution to the relic abundance can still be determined from
the Boltzmann equations.

If the decay rate is larger than the Hubble expansion
parameter when the temperature of the universe is equal
to the dark matter mass, the number density of �2 closely
follows its equilibrium value. Then an approximate so-
lution to the �1 density can be found by considering the
single equation

Y
0
1 =

�

x2
(�Y1 + Yeq), (9)

where Yi = ni/s, � = (nsmh�vi/H)|x=1. The asymptotic
value of the relic abundance is

Y1(1) ⇡
45

23/2⇡3g?s
�e

�2
p
�
⌘ Y1(�). (10)

The fact that the relic abundance scales as Y1(1) ⇠

e
�2xfo and not e

�xfo , is a result of the slow freezeout.
From the Boltzmann equation (9), �1 departs equilibrium
when �/x

2
fo ⇠ 1. At this point, �1 creation stops, but can

continue to scatter away. Neglecting the inverse process,
one solves

Y
0
1 = �

�

x2
Y1, (11)

to find that Y1(x) = Y1(xfo)e
�
x� �

xfo ! e
�2xfo . One also

sees from this solution that the abundance stops changing
significantly when xfin ⇠ � = x

2
fo.

From this estimation, we can find h�vi, reproduc-
ing the observed relic abundance of dark matter, while
satisfying the unitarity bound. For instance, param-
eterizing the cross-section as h�vi ⌘ ↵

2
/m

2
�, then

m� = mpl = 2.4⇥ 1018 GeV and ↵ ' 17, reproduces the
correct relic abundance (assuming the DM scatters o↵ all
all SM particles and that g?s = 106.75).

Unfortunately, the minimal scenario is not vi-
able because the dark matter can decay through
�1 ! 2 sm + �

⇤
2 ! 4 sm. The decay rate of �1 is

�1

�2
⇠

⇣
↵

16⇡2

⌘2
. (12)

Considering that we assumed that the decays are in equi-
librium, �1 is short lived and therefore cannot be identi-
fied as dark matter.

IV. N > 2 DEGENERATE CASE

Although the simplest N = 2 example does not work,
it is interesting to observe that the decay rate of �1 is
suppressed relative to that of �2 due to the small available
phase space and the coupling constant. In this regard,
we consider N > 2 case with the same type of nearest-
neighbor interactions. Similarly, we assume that only �N

is able to decay into SM particles, that the masses are
degenerate, and that the cross section for each interaction

N >> 2

DM candidate
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process �2 ! sm + sm, will necessarily lead to the fast
decay of �1 via an o↵-shell �2. Therefore, we propose
that there is a coscattering chain, such that scatters take
place only for nearest neighbor

�i + sm $ �i+1 + sm, (4)

which codecay in equilibrium with �N ,

�N ! sm + sm . (5)

This is summarized in Fig. 1. Here �1 is still the dark
matter, but its decay width is suppressed due to the large
phase space needed to decay to the SM (�1 decays to 2N
SM particles).

III. TWO PARTICLE CASE

We first consider the simplest case of N = 2 dark sec-
tor particles. While this example is not cosmologically
viable, it demonstrates the basic idea of the mechanism.
There are two degenerate states �1 and �2, which coscat-
ter [1] o↵ SM bath particles via the process

�1 + SM $ �2 + SM. (6)

The dark matter candidate is �1, while �2 decays in equi-
librium with the SM bath.
The Boltzmann equations for the system are

ṅ1 + 3Hn1 = nsmh�vi(n2 � n1), (7)

ṅ2 + 3Hn2 = nsmh�vi(n1 � n2)� (n2 � n
eq
2 )�2, (8)

where h�vi is a thermally averaged cross section for the
scattering process, neq is equilibrium number density of
�, and �2 is the decay rate of �2 in the thermal bath. This
system is similar to the co-scattering scenario [1], but here
the dark matter bath is kept in equilibrium with the SM
bath via decays and inverse-decays, rather than annihi-
lations. Ultimately, since decays and inverse-decays can
stay in equilibrium much longer, this will allow for much
heavier DM.

Unlike the case for freezeout via annihilations, the in-
stantaneous freezeout approximation will not give a good
estimate of the relic abundance. This is because the rate
for �1 scattering, � ⇠ nsmh�vi, is not dropping o↵ expo-
nentially fast with the expansion, and therefore freezeout
takes a long time. However, an approximate analytic so-
lution to the relic abundance can still be determined from
the Boltzmann equations.

If the decay rate is larger than the Hubble expansion
parameter when the temperature of the universe is equal
to the dark matter mass, the number density of �2 closely
follows its equilibrium value. Then an approximate so-
lution to the �1 density can be found by considering the
single equation

Y
0
1 =
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x2
(�Y1 + Yeq), (9)

where Yi = ni/s, � = (nsmh�vi/H)|x=1. The asymptotic
value of the relic abundance is

Y1(1) ⇡
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p
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The fact that the relic abundance scales as Y1(1) ⇠

e
�2xfo and not e

�xfo , is a result of the slow freezeout.
From the Boltzmann equation (9), �1 departs equilibrium
when �/x

2
fo ⇠ 1. At this point, �1 creation stops, but can

continue to scatter away. Neglecting the inverse process,
one solves

Y
0
1 = �

�

x2
Y1, (11)

to find that Y1(x) = Y1(xfo)e
�
x� �

xfo ! e
�2xfo . One also

sees from this solution that the abundance stops changing
significantly when xfin ⇠ � = x

2
fo.

From this estimation, we can find h�vi, reproduc-
ing the observed relic abundance of dark matter, while
satisfying the unitarity bound. For instance, param-
eterizing the cross-section as h�vi ⌘ ↵

2
/m

2
�, then

m� = mpl = 2.4⇥ 1018 GeV and ↵ ' 17, reproduces the
correct relic abundance (assuming the DM scatters o↵ all
all SM particles and that g?s = 106.75).

Unfortunately, the minimal scenario is not vi-
able because the dark matter can decay through
�1 ! 2 sm + �

⇤
2 ! 4 sm. The decay rate of �1 is

�1
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⇠

⇣
↵
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⌘2
. (12)

Considering that we assumed that the decays are in equi-
librium, �1 is short lived and therefore cannot be identi-
fied as dark matter.

IV. N > 2 DEGENERATE CASE

Although the simplest N = 2 example does not work,
it is interesting to observe that the decay rate of �1 is
suppressed relative to that of �2 due to the small available
phase space and the coupling constant. In this regard,
we consider N > 2 case with the same type of nearest-
neighbor interactions. Similarly, we assume that only �N

is able to decay into SM particles, that the masses are
degenerate, and that the cross section for each interaction

N >> 2
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process �2 ! sm + sm, will necessarily lead to the fast
decay of �1 via an o↵-shell �2. Therefore, we propose
that there is a coscattering chain, such that scatters take
place only for nearest neighbor

�i + sm $ �i+1 + sm, (4)

which codecay in equilibrium with �N ,

�N ! sm + sm . (5)

This is summarized in Fig. 1. Here �1 is still the dark
matter, but its decay width is suppressed due to the large
phase space needed to decay to the SM (�1 decays to 2N
SM particles).

III. TWO PARTICLE CASE

We first consider the simplest case of N = 2 dark sec-
tor particles. While this example is not cosmologically
viable, it demonstrates the basic idea of the mechanism.
There are two degenerate states �1 and �2, which coscat-
ter [1] o↵ SM bath particles via the process

�1 + SM $ �2 + SM. (6)

The dark matter candidate is �1, while �2 decays in equi-
librium with the SM bath.
The Boltzmann equations for the system are

ṅ1 + 3Hn1 = nsmh�vi(n2 � n1), (7)

ṅ2 + 3Hn2 = nsmh�vi(n1 � n2)� (n2 � n
eq
2 )�2, (8)

where h�vi is a thermally averaged cross section for the
scattering process, neq is equilibrium number density of
�, and �2 is the decay rate of �2 in the thermal bath. This
system is similar to the co-scattering scenario [1], but here
the dark matter bath is kept in equilibrium with the SM
bath via decays and inverse-decays, rather than annihi-
lations. Ultimately, since decays and inverse-decays can
stay in equilibrium much longer, this will allow for much
heavier DM.

Unlike the case for freezeout via annihilations, the in-
stantaneous freezeout approximation will not give a good
estimate of the relic abundance. This is because the rate
for �1 scattering, � ⇠ nsmh�vi, is not dropping o↵ expo-
nentially fast with the expansion, and therefore freezeout
takes a long time. However, an approximate analytic so-
lution to the relic abundance can still be determined from
the Boltzmann equations.

If the decay rate is larger than the Hubble expansion
parameter when the temperature of the universe is equal
to the dark matter mass, the number density of �2 closely
follows its equilibrium value. Then an approximate so-
lution to the �1 density can be found by considering the
single equation

Y
0
1 =
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x2
(�Y1 + Yeq), (9)

where Yi = ni/s, � = (nsmh�vi/H)|x=1. The asymptotic
value of the relic abundance is

Y1(1) ⇡
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⌘ Y1(�). (10)

The fact that the relic abundance scales as Y1(1) ⇠
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�2xfo and not e

�xfo , is a result of the slow freezeout.
From the Boltzmann equation (9), �1 departs equilibrium
when �/x

2
fo ⇠ 1. At this point, �1 creation stops, but can

continue to scatter away. Neglecting the inverse process,
one solves
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1 = �
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Y1, (11)

to find that Y1(x) = Y1(xfo)e
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x� �

xfo ! e
�2xfo . One also

sees from this solution that the abundance stops changing
significantly when xfin ⇠ � = x

2
fo.

From this estimation, we can find h�vi, reproduc-
ing the observed relic abundance of dark matter, while
satisfying the unitarity bound. For instance, param-
eterizing the cross-section as h�vi ⌘ ↵

2
/m

2
�, then

m� = mpl = 2.4⇥ 1018 GeV and ↵ ' 17, reproduces the
correct relic abundance (assuming the DM scatters o↵ all
all SM particles and that g?s = 106.75).

Unfortunately, the minimal scenario is not vi-
able because the dark matter can decay through
�1 ! 2 sm + �

⇤
2 ! 4 sm. The decay rate of �1 is
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Considering that we assumed that the decays are in equi-
librium, �1 is short lived and therefore cannot be identi-
fied as dark matter.

IV. N > 2 DEGENERATE CASE

Although the simplest N = 2 example does not work,
it is interesting to observe that the decay rate of �1 is
suppressed relative to that of �2 due to the small available
phase space and the coupling constant. In this regard,
we consider N > 2 case with the same type of nearest-
neighbor interactions. Similarly, we assume that only �N

is able to decay into SM particles, that the masses are
degenerate, and that the cross section for each interaction
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process �2 ! sm + sm, will necessarily lead to the fast
decay of �1 via an o↵-shell �2. Therefore, we propose
that there is a coscattering chain, such that scatters take
place only for nearest neighbor

�i + sm $ �i+1 + sm, (4)

which codecay in equilibrium with �N ,

�N ! sm + sm . (5)

This is summarized in Fig. 1. Here �1 is still the dark
matter, but its decay width is suppressed due to the large
phase space needed to decay to the SM (�1 decays to 2N
SM particles).

III. TWO PARTICLE CASE

We first consider the simplest case of N = 2 dark sec-
tor particles. While this example is not cosmologically
viable, it demonstrates the basic idea of the mechanism.
There are two degenerate states �1 and �2, which coscat-
ter [1] o↵ SM bath particles via the process

�1 + SM $ �2 + SM. (6)

The dark matter candidate is �1, while �2 decays in equi-
librium with the SM bath.
The Boltzmann equations for the system are

ṅ1 + 3Hn1 = nsmh�vi(n2 � n1), (7)

ṅ2 + 3Hn2 = nsmh�vi(n1 � n2)� (n2 � n
eq
2 )�2, (8)

where h�vi is a thermally averaged cross section for the
scattering process, neq is equilibrium number density of
�, and �2 is the decay rate of �2 in the thermal bath. This
system is similar to the co-scattering scenario [1], but here
the dark matter bath is kept in equilibrium with the SM
bath via decays and inverse-decays, rather than annihi-
lations. Ultimately, since decays and inverse-decays can
stay in equilibrium much longer, this will allow for much
heavier DM.

Unlike the case for freezeout via annihilations, the in-
stantaneous freezeout approximation will not give a good
estimate of the relic abundance. This is because the rate
for �1 scattering, � ⇠ nsmh�vi, is not dropping o↵ expo-
nentially fast with the expansion, and therefore freezeout
takes a long time. However, an approximate analytic so-
lution to the relic abundance can still be determined from
the Boltzmann equations.

If the decay rate is larger than the Hubble expansion
parameter when the temperature of the universe is equal
to the dark matter mass, the number density of �2 closely
follows its equilibrium value. Then an approximate so-
lution to the �1 density can be found by considering the
single equation

Y
0
1 =

�

x2
(�Y1 + Yeq), (9)

where Yi = ni/s, � = (nsmh�vi/H)|x=1. The asymptotic
value of the relic abundance is

Y1(1) ⇡
45

23/2⇡3g?s
�e

�2
p
�
⌘ Y1(�). (10)

The fact that the relic abundance scales as Y1(1) ⇠

e
�2xfo and not e

�xfo , is a result of the slow freezeout.
From the Boltzmann equation (9), �1 departs equilibrium
when �/x

2
fo ⇠ 1. At this point, �1 creation stops, but can

continue to scatter away. Neglecting the inverse process,
one solves

Y
0
1 = �

�

x2
Y1, (11)

to find that Y1(x) = Y1(xfo)e
�
x� �

xfo ! e
�2xfo . One also

sees from this solution that the abundance stops changing
significantly when xfin ⇠ � = x

2
fo.

From this estimation, we can find h�vi, reproduc-
ing the observed relic abundance of dark matter, while
satisfying the unitarity bound. For instance, param-
eterizing the cross-section as h�vi ⌘ ↵

2
/m

2
�, then

m� = mpl = 2.4⇥ 1018 GeV and ↵ ' 17, reproduces the
correct relic abundance (assuming the DM scatters o↵ all
all SM particles and that g?s = 106.75).

Unfortunately, the minimal scenario is not vi-
able because the dark matter can decay through
�1 ! 2 sm + �

⇤
2 ! 4 sm. The decay rate of �1 is

�1

�2
⇠

⇣
↵

16⇡2

⌘2
. (12)

Considering that we assumed that the decays are in equi-
librium, �1 is short lived and therefore cannot be identi-
fied as dark matter.

IV. N > 2 DEGENERATE CASE

Although the simplest N = 2 example does not work,
it is interesting to observe that the decay rate of �1 is
suppressed relative to that of �2 due to the small available
phase space and the coupling constant. In this regard,
we consider N > 2 case with the same type of nearest-
neighbor interactions. Similarly, we assume that only �N

is able to decay into SM particles, that the masses are
degenerate, and that the cross section for each interaction

relic abundance
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process �2 ! sm + sm, will necessarily lead to the fast
decay of �1 via an o↵-shell �2. Therefore, we propose
that there is a coscattering chain, such that scatters take
place only for nearest neighbor

�i + sm $ �i+1 + sm, (4)

which codecay in equilibrium with �N ,

�N ! sm + sm . (5)

This is summarized in Fig. 1. Here �1 is still the dark
matter, but its decay width is suppressed due to the large
phase space needed to decay to the SM (�1 decays to 2N
SM particles).

III. TWO PARTICLE CASE

We first consider the simplest case of N = 2 dark sec-
tor particles. While this example is not cosmologically
viable, it demonstrates the basic idea of the mechanism.
There are two degenerate states �1 and �2, which coscat-
ter [1] o↵ SM bath particles via the process

�1 + SM $ �2 + SM. (6)

The dark matter candidate is �1, while �2 decays in equi-
librium with the SM bath.
The Boltzmann equations for the system are

ṅ1 + 3Hn1 = nsmh�vi(n2 � n1), (7)

ṅ2 + 3Hn2 = nsmh�vi(n1 � n2)� (n2 � n
eq
2 )�2, (8)

where h�vi is a thermally averaged cross section for the
scattering process, neq is equilibrium number density of
�, and �2 is the decay rate of �2 in the thermal bath. This
system is similar to the co-scattering scenario [1], but here
the dark matter bath is kept in equilibrium with the SM
bath via decays and inverse-decays, rather than annihi-
lations. Ultimately, since decays and inverse-decays can
stay in equilibrium much longer, this will allow for much
heavier DM.

Unlike the case for freezeout via annihilations, the in-
stantaneous freezeout approximation will not give a good
estimate of the relic abundance. This is because the rate
for �1 scattering, � ⇠ nsmh�vi, is not dropping o↵ expo-
nentially fast with the expansion, and therefore freezeout
takes a long time. However, an approximate analytic so-
lution to the relic abundance can still be determined from
the Boltzmann equations.

If the decay rate is larger than the Hubble expansion
parameter when the temperature of the universe is equal
to the dark matter mass, the number density of �2 closely
follows its equilibrium value. Then an approximate so-
lution to the �1 density can be found by considering the
single equation

Y
0
1 =

�

x2
(�Y1 + Yeq), (9)

where Yi = ni/s, � = (nsmh�vi/H)|x=1. The asymptotic
value of the relic abundance is

Y1(1) ⇡
45

23/2⇡3g?s
�e

�2
p
�
⌘ Y1(�). (10)

The fact that the relic abundance scales as Y1(1) ⇠

e
�2xfo and not e

�xfo , is a result of the slow freezeout.
From the Boltzmann equation (9), �1 departs equilibrium
when �/x

2
fo ⇠ 1. At this point, �1 creation stops, but can

continue to scatter away. Neglecting the inverse process,
one solves

Y
0
1 = �

�

x2
Y1, (11)

to find that Y1(x) = Y1(xfo)e
�
x� �

xfo ! e
�2xfo . One also

sees from this solution that the abundance stops changing
significantly when xfin ⇠ � = x

2
fo.

From this estimation, we can find h�vi, reproduc-
ing the observed relic abundance of dark matter, while
satisfying the unitarity bound. For instance, param-
eterizing the cross-section as h�vi ⌘ ↵

2
/m

2
�, then

m� = mpl = 2.4⇥ 1018 GeV and ↵ ' 17, reproduces the
correct relic abundance (assuming the DM scatters o↵ all
all SM particles and that g?s = 106.75).

Unfortunately, the minimal scenario is not vi-
able because the dark matter can decay through
�1 ! 2 sm + �

⇤
2 ! 4 sm. The decay rate of �1 is

�1

�2
⇠

⇣
↵

16⇡2

⌘2
. (12)

Considering that we assumed that the decays are in equi-
librium, �1 is short lived and therefore cannot be identi-
fied as dark matter.

IV. N > 2 DEGENERATE CASE

Although the simplest N = 2 example does not work,
it is interesting to observe that the decay rate of �1 is
suppressed relative to that of �2 due to the small available
phase space and the coupling constant. In this regard,
we consider N > 2 case with the same type of nearest-
neighbor interactions. Similarly, we assume that only �N

is able to decay into SM particles, that the masses are
degenerate, and that the cross section for each interaction

relic abundance

dY1

dx
=

�

x2
(�Y1 + Y2)
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process �2 ! sm + sm, will necessarily lead to the fast
decay of �1 via an o↵-shell �2. Therefore, we propose
that there is a coscattering chain, such that scatters take
place only for nearest neighbor

�i + sm $ �i+1 + sm, (4)

which codecay in equilibrium with �N ,

�N ! sm + sm . (5)

This is summarized in Fig. 1. Here �1 is still the dark
matter, but its decay width is suppressed due to the large
phase space needed to decay to the SM (�1 decays to 2N
SM particles).

III. TWO PARTICLE CASE

We first consider the simplest case of N = 2 dark sec-
tor particles. While this example is not cosmologically
viable, it demonstrates the basic idea of the mechanism.
There are two degenerate states �1 and �2, which coscat-
ter [1] o↵ SM bath particles via the process

�1 + SM $ �2 + SM. (6)

The dark matter candidate is �1, while �2 decays in equi-
librium with the SM bath.
The Boltzmann equations for the system are

ṅ1 + 3Hn1 = nsmh�vi(n2 � n1), (7)

ṅ2 + 3Hn2 = nsmh�vi(n1 � n2)� (n2 � n
eq
2 )�2, (8)

where h�vi is a thermally averaged cross section for the
scattering process, neq is equilibrium number density of
�, and �2 is the decay rate of �2 in the thermal bath. This
system is similar to the co-scattering scenario [1], but here
the dark matter bath is kept in equilibrium with the SM
bath via decays and inverse-decays, rather than annihi-
lations. Ultimately, since decays and inverse-decays can
stay in equilibrium much longer, this will allow for much
heavier DM.

Unlike the case for freezeout via annihilations, the in-
stantaneous freezeout approximation will not give a good
estimate of the relic abundance. This is because the rate
for �1 scattering, � ⇠ nsmh�vi, is not dropping o↵ expo-
nentially fast with the expansion, and therefore freezeout
takes a long time. However, an approximate analytic so-
lution to the relic abundance can still be determined from
the Boltzmann equations.

If the decay rate is larger than the Hubble expansion
parameter when the temperature of the universe is equal
to the dark matter mass, the number density of �2 closely
follows its equilibrium value. Then an approximate so-
lution to the �1 density can be found by considering the
single equation

Y
0
1 =

�

x2
(�Y1 + Yeq), (9)

where Yi = ni/s, � = (nsmh�vi/H)|x=1. The asymptotic
value of the relic abundance is

Y1(1) ⇡
45

23/2⇡3g?s
�e

�2
p
�
⌘ Y1(�). (10)

The fact that the relic abundance scales as Y1(1) ⇠

e
�2xfo and not e

�xfo , is a result of the slow freezeout.
From the Boltzmann equation (9), �1 departs equilibrium
when �/x

2
fo ⇠ 1. At this point, �1 creation stops, but can

continue to scatter away. Neglecting the inverse process,
one solves

Y
0
1 = �

�

x2
Y1, (11)

to find that Y1(x) = Y1(xfo)e
�
x� �

xfo ! e
�2xfo . One also

sees from this solution that the abundance stops changing
significantly when xfin ⇠ � = x

2
fo.

From this estimation, we can find h�vi, reproduc-
ing the observed relic abundance of dark matter, while
satisfying the unitarity bound. For instance, param-
eterizing the cross-section as h�vi ⌘ ↵

2
/m

2
�, then

m� = mpl = 2.4⇥ 1018 GeV and ↵ ' 17, reproduces the
correct relic abundance (assuming the DM scatters o↵ all
all SM particles and that g?s = 106.75).

Unfortunately, the minimal scenario is not vi-
able because the dark matter can decay through
�1 ! 2 sm + �

⇤
2 ! 4 sm. The decay rate of �1 is

�1

�2
⇠

⇣
↵

16⇡2

⌘2
. (12)

Considering that we assumed that the decays are in equi-
librium, �1 is short lived and therefore cannot be identi-
fied as dark matter.

IV. N > 2 DEGENERATE CASE

Although the simplest N = 2 example does not work,
it is interesting to observe that the decay rate of �1 is
suppressed relative to that of �2 due to the small available
phase space and the coupling constant. In this regard,
we consider N > 2 case with the same type of nearest-
neighbor interactions. Similarly, we assume that only �N

is able to decay into SM particles, that the masses are
degenerate, and that the cross section for each interaction

relic abundance

dY1

dx
=

�

x2
(�Y1 + Y2)
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x2
(�Y2 + Y3)
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process �2 ! sm + sm, will necessarily lead to the fast
decay of �1 via an o↵-shell �2. Therefore, we propose
that there is a coscattering chain, such that scatters take
place only for nearest neighbor

�i + sm $ �i+1 + sm, (4)

which codecay in equilibrium with �N ,

�N ! sm + sm . (5)

This is summarized in Fig. 1. Here �1 is still the dark
matter, but its decay width is suppressed due to the large
phase space needed to decay to the SM (�1 decays to 2N
SM particles).

III. TWO PARTICLE CASE

We first consider the simplest case of N = 2 dark sec-
tor particles. While this example is not cosmologically
viable, it demonstrates the basic idea of the mechanism.
There are two degenerate states �1 and �2, which coscat-
ter [1] o↵ SM bath particles via the process

�1 + SM $ �2 + SM. (6)

The dark matter candidate is �1, while �2 decays in equi-
librium with the SM bath.
The Boltzmann equations for the system are

ṅ1 + 3Hn1 = nsmh�vi(n2 � n1), (7)

ṅ2 + 3Hn2 = nsmh�vi(n1 � n2)� (n2 � n
eq
2 )�2, (8)

where h�vi is a thermally averaged cross section for the
scattering process, neq is equilibrium number density of
�, and �2 is the decay rate of �2 in the thermal bath. This
system is similar to the co-scattering scenario [1], but here
the dark matter bath is kept in equilibrium with the SM
bath via decays and inverse-decays, rather than annihi-
lations. Ultimately, since decays and inverse-decays can
stay in equilibrium much longer, this will allow for much
heavier DM.

Unlike the case for freezeout via annihilations, the in-
stantaneous freezeout approximation will not give a good
estimate of the relic abundance. This is because the rate
for �1 scattering, � ⇠ nsmh�vi, is not dropping o↵ expo-
nentially fast with the expansion, and therefore freezeout
takes a long time. However, an approximate analytic so-
lution to the relic abundance can still be determined from
the Boltzmann equations.

If the decay rate is larger than the Hubble expansion
parameter when the temperature of the universe is equal
to the dark matter mass, the number density of �2 closely
follows its equilibrium value. Then an approximate so-
lution to the �1 density can be found by considering the
single equation

Y
0
1 =

�

x2
(�Y1 + Yeq), (9)

where Yi = ni/s, � = (nsmh�vi/H)|x=1. The asymptotic
value of the relic abundance is

Y1(1) ⇡
45

23/2⇡3g?s
�e

�2
p
�
⌘ Y1(�). (10)

The fact that the relic abundance scales as Y1(1) ⇠

e
�2xfo and not e

�xfo , is a result of the slow freezeout.
From the Boltzmann equation (9), �1 departs equilibrium
when �/x

2
fo ⇠ 1. At this point, �1 creation stops, but can

continue to scatter away. Neglecting the inverse process,
one solves

Y
0
1 = �

�

x2
Y1, (11)

to find that Y1(x) = Y1(xfo)e
�
x� �

xfo ! e
�2xfo . One also

sees from this solution that the abundance stops changing
significantly when xfin ⇠ � = x

2
fo.

From this estimation, we can find h�vi, reproduc-
ing the observed relic abundance of dark matter, while
satisfying the unitarity bound. For instance, param-
eterizing the cross-section as h�vi ⌘ ↵

2
/m

2
�, then

m� = mpl = 2.4⇥ 1018 GeV and ↵ ' 17, reproduces the
correct relic abundance (assuming the DM scatters o↵ all
all SM particles and that g?s = 106.75).

Unfortunately, the minimal scenario is not vi-
able because the dark matter can decay through
�1 ! 2 sm + �

⇤
2 ! 4 sm. The decay rate of �1 is

�1

�2
⇠

⇣
↵

16⇡2

⌘2
. (12)

Considering that we assumed that the decays are in equi-
librium, �1 is short lived and therefore cannot be identi-
fied as dark matter.

IV. N > 2 DEGENERATE CASE

Although the simplest N = 2 example does not work,
it is interesting to observe that the decay rate of �1 is
suppressed relative to that of �2 due to the small available
phase space and the coupling constant. In this regard,
we consider N > 2 case with the same type of nearest-
neighbor interactions. Similarly, we assume that only �N

is able to decay into SM particles, that the masses are
degenerate, and that the cross section for each interaction

relic abundance
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FIG. 1. Dark matter coscatter and codecay chain.

process �2 ! sm + sm, will necessarily lead to the fast
decay of �1 via an o↵-shell �2. Therefore, we propose
that there is a coscattering chain, such that scatters take
place only for nearest neighbor

�i + sm $ �i+1 + sm, (4)

which codecay in equilibrium with �N ,

�N ! sm + sm . (5)

This is summarized in Fig. 1. Here �1 is still the dark
matter, but its decay width is suppressed due to the large
phase space needed to decay to the SM (�1 decays to 2N
SM particles).

III. TWO PARTICLE CASE

We first consider the simplest case of N = 2 dark sec-
tor particles. While this example is not cosmologically
viable, it demonstrates the basic idea of the mechanism.
There are two degenerate states �1 and �2, which coscat-
ter [1] o↵ SM bath particles via the process

�1 + SM $ �2 + SM. (6)

The dark matter candidate is �1, while �2 decays in equi-
librium with the SM bath.
The Boltzmann equations for the system are

ṅ1 + 3Hn1 = nsmh�vi(n2 � n1), (7)

ṅ2 + 3Hn2 = nsmh�vi(n1 � n2)� (n2 � n
eq
2 )�2, (8)

where h�vi is a thermally averaged cross section for the
scattering process, neq is equilibrium number density of
�, and �2 is the decay rate of �2 in the thermal bath. This
system is similar to the co-scattering scenario [1], but here
the dark matter bath is kept in equilibrium with the SM
bath via decays and inverse-decays, rather than annihi-
lations. Ultimately, since decays and inverse-decays can
stay in equilibrium much longer, this will allow for much
heavier DM.

Unlike the case for freezeout via annihilations, the in-
stantaneous freezeout approximation will not give a good
estimate of the relic abundance. This is because the rate
for �1 scattering, � ⇠ nsmh�vi, is not dropping o↵ expo-
nentially fast with the expansion, and therefore freezeout
takes a long time. However, an approximate analytic so-
lution to the relic abundance can still be determined from
the Boltzmann equations.

If the decay rate is larger than the Hubble expansion
parameter when the temperature of the universe is equal
to the dark matter mass, the number density of �2 closely
follows its equilibrium value. Then an approximate so-
lution to the �1 density can be found by considering the
single equation

Y
0
1 =

�

x2
(�Y1 + Yeq), (9)

where Yi = ni/s, � = (nsmh�vi/H)|x=1. The asymptotic
value of the relic abundance is

Y1(1) ⇡
45

23/2⇡3g?s
�e

�2
p
�
⌘ Y1(�). (10)

The fact that the relic abundance scales as Y1(1) ⇠

e
�2xfo and not e

�xfo , is a result of the slow freezeout.
From the Boltzmann equation (9), �1 departs equilibrium
when �/x

2
fo ⇠ 1. At this point, �1 creation stops, but can

continue to scatter away. Neglecting the inverse process,
one solves

Y
0
1 = �

�

x2
Y1, (11)

to find that Y1(x) = Y1(xfo)e
�
x� �

xfo ! e
�2xfo . One also

sees from this solution that the abundance stops changing
significantly when xfin ⇠ � = x

2
fo.

From this estimation, we can find h�vi, reproduc-
ing the observed relic abundance of dark matter, while
satisfying the unitarity bound. For instance, param-
eterizing the cross-section as h�vi ⌘ ↵

2
/m

2
�, then

m� = mpl = 2.4⇥ 1018 GeV and ↵ ' 17, reproduces the
correct relic abundance (assuming the DM scatters o↵ all
all SM particles and that g?s = 106.75).

Unfortunately, the minimal scenario is not vi-
able because the dark matter can decay through
�1 ! 2 sm + �

⇤
2 ! 4 sm. The decay rate of �1 is

�1

�2
⇠

⇣
↵

16⇡2

⌘2
. (12)

Considering that we assumed that the decays are in equi-
librium, �1 is short lived and therefore cannot be identi-
fied as dark matter.

IV. N > 2 DEGENERATE CASE

Although the simplest N = 2 example does not work,
it is interesting to observe that the decay rate of �1 is
suppressed relative to that of �2 due to the small available
phase space and the coupling constant. In this regard,
we consider N > 2 case with the same type of nearest-
neighbor interactions. Similarly, we assume that only �N

is able to decay into SM particles, that the masses are
degenerate, and that the cross section for each interaction

relic abundance

dY1

dx
=

�

x2
(�Y1 + Y2)
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dY2
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=

�

x2
(Y1 � Y2) +

�

x2
(�Y2 + Y3)
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process �2 ! sm + sm, will necessarily lead to the fast
decay of �1 via an o↵-shell �2. Therefore, we propose
that there is a coscattering chain, such that scatters take
place only for nearest neighbor

�i + sm $ �i+1 + sm, (4)

which codecay in equilibrium with �N ,

�N ! sm + sm . (5)

This is summarized in Fig. 1. Here �1 is still the dark
matter, but its decay width is suppressed due to the large
phase space needed to decay to the SM (�1 decays to 2N
SM particles).

III. TWO PARTICLE CASE

We first consider the simplest case of N = 2 dark sec-
tor particles. While this example is not cosmologically
viable, it demonstrates the basic idea of the mechanism.
There are two degenerate states �1 and �2, which coscat-
ter [1] o↵ SM bath particles via the process

�1 + SM $ �2 + SM. (6)

The dark matter candidate is �1, while �2 decays in equi-
librium with the SM bath.
The Boltzmann equations for the system are

ṅ1 + 3Hn1 = nsmh�vi(n2 � n1), (7)

ṅ2 + 3Hn2 = nsmh�vi(n1 � n2)� (n2 � n
eq
2 )�2, (8)

where h�vi is a thermally averaged cross section for the
scattering process, neq is equilibrium number density of
�, and �2 is the decay rate of �2 in the thermal bath. This
system is similar to the co-scattering scenario [1], but here
the dark matter bath is kept in equilibrium with the SM
bath via decays and inverse-decays, rather than annihi-
lations. Ultimately, since decays and inverse-decays can
stay in equilibrium much longer, this will allow for much
heavier DM.

Unlike the case for freezeout via annihilations, the in-
stantaneous freezeout approximation will not give a good
estimate of the relic abundance. This is because the rate
for �1 scattering, � ⇠ nsmh�vi, is not dropping o↵ expo-
nentially fast with the expansion, and therefore freezeout
takes a long time. However, an approximate analytic so-
lution to the relic abundance can still be determined from
the Boltzmann equations.

If the decay rate is larger than the Hubble expansion
parameter when the temperature of the universe is equal
to the dark matter mass, the number density of �2 closely
follows its equilibrium value. Then an approximate so-
lution to the �1 density can be found by considering the
single equation

Y
0
1 =

�

x2
(�Y1 + Yeq), (9)

where Yi = ni/s, � = (nsmh�vi/H)|x=1. The asymptotic
value of the relic abundance is

Y1(1) ⇡
45

23/2⇡3g?s
�e

�2
p
�
⌘ Y1(�). (10)

The fact that the relic abundance scales as Y1(1) ⇠

e
�2xfo and not e

�xfo , is a result of the slow freezeout.
From the Boltzmann equation (9), �1 departs equilibrium
when �/x

2
fo ⇠ 1. At this point, �1 creation stops, but can

continue to scatter away. Neglecting the inverse process,
one solves

Y
0
1 = �

�

x2
Y1, (11)

to find that Y1(x) = Y1(xfo)e
�
x� �

xfo ! e
�2xfo . One also

sees from this solution that the abundance stops changing
significantly when xfin ⇠ � = x

2
fo.

From this estimation, we can find h�vi, reproduc-
ing the observed relic abundance of dark matter, while
satisfying the unitarity bound. For instance, param-
eterizing the cross-section as h�vi ⌘ ↵

2
/m

2
�, then

m� = mpl = 2.4⇥ 1018 GeV and ↵ ' 17, reproduces the
correct relic abundance (assuming the DM scatters o↵ all
all SM particles and that g?s = 106.75).

Unfortunately, the minimal scenario is not vi-
able because the dark matter can decay through
�1 ! 2 sm + �

⇤
2 ! 4 sm. The decay rate of �1 is

�1

�2
⇠

⇣
↵

16⇡2

⌘2
. (12)

Considering that we assumed that the decays are in equi-
librium, �1 is short lived and therefore cannot be identi-
fied as dark matter.

IV. N > 2 DEGENERATE CASE

Although the simplest N = 2 example does not work,
it is interesting to observe that the decay rate of �1 is
suppressed relative to that of �2 due to the small available
phase space and the coupling constant. In this regard,
we consider N > 2 case with the same type of nearest-
neighbor interactions. Similarly, we assume that only �N

is able to decay into SM particles, that the masses are
degenerate, and that the cross section for each interaction

relic abundance

dY1

dx
=

�

x2
(�Y1 + Y2)
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dY2

dx
=

�

x2
(Y1 � Y2) +

�

x2
(�Y2 + Y3)
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xfo =
p
�
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FIG. 1. Dark matter coscatter and codecay chain.

process �2 ! sm + sm, will necessarily lead to the fast
decay of �1 via an o↵-shell �2. Therefore, we propose
that there is a coscattering chain, such that scatters take
place only for nearest neighbor

�i + sm $ �i+1 + sm, (4)

which codecay in equilibrium with �N ,

�N ! sm + sm . (5)

This is summarized in Fig. 1. Here �1 is still the dark
matter, but its decay width is suppressed due to the large
phase space needed to decay to the SM (�1 decays to 2N
SM particles).

III. TWO PARTICLE CASE

We first consider the simplest case of N = 2 dark sec-
tor particles. While this example is not cosmologically
viable, it demonstrates the basic idea of the mechanism.
There are two degenerate states �1 and �2, which coscat-
ter [1] o↵ SM bath particles via the process

�1 + SM $ �2 + SM. (6)

The dark matter candidate is �1, while �2 decays in equi-
librium with the SM bath.
The Boltzmann equations for the system are

ṅ1 + 3Hn1 = nsmh�vi(n2 � n1), (7)

ṅ2 + 3Hn2 = nsmh�vi(n1 � n2)� (n2 � n
eq
2 )�2, (8)

where h�vi is a thermally averaged cross section for the
scattering process, neq is equilibrium number density of
�, and �2 is the decay rate of �2 in the thermal bath. This
system is similar to the co-scattering scenario [1], but here
the dark matter bath is kept in equilibrium with the SM
bath via decays and inverse-decays, rather than annihi-
lations. Ultimately, since decays and inverse-decays can
stay in equilibrium much longer, this will allow for much
heavier DM.

Unlike the case for freezeout via annihilations, the in-
stantaneous freezeout approximation will not give a good
estimate of the relic abundance. This is because the rate
for �1 scattering, � ⇠ nsmh�vi, is not dropping o↵ expo-
nentially fast with the expansion, and therefore freezeout
takes a long time. However, an approximate analytic so-
lution to the relic abundance can still be determined from
the Boltzmann equations.

If the decay rate is larger than the Hubble expansion
parameter when the temperature of the universe is equal
to the dark matter mass, the number density of �2 closely
follows its equilibrium value. Then an approximate so-
lution to the �1 density can be found by considering the
single equation

Y
0
1 =

�

x2
(�Y1 + Yeq), (9)

where Yi = ni/s, � = (nsmh�vi/H)|x=1. The asymptotic
value of the relic abundance is

Y1(1) ⇡
45

23/2⇡3g?s
�e

�2
p
�
⌘ Y1(�). (10)

The fact that the relic abundance scales as Y1(1) ⇠

e
�2xfo and not e

�xfo , is a result of the slow freezeout.
From the Boltzmann equation (9), �1 departs equilibrium
when �/x

2
fo ⇠ 1. At this point, �1 creation stops, but can

continue to scatter away. Neglecting the inverse process,
one solves

Y
0
1 = �

�

x2
Y1, (11)

to find that Y1(x) = Y1(xfo)e
�
x� �

xfo ! e
�2xfo . One also

sees from this solution that the abundance stops changing
significantly when xfin ⇠ � = x

2
fo.

From this estimation, we can find h�vi, reproduc-
ing the observed relic abundance of dark matter, while
satisfying the unitarity bound. For instance, param-
eterizing the cross-section as h�vi ⌘ ↵

2
/m

2
�, then

m� = mpl = 2.4⇥ 1018 GeV and ↵ ' 17, reproduces the
correct relic abundance (assuming the DM scatters o↵ all
all SM particles and that g?s = 106.75).

Unfortunately, the minimal scenario is not vi-
able because the dark matter can decay through
�1 ! 2 sm + �

⇤
2 ! 4 sm. The decay rate of �1 is

�1

�2
⇠

⇣
↵

16⇡2

⌘2
. (12)

Considering that we assumed that the decays are in equi-
librium, �1 is short lived and therefore cannot be identi-
fied as dark matter.

IV. N > 2 DEGENERATE CASE

Although the simplest N = 2 example does not work,
it is interesting to observe that the decay rate of �1 is
suppressed relative to that of �2 due to the small available
phase space and the coupling constant. In this regard,
we consider N > 2 case with the same type of nearest-
neighbor interactions. Similarly, we assume that only �N

is able to decay into SM particles, that the masses are
degenerate, and that the cross section for each interaction

relic abundance

dY1

dx
=

�

x2
(�Y1 + Y2)
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dY2

dx
=

�

x2
(Y1 � Y2) +

�

x2
(�Y2 + Y3)
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a naive expectation: freeze-out may happen in the same way (as in N=2)

xfo =
p
�
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xfin = �
<latexit sha1_base64="C/ucMFTrzeXJQZXmjVrsjTp0AhA=">AAACHXicbVDNSgMxGMzWv1r/VsWTl2ApeCq7IqgHoejFYwVXC92lZLPZNjTJLkm2tCx9F73qe3gSr+Jr+ASm7R5s60BgmPm+L8OEKaNKO863VVpZXVvfKG9WtrZ3dvfs/YNHlWQSEw8nLJGtECnCqCCeppqRVioJ4iEjT2H/duI/DYhUNBEPepSSgKOuoDHFSBupYx8NO7kvOYypGMNr6DOzGqGOXXXqzhRwmbgFqYICzY7940cJzjgRGjOkVNt1Uh3kSGqKGRlXan6mSIpwH3VJ21CBOFFBPs0/hjWjRDBOpHlCw6la+bORI67UiIdmkiPdU4veRPzPa2c6vgxyKtJME4FnH8UZgzqBkzJgRCXBmo0MQVhSExbiHpIIa1PZ3KVoQFNVpB7OYpuS3MVKlol3Vr+qu/fn1cZN0VYZHIMTcApccAEa4A40gQcwyMELeAVv1rP1bn1Yn7PRklXsHII5WF+/i+WizQ==</latexit><latexit sha1_base64="C/ucMFTrzeXJQZXmjVrsjTp0AhA=">AAACHXicbVDNSgMxGMzWv1r/VsWTl2ApeCq7IqgHoejFYwVXC92lZLPZNjTJLkm2tCx9F73qe3gSr+Jr+ASm7R5s60BgmPm+L8OEKaNKO863VVpZXVvfKG9WtrZ3dvfs/YNHlWQSEw8nLJGtECnCqCCeppqRVioJ4iEjT2H/duI/DYhUNBEPepSSgKOuoDHFSBupYx8NO7kvOYypGMNr6DOzGqGOXXXqzhRwmbgFqYICzY7940cJzjgRGjOkVNt1Uh3kSGqKGRlXan6mSIpwH3VJ21CBOFFBPs0/hjWjRDBOpHlCw6la+bORI67UiIdmkiPdU4veRPzPa2c6vgxyKtJME4FnH8UZgzqBkzJgRCXBmo0MQVhSExbiHpIIa1PZ3KVoQFNVpB7OYpuS3MVKlol3Vr+qu/fn1cZN0VYZHIMTcApccAEa4A40gQcwyMELeAVv1rP1bn1Yn7PRklXsHII5WF+/i+WizQ==</latexit><latexit sha1_base64="C/ucMFTrzeXJQZXmjVrsjTp0AhA=">AAACHXicbVDNSgMxGMzWv1r/VsWTl2ApeCq7IqgHoejFYwVXC92lZLPZNjTJLkm2tCx9F73qe3gSr+Jr+ASm7R5s60BgmPm+L8OEKaNKO863VVpZXVvfKG9WtrZ3dvfs/YNHlWQSEw8nLJGtECnCqCCeppqRVioJ4iEjT2H/duI/DYhUNBEPepSSgKOuoDHFSBupYx8NO7kvOYypGMNr6DOzGqGOXXXqzhRwmbgFqYICzY7940cJzjgRGjOkVNt1Uh3kSGqKGRlXan6mSIpwH3VJ21CBOFFBPs0/hjWjRDBOpHlCw6la+bORI67UiIdmkiPdU4veRPzPa2c6vgxyKtJME4FnH8UZgzqBkzJgRCXBmo0MQVhSExbiHpIIa1PZ3KVoQFNVpB7OYpuS3MVKlol3Vr+qu/fn1cZN0VYZHIMTcApccAEa4A40gQcwyMELeAVv1rP1bn1Yn7PRklXsHII5WF+/i+WizQ==</latexit><latexit sha1_base64="C/ucMFTrzeXJQZXmjVrsjTp0AhA=">AAACHXicbVDNSgMxGMzWv1r/VsWTl2ApeCq7IqgHoejFYwVXC92lZLPZNjTJLkm2tCx9F73qe3gSr+Jr+ASm7R5s60BgmPm+L8OEKaNKO863VVpZXVvfKG9WtrZ3dvfs/YNHlWQSEw8nLJGtECnCqCCeppqRVioJ4iEjT2H/duI/DYhUNBEPepSSgKOuoDHFSBupYx8NO7kvOYypGMNr6DOzGqGOXXXqzhRwmbgFqYICzY7940cJzjgRGjOkVNt1Uh3kSGqKGRlXan6mSIpwH3VJ21CBOFFBPs0/hjWjRDBOpHlCw6la+bORI67UiIdmkiPdU4veRPzPa2c6vgxyKtJME4FnH8UZgzqBkzJgRCXBmo0MQVhSExbiHpIIa1PZ3KVoQFNVpB7OYpuS3MVKlol3Vr+qu/fn1cZN0VYZHIMTcApccAEa4A40gQcwyMELeAVv1rP1bn1Yn7PRklXsHII5WF+/i+WizQ==</latexit><latexit sha1_base64="C/ucMFTrzeXJQZXmjVrsjTp0AhA=">AAACHXicbVDNSgMxGMzWv1r/VsWTl2ApeCq7IqgHoejFYwVXC92lZLPZNjTJLkm2tCx9F73qe3gSr+Jr+ASm7R5s60BgmPm+L8OEKaNKO863VVpZXVvfKG9WtrZ3dvfs/YNHlWQSEw8nLJGtECnCqCCeppqRVioJ4iEjT2H/duI/DYhUNBEPepSSgKOuoDHFSBupYx8NO7kvOYypGMNr6DOzGqGOXXXqzhRwmbgFqYICzY7940cJzjgRGjOkVNt1Uh3kSGqKGRlXan6mSIpwH3VJ21CBOFFBPs0/hjWjRDBOpHlCw6la+bORI67UiIdmkiPdU4veRPzPa2c6vgxyKtJME4FnH8UZgzqBkzJgRCXBmo0MQVhSExbiHpIIa1PZ3KVoQFNVpB7OYpuS3MVKlol3Vr+qu/fn1cZN0VYZHIMTcApccAEa4A40gQcwyMELeAVv1rP1bn1Yn7PRklXsHII5WF+/i+WizQ==</latexit>

Yj(x) = Yeq(xfo) exp


�

x
� �

xfo

�

<latexit sha1_base64="bl91erkVhmD1g7aZqS29e5E1FG4="></latexit><latexit sha1_base64="bl91erkVhmD1g7aZqS29e5E1FG4="></latexit><latexit sha1_base64="bl91erkVhmD1g7aZqS29e5E1FG4="></latexit><latexit sha1_base64="bl91erkVhmD1g7aZqS29e5E1FG4="></latexit><latexit sha1_base64="bl91erkVhmD1g7aZqS29e5E1FG4="></latexit>

· · ·<latexit sha1_base64="0dvQ8R+fvIPb0AWtCWDkBxslwV0=">AAACDHicbVDNTgIxGOziH+If6tHLRkLiiewaE/VG9OIRExdIYEO63S5Uuu2m/ZZINjyDXvU9PBmvvoOv4RNYYA8CTtJkMvN97XSChDMNjvNtFdbWNza3itulnd29/YPy4VFTy1QR6hHJpWoHWFPOBPWAAaftRFEcB5y2guHt1G+NqNJMigcYJ9SPcV+wiBEMRmp2SShB98oVp+bMYK8SNycVlKPRK/90Q0nSmAogHGvdcZ0E/AwrYITTSanaTTVNMBniPu0YKnBMtZ/N4k7sqlFCO5LKHAH2TC392chwrPU4DsxkjGGgl72p+J/XSSG68jMmkhSoIPOHopTbIO3p3+2QKUqAjw3BRDET1iYDrDAB09DCTeGIJTpP/TSPbUpylytZJd557brm3l9U6jd5W0V0gk7RGXLRJaqjO9RAHiLoEb2gV/RmPVvv1of1OR8tWPnOMVqA9fULKZKc3g==</latexit><latexit sha1_base64="0dvQ8R+fvIPb0AWtCWDkBxslwV0=">AAACDHicbVDNTgIxGOziH+If6tHLRkLiiewaE/VG9OIRExdIYEO63S5Uuu2m/ZZINjyDXvU9PBmvvoOv4RNYYA8CTtJkMvN97XSChDMNjvNtFdbWNza3itulnd29/YPy4VFTy1QR6hHJpWoHWFPOBPWAAaftRFEcB5y2guHt1G+NqNJMigcYJ9SPcV+wiBEMRmp2SShB98oVp+bMYK8SNycVlKPRK/90Q0nSmAogHGvdcZ0E/AwrYITTSanaTTVNMBniPu0YKnBMtZ/N4k7sqlFCO5LKHAH2TC392chwrPU4DsxkjGGgl72p+J/XSSG68jMmkhSoIPOHopTbIO3p3+2QKUqAjw3BRDET1iYDrDAB09DCTeGIJTpP/TSPbUpylytZJd557brm3l9U6jd5W0V0gk7RGXLRJaqjO9RAHiLoEb2gV/RmPVvv1of1OR8tWPnOMVqA9fULKZKc3g==</latexit><latexit sha1_base64="0dvQ8R+fvIPb0AWtCWDkBxslwV0=">AAACDHicbVDNTgIxGOziH+If6tHLRkLiiewaE/VG9OIRExdIYEO63S5Uuu2m/ZZINjyDXvU9PBmvvoOv4RNYYA8CTtJkMvN97XSChDMNjvNtFdbWNza3itulnd29/YPy4VFTy1QR6hHJpWoHWFPOBPWAAaftRFEcB5y2guHt1G+NqNJMigcYJ9SPcV+wiBEMRmp2SShB98oVp+bMYK8SNycVlKPRK/90Q0nSmAogHGvdcZ0E/AwrYITTSanaTTVNMBniPu0YKnBMtZ/N4k7sqlFCO5LKHAH2TC392chwrPU4DsxkjGGgl72p+J/XSSG68jMmkhSoIPOHopTbIO3p3+2QKUqAjw3BRDET1iYDrDAB09DCTeGIJTpP/TSPbUpylytZJd557brm3l9U6jd5W0V0gk7RGXLRJaqjO9RAHiLoEb2gV/RmPVvv1of1OR8tWPnOMVqA9fULKZKc3g==</latexit><latexit sha1_base64="0dvQ8R+fvIPb0AWtCWDkBxslwV0=">AAACDHicbVDNTgIxGOziH+If6tHLRkLiiewaE/VG9OIRExdIYEO63S5Uuu2m/ZZINjyDXvU9PBmvvoOv4RNYYA8CTtJkMvN97XSChDMNjvNtFdbWNza3itulnd29/YPy4VFTy1QR6hHJpWoHWFPOBPWAAaftRFEcB5y2guHt1G+NqNJMigcYJ9SPcV+wiBEMRmp2SShB98oVp+bMYK8SNycVlKPRK/90Q0nSmAogHGvdcZ0E/AwrYITTSanaTTVNMBniPu0YKnBMtZ/N4k7sqlFCO5LKHAH2TC392chwrPU4DsxkjGGgl72p+J/XSSG68jMmkhSoIPOHopTbIO3p3+2QKUqAjw3BRDET1iYDrDAB09DCTeGIJTpP/TSPbUpylytZJd557brm3l9U6jd5W0V0gk7RGXLRJaqjO9RAHiLoEb2gV/RmPVvv1of1OR8tWPnOMVqA9fULKZKc3g==</latexit><latexit sha1_base64="0dvQ8R+fvIPb0AWtCWDkBxslwV0=">AAACDHicbVDNTgIxGOziH+If6tHLRkLiiewaE/VG9OIRExdIYEO63S5Uuu2m/ZZINjyDXvU9PBmvvoOv4RNYYA8CTtJkMvN97XSChDMNjvNtFdbWNza3itulnd29/YPy4VFTy1QR6hHJpWoHWFPOBPWAAaftRFEcB5y2guHt1G+NqNJMigcYJ9SPcV+wiBEMRmp2SShB98oVp+bMYK8SNycVlKPRK/90Q0nSmAogHGvdcZ0E/AwrYITTSanaTTVNMBniPu0YKnBMtZ/N4k7sqlFCO5LKHAH2TC392chwrPU4DsxkjGGgl72p+J/XSSG68jMmkhSoIPOHopTbIO3p3+2QKUqAjw3BRDET1iYDrDAB09DCTeGIJTpP/TSPbUpylytZJd557brm3l9U6jd5W0V0gk7RGXLRJaqjO9RAHiLoEb2gV/RmPVvv1of1OR8tWPnOMVqA9fULKZKc3g==</latexit>



100 101 102 103 10410-26
10-21
10-16
10-11
10-6
10-1

m = 1010 GeV
<latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit><latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit><latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit><latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit><latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit>

�2 = 102H(m)
<latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit><latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit><latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit><latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit><latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit>
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a naive expectation fails
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rewriting them in a matrix form

of Boltzmann equations is given as

Y
0
1 =

�

x2
(�Y1 + Y2) (6)

Y
0
i =

�

x2
(Yi�1 � 2Yi + Yi+1) (7)

Y
0
N�1 '

�

x2
(YN�2 � 2YN�1) +

�

x2
Yeq (8)

where we have replaced YN ' Yeq as before. Here we assume that the masses of each particle

are almost degenerate such that, at least during the freeze-out process, we can treat them

as collection of particles with degenerate mass. One may argue that each reaction freeze-out

at exactly the same moment, xfo =
p
�, so that the relic abundance is similarly given as

Yi(1) / e
�2

p
�. This simple correspondence does not hold when N is large.

An easy way to understand the system is to write equations in matrix form,

Y0 =
�

x2
MY+

�

x2
YeqnN�1 (9)

with nN�1 = (0, · · · , 1)T , and

M =

0

BBBBBBBBBBB@

�1 1 0 0 · · · 0

1 �2 1 0 · · · 0

0 1 �2 1 · · · 0
...

...
...

. . .
...

...

0 0 0 · · · �2 1

0 0 0 · · · 1 �2

1

CCCCCCCCCCCA

(10)

The system, being approximately translational invariant, admits Bloch wave-like states. We can

diagonalize the matrix, and find the eigenvalue as � = �2 + 2 cos ✓ with ✓ = ⇡(2k � 1)/(2N �

1). The mode with large |�| quickly decays due to the chain reaction. If we interprete each

relic abundance as temperature at a certain discrete site along the one-dimensional wire, the

mode with large |�| corresponds to the configuration with large temperature gradient or short

wavelength temperature fluctuation along the 1D wire, and these mode are quickly decaying

because of nearest neighbor interaction. So, at the end, any initial configuration relaxes to a

sort of ground state configuration, which corresponds to ✓1 = ⇡/(2N � 1). The eigenvalue is

� ' �⇡
2
/4N2, the eigenvector of this Bloch wave state is YB / [sin(N � 1)✓, · · · , sin ✓]T . The

equation for this mode is

YB = �
�

x2

⇡
2

4N2
YB +

�

x2

⇡

2N
Yeq (11)

The strength of chain is e↵ectively reduced as �e↵ = �⇡
2
/4N2. The freeze-out happens at

xfo = (⇡/2N)
p
�, and this process terminates at xfin = (⇡2

�/4N2). This indicates that the

strength of chain needs to scale as h�vi / N
2 for the right relic abundance.

2
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eigenstates will be Bloch-waves



after diagonalizing the system
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rewriting them in a matrix form

of Boltzmann equations is given as

Y
0
1 =

�

x2
(�Y1 + Y2) (6)

Y
0
i =

�

x2
(Yi�1 � 2Yi + Yi+1) (7)

Y
0
N�1 '

�

x2
(YN�2 � 2YN�1) +

�

x2
Yeq (8)

where we have replaced YN ' Yeq as before. Here we assume that the masses of each particle

are almost degenerate such that, at least during the freeze-out process, we can treat them

as collection of particles with degenerate mass. One may argue that each reaction freeze-out

at exactly the same moment, xfo =
p
�, so that the relic abundance is similarly given as

Yi(1) / e
�2

p
�. This simple correspondence does not hold when N is large.

An easy way to understand the system is to write equations in matrix form,

Y0 =
�

x2
MY+

�

x2
YeqnN�1 (9)

with nN�1 = (0, · · · , 1)T , and

M =

0

BBBBBBBBBBB@

�1 1 0 0 · · · 0

1 �2 1 0 · · · 0

0 1 �2 1 · · · 0
...

...
...

. . .
...

...

0 0 0 · · · �2 1

0 0 0 · · · 1 �2

1

CCCCCCCCCCCA

(10)

The system, being approximately translational invariant, admits Bloch wave-like states. We can

diagonalize the matrix, and find the eigenvalue as � = �2 + 2 cos ✓ with ✓ = ⇡(2k � 1)/(2N �

1). The mode with large |�| quickly decays due to the chain reaction. If we interprete each

relic abundance as temperature at a certain discrete site along the one-dimensional wire, the

mode with large |�| corresponds to the configuration with large temperature gradient or short

wavelength temperature fluctuation along the 1D wire, and these mode are quickly decaying

because of nearest neighbor interaction. So, at the end, any initial configuration relaxes to a

sort of ground state configuration, which corresponds to ✓1 = ⇡/(2N � 1). The eigenvalue is

� ' �⇡
2
/4N2, the eigenvector of this Bloch wave state is YB / [sin(N � 1)✓, · · · , sin ✓]T . The

equation for this mode is

YB = �
�

x2

⇡
2

4N2
YB +

�

x2

⇡

2N
Yeq (11)

The strength of chain is e↵ectively reduced as �e↵ = �⇡
2
/4N2. The freeze-out happens at

xfo = (⇡/2N)
p
�, and this process terminates at xfin = (⇡2

�/4N2). This indicates that the

strength of chain needs to scale as h�vi / N
2 for the right relic abundance.

2

eigenstates will be Bloch-waves



after diagonalizing the system
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of Boltzmann equations is given as
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where we have replaced YN ' Yeq as before. Here we assume that the masses of each particle

are almost degenerate such that, at least during the freeze-out process, we can treat them

as collection of particles with degenerate mass. One may argue that each reaction freeze-out

at exactly the same moment, xfo =
p
�, so that the relic abundance is similarly given as

Yi(1) / e
�2

p
�. This simple correspondence does not hold when N is large.

An easy way to understand the system is to write equations in matrix form,

Y0 =
�

x2
MY+

�

x2
YeqnN�1 (9)

with nN�1 = (0, · · · , 1)T , and

M =
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The system, being approximately translational invariant, admits Bloch wave-like states. We can

diagonalize the matrix, and find the eigenvalue as � = �2 + 2 cos ✓ with ✓ = ⇡(2k � 1)/(2N �

1). The mode with large |�| quickly decays due to the chain reaction. If we interprete each

relic abundance as temperature at a certain discrete site along the one-dimensional wire, the

mode with large |�| corresponds to the configuration with large temperature gradient or short

wavelength temperature fluctuation along the 1D wire, and these mode are quickly decaying

because of nearest neighbor interaction. So, at the end, any initial configuration relaxes to a

sort of ground state configuration, which corresponds to ✓1 = ⇡/(2N � 1). The eigenvalue is

� ' �⇡
2
/4N2, the eigenvector of this Bloch wave state is YB / [sin(N � 1)✓, · · · , sin ✓]T . The

equation for this mode is

YB = �
�

x2

⇡
2

4N2
YB +

�

x2

⇡

2N
Yeq (11)

The strength of chain is e↵ectively reduced as �e↵ = �⇡
2
/4N2. The freeze-out happens at

xfo = (⇡/2N)
p
�, and this process terminates at xfin = (⇡2

�/4N2). This indicates that the

strength of chain needs to scale as h�vi / N
2 for the right relic abundance.

2

eigenstates will be Bloch-waves

eigenvalue characterizes effective strength of reaction for each mode
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a short-wavelength fluctuation
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is subject to full-strength of chain reaction

this mode decay fast
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0
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x2
eY+ · · ·

<latexit sha1_base64="mNFMf1cdQscyQWuZ73RbJbMsmno="></latexit><latexit sha1_base64="mNFMf1cdQscyQWuZ73RbJbMsmno="></latexit><latexit sha1_base64="mNFMf1cdQscyQWuZ73RbJbMsmno="></latexit><latexit sha1_base64="mNFMf1cdQscyQWuZ73RbJbMsmno="></latexit><latexit sha1_base64="mNFMf1cdQscyQWuZ73RbJbMsmno="></latexit>



a long-wavelength fluctuation

eY
0
= ���

x2
eY+ · · ·

<latexit sha1_base64="mNFMf1cdQscyQWuZ73RbJbMsmno="></latexit><latexit sha1_base64="mNFMf1cdQscyQWuZ73RbJbMsmno="></latexit><latexit sha1_base64="mNFMf1cdQscyQWuZ73RbJbMsmno="></latexit><latexit sha1_base64="mNFMf1cdQscyQWuZ73RbJbMsmno="></latexit><latexit sha1_base64="mNFMf1cdQscyQWuZ73RbJbMsmno="></latexit>

� = 2� 2 cos ✓
<latexit sha1_base64="zglUMPW6KOLefavuQo5oPM0ZjW0=">AAACH3icbVDLSgMxFM3UV62vURcu3ARLwY1lpgjqQii6cVnBsYXOUDKZtA3NPEjuFMvQn9Gt/ocrcdvf8AtM21nY1gOBwzn3JifHTwRXYFkTo7C2vrG5Vdwu7ezu7R+Yh0fPKk4lZQ6NRSxbPlFM8Ig5wEGwViIZCX3Bmv7gfuo3h0wqHkdPMEqYF5JexLucEtBSxzxxfQYE3+IavsA1l8bKhb5WOmbZqloz4FVi56SMcjQ65o8bxDQNWQRUEKXatpWAlxEJnAo2LlXcVLGE0AHpsbamEQmZ8rLZD8a4opUAd2OpTwR4ppb+bGQkVGoU+noyJNBXy95U/M9rp9C99jIeJSmwiM4f6qYCQ4yndeCAS0ZBjDQhVHIdFtM+kYSCLm3hpmDIE5WnfpnH1iXZy5WsEqdWvanaj5fl+l3eVhGdojN0jmx0heroATWQgygaozf0jj6MV+PT+DK+56MFI985RgswJr9dXaKZ</latexit><latexit sha1_base64="zglUMPW6KOLefavuQo5oPM0ZjW0=">AAACH3icbVDLSgMxFM3UV62vURcu3ARLwY1lpgjqQii6cVnBsYXOUDKZtA3NPEjuFMvQn9Gt/ocrcdvf8AtM21nY1gOBwzn3JifHTwRXYFkTo7C2vrG5Vdwu7ezu7R+Yh0fPKk4lZQ6NRSxbPlFM8Ig5wEGwViIZCX3Bmv7gfuo3h0wqHkdPMEqYF5JexLucEtBSxzxxfQYE3+IavsA1l8bKhb5WOmbZqloz4FVi56SMcjQ65o8bxDQNWQRUEKXatpWAlxEJnAo2LlXcVLGE0AHpsbamEQmZ8rLZD8a4opUAd2OpTwR4ppb+bGQkVGoU+noyJNBXy95U/M9rp9C99jIeJSmwiM4f6qYCQ4yndeCAS0ZBjDQhVHIdFtM+kYSCLm3hpmDIE5WnfpnH1iXZy5WsEqdWvanaj5fl+l3eVhGdojN0jmx0heroATWQgygaozf0jj6MV+PT+DK+56MFI985RgswJr9dXaKZ</latexit><latexit sha1_base64="zglUMPW6KOLefavuQo5oPM0ZjW0=">AAACH3icbVDLSgMxFM3UV62vURcu3ARLwY1lpgjqQii6cVnBsYXOUDKZtA3NPEjuFMvQn9Gt/ocrcdvf8AtM21nY1gOBwzn3JifHTwRXYFkTo7C2vrG5Vdwu7ezu7R+Yh0fPKk4lZQ6NRSxbPlFM8Ig5wEGwViIZCX3Bmv7gfuo3h0wqHkdPMEqYF5JexLucEtBSxzxxfQYE3+IavsA1l8bKhb5WOmbZqloz4FVi56SMcjQ65o8bxDQNWQRUEKXatpWAlxEJnAo2LlXcVLGE0AHpsbamEQmZ8rLZD8a4opUAd2OpTwR4ppb+bGQkVGoU+noyJNBXy95U/M9rp9C99jIeJSmwiM4f6qYCQ4yndeCAS0ZBjDQhVHIdFtM+kYSCLm3hpmDIE5WnfpnH1iXZy5WsEqdWvanaj5fl+l3eVhGdojN0jmx0heroATWQgygaozf0jj6MV+PT+DK+56MFI985RgswJr9dXaKZ</latexit><latexit sha1_base64="zglUMPW6KOLefavuQo5oPM0ZjW0=">AAACH3icbVDLSgMxFM3UV62vURcu3ARLwY1lpgjqQii6cVnBsYXOUDKZtA3NPEjuFMvQn9Gt/ocrcdvf8AtM21nY1gOBwzn3JifHTwRXYFkTo7C2vrG5Vdwu7ezu7R+Yh0fPKk4lZQ6NRSxbPlFM8Ig5wEGwViIZCX3Bmv7gfuo3h0wqHkdPMEqYF5JexLucEtBSxzxxfQYE3+IavsA1l8bKhb5WOmbZqloz4FVi56SMcjQ65o8bxDQNWQRUEKXatpWAlxEJnAo2LlXcVLGE0AHpsbamEQmZ8rLZD8a4opUAd2OpTwR4ppb+bGQkVGoU+noyJNBXy95U/M9rp9C99jIeJSmwiM4f6qYCQ4yndeCAS0ZBjDQhVHIdFtM+kYSCLm3hpmDIE5WnfpnH1iXZy5WsEqdWvanaj5fl+l3eVhGdojN0jmx0heroATWQgygaozf0jj6MV+PT+DK+56MFI985RgswJr9dXaKZ</latexit><latexit sha1_base64="zglUMPW6KOLefavuQo5oPM0ZjW0=">AAACH3icbVDLSgMxFM3UV62vURcu3ARLwY1lpgjqQii6cVnBsYXOUDKZtA3NPEjuFMvQn9Gt/ocrcdvf8AtM21nY1gOBwzn3JifHTwRXYFkTo7C2vrG5Vdwu7ezu7R+Yh0fPKk4lZQ6NRSxbPlFM8Ig5wEGwViIZCX3Bmv7gfuo3h0wqHkdPMEqYF5JexLucEtBSxzxxfQYE3+IavsA1l8bKhb5WOmbZqloz4FVi56SMcjQ65o8bxDQNWQRUEKXatpWAlxEJnAo2LlXcVLGE0AHpsbamEQmZ8rLZD8a4opUAd2OpTwR4ppb+bGQkVGoU+noyJNBXy95U/M9rp9C99jIeJSmwiM4f6qYCQ4yndeCAS0ZBjDQhVHIdFtM+kYSCLm3hpmDIE5WnfpnH1iXZy5WsEqdWvanaj5fl+l3eVhGdojN0jmx0heroATWQgygaozf0jj6MV+PT+DK+56MFI985RgswJr9dXaKZ</latexit>



a long-wavelength fluctuation
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<latexit sha1_base64="mNFMf1cdQscyQWuZ73RbJbMsmno="></latexit><latexit sha1_base64="mNFMf1cdQscyQWuZ73RbJbMsmno="></latexit><latexit sha1_base64="mNFMf1cdQscyQWuZ73RbJbMsmno="></latexit><latexit sha1_base64="mNFMf1cdQscyQWuZ73RbJbMsmno="></latexit><latexit sha1_base64="mNFMf1cdQscyQWuZ73RbJbMsmno="></latexit>

� = 2� 2 cos ✓
<latexit sha1_base64="zglUMPW6KOLefavuQo5oPM0ZjW0=">AAACH3icbVDLSgMxFM3UV62vURcu3ARLwY1lpgjqQii6cVnBsYXOUDKZtA3NPEjuFMvQn9Gt/ocrcdvf8AtM21nY1gOBwzn3JifHTwRXYFkTo7C2vrG5Vdwu7ezu7R+Yh0fPKk4lZQ6NRSxbPlFM8Ig5wEGwViIZCX3Bmv7gfuo3h0wqHkdPMEqYF5JexLucEtBSxzxxfQYE3+IavsA1l8bKhb5WOmbZqloz4FVi56SMcjQ65o8bxDQNWQRUEKXatpWAlxEJnAo2LlXcVLGE0AHpsbamEQmZ8rLZD8a4opUAd2OpTwR4ppb+bGQkVGoU+noyJNBXy95U/M9rp9C99jIeJSmwiM4f6qYCQ4yndeCAS0ZBjDQhVHIdFtM+kYSCLm3hpmDIE5WnfpnH1iXZy5WsEqdWvanaj5fl+l3eVhGdojN0jmx0heroATWQgygaozf0jj6MV+PT+DK+56MFI985RgswJr9dXaKZ</latexit><latexit sha1_base64="zglUMPW6KOLefavuQo5oPM0ZjW0=">AAACH3icbVDLSgMxFM3UV62vURcu3ARLwY1lpgjqQii6cVnBsYXOUDKZtA3NPEjuFMvQn9Gt/ocrcdvf8AtM21nY1gOBwzn3JifHTwRXYFkTo7C2vrG5Vdwu7ezu7R+Yh0fPKk4lZQ6NRSxbPlFM8Ig5wEGwViIZCX3Bmv7gfuo3h0wqHkdPMEqYF5JexLucEtBSxzxxfQYE3+IavsA1l8bKhb5WOmbZqloz4FVi56SMcjQ65o8bxDQNWQRUEKXatpWAlxEJnAo2LlXcVLGE0AHpsbamEQmZ8rLZD8a4opUAd2OpTwR4ppb+bGQkVGoU+noyJNBXy95U/M9rp9C99jIeJSmwiM4f6qYCQ4yndeCAS0ZBjDQhVHIdFtM+kYSCLm3hpmDIE5WnfpnH1iXZy5WsEqdWvanaj5fl+l3eVhGdojN0jmx0heroATWQgygaozf0jj6MV+PT+DK+56MFI985RgswJr9dXaKZ</latexit><latexit sha1_base64="zglUMPW6KOLefavuQo5oPM0ZjW0=">AAACH3icbVDLSgMxFM3UV62vURcu3ARLwY1lpgjqQii6cVnBsYXOUDKZtA3NPEjuFMvQn9Gt/ocrcdvf8AtM21nY1gOBwzn3JifHTwRXYFkTo7C2vrG5Vdwu7ezu7R+Yh0fPKk4lZQ6NRSxbPlFM8Ig5wEGwViIZCX3Bmv7gfuo3h0wqHkdPMEqYF5JexLucEtBSxzxxfQYE3+IavsA1l8bKhb5WOmbZqloz4FVi56SMcjQ65o8bxDQNWQRUEKXatpWAlxEJnAo2LlXcVLGE0AHpsbamEQmZ8rLZD8a4opUAd2OpTwR4ppb+bGQkVGoU+noyJNBXy95U/M9rp9C99jIeJSmwiM4f6qYCQ4yndeCAS0ZBjDQhVHIdFtM+kYSCLm3hpmDIE5WnfpnH1iXZy5WsEqdWvanaj5fl+l3eVhGdojN0jmx0heroATWQgygaozf0jj6MV+PT+DK+56MFI985RgswJr9dXaKZ</latexit><latexit sha1_base64="zglUMPW6KOLefavuQo5oPM0ZjW0=">AAACH3icbVDLSgMxFM3UV62vURcu3ARLwY1lpgjqQii6cVnBsYXOUDKZtA3NPEjuFMvQn9Gt/ocrcdvf8AtM21nY1gOBwzn3JifHTwRXYFkTo7C2vrG5Vdwu7ezu7R+Yh0fPKk4lZQ6NRSxbPlFM8Ig5wEGwViIZCX3Bmv7gfuo3h0wqHkdPMEqYF5JexLucEtBSxzxxfQYE3+IavsA1l8bKhb5WOmbZqloz4FVi56SMcjQ65o8bxDQNWQRUEKXatpWAlxEJnAo2LlXcVLGE0AHpsbamEQmZ8rLZD8a4opUAd2OpTwR4ppb+bGQkVGoU+noyJNBXy95U/M9rp9C99jIeJSmwiM4f6qYCQ4yndeCAS0ZBjDQhVHIdFtM+kYSCLm3hpmDIE5WnfpnH1iXZy5WsEqdWvanaj5fl+l3eVhGdojN0jmx0heroATWQgygaozf0jj6MV+PT+DK+56MFI985RgswJr9dXaKZ</latexit><latexit sha1_base64="zglUMPW6KOLefavuQo5oPM0ZjW0=">AAACH3icbVDLSgMxFM3UV62vURcu3ARLwY1lpgjqQii6cVnBsYXOUDKZtA3NPEjuFMvQn9Gt/ocrcdvf8AtM21nY1gOBwzn3JifHTwRXYFkTo7C2vrG5Vdwu7ezu7R+Yh0fPKk4lZQ6NRSxbPlFM8Ig5wEGwViIZCX3Bmv7gfuo3h0wqHkdPMEqYF5JexLucEtBSxzxxfQYE3+IavsA1l8bKhb5WOmbZqloz4FVi56SMcjQ65o8bxDQNWQRUEKXatpWAlxEJnAo2LlXcVLGE0AHpsbamEQmZ8rLZD8a4opUAd2OpTwR4ppb+bGQkVGoU+noyJNBXy95U/M9rp9C99jIeJSmwiM4f6qYCQ4yndeCAS0ZBjDQhVHIdFtM+kYSCLm3hpmDIE5WnfpnH1iXZy5WsEqdWvanaj5fl+l3eVhGdojN0jmx0heroATWQgygaozf0jj6MV+PT+DK+56MFI985RgswJr9dXaKZ</latexit>

⇠ 1/N2
<latexit sha1_base64="+EYOLfETsoAH1eaqp7ol1Gcd4AA=">AAACF3icbVDNSsNAGNzUv1p/GvXoZbEUPJSaFEG9Fb14kgpGC00sm82mXbqbhN1NsYS+iF71PTyJV4++hk/gts3Btg4sDDPf9+0wfsKoVJb1bRRWVtfWN4qbpa3tnd2yubd/L+NUYOLgmMWi7SNJGI2Io6hipJ0IgrjPyIM/uJr4D0MiJI2jOzVKiMdRL6IhxUhpqWuWXUk5dGtuDdonN4+Nrlmx6tYUcJnYOamAHK2u+eMGMU45iRRmSMqObSXKy5BQFDMyLlXdVJIE4QHqkY6mEeJEetk0+RhWtRLAMBb6RQpO1dKfjQxxKUfc15Mcqb5c9Cbif14nVeG5l9EoSRWJ8OyjMGVQxXBSAwyoIFixkSYIC6rDQtxHAmGly5q7FAxpIvPUT7PYuiR7sZJl4jTqF3X79rTSvMzbKoJDcASOgQ3OQBNcgxZwAAYpeAGv4M14Nt6ND+NzNlow8p0DMAfj6xfhZp8j</latexit><latexit sha1_base64="+EYOLfETsoAH1eaqp7ol1Gcd4AA=">AAACF3icbVDNSsNAGNzUv1p/GvXoZbEUPJSaFEG9Fb14kgpGC00sm82mXbqbhN1NsYS+iF71PTyJV4++hk/gts3Btg4sDDPf9+0wfsKoVJb1bRRWVtfWN4qbpa3tnd2yubd/L+NUYOLgmMWi7SNJGI2Io6hipJ0IgrjPyIM/uJr4D0MiJI2jOzVKiMdRL6IhxUhpqWuWXUk5dGtuDdonN4+Nrlmx6tYUcJnYOamAHK2u+eMGMU45iRRmSMqObSXKy5BQFDMyLlXdVJIE4QHqkY6mEeJEetk0+RhWtRLAMBb6RQpO1dKfjQxxKUfc15Mcqb5c9Cbif14nVeG5l9EoSRWJ8OyjMGVQxXBSAwyoIFixkSYIC6rDQtxHAmGly5q7FAxpIvPUT7PYuiR7sZJl4jTqF3X79rTSvMzbKoJDcASOgQ3OQBNcgxZwAAYpeAGv4M14Nt6ND+NzNlow8p0DMAfj6xfhZp8j</latexit><latexit sha1_base64="+EYOLfETsoAH1eaqp7ol1Gcd4AA=">AAACF3icbVDNSsNAGNzUv1p/GvXoZbEUPJSaFEG9Fb14kgpGC00sm82mXbqbhN1NsYS+iF71PTyJV4++hk/gts3Btg4sDDPf9+0wfsKoVJb1bRRWVtfWN4qbpa3tnd2yubd/L+NUYOLgmMWi7SNJGI2Io6hipJ0IgrjPyIM/uJr4D0MiJI2jOzVKiMdRL6IhxUhpqWuWXUk5dGtuDdonN4+Nrlmx6tYUcJnYOamAHK2u+eMGMU45iRRmSMqObSXKy5BQFDMyLlXdVJIE4QHqkY6mEeJEetk0+RhWtRLAMBb6RQpO1dKfjQxxKUfc15Mcqb5c9Cbif14nVeG5l9EoSRWJ8OyjMGVQxXBSAwyoIFixkSYIC6rDQtxHAmGly5q7FAxpIvPUT7PYuiR7sZJl4jTqF3X79rTSvMzbKoJDcASOgQ3OQBNcgxZwAAYpeAGv4M14Nt6ND+NzNlow8p0DMAfj6xfhZp8j</latexit><latexit sha1_base64="+EYOLfETsoAH1eaqp7ol1Gcd4AA=">AAACF3icbVDNSsNAGNzUv1p/GvXoZbEUPJSaFEG9Fb14kgpGC00sm82mXbqbhN1NsYS+iF71PTyJV4++hk/gts3Btg4sDDPf9+0wfsKoVJb1bRRWVtfWN4qbpa3tnd2yubd/L+NUYOLgmMWi7SNJGI2Io6hipJ0IgrjPyIM/uJr4D0MiJI2jOzVKiMdRL6IhxUhpqWuWXUk5dGtuDdonN4+Nrlmx6tYUcJnYOamAHK2u+eMGMU45iRRmSMqObSXKy5BQFDMyLlXdVJIE4QHqkY6mEeJEetk0+RhWtRLAMBb6RQpO1dKfjQxxKUfc15Mcqb5c9Cbif14nVeG5l9EoSRWJ8OyjMGVQxXBSAwyoIFixkSYIC6rDQtxHAmGly5q7FAxpIvPUT7PYuiR7sZJl4jTqF3X79rTSvMzbKoJDcASOgQ3OQBNcgxZwAAYpeAGv4M14Nt6ND+NzNlow8p0DMAfj6xfhZp8j</latexit><latexit sha1_base64="+EYOLfETsoAH1eaqp7ol1Gcd4AA=">AAACF3icbVDNSsNAGNzUv1p/GvXoZbEUPJSaFEG9Fb14kgpGC00sm82mXbqbhN1NsYS+iF71PTyJV4++hk/gts3Btg4sDDPf9+0wfsKoVJb1bRRWVtfWN4qbpa3tnd2yubd/L+NUYOLgmMWi7SNJGI2Io6hipJ0IgrjPyIM/uJr4D0MiJI2jOzVKiMdRL6IhxUhpqWuWXUk5dGtuDdonN4+Nrlmx6tYUcJnYOamAHK2u+eMGMU45iRRmSMqObSXKy5BQFDMyLlXdVJIE4QHqkY6mEeJEetk0+RhWtRLAMBb6RQpO1dKfjQxxKUfc15Mcqb5c9Cbif14nVeG5l9EoSRWJ8OyjMGVQxXBSAwyoIFixkSYIC6rDQtxHAmGly5q7FAxpIvPUT7PYuiR7sZJl4jTqF3X79rTSvMzbKoJDcASOgQ3OQBNcgxZwAAYpeAGv4M14Nt6ND+NzNlow8p0DMAfj6xfhZp8j</latexit>



a long-wavelength fluctuation

strength of interaction is effectively reduced
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<latexit sha1_base64="mNFMf1cdQscyQWuZ73RbJbMsmno="></latexit><latexit sha1_base64="mNFMf1cdQscyQWuZ73RbJbMsmno="></latexit><latexit sha1_base64="mNFMf1cdQscyQWuZ73RbJbMsmno="></latexit><latexit sha1_base64="mNFMf1cdQscyQWuZ73RbJbMsmno="></latexit><latexit sha1_base64="mNFMf1cdQscyQWuZ73RbJbMsmno="></latexit>

� = 2� 2 cos ✓
<latexit sha1_base64="zglUMPW6KOLefavuQo5oPM0ZjW0=">AAACH3icbVDLSgMxFM3UV62vURcu3ARLwY1lpgjqQii6cVnBsYXOUDKZtA3NPEjuFMvQn9Gt/ocrcdvf8AtM21nY1gOBwzn3JifHTwRXYFkTo7C2vrG5Vdwu7ezu7R+Yh0fPKk4lZQ6NRSxbPlFM8Ig5wEGwViIZCX3Bmv7gfuo3h0wqHkdPMEqYF5JexLucEtBSxzxxfQYE3+IavsA1l8bKhb5WOmbZqloz4FVi56SMcjQ65o8bxDQNWQRUEKXatpWAlxEJnAo2LlXcVLGE0AHpsbamEQmZ8rLZD8a4opUAd2OpTwR4ppb+bGQkVGoU+noyJNBXy95U/M9rp9C99jIeJSmwiM4f6qYCQ4yndeCAS0ZBjDQhVHIdFtM+kYSCLm3hpmDIE5WnfpnH1iXZy5WsEqdWvanaj5fl+l3eVhGdojN0jmx0heroATWQgygaozf0jj6MV+PT+DK+56MFI985RgswJr9dXaKZ</latexit><latexit sha1_base64="zglUMPW6KOLefavuQo5oPM0ZjW0=">AAACH3icbVDLSgMxFM3UV62vURcu3ARLwY1lpgjqQii6cVnBsYXOUDKZtA3NPEjuFMvQn9Gt/ocrcdvf8AtM21nY1gOBwzn3JifHTwRXYFkTo7C2vrG5Vdwu7ezu7R+Yh0fPKk4lZQ6NRSxbPlFM8Ig5wEGwViIZCX3Bmv7gfuo3h0wqHkdPMEqYF5JexLucEtBSxzxxfQYE3+IavsA1l8bKhb5WOmbZqloz4FVi56SMcjQ65o8bxDQNWQRUEKXatpWAlxEJnAo2LlXcVLGE0AHpsbamEQmZ8rLZD8a4opUAd2OpTwR4ppb+bGQkVGoU+noyJNBXy95U/M9rp9C99jIeJSmwiM4f6qYCQ4yndeCAS0ZBjDQhVHIdFtM+kYSCLm3hpmDIE5WnfpnH1iXZy5WsEqdWvanaj5fl+l3eVhGdojN0jmx0heroATWQgygaozf0jj6MV+PT+DK+56MFI985RgswJr9dXaKZ</latexit><latexit sha1_base64="zglUMPW6KOLefavuQo5oPM0ZjW0=">AAACH3icbVDLSgMxFM3UV62vURcu3ARLwY1lpgjqQii6cVnBsYXOUDKZtA3NPEjuFMvQn9Gt/ocrcdvf8AtM21nY1gOBwzn3JifHTwRXYFkTo7C2vrG5Vdwu7ezu7R+Yh0fPKk4lZQ6NRSxbPlFM8Ig5wEGwViIZCX3Bmv7gfuo3h0wqHkdPMEqYF5JexLucEtBSxzxxfQYE3+IavsA1l8bKhb5WOmbZqloz4FVi56SMcjQ65o8bxDQNWQRUEKXatpWAlxEJnAo2LlXcVLGE0AHpsbamEQmZ8rLZD8a4opUAd2OpTwR4ppb+bGQkVGoU+noyJNBXy95U/M9rp9C99jIeJSmwiM4f6qYCQ4yndeCAS0ZBjDQhVHIdFtM+kYSCLm3hpmDIE5WnfpnH1iXZy5WsEqdWvanaj5fl+l3eVhGdojN0jmx0heroATWQgygaozf0jj6MV+PT+DK+56MFI985RgswJr9dXaKZ</latexit><latexit sha1_base64="zglUMPW6KOLefavuQo5oPM0ZjW0=">AAACH3icbVDLSgMxFM3UV62vURcu3ARLwY1lpgjqQii6cVnBsYXOUDKZtA3NPEjuFMvQn9Gt/ocrcdvf8AtM21nY1gOBwzn3JifHTwRXYFkTo7C2vrG5Vdwu7ezu7R+Yh0fPKk4lZQ6NRSxbPlFM8Ig5wEGwViIZCX3Bmv7gfuo3h0wqHkdPMEqYF5JexLucEtBSxzxxfQYE3+IavsA1l8bKhb5WOmbZqloz4FVi56SMcjQ65o8bxDQNWQRUEKXatpWAlxEJnAo2LlXcVLGE0AHpsbamEQmZ8rLZD8a4opUAd2OpTwR4ppb+bGQkVGoU+noyJNBXy95U/M9rp9C99jIeJSmwiM4f6qYCQ4yndeCAS0ZBjDQhVHIdFtM+kYSCLm3hpmDIE5WnfpnH1iXZy5WsEqdWvanaj5fl+l3eVhGdojN0jmx0heroATWQgygaozf0jj6MV+PT+DK+56MFI985RgswJr9dXaKZ</latexit><latexit sha1_base64="zglUMPW6KOLefavuQo5oPM0ZjW0=">AAACH3icbVDLSgMxFM3UV62vURcu3ARLwY1lpgjqQii6cVnBsYXOUDKZtA3NPEjuFMvQn9Gt/ocrcdvf8AtM21nY1gOBwzn3JifHTwRXYFkTo7C2vrG5Vdwu7ezu7R+Yh0fPKk4lZQ6NRSxbPlFM8Ig5wEGwViIZCX3Bmv7gfuo3h0wqHkdPMEqYF5JexLucEtBSxzxxfQYE3+IavsA1l8bKhb5WOmbZqloz4FVi56SMcjQ65o8bxDQNWQRUEKXatpWAlxEJnAo2LlXcVLGE0AHpsbamEQmZ8rLZD8a4opUAd2OpTwR4ppb+bGQkVGoU+noyJNBXy95U/M9rp9C99jIeJSmwiM4f6qYCQ4yndeCAS0ZBjDQhVHIdFtM+kYSCLm3hpmDIE5WnfpnH1iXZy5WsEqdWvanaj5fl+l3eVhGdojN0jmx0heroATWQgygaozf0jj6MV+PT+DK+56MFI985RgswJr9dXaKZ</latexit>

⇠ 1/N2
<latexit sha1_base64="+EYOLfETsoAH1eaqp7ol1Gcd4AA=">AAACF3icbVDNSsNAGNzUv1p/GvXoZbEUPJSaFEG9Fb14kgpGC00sm82mXbqbhN1NsYS+iF71PTyJV4++hk/gts3Btg4sDDPf9+0wfsKoVJb1bRRWVtfWN4qbpa3tnd2yubd/L+NUYOLgmMWi7SNJGI2Io6hipJ0IgrjPyIM/uJr4D0MiJI2jOzVKiMdRL6IhxUhpqWuWXUk5dGtuDdonN4+Nrlmx6tYUcJnYOamAHK2u+eMGMU45iRRmSMqObSXKy5BQFDMyLlXdVJIE4QHqkY6mEeJEetk0+RhWtRLAMBb6RQpO1dKfjQxxKUfc15Mcqb5c9Cbif14nVeG5l9EoSRWJ8OyjMGVQxXBSAwyoIFixkSYIC6rDQtxHAmGly5q7FAxpIvPUT7PYuiR7sZJl4jTqF3X79rTSvMzbKoJDcASOgQ3OQBNcgxZwAAYpeAGv4M14Nt6ND+NzNlow8p0DMAfj6xfhZp8j</latexit><latexit sha1_base64="+EYOLfETsoAH1eaqp7ol1Gcd4AA=">AAACF3icbVDNSsNAGNzUv1p/GvXoZbEUPJSaFEG9Fb14kgpGC00sm82mXbqbhN1NsYS+iF71PTyJV4++hk/gts3Btg4sDDPf9+0wfsKoVJb1bRRWVtfWN4qbpa3tnd2yubd/L+NUYOLgmMWi7SNJGI2Io6hipJ0IgrjPyIM/uJr4D0MiJI2jOzVKiMdRL6IhxUhpqWuWXUk5dGtuDdonN4+Nrlmx6tYUcJnYOamAHK2u+eMGMU45iRRmSMqObSXKy5BQFDMyLlXdVJIE4QHqkY6mEeJEetk0+RhWtRLAMBb6RQpO1dKfjQxxKUfc15Mcqb5c9Cbif14nVeG5l9EoSRWJ8OyjMGVQxXBSAwyoIFixkSYIC6rDQtxHAmGly5q7FAxpIvPUT7PYuiR7sZJl4jTqF3X79rTSvMzbKoJDcASOgQ3OQBNcgxZwAAYpeAGv4M14Nt6ND+NzNlow8p0DMAfj6xfhZp8j</latexit><latexit sha1_base64="+EYOLfETsoAH1eaqp7ol1Gcd4AA=">AAACF3icbVDNSsNAGNzUv1p/GvXoZbEUPJSaFEG9Fb14kgpGC00sm82mXbqbhN1NsYS+iF71PTyJV4++hk/gts3Btg4sDDPf9+0wfsKoVJb1bRRWVtfWN4qbpa3tnd2yubd/L+NUYOLgmMWi7SNJGI2Io6hipJ0IgrjPyIM/uJr4D0MiJI2jOzVKiMdRL6IhxUhpqWuWXUk5dGtuDdonN4+Nrlmx6tYUcJnYOamAHK2u+eMGMU45iRRmSMqObSXKy5BQFDMyLlXdVJIE4QHqkY6mEeJEetk0+RhWtRLAMBb6RQpO1dKfjQxxKUfc15Mcqb5c9Cbif14nVeG5l9EoSRWJ8OyjMGVQxXBSAwyoIFixkSYIC6rDQtxHAmGly5q7FAxpIvPUT7PYuiR7sZJl4jTqF3X79rTSvMzbKoJDcASOgQ3OQBNcgxZwAAYpeAGv4M14Nt6ND+NzNlow8p0DMAfj6xfhZp8j</latexit><latexit sha1_base64="+EYOLfETsoAH1eaqp7ol1Gcd4AA=">AAACF3icbVDNSsNAGNzUv1p/GvXoZbEUPJSaFEG9Fb14kgpGC00sm82mXbqbhN1NsYS+iF71PTyJV4++hk/gts3Btg4sDDPf9+0wfsKoVJb1bRRWVtfWN4qbpa3tnd2yubd/L+NUYOLgmMWi7SNJGI2Io6hipJ0IgrjPyIM/uJr4D0MiJI2jOzVKiMdRL6IhxUhpqWuWXUk5dGtuDdonN4+Nrlmx6tYUcJnYOamAHK2u+eMGMU45iRRmSMqObSXKy5BQFDMyLlXdVJIE4QHqkY6mEeJEetk0+RhWtRLAMBb6RQpO1dKfjQxxKUfc15Mcqb5c9Cbif14nVeG5l9EoSRWJ8OyjMGVQxXBSAwyoIFixkSYIC6rDQtxHAmGly5q7FAxpIvPUT7PYuiR7sZJl4jTqF3X79rTSvMzbKoJDcASOgQ3OQBNcgxZwAAYpeAGv4M14Nt6ND+NzNlow8p0DMAfj6xfhZp8j</latexit><latexit sha1_base64="+EYOLfETsoAH1eaqp7ol1Gcd4AA=">AAACF3icbVDNSsNAGNzUv1p/GvXoZbEUPJSaFEG9Fb14kgpGC00sm82mXbqbhN1NsYS+iF71PTyJV4++hk/gts3Btg4sDDPf9+0wfsKoVJb1bRRWVtfWN4qbpa3tnd2yubd/L+NUYOLgmMWi7SNJGI2Io6hipJ0IgrjPyIM/uJr4D0MiJI2jOzVKiMdRL6IhxUhpqWuWXUk5dGtuDdonN4+Nrlmx6tYUcJnYOamAHK2u+eMGMU45iRRmSMqObSXKy5BQFDMyLlXdVJIE4QHqkY6mEeJEetk0+RhWtRLAMBb6RQpO1dKfjQxxKUfc15Mcqb5c9Cbif14nVeG5l9EoSRWJ8OyjMGVQxXBSAwyoIFixkSYIC6rDQtxHAmGly5q7FAxpIvPUT7PYuiR7sZJl4jTqF3X79rTSvMzbKoJDcASOgQ3OQBNcgxZwAAYpeAGv4M14Nt6ND+NzNlow8p0DMAfj6xfhZp8j</latexit>



a long-wavelength fluctuation

strength of interaction is reduced by 1/N^2

eY
0
long ' ��e↵

x2
eYlong + · · ·

<latexit sha1_base64="wuDdyqqkruPdvECLwUPlMQAcCxI="></latexit><latexit sha1_base64="wuDdyqqkruPdvECLwUPlMQAcCxI="></latexit><latexit sha1_base64="wuDdyqqkruPdvECLwUPlMQAcCxI="></latexit><latexit sha1_base64="wuDdyqqkruPdvECLwUPlMQAcCxI="></latexit><latexit sha1_base64="wuDdyqqkruPdvECLwUPlMQAcCxI="></latexit>
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N2
<latexit sha1_base64="zoWoJR4ze7QeiH8Oc1snDlffls0="></latexit><latexit sha1_base64="zoWoJR4ze7QeiH8Oc1snDlffls0="></latexit><latexit sha1_base64="zoWoJR4ze7QeiH8Oc1snDlffls0="></latexit><latexit sha1_base64="zoWoJR4ze7QeiH8Oc1snDlffls0="></latexit><latexit sha1_base64="zoWoJR4ze7QeiH8Oc1snDlffls0="></latexit>
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m = 1010 GeV
<latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit><latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit><latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit><latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit><latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit>

�2 = 102H(m)
<latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit><latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit><latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit><latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit><latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit>

↵ = 0.004
<latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit><latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit><latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit><latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit><latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit>

N = 10
<latexit sha1_base64="PVaG5b5Bzy/Iq6V69QxhGOECjt0=">AAACCnicbVDNSgMxGPy2/tX6V/XoJVgKnsquCOpBKHrxJBVcW2iXks1m29BsdkmyxVL6CHrV9/AkXn0JX8MnMNvuwbYOBIaZ70sm4yecKW3b31ZhZXVtfaO4Wdra3tndK+8fPKo4lYS6JOaxbPlYUc4EdTXTnLYSSXHkc9r0BzeZ3xxSqVgsHvQooV6Ee4KFjGCdSXdXjt0tV+yaPQVaJk5OKpCj0S3/dIKYpBEVmnCsVNuxE+2NsdSMcDopVTupogkmA9yjbUMFjqjyxtOwE1Q1SoDCWJojNJqqpT8bYxwpNYp8Mxlh3VeLXib+57VTHV54YyaSVFNBZg+FKUc6RtnPUcAkJZqPDMFEMhMWkT6WmGjTz9xNwZAlKk/9NIttSnIWK1km7mntsubcn1Xq13lbRTiCYzgBB86hDrfQABcI9OEFXuHNerberQ/rczZasPKdQ5iD9fULUUmbPQ==</latexit><latexit sha1_base64="PVaG5b5Bzy/Iq6V69QxhGOECjt0=">AAACCnicbVDNSgMxGPy2/tX6V/XoJVgKnsquCOpBKHrxJBVcW2iXks1m29BsdkmyxVL6CHrV9/AkXn0JX8MnMNvuwbYOBIaZ70sm4yecKW3b31ZhZXVtfaO4Wdra3tndK+8fPKo4lYS6JOaxbPlYUc4EdTXTnLYSSXHkc9r0BzeZ3xxSqVgsHvQooV6Ee4KFjGCdSXdXjt0tV+yaPQVaJk5OKpCj0S3/dIKYpBEVmnCsVNuxE+2NsdSMcDopVTupogkmA9yjbUMFjqjyxtOwE1Q1SoDCWJojNJqqpT8bYxwpNYp8Mxlh3VeLXib+57VTHV54YyaSVFNBZg+FKUc6RtnPUcAkJZqPDMFEMhMWkT6WmGjTz9xNwZAlKk/9NIttSnIWK1km7mntsubcn1Xq13lbRTiCYzgBB86hDrfQABcI9OEFXuHNerberQ/rczZasPKdQ5iD9fULUUmbPQ==</latexit><latexit sha1_base64="PVaG5b5Bzy/Iq6V69QxhGOECjt0=">AAACCnicbVDNSgMxGPy2/tX6V/XoJVgKnsquCOpBKHrxJBVcW2iXks1m29BsdkmyxVL6CHrV9/AkXn0JX8MnMNvuwbYOBIaZ70sm4yecKW3b31ZhZXVtfaO4Wdra3tndK+8fPKo4lYS6JOaxbPlYUc4EdTXTnLYSSXHkc9r0BzeZ3xxSqVgsHvQooV6Ee4KFjGCdSXdXjt0tV+yaPQVaJk5OKpCj0S3/dIKYpBEVmnCsVNuxE+2NsdSMcDopVTupogkmA9yjbUMFjqjyxtOwE1Q1SoDCWJojNJqqpT8bYxwpNYp8Mxlh3VeLXib+57VTHV54YyaSVFNBZg+FKUc6RtnPUcAkJZqPDMFEMhMWkT6WmGjTz9xNwZAlKk/9NIttSnIWK1km7mntsubcn1Xq13lbRTiCYzgBB86hDrfQABcI9OEFXuHNerberQ/rczZasPKdQ5iD9fULUUmbPQ==</latexit><latexit sha1_base64="PVaG5b5Bzy/Iq6V69QxhGOECjt0=">AAACCnicbVDNSgMxGPy2/tX6V/XoJVgKnsquCOpBKHrxJBVcW2iXks1m29BsdkmyxVL6CHrV9/AkXn0JX8MnMNvuwbYOBIaZ70sm4yecKW3b31ZhZXVtfaO4Wdra3tndK+8fPKo4lYS6JOaxbPlYUc4EdTXTnLYSSXHkc9r0BzeZ3xxSqVgsHvQooV6Ee4KFjGCdSXdXjt0tV+yaPQVaJk5OKpCj0S3/dIKYpBEVmnCsVNuxE+2NsdSMcDopVTupogkmA9yjbUMFjqjyxtOwE1Q1SoDCWJojNJqqpT8bYxwpNYp8Mxlh3VeLXib+57VTHV54YyaSVFNBZg+FKUc6RtnPUcAkJZqPDMFEMhMWkT6WmGjTz9xNwZAlKk/9NIttSnIWK1km7mntsubcn1Xq13lbRTiCYzgBB86hDrfQABcI9OEFXuHNerberQ/rczZasPKdQ5iD9fULUUmbPQ==</latexit><latexit sha1_base64="PVaG5b5Bzy/Iq6V69QxhGOECjt0=">AAACCnicbVDNSgMxGPy2/tX6V/XoJVgKnsquCOpBKHrxJBVcW2iXks1m29BsdkmyxVL6CHrV9/AkXn0JX8MnMNvuwbYOBIaZ70sm4yecKW3b31ZhZXVtfaO4Wdra3tndK+8fPKo4lYS6JOaxbPlYUc4EdTXTnLYSSXHkc9r0BzeZ3xxSqVgsHvQooV6Ee4KFjGCdSXdXjt0tV+yaPQVaJk5OKpCj0S3/dIKYpBEVmnCsVNuxE+2NsdSMcDopVTupogkmA9yjbUMFjqjyxtOwE1Q1SoDCWJojNJqqpT8bYxwpNYp8Mxlh3VeLXib+57VTHV54YyaSVFNBZg+FKUc6RtnPUcAkJZqPDMFEMhMWkT6WmGjTz9xNwZAlKk/9NIttSnIWK1km7mntsubcn1Xq13lbRTiCYzgBB86hDrfQABcI9OEFXuHNerberQ/rczZasPKdQ5iD9fULUUmbPQ==</latexit>

a naive expectation fails
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N2
<latexit sha1_base64="A0sM3cz/IbSIkMw989iSkJojHXc="></latexit><latexit sha1_base64="A0sM3cz/IbSIkMw989iSkJojHXc="></latexit><latexit sha1_base64="A0sM3cz/IbSIkMw989iSkJojHXc="></latexit><latexit sha1_base64="A0sM3cz/IbSIkMw989iSkJojHXc="></latexit><latexit sha1_base64="A0sM3cz/IbSIkMw989iSkJojHXc="></latexit>
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m = 1010 GeV
<latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit><latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit><latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit><latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit><latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit>

�2 = 102H(m)
<latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit><latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit><latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit><latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit><latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit>

N = 10
<latexit sha1_base64="PVaG5b5Bzy/Iq6V69QxhGOECjt0=">AAACCnicbVDNSgMxGPy2/tX6V/XoJVgKnsquCOpBKHrxJBVcW2iXks1m29BsdkmyxVL6CHrV9/AkXn0JX8MnMNvuwbYOBIaZ70sm4yecKW3b31ZhZXVtfaO4Wdra3tndK+8fPKo4lYS6JOaxbPlYUc4EdTXTnLYSSXHkc9r0BzeZ3xxSqVgsHvQooV6Ee4KFjGCdSXdXjt0tV+yaPQVaJk5OKpCj0S3/dIKYpBEVmnCsVNuxE+2NsdSMcDopVTupogkmA9yjbUMFjqjyxtOwE1Q1SoDCWJojNJqqpT8bYxwpNYp8Mxlh3VeLXib+57VTHV54YyaSVFNBZg+FKUc6RtnPUcAkJZqPDMFEMhMWkT6WmGjTz9xNwZAlKk/9NIttSnIWK1km7mntsubcn1Xq13lbRTiCYzgBB86hDrfQABcI9OEFXuHNerberQ/rczZasPKdQ5iD9fULUUmbPQ==</latexit><latexit sha1_base64="PVaG5b5Bzy/Iq6V69QxhGOECjt0=">AAACCnicbVDNSgMxGPy2/tX6V/XoJVgKnsquCOpBKHrxJBVcW2iXks1m29BsdkmyxVL6CHrV9/AkXn0JX8MnMNvuwbYOBIaZ70sm4yecKW3b31ZhZXVtfaO4Wdra3tndK+8fPKo4lYS6JOaxbPlYUc4EdTXTnLYSSXHkc9r0BzeZ3xxSqVgsHvQooV6Ee4KFjGCdSXdXjt0tV+yaPQVaJk5OKpCj0S3/dIKYpBEVmnCsVNuxE+2NsdSMcDopVTupogkmA9yjbUMFjqjyxtOwE1Q1SoDCWJojNJqqpT8bYxwpNYp8Mxlh3VeLXib+57VTHV54YyaSVFNBZg+FKUc6RtnPUcAkJZqPDMFEMhMWkT6WmGjTz9xNwZAlKk/9NIttSnIWK1km7mntsubcn1Xq13lbRTiCYzgBB86hDrfQABcI9OEFXuHNerberQ/rczZasPKdQ5iD9fULUUmbPQ==</latexit><latexit sha1_base64="PVaG5b5Bzy/Iq6V69QxhGOECjt0=">AAACCnicbVDNSgMxGPy2/tX6V/XoJVgKnsquCOpBKHrxJBVcW2iXks1m29BsdkmyxVL6CHrV9/AkXn0JX8MnMNvuwbYOBIaZ70sm4yecKW3b31ZhZXVtfaO4Wdra3tndK+8fPKo4lYS6JOaxbPlYUc4EdTXTnLYSSXHkc9r0BzeZ3xxSqVgsHvQooV6Ee4KFjGCdSXdXjt0tV+yaPQVaJk5OKpCj0S3/dIKYpBEVmnCsVNuxE+2NsdSMcDopVTupogkmA9yjbUMFjqjyxtOwE1Q1SoDCWJojNJqqpT8bYxwpNYp8Mxlh3VeLXib+57VTHV54YyaSVFNBZg+FKUc6RtnPUcAkJZqPDMFEMhMWkT6WmGjTz9xNwZAlKk/9NIttSnIWK1km7mntsubcn1Xq13lbRTiCYzgBB86hDrfQABcI9OEFXuHNerberQ/rczZasPKdQ5iD9fULUUmbPQ==</latexit><latexit sha1_base64="PVaG5b5Bzy/Iq6V69QxhGOECjt0=">AAACCnicbVDNSgMxGPy2/tX6V/XoJVgKnsquCOpBKHrxJBVcW2iXks1m29BsdkmyxVL6CHrV9/AkXn0JX8MnMNvuwbYOBIaZ70sm4yecKW3b31ZhZXVtfaO4Wdra3tndK+8fPKo4lYS6JOaxbPlYUc4EdTXTnLYSSXHkc9r0BzeZ3xxSqVgsHvQooV6Ee4KFjGCdSXdXjt0tV+yaPQVaJk5OKpCj0S3/dIKYpBEVmnCsVNuxE+2NsdSMcDopVTupogkmA9yjbUMFjqjyxtOwE1Q1SoDCWJojNJqqpT8bYxwpNYp8Mxlh3VeLXib+57VTHV54YyaSVFNBZg+FKUc6RtnPUcAkJZqPDMFEMhMWkT6WmGjTz9xNwZAlKk/9NIttSnIWK1km7mntsubcn1Xq13lbRTiCYzgBB86hDrfQABcI9OEFXuHNerberQ/rczZasPKdQ5iD9fULUUmbPQ==</latexit><latexit sha1_base64="PVaG5b5Bzy/Iq6V69QxhGOECjt0=">AAACCnicbVDNSgMxGPy2/tX6V/XoJVgKnsquCOpBKHrxJBVcW2iXks1m29BsdkmyxVL6CHrV9/AkXn0JX8MnMNvuwbYOBIaZ70sm4yecKW3b31ZhZXVtfaO4Wdra3tndK+8fPKo4lYS6JOaxbPlYUc4EdTXTnLYSSXHkc9r0BzeZ3xxSqVgsHvQooV6Ee4KFjGCdSXdXjt0tV+yaPQVaJk5OKpCj0S3/dIKYpBEVmnCsVNuxE+2NsdSMcDopVTupogkmA9yjbUMFjqjyxtOwE1Q1SoDCWJojNJqqpT8bYxwpNYp8Mxlh3VeLXib+57VTHV54YyaSVFNBZg+FKUc6RtnPUcAkJZqPDMFEMhMWkT6WmGjTz9xNwZAlKk/9NIttSnIWK1km7mntsubcn1Xq13lbRTiCYzgBB86hDrfQABcI9OEFXuHNerberQ/rczZasPKdQ5iD9fULUUmbPQ==</latexit>

↵ = 0.02
<latexit sha1_base64="ztkFO2axBIQrkMHgEpVis1xP+zk=">AAACE3icbVDNSgMxGPzW31r/qh69BEvBU9ktgnoQil48VnBtoV1KNpttQ7O7MckWy9LX0Ku+hyfx6gP4Gj6BabsH2zoQMsx8XzKMLzhT2ra/rZXVtfWNzcJWcXtnd2+/dHD4oJJUEuqShCey5WNFOYupq5nmtCUkxZHPadMf3Ez85pBKxZL4Xo8E9SLci1nICNZG8jqYiz5GV8iu2rVuqWyuKdAycXJShhyNbumnEyQkjWisCcdKtR1baC/DUjPC6bhY6aSKCkwGuEfbhsY4osrLpqnHqGKUAIWJNCfWaKoW/2xkOFJqFPlmMsK6rxa9ifif1051eOFlLBappjGZfRSmHOkETSpAAZOUaD4yBBPJTFhE+lhiok1Rcy8FQyZUnvppFtuU5CxWskzcWvWy6tydlevXeVsFOIYTOAUHzqEOt9AAFwg8wgu8wpv1bL1bH9bnbHTFyneOYA7W1y8it55K</latexit><latexit sha1_base64="ztkFO2axBIQrkMHgEpVis1xP+zk=">AAACE3icbVDNSgMxGPzW31r/qh69BEvBU9ktgnoQil48VnBtoV1KNpttQ7O7MckWy9LX0Ku+hyfx6gP4Gj6BabsH2zoQMsx8XzKMLzhT2ra/rZXVtfWNzcJWcXtnd2+/dHD4oJJUEuqShCey5WNFOYupq5nmtCUkxZHPadMf3Ez85pBKxZL4Xo8E9SLci1nICNZG8jqYiz5GV8iu2rVuqWyuKdAycXJShhyNbumnEyQkjWisCcdKtR1baC/DUjPC6bhY6aSKCkwGuEfbhsY4osrLpqnHqGKUAIWJNCfWaKoW/2xkOFJqFPlmMsK6rxa9ifif1051eOFlLBappjGZfRSmHOkETSpAAZOUaD4yBBPJTFhE+lhiok1Rcy8FQyZUnvppFtuU5CxWskzcWvWy6tydlevXeVsFOIYTOAUHzqEOt9AAFwg8wgu8wpv1bL1bH9bnbHTFyneOYA7W1y8it55K</latexit><latexit sha1_base64="ztkFO2axBIQrkMHgEpVis1xP+zk=">AAACE3icbVDNSgMxGPzW31r/qh69BEvBU9ktgnoQil48VnBtoV1KNpttQ7O7MckWy9LX0Ku+hyfx6gP4Gj6BabsH2zoQMsx8XzKMLzhT2ra/rZXVtfWNzcJWcXtnd2+/dHD4oJJUEuqShCey5WNFOYupq5nmtCUkxZHPadMf3Ez85pBKxZL4Xo8E9SLci1nICNZG8jqYiz5GV8iu2rVuqWyuKdAycXJShhyNbumnEyQkjWisCcdKtR1baC/DUjPC6bhY6aSKCkwGuEfbhsY4osrLpqnHqGKUAIWJNCfWaKoW/2xkOFJqFPlmMsK6rxa9ifif1051eOFlLBappjGZfRSmHOkETSpAAZOUaD4yBBPJTFhE+lhiok1Rcy8FQyZUnvppFtuU5CxWskzcWvWy6tydlevXeVsFOIYTOAUHzqEOt9AAFwg8wgu8wpv1bL1bH9bnbHTFyneOYA7W1y8it55K</latexit><latexit sha1_base64="ztkFO2axBIQrkMHgEpVis1xP+zk=">AAACE3icbVDNSgMxGPzW31r/qh69BEvBU9ktgnoQil48VnBtoV1KNpttQ7O7MckWy9LX0Ku+hyfx6gP4Gj6BabsH2zoQMsx8XzKMLzhT2ra/rZXVtfWNzcJWcXtnd2+/dHD4oJJUEuqShCey5WNFOYupq5nmtCUkxZHPadMf3Ez85pBKxZL4Xo8E9SLci1nICNZG8jqYiz5GV8iu2rVuqWyuKdAycXJShhyNbumnEyQkjWisCcdKtR1baC/DUjPC6bhY6aSKCkwGuEfbhsY4osrLpqnHqGKUAIWJNCfWaKoW/2xkOFJqFPlmMsK6rxa9ifif1051eOFlLBappjGZfRSmHOkETSpAAZOUaD4yBBPJTFhE+lhiok1Rcy8FQyZUnvppFtuU5CxWskzcWvWy6tydlevXeVsFOIYTOAUHzqEOt9AAFwg8wgu8wpv1bL1bH9bnbHTFyneOYA7W1y8it55K</latexit><latexit sha1_base64="ztkFO2axBIQrkMHgEpVis1xP+zk=">AAACE3icbVDNSgMxGPzW31r/qh69BEvBU9ktgnoQil48VnBtoV1KNpttQ7O7MckWy9LX0Ku+hyfx6gP4Gj6BabsH2zoQMsx8XzKMLzhT2ra/rZXVtfWNzcJWcXtnd2+/dHD4oJJUEuqShCey5WNFOYupq5nmtCUkxZHPadMf3Ez85pBKxZL4Xo8E9SLci1nICNZG8jqYiz5GV8iu2rVuqWyuKdAycXJShhyNbumnEyQkjWisCcdKtR1baC/DUjPC6bhY6aSKCkwGuEfbhsY4osrLpqnHqGKUAIWJNCfWaKoW/2xkOFJqFPlmMsK6rxa9ifif1051eOFlLBappjGZfRSmHOkETSpAAZOUaD4yBBPJTFhE+lhiok1Rcy8FQyZUnvppFtuU5CxWskzcWvWy6tydlevXeVsFOIYTOAUHzqEOt9AAFwg8wgu8wpv1bL1bH9bnbHTFyneOYA7W1y8it55K</latexit>

↵ = 0.004
<latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit><latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit><latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit><latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit><latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit>

N = 2
<latexit sha1_base64="toVG/EK26ee/sNsYMRGd7dUInHc=">AAACCXicbVDNTgIxGPwW/xD/UI9eGgmJJ7JLTNSDCdGLJ4PRFRLYkG63Cw3d7qbtEgnhDfSq7+HJePUpfA2fwAJ7EHCSJpOZ72un4yecKW3b31ZuZXVtfSO/Wdja3tndK+4fPKo4lYS6JOaxbPpYUc4EdTXTnDYTSXHkc9rw+9cTvzGgUrFYPOhhQr0IdwULGcHaSPe3l9VOsWRX7CnQMnEyUoIM9U7xpx3EJI2o0IRjpVqOnWhvhKVmhNNxodxOFU0w6eMubRkqcESVN5pmHaOyUQIUxtIcodFULfzZGOFIqWHkm8kI655a9Cbif14r1eG5N2IiSTUVZPZQmHKkYzT5OAqYpETzoSGYSGbCItLDEhNt6pm7KRiwRGWpn2axTUnOYiXLxK1WLirO3WmpdpW1lYcjOIYTcOAManADdXCBQBde4BXerGfr3fqwPmejOSvbOYQ5WF+/3oqbBA==</latexit><latexit sha1_base64="toVG/EK26ee/sNsYMRGd7dUInHc=">AAACCXicbVDNTgIxGPwW/xD/UI9eGgmJJ7JLTNSDCdGLJ4PRFRLYkG63Cw3d7qbtEgnhDfSq7+HJePUpfA2fwAJ7EHCSJpOZ72un4yecKW3b31ZuZXVtfSO/Wdja3tndK+4fPKo4lYS6JOaxbPpYUc4EdTXTnDYTSXHkc9rw+9cTvzGgUrFYPOhhQr0IdwULGcHaSPe3l9VOsWRX7CnQMnEyUoIM9U7xpx3EJI2o0IRjpVqOnWhvhKVmhNNxodxOFU0w6eMubRkqcESVN5pmHaOyUQIUxtIcodFULfzZGOFIqWHkm8kI655a9Cbif14r1eG5N2IiSTUVZPZQmHKkYzT5OAqYpETzoSGYSGbCItLDEhNt6pm7KRiwRGWpn2axTUnOYiXLxK1WLirO3WmpdpW1lYcjOIYTcOAManADdXCBQBde4BXerGfr3fqwPmejOSvbOYQ5WF+/3oqbBA==</latexit><latexit sha1_base64="toVG/EK26ee/sNsYMRGd7dUInHc=">AAACCXicbVDNTgIxGPwW/xD/UI9eGgmJJ7JLTNSDCdGLJ4PRFRLYkG63Cw3d7qbtEgnhDfSq7+HJePUpfA2fwAJ7EHCSJpOZ72un4yecKW3b31ZuZXVtfSO/Wdja3tndK+4fPKo4lYS6JOaxbPpYUc4EdTXTnDYTSXHkc9rw+9cTvzGgUrFYPOhhQr0IdwULGcHaSPe3l9VOsWRX7CnQMnEyUoIM9U7xpx3EJI2o0IRjpVqOnWhvhKVmhNNxodxOFU0w6eMubRkqcESVN5pmHaOyUQIUxtIcodFULfzZGOFIqWHkm8kI655a9Cbif14r1eG5N2IiSTUVZPZQmHKkYzT5OAqYpETzoSGYSGbCItLDEhNt6pm7KRiwRGWpn2axTUnOYiXLxK1WLirO3WmpdpW1lYcjOIYTcOAManADdXCBQBde4BXerGfr3fqwPmejOSvbOYQ5WF+/3oqbBA==</latexit><latexit sha1_base64="toVG/EK26ee/sNsYMRGd7dUInHc=">AAACCXicbVDNTgIxGPwW/xD/UI9eGgmJJ7JLTNSDCdGLJ4PRFRLYkG63Cw3d7qbtEgnhDfSq7+HJePUpfA2fwAJ7EHCSJpOZ72un4yecKW3b31ZuZXVtfSO/Wdja3tndK+4fPKo4lYS6JOaxbPpYUc4EdTXTnDYTSXHkc9rw+9cTvzGgUrFYPOhhQr0IdwULGcHaSPe3l9VOsWRX7CnQMnEyUoIM9U7xpx3EJI2o0IRjpVqOnWhvhKVmhNNxodxOFU0w6eMubRkqcESVN5pmHaOyUQIUxtIcodFULfzZGOFIqWHkm8kI655a9Cbif14r1eG5N2IiSTUVZPZQmHKkYzT5OAqYpETzoSGYSGbCItLDEhNt6pm7KRiwRGWpn2axTUnOYiXLxK1WLirO3WmpdpW1lYcjOIYTcOAManADdXCBQBde4BXerGfr3fqwPmejOSvbOYQ5WF+/3oqbBA==</latexit><latexit sha1_base64="toVG/EK26ee/sNsYMRGd7dUInHc=">AAACCXicbVDNTgIxGPwW/xD/UI9eGgmJJ7JLTNSDCdGLJ4PRFRLYkG63Cw3d7qbtEgnhDfSq7+HJePUpfA2fwAJ7EHCSJpOZ72un4yecKW3b31ZuZXVtfSO/Wdja3tndK+4fPKo4lYS6JOaxbPpYUc4EdTXTnDYTSXHkc9rw+9cTvzGgUrFYPOhhQr0IdwULGcHaSPe3l9VOsWRX7CnQMnEyUoIM9U7xpx3EJI2o0IRjpVqOnWhvhKVmhNNxodxOFU0w6eMubRkqcESVN5pmHaOyUQIUxtIcodFULfzZGOFIqWHkm8kI655a9Cbif14r1eG5N2IiSTUVZPZQmHKkYzT5OAqYpETzoSGYSGbCItLDEhNt6pm7KRiwRGWpn2axTUnOYiXLxK1WLirO3WmpdpW1lYcjOIYTcOAManADdXCBQBde4BXerGfr3fqwPmejOSvbOYQ5WF+/3oqbBA==</latexit>

� ! �e↵ / �

N2
/ ↵2

N2
<latexit sha1_base64="A0sM3cz/IbSIkMw989iSkJojHXc="></latexit><latexit sha1_base64="A0sM3cz/IbSIkMw989iSkJojHXc="></latexit><latexit sha1_base64="A0sM3cz/IbSIkMw989iSkJojHXc="></latexit><latexit sha1_base64="A0sM3cz/IbSIkMw989iSkJojHXc="></latexit><latexit sha1_base64="A0sM3cz/IbSIkMw989iSkJojHXc="></latexit>



100 101 102 103 10410-26
10-21
10-16
10-11
10-6
10-1

m = 1010 GeV
<latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit><latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit><latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit><latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit><latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit>

�2 = 102H(m)
<latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit><latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit><latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit><latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit><latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit>

N = 10
<latexit sha1_base64="PVaG5b5Bzy/Iq6V69QxhGOECjt0=">AAACCnicbVDNSgMxGPy2/tX6V/XoJVgKnsquCOpBKHrxJBVcW2iXks1m29BsdkmyxVL6CHrV9/AkXn0JX8MnMNvuwbYOBIaZ70sm4yecKW3b31ZhZXVtfaO4Wdra3tndK+8fPKo4lYS6JOaxbPlYUc4EdTXTnLYSSXHkc9r0BzeZ3xxSqVgsHvQooV6Ee4KFjGCdSXdXjt0tV+yaPQVaJk5OKpCj0S3/dIKYpBEVmnCsVNuxE+2NsdSMcDopVTupogkmA9yjbUMFjqjyxtOwE1Q1SoDCWJojNJqqpT8bYxwpNYp8Mxlh3VeLXib+57VTHV54YyaSVFNBZg+FKUc6RtnPUcAkJZqPDMFEMhMWkT6WmGjTz9xNwZAlKk/9NIttSnIWK1km7mntsubcn1Xq13lbRTiCYzgBB86hDrfQABcI9OEFXuHNerberQ/rczZasPKdQ5iD9fULUUmbPQ==</latexit><latexit sha1_base64="PVaG5b5Bzy/Iq6V69QxhGOECjt0=">AAACCnicbVDNSgMxGPy2/tX6V/XoJVgKnsquCOpBKHrxJBVcW2iXks1m29BsdkmyxVL6CHrV9/AkXn0JX8MnMNvuwbYOBIaZ70sm4yecKW3b31ZhZXVtfaO4Wdra3tndK+8fPKo4lYS6JOaxbPlYUc4EdTXTnLYSSXHkc9r0BzeZ3xxSqVgsHvQooV6Ee4KFjGCdSXdXjt0tV+yaPQVaJk5OKpCj0S3/dIKYpBEVmnCsVNuxE+2NsdSMcDopVTupogkmA9yjbUMFjqjyxtOwE1Q1SoDCWJojNJqqpT8bYxwpNYp8Mxlh3VeLXib+57VTHV54YyaSVFNBZg+FKUc6RtnPUcAkJZqPDMFEMhMWkT6WmGjTz9xNwZAlKk/9NIttSnIWK1km7mntsubcn1Xq13lbRTiCYzgBB86hDrfQABcI9OEFXuHNerberQ/rczZasPKdQ5iD9fULUUmbPQ==</latexit><latexit sha1_base64="PVaG5b5Bzy/Iq6V69QxhGOECjt0=">AAACCnicbVDNSgMxGPy2/tX6V/XoJVgKnsquCOpBKHrxJBVcW2iXks1m29BsdkmyxVL6CHrV9/AkXn0JX8MnMNvuwbYOBIaZ70sm4yecKW3b31ZhZXVtfaO4Wdra3tndK+8fPKo4lYS6JOaxbPlYUc4EdTXTnLYSSXHkc9r0BzeZ3xxSqVgsHvQooV6Ee4KFjGCdSXdXjt0tV+yaPQVaJk5OKpCj0S3/dIKYpBEVmnCsVNuxE+2NsdSMcDopVTupogkmA9yjbUMFjqjyxtOwE1Q1SoDCWJojNJqqpT8bYxwpNYp8Mxlh3VeLXib+57VTHV54YyaSVFNBZg+FKUc6RtnPUcAkJZqPDMFEMhMWkT6WmGjTz9xNwZAlKk/9NIttSnIWK1km7mntsubcn1Xq13lbRTiCYzgBB86hDrfQABcI9OEFXuHNerberQ/rczZasPKdQ5iD9fULUUmbPQ==</latexit><latexit sha1_base64="PVaG5b5Bzy/Iq6V69QxhGOECjt0=">AAACCnicbVDNSgMxGPy2/tX6V/XoJVgKnsquCOpBKHrxJBVcW2iXks1m29BsdkmyxVL6CHrV9/AkXn0JX8MnMNvuwbYOBIaZ70sm4yecKW3b31ZhZXVtfaO4Wdra3tndK+8fPKo4lYS6JOaxbPlYUc4EdTXTnLYSSXHkc9r0BzeZ3xxSqVgsHvQooV6Ee4KFjGCdSXdXjt0tV+yaPQVaJk5OKpCj0S3/dIKYpBEVmnCsVNuxE+2NsdSMcDopVTupogkmA9yjbUMFjqjyxtOwE1Q1SoDCWJojNJqqpT8bYxwpNYp8Mxlh3VeLXib+57VTHV54YyaSVFNBZg+FKUc6RtnPUcAkJZqPDMFEMhMWkT6WmGjTz9xNwZAlKk/9NIttSnIWK1km7mntsubcn1Xq13lbRTiCYzgBB86hDrfQABcI9OEFXuHNerberQ/rczZasPKdQ5iD9fULUUmbPQ==</latexit><latexit sha1_base64="PVaG5b5Bzy/Iq6V69QxhGOECjt0=">AAACCnicbVDNSgMxGPy2/tX6V/XoJVgKnsquCOpBKHrxJBVcW2iXks1m29BsdkmyxVL6CHrV9/AkXn0JX8MnMNvuwbYOBIaZ70sm4yecKW3b31ZhZXVtfaO4Wdra3tndK+8fPKo4lYS6JOaxbPlYUc4EdTXTnLYSSXHkc9r0BzeZ3xxSqVgsHvQooV6Ee4KFjGCdSXdXjt0tV+yaPQVaJk5OKpCj0S3/dIKYpBEVmnCsVNuxE+2NsdSMcDopVTupogkmA9yjbUMFjqjyxtOwE1Q1SoDCWJojNJqqpT8bYxwpNYp8Mxlh3VeLXib+57VTHV54YyaSVFNBZg+FKUc6RtnPUcAkJZqPDMFEMhMWkT6WmGjTz9xNwZAlKk/9NIttSnIWK1km7mntsubcn1Xq13lbRTiCYzgBB86hDrfQABcI9OEFXuHNerberQ/rczZasPKdQ5iD9fULUUmbPQ==</latexit>

↵ = 0.02
<latexit sha1_base64="ztkFO2axBIQrkMHgEpVis1xP+zk=">AAACE3icbVDNSgMxGPzW31r/qh69BEvBU9ktgnoQil48VnBtoV1KNpttQ7O7MckWy9LX0Ku+hyfx6gP4Gj6BabsH2zoQMsx8XzKMLzhT2ra/rZXVtfWNzcJWcXtnd2+/dHD4oJJUEuqShCey5WNFOYupq5nmtCUkxZHPadMf3Ez85pBKxZL4Xo8E9SLci1nICNZG8jqYiz5GV8iu2rVuqWyuKdAycXJShhyNbumnEyQkjWisCcdKtR1baC/DUjPC6bhY6aSKCkwGuEfbhsY4osrLpqnHqGKUAIWJNCfWaKoW/2xkOFJqFPlmMsK6rxa9ifif1051eOFlLBappjGZfRSmHOkETSpAAZOUaD4yBBPJTFhE+lhiok1Rcy8FQyZUnvppFtuU5CxWskzcWvWy6tydlevXeVsFOIYTOAUHzqEOt9AAFwg8wgu8wpv1bL1bH9bnbHTFyneOYA7W1y8it55K</latexit><latexit sha1_base64="ztkFO2axBIQrkMHgEpVis1xP+zk=">AAACE3icbVDNSgMxGPzW31r/qh69BEvBU9ktgnoQil48VnBtoV1KNpttQ7O7MckWy9LX0Ku+hyfx6gP4Gj6BabsH2zoQMsx8XzKMLzhT2ra/rZXVtfWNzcJWcXtnd2+/dHD4oJJUEuqShCey5WNFOYupq5nmtCUkxZHPadMf3Ez85pBKxZL4Xo8E9SLci1nICNZG8jqYiz5GV8iu2rVuqWyuKdAycXJShhyNbumnEyQkjWisCcdKtR1baC/DUjPC6bhY6aSKCkwGuEfbhsY4osrLpqnHqGKUAIWJNCfWaKoW/2xkOFJqFPlmMsK6rxa9ifif1051eOFlLBappjGZfRSmHOkETSpAAZOUaD4yBBPJTFhE+lhiok1Rcy8FQyZUnvppFtuU5CxWskzcWvWy6tydlevXeVsFOIYTOAUHzqEOt9AAFwg8wgu8wpv1bL1bH9bnbHTFyneOYA7W1y8it55K</latexit><latexit sha1_base64="ztkFO2axBIQrkMHgEpVis1xP+zk=">AAACE3icbVDNSgMxGPzW31r/qh69BEvBU9ktgnoQil48VnBtoV1KNpttQ7O7MckWy9LX0Ku+hyfx6gP4Gj6BabsH2zoQMsx8XzKMLzhT2ra/rZXVtfWNzcJWcXtnd2+/dHD4oJJUEuqShCey5WNFOYupq5nmtCUkxZHPadMf3Ez85pBKxZL4Xo8E9SLci1nICNZG8jqYiz5GV8iu2rVuqWyuKdAycXJShhyNbumnEyQkjWisCcdKtR1baC/DUjPC6bhY6aSKCkwGuEfbhsY4osrLpqnHqGKUAIWJNCfWaKoW/2xkOFJqFPlmMsK6rxa9ifif1051eOFlLBappjGZfRSmHOkETSpAAZOUaD4yBBPJTFhE+lhiok1Rcy8FQyZUnvppFtuU5CxWskzcWvWy6tydlevXeVsFOIYTOAUHzqEOt9AAFwg8wgu8wpv1bL1bH9bnbHTFyneOYA7W1y8it55K</latexit><latexit sha1_base64="ztkFO2axBIQrkMHgEpVis1xP+zk=">AAACE3icbVDNSgMxGPzW31r/qh69BEvBU9ktgnoQil48VnBtoV1KNpttQ7O7MckWy9LX0Ku+hyfx6gP4Gj6BabsH2zoQMsx8XzKMLzhT2ra/rZXVtfWNzcJWcXtnd2+/dHD4oJJUEuqShCey5WNFOYupq5nmtCUkxZHPadMf3Ez85pBKxZL4Xo8E9SLci1nICNZG8jqYiz5GV8iu2rVuqWyuKdAycXJShhyNbumnEyQkjWisCcdKtR1baC/DUjPC6bhY6aSKCkwGuEfbhsY4osrLpqnHqGKUAIWJNCfWaKoW/2xkOFJqFPlmMsK6rxa9ifif1051eOFlLBappjGZfRSmHOkETSpAAZOUaD4yBBPJTFhE+lhiok1Rcy8FQyZUnvppFtuU5CxWskzcWvWy6tydlevXeVsFOIYTOAUHzqEOt9AAFwg8wgu8wpv1bL1bH9bnbHTFyneOYA7W1y8it55K</latexit><latexit sha1_base64="ztkFO2axBIQrkMHgEpVis1xP+zk=">AAACE3icbVDNSgMxGPzW31r/qh69BEvBU9ktgnoQil48VnBtoV1KNpttQ7O7MckWy9LX0Ku+hyfx6gP4Gj6BabsH2zoQMsx8XzKMLzhT2ra/rZXVtfWNzcJWcXtnd2+/dHD4oJJUEuqShCey5WNFOYupq5nmtCUkxZHPadMf3Ez85pBKxZL4Xo8E9SLci1nICNZG8jqYiz5GV8iu2rVuqWyuKdAycXJShhyNbumnEyQkjWisCcdKtR1baC/DUjPC6bhY6aSKCkwGuEfbhsY4osrLpqnHqGKUAIWJNCfWaKoW/2xkOFJqFPlmMsK6rxa9ifif1051eOFlLBappjGZfRSmHOkETSpAAZOUaD4yBBPJTFhE+lhiok1Rcy8FQyZUnvppFtuU5CxWskzcWvWy6tydlevXeVsFOIYTOAUHzqEOt9AAFwg8wgu8wpv1bL1bH9bnbHTFyneOYA7W1y8it55K</latexit>

↵ = 0.004
<latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit><latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit><latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit><latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit><latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit>

xfo =
p
�e↵ ⇠ 22

<latexit sha1_base64="gUEs8q1kkBwLlsr62bQOZ9tS+tU="></latexit><latexit sha1_base64="gUEs8q1kkBwLlsr62bQOZ9tS+tU="></latexit><latexit sha1_base64="gUEs8q1kkBwLlsr62bQOZ9tS+tU="></latexit><latexit sha1_base64="gUEs8q1kkBwLlsr62bQOZ9tS+tU="></latexit><latexit sha1_base64="gUEs8q1kkBwLlsr62bQOZ9tS+tU="></latexit>

N = 2
<latexit sha1_base64="toVG/EK26ee/sNsYMRGd7dUInHc=">AAACCXicbVDNTgIxGPwW/xD/UI9eGgmJJ7JLTNSDCdGLJ4PRFRLYkG63Cw3d7qbtEgnhDfSq7+HJePUpfA2fwAJ7EHCSJpOZ72un4yecKW3b31ZuZXVtfSO/Wdja3tndK+4fPKo4lYS6JOaxbPpYUc4EdTXTnDYTSXHkc9rw+9cTvzGgUrFYPOhhQr0IdwULGcHaSPe3l9VOsWRX7CnQMnEyUoIM9U7xpx3EJI2o0IRjpVqOnWhvhKVmhNNxodxOFU0w6eMubRkqcESVN5pmHaOyUQIUxtIcodFULfzZGOFIqWHkm8kI655a9Cbif14r1eG5N2IiSTUVZPZQmHKkYzT5OAqYpETzoSGYSGbCItLDEhNt6pm7KRiwRGWpn2axTUnOYiXLxK1WLirO3WmpdpW1lYcjOIYTcOAManADdXCBQBde4BXerGfr3fqwPmejOSvbOYQ5WF+/3oqbBA==</latexit><latexit sha1_base64="toVG/EK26ee/sNsYMRGd7dUInHc=">AAACCXicbVDNTgIxGPwW/xD/UI9eGgmJJ7JLTNSDCdGLJ4PRFRLYkG63Cw3d7qbtEgnhDfSq7+HJePUpfA2fwAJ7EHCSJpOZ72un4yecKW3b31ZuZXVtfSO/Wdja3tndK+4fPKo4lYS6JOaxbPpYUc4EdTXTnDYTSXHkc9rw+9cTvzGgUrFYPOhhQr0IdwULGcHaSPe3l9VOsWRX7CnQMnEyUoIM9U7xpx3EJI2o0IRjpVqOnWhvhKVmhNNxodxOFU0w6eMubRkqcESVN5pmHaOyUQIUxtIcodFULfzZGOFIqWHkm8kI655a9Cbif14r1eG5N2IiSTUVZPZQmHKkYzT5OAqYpETzoSGYSGbCItLDEhNt6pm7KRiwRGWpn2axTUnOYiXLxK1WLirO3WmpdpW1lYcjOIYTcOAManADdXCBQBde4BXerGfr3fqwPmejOSvbOYQ5WF+/3oqbBA==</latexit><latexit sha1_base64="toVG/EK26ee/sNsYMRGd7dUInHc=">AAACCXicbVDNTgIxGPwW/xD/UI9eGgmJJ7JLTNSDCdGLJ4PRFRLYkG63Cw3d7qbtEgnhDfSq7+HJePUpfA2fwAJ7EHCSJpOZ72un4yecKW3b31ZuZXVtfSO/Wdja3tndK+4fPKo4lYS6JOaxbPpYUc4EdTXTnDYTSXHkc9rw+9cTvzGgUrFYPOhhQr0IdwULGcHaSPe3l9VOsWRX7CnQMnEyUoIM9U7xpx3EJI2o0IRjpVqOnWhvhKVmhNNxodxOFU0w6eMubRkqcESVN5pmHaOyUQIUxtIcodFULfzZGOFIqWHkm8kI655a9Cbif14r1eG5N2IiSTUVZPZQmHKkYzT5OAqYpETzoSGYSGbCItLDEhNt6pm7KRiwRGWpn2axTUnOYiXLxK1WLirO3WmpdpW1lYcjOIYTcOAManADdXCBQBde4BXerGfr3fqwPmejOSvbOYQ5WF+/3oqbBA==</latexit><latexit sha1_base64="toVG/EK26ee/sNsYMRGd7dUInHc=">AAACCXicbVDNTgIxGPwW/xD/UI9eGgmJJ7JLTNSDCdGLJ4PRFRLYkG63Cw3d7qbtEgnhDfSq7+HJePUpfA2fwAJ7EHCSJpOZ72un4yecKW3b31ZuZXVtfSO/Wdja3tndK+4fPKo4lYS6JOaxbPpYUc4EdTXTnDYTSXHkc9rw+9cTvzGgUrFYPOhhQr0IdwULGcHaSPe3l9VOsWRX7CnQMnEyUoIM9U7xpx3EJI2o0IRjpVqOnWhvhKVmhNNxodxOFU0w6eMubRkqcESVN5pmHaOyUQIUxtIcodFULfzZGOFIqWHkm8kI655a9Cbif14r1eG5N2IiSTUVZPZQmHKkYzT5OAqYpETzoSGYSGbCItLDEhNt6pm7KRiwRGWpn2axTUnOYiXLxK1WLirO3WmpdpW1lYcjOIYTcOAManADdXCBQBde4BXerGfr3fqwPmejOSvbOYQ5WF+/3oqbBA==</latexit><latexit sha1_base64="toVG/EK26ee/sNsYMRGd7dUInHc=">AAACCXicbVDNTgIxGPwW/xD/UI9eGgmJJ7JLTNSDCdGLJ4PRFRLYkG63Cw3d7qbtEgnhDfSq7+HJePUpfA2fwAJ7EHCSJpOZ72un4yecKW3b31ZuZXVtfSO/Wdja3tndK+4fPKo4lYS6JOaxbPpYUc4EdTXTnDYTSXHkc9rw+9cTvzGgUrFYPOhhQr0IdwULGcHaSPe3l9VOsWRX7CnQMnEyUoIM9U7xpx3EJI2o0IRjpVqOnWhvhKVmhNNxodxOFU0w6eMubRkqcESVN5pmHaOyUQIUxtIcodFULfzZGOFIqWHkm8kI655a9Cbif14r1eG5N2IiSTUVZPZQmHKkYzT5OAqYpETzoSGYSGbCItLDEhNt6pm7KRiwRGWpn2axTUnOYiXLxK1WLirO3WmpdpW1lYcjOIYTcOAManADdXCBQBde4BXerGfr3fqwPmejOSvbOYQ5WF+/3oqbBA==</latexit>

� ! �e↵ / �

N2
/ ↵2

N2
<latexit sha1_base64="A0sM3cz/IbSIkMw989iSkJojHXc="></latexit><latexit sha1_base64="A0sM3cz/IbSIkMw989iSkJojHXc="></latexit><latexit sha1_base64="A0sM3cz/IbSIkMw989iSkJojHXc="></latexit><latexit sha1_base64="A0sM3cz/IbSIkMw989iSkJojHXc="></latexit><latexit sha1_base64="A0sM3cz/IbSIkMw989iSkJojHXc="></latexit>



100 101 102 103 10410-26
10-21
10-16
10-11
10-6
10-1

m = 1010 GeV
<latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit><latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit><latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit><latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit><latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit>

�2 = 102H(m)
<latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit><latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit><latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit><latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit><latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit>

N = 10
<latexit sha1_base64="PVaG5b5Bzy/Iq6V69QxhGOECjt0=">AAACCnicbVDNSgMxGPy2/tX6V/XoJVgKnsquCOpBKHrxJBVcW2iXks1m29BsdkmyxVL6CHrV9/AkXn0JX8MnMNvuwbYOBIaZ70sm4yecKW3b31ZhZXVtfaO4Wdra3tndK+8fPKo4lYS6JOaxbPlYUc4EdTXTnLYSSXHkc9r0BzeZ3xxSqVgsHvQooV6Ee4KFjGCdSXdXjt0tV+yaPQVaJk5OKpCj0S3/dIKYpBEVmnCsVNuxE+2NsdSMcDopVTupogkmA9yjbUMFjqjyxtOwE1Q1SoDCWJojNJqqpT8bYxwpNYp8Mxlh3VeLXib+57VTHV54YyaSVFNBZg+FKUc6RtnPUcAkJZqPDMFEMhMWkT6WmGjTz9xNwZAlKk/9NIttSnIWK1km7mntsubcn1Xq13lbRTiCYzgBB86hDrfQABcI9OEFXuHNerberQ/rczZasPKdQ5iD9fULUUmbPQ==</latexit><latexit sha1_base64="PVaG5b5Bzy/Iq6V69QxhGOECjt0=">AAACCnicbVDNSgMxGPy2/tX6V/XoJVgKnsquCOpBKHrxJBVcW2iXks1m29BsdkmyxVL6CHrV9/AkXn0JX8MnMNvuwbYOBIaZ70sm4yecKW3b31ZhZXVtfaO4Wdra3tndK+8fPKo4lYS6JOaxbPlYUc4EdTXTnLYSSXHkc9r0BzeZ3xxSqVgsHvQooV6Ee4KFjGCdSXdXjt0tV+yaPQVaJk5OKpCj0S3/dIKYpBEVmnCsVNuxE+2NsdSMcDopVTupogkmA9yjbUMFjqjyxtOwE1Q1SoDCWJojNJqqpT8bYxwpNYp8Mxlh3VeLXib+57VTHV54YyaSVFNBZg+FKUc6RtnPUcAkJZqPDMFEMhMWkT6WmGjTz9xNwZAlKk/9NIttSnIWK1km7mntsubcn1Xq13lbRTiCYzgBB86hDrfQABcI9OEFXuHNerberQ/rczZasPKdQ5iD9fULUUmbPQ==</latexit><latexit sha1_base64="PVaG5b5Bzy/Iq6V69QxhGOECjt0=">AAACCnicbVDNSgMxGPy2/tX6V/XoJVgKnsquCOpBKHrxJBVcW2iXks1m29BsdkmyxVL6CHrV9/AkXn0JX8MnMNvuwbYOBIaZ70sm4yecKW3b31ZhZXVtfaO4Wdra3tndK+8fPKo4lYS6JOaxbPlYUc4EdTXTnLYSSXHkc9r0BzeZ3xxSqVgsHvQooV6Ee4KFjGCdSXdXjt0tV+yaPQVaJk5OKpCj0S3/dIKYpBEVmnCsVNuxE+2NsdSMcDopVTupogkmA9yjbUMFjqjyxtOwE1Q1SoDCWJojNJqqpT8bYxwpNYp8Mxlh3VeLXib+57VTHV54YyaSVFNBZg+FKUc6RtnPUcAkJZqPDMFEMhMWkT6WmGjTz9xNwZAlKk/9NIttSnIWK1km7mntsubcn1Xq13lbRTiCYzgBB86hDrfQABcI9OEFXuHNerberQ/rczZasPKdQ5iD9fULUUmbPQ==</latexit><latexit sha1_base64="PVaG5b5Bzy/Iq6V69QxhGOECjt0=">AAACCnicbVDNSgMxGPy2/tX6V/XoJVgKnsquCOpBKHrxJBVcW2iXks1m29BsdkmyxVL6CHrV9/AkXn0JX8MnMNvuwbYOBIaZ70sm4yecKW3b31ZhZXVtfaO4Wdra3tndK+8fPKo4lYS6JOaxbPlYUc4EdTXTnLYSSXHkc9r0BzeZ3xxSqVgsHvQooV6Ee4KFjGCdSXdXjt0tV+yaPQVaJk5OKpCj0S3/dIKYpBEVmnCsVNuxE+2NsdSMcDopVTupogkmA9yjbUMFjqjyxtOwE1Q1SoDCWJojNJqqpT8bYxwpNYp8Mxlh3VeLXib+57VTHV54YyaSVFNBZg+FKUc6RtnPUcAkJZqPDMFEMhMWkT6WmGjTz9xNwZAlKk/9NIttSnIWK1km7mntsubcn1Xq13lbRTiCYzgBB86hDrfQABcI9OEFXuHNerberQ/rczZasPKdQ5iD9fULUUmbPQ==</latexit><latexit sha1_base64="PVaG5b5Bzy/Iq6V69QxhGOECjt0=">AAACCnicbVDNSgMxGPy2/tX6V/XoJVgKnsquCOpBKHrxJBVcW2iXks1m29BsdkmyxVL6CHrV9/AkXn0JX8MnMNvuwbYOBIaZ70sm4yecKW3b31ZhZXVtfaO4Wdra3tndK+8fPKo4lYS6JOaxbPlYUc4EdTXTnLYSSXHkc9r0BzeZ3xxSqVgsHvQooV6Ee4KFjGCdSXdXjt0tV+yaPQVaJk5OKpCj0S3/dIKYpBEVmnCsVNuxE+2NsdSMcDopVTupogkmA9yjbUMFjqjyxtOwE1Q1SoDCWJojNJqqpT8bYxwpNYp8Mxlh3VeLXib+57VTHV54YyaSVFNBZg+FKUc6RtnPUcAkJZqPDMFEMhMWkT6WmGjTz9xNwZAlKk/9NIttSnIWK1km7mntsubcn1Xq13lbRTiCYzgBB86hDrfQABcI9OEFXuHNerberQ/rczZasPKdQ5iD9fULUUmbPQ==</latexit>

↵ = 0.02
<latexit sha1_base64="ztkFO2axBIQrkMHgEpVis1xP+zk=">AAACE3icbVDNSgMxGPzW31r/qh69BEvBU9ktgnoQil48VnBtoV1KNpttQ7O7MckWy9LX0Ku+hyfx6gP4Gj6BabsH2zoQMsx8XzKMLzhT2ra/rZXVtfWNzcJWcXtnd2+/dHD4oJJUEuqShCey5WNFOYupq5nmtCUkxZHPadMf3Ez85pBKxZL4Xo8E9SLci1nICNZG8jqYiz5GV8iu2rVuqWyuKdAycXJShhyNbumnEyQkjWisCcdKtR1baC/DUjPC6bhY6aSKCkwGuEfbhsY4osrLpqnHqGKUAIWJNCfWaKoW/2xkOFJqFPlmMsK6rxa9ifif1051eOFlLBappjGZfRSmHOkETSpAAZOUaD4yBBPJTFhE+lhiok1Rcy8FQyZUnvppFtuU5CxWskzcWvWy6tydlevXeVsFOIYTOAUHzqEOt9AAFwg8wgu8wpv1bL1bH9bnbHTFyneOYA7W1y8it55K</latexit><latexit sha1_base64="ztkFO2axBIQrkMHgEpVis1xP+zk=">AAACE3icbVDNSgMxGPzW31r/qh69BEvBU9ktgnoQil48VnBtoV1KNpttQ7O7MckWy9LX0Ku+hyfx6gP4Gj6BabsH2zoQMsx8XzKMLzhT2ra/rZXVtfWNzcJWcXtnd2+/dHD4oJJUEuqShCey5WNFOYupq5nmtCUkxZHPadMf3Ez85pBKxZL4Xo8E9SLci1nICNZG8jqYiz5GV8iu2rVuqWyuKdAycXJShhyNbumnEyQkjWisCcdKtR1baC/DUjPC6bhY6aSKCkwGuEfbhsY4osrLpqnHqGKUAIWJNCfWaKoW/2xkOFJqFPlmMsK6rxa9ifif1051eOFlLBappjGZfRSmHOkETSpAAZOUaD4yBBPJTFhE+lhiok1Rcy8FQyZUnvppFtuU5CxWskzcWvWy6tydlevXeVsFOIYTOAUHzqEOt9AAFwg8wgu8wpv1bL1bH9bnbHTFyneOYA7W1y8it55K</latexit><latexit sha1_base64="ztkFO2axBIQrkMHgEpVis1xP+zk=">AAACE3icbVDNSgMxGPzW31r/qh69BEvBU9ktgnoQil48VnBtoV1KNpttQ7O7MckWy9LX0Ku+hyfx6gP4Gj6BabsH2zoQMsx8XzKMLzhT2ra/rZXVtfWNzcJWcXtnd2+/dHD4oJJUEuqShCey5WNFOYupq5nmtCUkxZHPadMf3Ez85pBKxZL4Xo8E9SLci1nICNZG8jqYiz5GV8iu2rVuqWyuKdAycXJShhyNbumnEyQkjWisCcdKtR1baC/DUjPC6bhY6aSKCkwGuEfbhsY4osrLpqnHqGKUAIWJNCfWaKoW/2xkOFJqFPlmMsK6rxa9ifif1051eOFlLBappjGZfRSmHOkETSpAAZOUaD4yBBPJTFhE+lhiok1Rcy8FQyZUnvppFtuU5CxWskzcWvWy6tydlevXeVsFOIYTOAUHzqEOt9AAFwg8wgu8wpv1bL1bH9bnbHTFyneOYA7W1y8it55K</latexit><latexit sha1_base64="ztkFO2axBIQrkMHgEpVis1xP+zk=">AAACE3icbVDNSgMxGPzW31r/qh69BEvBU9ktgnoQil48VnBtoV1KNpttQ7O7MckWy9LX0Ku+hyfx6gP4Gj6BabsH2zoQMsx8XzKMLzhT2ra/rZXVtfWNzcJWcXtnd2+/dHD4oJJUEuqShCey5WNFOYupq5nmtCUkxZHPadMf3Ez85pBKxZL4Xo8E9SLci1nICNZG8jqYiz5GV8iu2rVuqWyuKdAycXJShhyNbumnEyQkjWisCcdKtR1baC/DUjPC6bhY6aSKCkwGuEfbhsY4osrLpqnHqGKUAIWJNCfWaKoW/2xkOFJqFPlmMsK6rxa9ifif1051eOFlLBappjGZfRSmHOkETSpAAZOUaD4yBBPJTFhE+lhiok1Rcy8FQyZUnvppFtuU5CxWskzcWvWy6tydlevXeVsFOIYTOAUHzqEOt9AAFwg8wgu8wpv1bL1bH9bnbHTFyneOYA7W1y8it55K</latexit><latexit sha1_base64="ztkFO2axBIQrkMHgEpVis1xP+zk=">AAACE3icbVDNSgMxGPzW31r/qh69BEvBU9ktgnoQil48VnBtoV1KNpttQ7O7MckWy9LX0Ku+hyfx6gP4Gj6BabsH2zoQMsx8XzKMLzhT2ra/rZXVtfWNzcJWcXtnd2+/dHD4oJJUEuqShCey5WNFOYupq5nmtCUkxZHPadMf3Ez85pBKxZL4Xo8E9SLci1nICNZG8jqYiz5GV8iu2rVuqWyuKdAycXJShhyNbumnEyQkjWisCcdKtR1baC/DUjPC6bhY6aSKCkwGuEfbhsY4osrLpqnHqGKUAIWJNCfWaKoW/2xkOFJqFPlmMsK6rxa9ifif1051eOFlLBappjGZfRSmHOkETSpAAZOUaD4yBBPJTFhE+lhiok1Rcy8FQyZUnvppFtuU5CxWskzcWvWy6tydlevXeVsFOIYTOAUHzqEOt9AAFwg8wgu8wpv1bL1bH9bnbHTFyneOYA7W1y8it55K</latexit>

↵ = 0.004
<latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit><latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit><latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit><latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit><latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit>

xfo =
p
�e↵ ⇠ 22

<latexit sha1_base64="gUEs8q1kkBwLlsr62bQOZ9tS+tU="></latexit><latexit sha1_base64="gUEs8q1kkBwLlsr62bQOZ9tS+tU="></latexit><latexit sha1_base64="gUEs8q1kkBwLlsr62bQOZ9tS+tU="></latexit><latexit sha1_base64="gUEs8q1kkBwLlsr62bQOZ9tS+tU="></latexit><latexit sha1_base64="gUEs8q1kkBwLlsr62bQOZ9tS+tU="></latexit>

Yj(x) ' Yeq(xfo) exp


�e↵

x
� �e↵

xfo

�

<latexit sha1_base64="1EPFlGffaFn/2TfzBz+z5OUnZms="></latexit><latexit sha1_base64="1EPFlGffaFn/2TfzBz+z5OUnZms="></latexit><latexit sha1_base64="1EPFlGffaFn/2TfzBz+z5OUnZms="></latexit><latexit sha1_base64="1EPFlGffaFn/2TfzBz+z5OUnZms="></latexit><latexit sha1_base64="1EPFlGffaFn/2TfzBz+z5OUnZms="></latexit>

N = 2
<latexit sha1_base64="toVG/EK26ee/sNsYMRGd7dUInHc=">AAACCXicbVDNTgIxGPwW/xD/UI9eGgmJJ7JLTNSDCdGLJ4PRFRLYkG63Cw3d7qbtEgnhDfSq7+HJePUpfA2fwAJ7EHCSJpOZ72un4yecKW3b31ZuZXVtfSO/Wdja3tndK+4fPKo4lYS6JOaxbPpYUc4EdTXTnDYTSXHkc9rw+9cTvzGgUrFYPOhhQr0IdwULGcHaSPe3l9VOsWRX7CnQMnEyUoIM9U7xpx3EJI2o0IRjpVqOnWhvhKVmhNNxodxOFU0w6eMubRkqcESVN5pmHaOyUQIUxtIcodFULfzZGOFIqWHkm8kI655a9Cbif14r1eG5N2IiSTUVZPZQmHKkYzT5OAqYpETzoSGYSGbCItLDEhNt6pm7KRiwRGWpn2axTUnOYiXLxK1WLirO3WmpdpW1lYcjOIYTcOAManADdXCBQBde4BXerGfr3fqwPmejOSvbOYQ5WF+/3oqbBA==</latexit><latexit sha1_base64="toVG/EK26ee/sNsYMRGd7dUInHc=">AAACCXicbVDNTgIxGPwW/xD/UI9eGgmJJ7JLTNSDCdGLJ4PRFRLYkG63Cw3d7qbtEgnhDfSq7+HJePUpfA2fwAJ7EHCSJpOZ72un4yecKW3b31ZuZXVtfSO/Wdja3tndK+4fPKo4lYS6JOaxbPpYUc4EdTXTnDYTSXHkc9rw+9cTvzGgUrFYPOhhQr0IdwULGcHaSPe3l9VOsWRX7CnQMnEyUoIM9U7xpx3EJI2o0IRjpVqOnWhvhKVmhNNxodxOFU0w6eMubRkqcESVN5pmHaOyUQIUxtIcodFULfzZGOFIqWHkm8kI655a9Cbif14r1eG5N2IiSTUVZPZQmHKkYzT5OAqYpETzoSGYSGbCItLDEhNt6pm7KRiwRGWpn2axTUnOYiXLxK1WLirO3WmpdpW1lYcjOIYTcOAManADdXCBQBde4BXerGfr3fqwPmejOSvbOYQ5WF+/3oqbBA==</latexit><latexit sha1_base64="toVG/EK26ee/sNsYMRGd7dUInHc=">AAACCXicbVDNTgIxGPwW/xD/UI9eGgmJJ7JLTNSDCdGLJ4PRFRLYkG63Cw3d7qbtEgnhDfSq7+HJePUpfA2fwAJ7EHCSJpOZ72un4yecKW3b31ZuZXVtfSO/Wdja3tndK+4fPKo4lYS6JOaxbPpYUc4EdTXTnDYTSXHkc9rw+9cTvzGgUrFYPOhhQr0IdwULGcHaSPe3l9VOsWRX7CnQMnEyUoIM9U7xpx3EJI2o0IRjpVqOnWhvhKVmhNNxodxOFU0w6eMubRkqcESVN5pmHaOyUQIUxtIcodFULfzZGOFIqWHkm8kI655a9Cbif14r1eG5N2IiSTUVZPZQmHKkYzT5OAqYpETzoSGYSGbCItLDEhNt6pm7KRiwRGWpn2axTUnOYiXLxK1WLirO3WmpdpW1lYcjOIYTcOAManADdXCBQBde4BXerGfr3fqwPmejOSvbOYQ5WF+/3oqbBA==</latexit><latexit sha1_base64="toVG/EK26ee/sNsYMRGd7dUInHc=">AAACCXicbVDNTgIxGPwW/xD/UI9eGgmJJ7JLTNSDCdGLJ4PRFRLYkG63Cw3d7qbtEgnhDfSq7+HJePUpfA2fwAJ7EHCSJpOZ72un4yecKW3b31ZuZXVtfSO/Wdja3tndK+4fPKo4lYS6JOaxbPpYUc4EdTXTnDYTSXHkc9rw+9cTvzGgUrFYPOhhQr0IdwULGcHaSPe3l9VOsWRX7CnQMnEyUoIM9U7xpx3EJI2o0IRjpVqOnWhvhKVmhNNxodxOFU0w6eMubRkqcESVN5pmHaOyUQIUxtIcodFULfzZGOFIqWHkm8kI655a9Cbif14r1eG5N2IiSTUVZPZQmHKkYzT5OAqYpETzoSGYSGbCItLDEhNt6pm7KRiwRGWpn2axTUnOYiXLxK1WLirO3WmpdpW1lYcjOIYTcOAManADdXCBQBde4BXerGfr3fqwPmejOSvbOYQ5WF+/3oqbBA==</latexit><latexit sha1_base64="toVG/EK26ee/sNsYMRGd7dUInHc=">AAACCXicbVDNTgIxGPwW/xD/UI9eGgmJJ7JLTNSDCdGLJ4PRFRLYkG63Cw3d7qbtEgnhDfSq7+HJePUpfA2fwAJ7EHCSJpOZ72un4yecKW3b31ZuZXVtfSO/Wdja3tndK+4fPKo4lYS6JOaxbPpYUc4EdTXTnDYTSXHkc9rw+9cTvzGgUrFYPOhhQr0IdwULGcHaSPe3l9VOsWRX7CnQMnEyUoIM9U7xpx3EJI2o0IRjpVqOnWhvhKVmhNNxodxOFU0w6eMubRkqcESVN5pmHaOyUQIUxtIcodFULfzZGOFIqWHkm8kI655a9Cbif14r1eG5N2IiSTUVZPZQmHKkYzT5OAqYpETzoSGYSGbCItLDEhNt6pm7KRiwRGWpn2axTUnOYiXLxK1WLirO3WmpdpW1lYcjOIYTcOAManADdXCBQBde4BXerGfr3fqwPmejOSvbOYQ5WF+/3oqbBA==</latexit>

� ! �e↵ / �

N2
/ ↵2

N2
<latexit sha1_base64="A0sM3cz/IbSIkMw989iSkJojHXc="></latexit><latexit sha1_base64="A0sM3cz/IbSIkMw989iSkJojHXc="></latexit><latexit sha1_base64="A0sM3cz/IbSIkMw989iSkJojHXc="></latexit><latexit sha1_base64="A0sM3cz/IbSIkMw989iSkJojHXc="></latexit><latexit sha1_base64="A0sM3cz/IbSIkMw989iSkJojHXc="></latexit>



100 101 102 103 10410-26
10-21
10-16
10-11
10-6
10-1

m = 1010 GeV
<latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit><latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit><latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit><latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit><latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit>

�2 = 102H(m)
<latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit><latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit><latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit><latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit><latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit>

N = 10
<latexit sha1_base64="PVaG5b5Bzy/Iq6V69QxhGOECjt0=">AAACCnicbVDNSgMxGPy2/tX6V/XoJVgKnsquCOpBKHrxJBVcW2iXks1m29BsdkmyxVL6CHrV9/AkXn0JX8MnMNvuwbYOBIaZ70sm4yecKW3b31ZhZXVtfaO4Wdra3tndK+8fPKo4lYS6JOaxbPlYUc4EdTXTnLYSSXHkc9r0BzeZ3xxSqVgsHvQooV6Ee4KFjGCdSXdXjt0tV+yaPQVaJk5OKpCj0S3/dIKYpBEVmnCsVNuxE+2NsdSMcDopVTupogkmA9yjbUMFjqjyxtOwE1Q1SoDCWJojNJqqpT8bYxwpNYp8Mxlh3VeLXib+57VTHV54YyaSVFNBZg+FKUc6RtnPUcAkJZqPDMFEMhMWkT6WmGjTz9xNwZAlKk/9NIttSnIWK1km7mntsubcn1Xq13lbRTiCYzgBB86hDrfQABcI9OEFXuHNerberQ/rczZasPKdQ5iD9fULUUmbPQ==</latexit><latexit sha1_base64="PVaG5b5Bzy/Iq6V69QxhGOECjt0=">AAACCnicbVDNSgMxGPy2/tX6V/XoJVgKnsquCOpBKHrxJBVcW2iXks1m29BsdkmyxVL6CHrV9/AkXn0JX8MnMNvuwbYOBIaZ70sm4yecKW3b31ZhZXVtfaO4Wdra3tndK+8fPKo4lYS6JOaxbPlYUc4EdTXTnLYSSXHkc9r0BzeZ3xxSqVgsHvQooV6Ee4KFjGCdSXdXjt0tV+yaPQVaJk5OKpCj0S3/dIKYpBEVmnCsVNuxE+2NsdSMcDopVTupogkmA9yjbUMFjqjyxtOwE1Q1SoDCWJojNJqqpT8bYxwpNYp8Mxlh3VeLXib+57VTHV54YyaSVFNBZg+FKUc6RtnPUcAkJZqPDMFEMhMWkT6WmGjTz9xNwZAlKk/9NIttSnIWK1km7mntsubcn1Xq13lbRTiCYzgBB86hDrfQABcI9OEFXuHNerberQ/rczZasPKdQ5iD9fULUUmbPQ==</latexit><latexit sha1_base64="PVaG5b5Bzy/Iq6V69QxhGOECjt0=">AAACCnicbVDNSgMxGPy2/tX6V/XoJVgKnsquCOpBKHrxJBVcW2iXks1m29BsdkmyxVL6CHrV9/AkXn0JX8MnMNvuwbYOBIaZ70sm4yecKW3b31ZhZXVtfaO4Wdra3tndK+8fPKo4lYS6JOaxbPlYUc4EdTXTnLYSSXHkc9r0BzeZ3xxSqVgsHvQooV6Ee4KFjGCdSXdXjt0tV+yaPQVaJk5OKpCj0S3/dIKYpBEVmnCsVNuxE+2NsdSMcDopVTupogkmA9yjbUMFjqjyxtOwE1Q1SoDCWJojNJqqpT8bYxwpNYp8Mxlh3VeLXib+57VTHV54YyaSVFNBZg+FKUc6RtnPUcAkJZqPDMFEMhMWkT6WmGjTz9xNwZAlKk/9NIttSnIWK1km7mntsubcn1Xq13lbRTiCYzgBB86hDrfQABcI9OEFXuHNerberQ/rczZasPKdQ5iD9fULUUmbPQ==</latexit><latexit sha1_base64="PVaG5b5Bzy/Iq6V69QxhGOECjt0=">AAACCnicbVDNSgMxGPy2/tX6V/XoJVgKnsquCOpBKHrxJBVcW2iXks1m29BsdkmyxVL6CHrV9/AkXn0JX8MnMNvuwbYOBIaZ70sm4yecKW3b31ZhZXVtfaO4Wdra3tndK+8fPKo4lYS6JOaxbPlYUc4EdTXTnLYSSXHkc9r0BzeZ3xxSqVgsHvQooV6Ee4KFjGCdSXdXjt0tV+yaPQVaJk5OKpCj0S3/dIKYpBEVmnCsVNuxE+2NsdSMcDopVTupogkmA9yjbUMFjqjyxtOwE1Q1SoDCWJojNJqqpT8bYxwpNYp8Mxlh3VeLXib+57VTHV54YyaSVFNBZg+FKUc6RtnPUcAkJZqPDMFEMhMWkT6WmGjTz9xNwZAlKk/9NIttSnIWK1km7mntsubcn1Xq13lbRTiCYzgBB86hDrfQABcI9OEFXuHNerberQ/rczZasPKdQ5iD9fULUUmbPQ==</latexit><latexit sha1_base64="PVaG5b5Bzy/Iq6V69QxhGOECjt0=">AAACCnicbVDNSgMxGPy2/tX6V/XoJVgKnsquCOpBKHrxJBVcW2iXks1m29BsdkmyxVL6CHrV9/AkXn0JX8MnMNvuwbYOBIaZ70sm4yecKW3b31ZhZXVtfaO4Wdra3tndK+8fPKo4lYS6JOaxbPlYUc4EdTXTnLYSSXHkc9r0BzeZ3xxSqVgsHvQooV6Ee4KFjGCdSXdXjt0tV+yaPQVaJk5OKpCj0S3/dIKYpBEVmnCsVNuxE+2NsdSMcDopVTupogkmA9yjbUMFjqjyxtOwE1Q1SoDCWJojNJqqpT8bYxwpNYp8Mxlh3VeLXib+57VTHV54YyaSVFNBZg+FKUc6RtnPUcAkJZqPDMFEMhMWkT6WmGjTz9xNwZAlKk/9NIttSnIWK1km7mntsubcn1Xq13lbRTiCYzgBB86hDrfQABcI9OEFXuHNerberQ/rczZasPKdQ5iD9fULUUmbPQ==</latexit>

↵ = 0.02
<latexit sha1_base64="ztkFO2axBIQrkMHgEpVis1xP+zk=">AAACE3icbVDNSgMxGPzW31r/qh69BEvBU9ktgnoQil48VnBtoV1KNpttQ7O7MckWy9LX0Ku+hyfx6gP4Gj6BabsH2zoQMsx8XzKMLzhT2ra/rZXVtfWNzcJWcXtnd2+/dHD4oJJUEuqShCey5WNFOYupq5nmtCUkxZHPadMf3Ez85pBKxZL4Xo8E9SLci1nICNZG8jqYiz5GV8iu2rVuqWyuKdAycXJShhyNbumnEyQkjWisCcdKtR1baC/DUjPC6bhY6aSKCkwGuEfbhsY4osrLpqnHqGKUAIWJNCfWaKoW/2xkOFJqFPlmMsK6rxa9ifif1051eOFlLBappjGZfRSmHOkETSpAAZOUaD4yBBPJTFhE+lhiok1Rcy8FQyZUnvppFtuU5CxWskzcWvWy6tydlevXeVsFOIYTOAUHzqEOt9AAFwg8wgu8wpv1bL1bH9bnbHTFyneOYA7W1y8it55K</latexit><latexit sha1_base64="ztkFO2axBIQrkMHgEpVis1xP+zk=">AAACE3icbVDNSgMxGPzW31r/qh69BEvBU9ktgnoQil48VnBtoV1KNpttQ7O7MckWy9LX0Ku+hyfx6gP4Gj6BabsH2zoQMsx8XzKMLzhT2ra/rZXVtfWNzcJWcXtnd2+/dHD4oJJUEuqShCey5WNFOYupq5nmtCUkxZHPadMf3Ez85pBKxZL4Xo8E9SLci1nICNZG8jqYiz5GV8iu2rVuqWyuKdAycXJShhyNbumnEyQkjWisCcdKtR1baC/DUjPC6bhY6aSKCkwGuEfbhsY4osrLpqnHqGKUAIWJNCfWaKoW/2xkOFJqFPlmMsK6rxa9ifif1051eOFlLBappjGZfRSmHOkETSpAAZOUaD4yBBPJTFhE+lhiok1Rcy8FQyZUnvppFtuU5CxWskzcWvWy6tydlevXeVsFOIYTOAUHzqEOt9AAFwg8wgu8wpv1bL1bH9bnbHTFyneOYA7W1y8it55K</latexit><latexit sha1_base64="ztkFO2axBIQrkMHgEpVis1xP+zk=">AAACE3icbVDNSgMxGPzW31r/qh69BEvBU9ktgnoQil48VnBtoV1KNpttQ7O7MckWy9LX0Ku+hyfx6gP4Gj6BabsH2zoQMsx8XzKMLzhT2ra/rZXVtfWNzcJWcXtnd2+/dHD4oJJUEuqShCey5WNFOYupq5nmtCUkxZHPadMf3Ez85pBKxZL4Xo8E9SLci1nICNZG8jqYiz5GV8iu2rVuqWyuKdAycXJShhyNbumnEyQkjWisCcdKtR1baC/DUjPC6bhY6aSKCkwGuEfbhsY4osrLpqnHqGKUAIWJNCfWaKoW/2xkOFJqFPlmMsK6rxa9ifif1051eOFlLBappjGZfRSmHOkETSpAAZOUaD4yBBPJTFhE+lhiok1Rcy8FQyZUnvppFtuU5CxWskzcWvWy6tydlevXeVsFOIYTOAUHzqEOt9AAFwg8wgu8wpv1bL1bH9bnbHTFyneOYA7W1y8it55K</latexit><latexit sha1_base64="ztkFO2axBIQrkMHgEpVis1xP+zk=">AAACE3icbVDNSgMxGPzW31r/qh69BEvBU9ktgnoQil48VnBtoV1KNpttQ7O7MckWy9LX0Ku+hyfx6gP4Gj6BabsH2zoQMsx8XzKMLzhT2ra/rZXVtfWNzcJWcXtnd2+/dHD4oJJUEuqShCey5WNFOYupq5nmtCUkxZHPadMf3Ez85pBKxZL4Xo8E9SLci1nICNZG8jqYiz5GV8iu2rVuqWyuKdAycXJShhyNbumnEyQkjWisCcdKtR1baC/DUjPC6bhY6aSKCkwGuEfbhsY4osrLpqnHqGKUAIWJNCfWaKoW/2xkOFJqFPlmMsK6rxa9ifif1051eOFlLBappjGZfRSmHOkETSpAAZOUaD4yBBPJTFhE+lhiok1Rcy8FQyZUnvppFtuU5CxWskzcWvWy6tydlevXeVsFOIYTOAUHzqEOt9AAFwg8wgu8wpv1bL1bH9bnbHTFyneOYA7W1y8it55K</latexit><latexit sha1_base64="ztkFO2axBIQrkMHgEpVis1xP+zk=">AAACE3icbVDNSgMxGPzW31r/qh69BEvBU9ktgnoQil48VnBtoV1KNpttQ7O7MckWy9LX0Ku+hyfx6gP4Gj6BabsH2zoQMsx8XzKMLzhT2ra/rZXVtfWNzcJWcXtnd2+/dHD4oJJUEuqShCey5WNFOYupq5nmtCUkxZHPadMf3Ez85pBKxZL4Xo8E9SLci1nICNZG8jqYiz5GV8iu2rVuqWyuKdAycXJShhyNbumnEyQkjWisCcdKtR1baC/DUjPC6bhY6aSKCkwGuEfbhsY4osrLpqnHqGKUAIWJNCfWaKoW/2xkOFJqFPlmMsK6rxa9ifif1051eOFlLBappjGZfRSmHOkETSpAAZOUaD4yBBPJTFhE+lhiok1Rcy8FQyZUnvppFtuU5CxWskzcWvWy6tydlevXeVsFOIYTOAUHzqEOt9AAFwg8wgu8wpv1bL1bH9bnbHTFyneOYA7W1y8it55K</latexit>

↵ = 0.004
<latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit><latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit><latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit><latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit><latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit>

xfo =
p
�e↵ ⇠ 22

<latexit sha1_base64="gUEs8q1kkBwLlsr62bQOZ9tS+tU="></latexit><latexit sha1_base64="gUEs8q1kkBwLlsr62bQOZ9tS+tU="></latexit><latexit sha1_base64="gUEs8q1kkBwLlsr62bQOZ9tS+tU="></latexit><latexit sha1_base64="gUEs8q1kkBwLlsr62bQOZ9tS+tU="></latexit><latexit sha1_base64="gUEs8q1kkBwLlsr62bQOZ9tS+tU="></latexit>

xfin = �e↵ ⇠ 470
<latexit sha1_base64="BUlhn3M0WHhwUVAwTY3TNq5JQaw="></latexit><latexit sha1_base64="BUlhn3M0WHhwUVAwTY3TNq5JQaw="></latexit><latexit sha1_base64="BUlhn3M0WHhwUVAwTY3TNq5JQaw="></latexit><latexit sha1_base64="BUlhn3M0WHhwUVAwTY3TNq5JQaw="></latexit><latexit sha1_base64="BUlhn3M0WHhwUVAwTY3TNq5JQaw="></latexit>

Yj(x) ' Yeq(xfo) exp


�e↵

x
� �e↵

xfo

�

<latexit sha1_base64="1EPFlGffaFn/2TfzBz+z5OUnZms="></latexit><latexit sha1_base64="1EPFlGffaFn/2TfzBz+z5OUnZms="></latexit><latexit sha1_base64="1EPFlGffaFn/2TfzBz+z5OUnZms="></latexit><latexit sha1_base64="1EPFlGffaFn/2TfzBz+z5OUnZms="></latexit><latexit sha1_base64="1EPFlGffaFn/2TfzBz+z5OUnZms="></latexit>

N = 2
<latexit sha1_base64="toVG/EK26ee/sNsYMRGd7dUInHc=">AAACCXicbVDNTgIxGPwW/xD/UI9eGgmJJ7JLTNSDCdGLJ4PRFRLYkG63Cw3d7qbtEgnhDfSq7+HJePUpfA2fwAJ7EHCSJpOZ72un4yecKW3b31ZuZXVtfSO/Wdja3tndK+4fPKo4lYS6JOaxbPpYUc4EdTXTnDYTSXHkc9rw+9cTvzGgUrFYPOhhQr0IdwULGcHaSPe3l9VOsWRX7CnQMnEyUoIM9U7xpx3EJI2o0IRjpVqOnWhvhKVmhNNxodxOFU0w6eMubRkqcESVN5pmHaOyUQIUxtIcodFULfzZGOFIqWHkm8kI655a9Cbif14r1eG5N2IiSTUVZPZQmHKkYzT5OAqYpETzoSGYSGbCItLDEhNt6pm7KRiwRGWpn2axTUnOYiXLxK1WLirO3WmpdpW1lYcjOIYTcOAManADdXCBQBde4BXerGfr3fqwPmejOSvbOYQ5WF+/3oqbBA==</latexit><latexit sha1_base64="toVG/EK26ee/sNsYMRGd7dUInHc=">AAACCXicbVDNTgIxGPwW/xD/UI9eGgmJJ7JLTNSDCdGLJ4PRFRLYkG63Cw3d7qbtEgnhDfSq7+HJePUpfA2fwAJ7EHCSJpOZ72un4yecKW3b31ZuZXVtfSO/Wdja3tndK+4fPKo4lYS6JOaxbPpYUc4EdTXTnDYTSXHkc9rw+9cTvzGgUrFYPOhhQr0IdwULGcHaSPe3l9VOsWRX7CnQMnEyUoIM9U7xpx3EJI2o0IRjpVqOnWhvhKVmhNNxodxOFU0w6eMubRkqcESVN5pmHaOyUQIUxtIcodFULfzZGOFIqWHkm8kI655a9Cbif14r1eG5N2IiSTUVZPZQmHKkYzT5OAqYpETzoSGYSGbCItLDEhNt6pm7KRiwRGWpn2axTUnOYiXLxK1WLirO3WmpdpW1lYcjOIYTcOAManADdXCBQBde4BXerGfr3fqwPmejOSvbOYQ5WF+/3oqbBA==</latexit><latexit sha1_base64="toVG/EK26ee/sNsYMRGd7dUInHc=">AAACCXicbVDNTgIxGPwW/xD/UI9eGgmJJ7JLTNSDCdGLJ4PRFRLYkG63Cw3d7qbtEgnhDfSq7+HJePUpfA2fwAJ7EHCSJpOZ72un4yecKW3b31ZuZXVtfSO/Wdja3tndK+4fPKo4lYS6JOaxbPpYUc4EdTXTnDYTSXHkc9rw+9cTvzGgUrFYPOhhQr0IdwULGcHaSPe3l9VOsWRX7CnQMnEyUoIM9U7xpx3EJI2o0IRjpVqOnWhvhKVmhNNxodxOFU0w6eMubRkqcESVN5pmHaOyUQIUxtIcodFULfzZGOFIqWHkm8kI655a9Cbif14r1eG5N2IiSTUVZPZQmHKkYzT5OAqYpETzoSGYSGbCItLDEhNt6pm7KRiwRGWpn2axTUnOYiXLxK1WLirO3WmpdpW1lYcjOIYTcOAManADdXCBQBde4BXerGfr3fqwPmejOSvbOYQ5WF+/3oqbBA==</latexit><latexit sha1_base64="toVG/EK26ee/sNsYMRGd7dUInHc=">AAACCXicbVDNTgIxGPwW/xD/UI9eGgmJJ7JLTNSDCdGLJ4PRFRLYkG63Cw3d7qbtEgnhDfSq7+HJePUpfA2fwAJ7EHCSJpOZ72un4yecKW3b31ZuZXVtfSO/Wdja3tndK+4fPKo4lYS6JOaxbPpYUc4EdTXTnDYTSXHkc9rw+9cTvzGgUrFYPOhhQr0IdwULGcHaSPe3l9VOsWRX7CnQMnEyUoIM9U7xpx3EJI2o0IRjpVqOnWhvhKVmhNNxodxOFU0w6eMubRkqcESVN5pmHaOyUQIUxtIcodFULfzZGOFIqWHkm8kI655a9Cbif14r1eG5N2IiSTUVZPZQmHKkYzT5OAqYpETzoSGYSGbCItLDEhNt6pm7KRiwRGWpn2axTUnOYiXLxK1WLirO3WmpdpW1lYcjOIYTcOAManADdXCBQBde4BXerGfr3fqwPmejOSvbOYQ5WF+/3oqbBA==</latexit><latexit sha1_base64="toVG/EK26ee/sNsYMRGd7dUInHc=">AAACCXicbVDNTgIxGPwW/xD/UI9eGgmJJ7JLTNSDCdGLJ4PRFRLYkG63Cw3d7qbtEgnhDfSq7+HJePUpfA2fwAJ7EHCSJpOZ72un4yecKW3b31ZuZXVtfSO/Wdja3tndK+4fPKo4lYS6JOaxbPpYUc4EdTXTnDYTSXHkc9rw+9cTvzGgUrFYPOhhQr0IdwULGcHaSPe3l9VOsWRX7CnQMnEyUoIM9U7xpx3EJI2o0IRjpVqOnWhvhKVmhNNxodxOFU0w6eMubRkqcESVN5pmHaOyUQIUxtIcodFULfzZGOFIqWHkm8kI655a9Cbif14r1eG5N2IiSTUVZPZQmHKkYzT5OAqYpETzoSGYSGbCItLDEhNt6pm7KRiwRGWpn2axTUnOYiXLxK1WLirO3WmpdpW1lYcjOIYTcOAManADdXCBQBde4BXerGfr3fqwPmejOSvbOYQ5WF+/3oqbBA==</latexit>

� ! �e↵ / �

N2
/ ↵2

N2
<latexit sha1_base64="A0sM3cz/IbSIkMw989iSkJojHXc="></latexit><latexit sha1_base64="A0sM3cz/IbSIkMw989iSkJojHXc="></latexit><latexit sha1_base64="A0sM3cz/IbSIkMw989iSkJojHXc="></latexit><latexit sha1_base64="A0sM3cz/IbSIkMw989iSkJojHXc="></latexit><latexit sha1_base64="A0sM3cz/IbSIkMw989iSkJojHXc="></latexit>



100 101 102 103 10410-26
10-21
10-16
10-11
10-6
10-1

m = 1010 GeV
<latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit><latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit><latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit><latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit><latexit sha1_base64="SXPyl6/g+o43EfhjB4WrXVi/Ucg=">AAACHnicbVBPS8MwHE39O+e/quDFS3AMPMhoRVAPwtCDHifYbbDWkabZFpa0JUmHo/bD6FW/hyfxql/DT2C29eA2HwQe7/1+ycvzY0alsqxvY2FxaXlltbBWXN/Y3No2d3brMkoEJg6OWCSaPpKE0ZA4iipGmrEgiPuMNPz+9chvDIiQNArv1TAmHkfdkHYoRkpLbXOfw0toWw+pbWXuceoKDm9IPWubJatijQHniZ2TEshRa5s/bhDhhJNQYYakbNlWrLwUCUUxI1mx7CaSxAj3UZe0NA0RJ9JLxx/IYFkrAexEQp9QwbFa/LORIi7lkPt6kiPVk7PeSPzPayWqc+6lNIwTRUI8eaiTMKgiOGoDBlQQrNhQE4QF1WEh7iGBsNKdTd0UDGgs89SPk9i6JHu2knninFQuKvbdaal6lbdVAAfgEBwBG5yBKrgFNeAADJ7AC3gFb8az8W58GJ+T0QUj39kDUzC+fgFm5qIV</latexit>

�2 = 102H(m)
<latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit><latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit><latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit><latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit><latexit sha1_base64="4sMVmo+qUX3g5YEooBWGTSH0vsE=">AAACHHicbVDLSsNAFJ34rPUVHzs3g6VQNyUpgroQii7ssoKxhTaGyWTSDp1JwsykWEu/Rbf6H67EreBv+AVO2yxs64GBwzn33jkcP2FUKsv6NpaWV1bX1nMb+c2t7Z1dc2//XsapwMTBMYtF00eSMBoRR1HFSDMRBHGfkYbfux77jT4RksbRnRokxOWoE9GQYqS05JmH7RvEOfIq8BLa1kMF1kr8xDMLVtmaAC4SOyMFkKHumT/tIMYpJ5HCDEnZsq1EuUMkFMWMjPLFdipJgnAPdUhL0whxIt3hJP4IFrUSwDAW+kUKTtT8n40h4lIOuK8nOVJdOe+Nxf+8VqrCc3dIoyRVJMLTj8KUQRXDcRcwoIJgxQaaICyoDgtxFwmElW5s5lLQp4nMUj9OY+uS7PlKFolTKV+U7dvTQvUqaysHjsAxKAEbnIEqqIE6cAAGT+AFvII349l4Nz6Mz+nokpHtHIAZGF+/py+ghg==</latexit>

N = 10
<latexit sha1_base64="PVaG5b5Bzy/Iq6V69QxhGOECjt0=">AAACCnicbVDNSgMxGPy2/tX6V/XoJVgKnsquCOpBKHrxJBVcW2iXks1m29BsdkmyxVL6CHrV9/AkXn0JX8MnMNvuwbYOBIaZ70sm4yecKW3b31ZhZXVtfaO4Wdra3tndK+8fPKo4lYS6JOaxbPlYUc4EdTXTnLYSSXHkc9r0BzeZ3xxSqVgsHvQooV6Ee4KFjGCdSXdXjt0tV+yaPQVaJk5OKpCj0S3/dIKYpBEVmnCsVNuxE+2NsdSMcDopVTupogkmA9yjbUMFjqjyxtOwE1Q1SoDCWJojNJqqpT8bYxwpNYp8Mxlh3VeLXib+57VTHV54YyaSVFNBZg+FKUc6RtnPUcAkJZqPDMFEMhMWkT6WmGjTz9xNwZAlKk/9NIttSnIWK1km7mntsubcn1Xq13lbRTiCYzgBB86hDrfQABcI9OEFXuHNerberQ/rczZasPKdQ5iD9fULUUmbPQ==</latexit><latexit sha1_base64="PVaG5b5Bzy/Iq6V69QxhGOECjt0=">AAACCnicbVDNSgMxGPy2/tX6V/XoJVgKnsquCOpBKHrxJBVcW2iXks1m29BsdkmyxVL6CHrV9/AkXn0JX8MnMNvuwbYOBIaZ70sm4yecKW3b31ZhZXVtfaO4Wdra3tndK+8fPKo4lYS6JOaxbPlYUc4EdTXTnLYSSXHkc9r0BzeZ3xxSqVgsHvQooV6Ee4KFjGCdSXdXjt0tV+yaPQVaJk5OKpCj0S3/dIKYpBEVmnCsVNuxE+2NsdSMcDopVTupogkmA9yjbUMFjqjyxtOwE1Q1SoDCWJojNJqqpT8bYxwpNYp8Mxlh3VeLXib+57VTHV54YyaSVFNBZg+FKUc6RtnPUcAkJZqPDMFEMhMWkT6WmGjTz9xNwZAlKk/9NIttSnIWK1km7mntsubcn1Xq13lbRTiCYzgBB86hDrfQABcI9OEFXuHNerberQ/rczZasPKdQ5iD9fULUUmbPQ==</latexit><latexit sha1_base64="PVaG5b5Bzy/Iq6V69QxhGOECjt0=">AAACCnicbVDNSgMxGPy2/tX6V/XoJVgKnsquCOpBKHrxJBVcW2iXks1m29BsdkmyxVL6CHrV9/AkXn0JX8MnMNvuwbYOBIaZ70sm4yecKW3b31ZhZXVtfaO4Wdra3tndK+8fPKo4lYS6JOaxbPlYUc4EdTXTnLYSSXHkc9r0BzeZ3xxSqVgsHvQooV6Ee4KFjGCdSXdXjt0tV+yaPQVaJk5OKpCj0S3/dIKYpBEVmnCsVNuxE+2NsdSMcDopVTupogkmA9yjbUMFjqjyxtOwE1Q1SoDCWJojNJqqpT8bYxwpNYp8Mxlh3VeLXib+57VTHV54YyaSVFNBZg+FKUc6RtnPUcAkJZqPDMFEMhMWkT6WmGjTz9xNwZAlKk/9NIttSnIWK1km7mntsubcn1Xq13lbRTiCYzgBB86hDrfQABcI9OEFXuHNerberQ/rczZasPKdQ5iD9fULUUmbPQ==</latexit><latexit sha1_base64="PVaG5b5Bzy/Iq6V69QxhGOECjt0=">AAACCnicbVDNSgMxGPy2/tX6V/XoJVgKnsquCOpBKHrxJBVcW2iXks1m29BsdkmyxVL6CHrV9/AkXn0JX8MnMNvuwbYOBIaZ70sm4yecKW3b31ZhZXVtfaO4Wdra3tndK+8fPKo4lYS6JOaxbPlYUc4EdTXTnLYSSXHkc9r0BzeZ3xxSqVgsHvQooV6Ee4KFjGCdSXdXjt0tV+yaPQVaJk5OKpCj0S3/dIKYpBEVmnCsVNuxE+2NsdSMcDopVTupogkmA9yjbUMFjqjyxtOwE1Q1SoDCWJojNJqqpT8bYxwpNYp8Mxlh3VeLXib+57VTHV54YyaSVFNBZg+FKUc6RtnPUcAkJZqPDMFEMhMWkT6WmGjTz9xNwZAlKk/9NIttSnIWK1km7mntsubcn1Xq13lbRTiCYzgBB86hDrfQABcI9OEFXuHNerberQ/rczZasPKdQ5iD9fULUUmbPQ==</latexit><latexit sha1_base64="PVaG5b5Bzy/Iq6V69QxhGOECjt0=">AAACCnicbVDNSgMxGPy2/tX6V/XoJVgKnsquCOpBKHrxJBVcW2iXks1m29BsdkmyxVL6CHrV9/AkXn0JX8MnMNvuwbYOBIaZ70sm4yecKW3b31ZhZXVtfaO4Wdra3tndK+8fPKo4lYS6JOaxbPlYUc4EdTXTnLYSSXHkc9r0BzeZ3xxSqVgsHvQooV6Ee4KFjGCdSXdXjt0tV+yaPQVaJk5OKpCj0S3/dIKYpBEVmnCsVNuxE+2NsdSMcDopVTupogkmA9yjbUMFjqjyxtOwE1Q1SoDCWJojNJqqpT8bYxwpNYp8Mxlh3VeLXib+57VTHV54YyaSVFNBZg+FKUc6RtnPUcAkJZqPDMFEMhMWkT6WmGjTz9xNwZAlKk/9NIttSnIWK1km7mntsubcn1Xq13lbRTiCYzgBB86hDrfQABcI9OEFXuHNerberQ/rczZasPKdQ5iD9fULUUmbPQ==</latexit>

↵ = 0.02
<latexit sha1_base64="ztkFO2axBIQrkMHgEpVis1xP+zk=">AAACE3icbVDNSgMxGPzW31r/qh69BEvBU9ktgnoQil48VnBtoV1KNpttQ7O7MckWy9LX0Ku+hyfx6gP4Gj6BabsH2zoQMsx8XzKMLzhT2ra/rZXVtfWNzcJWcXtnd2+/dHD4oJJUEuqShCey5WNFOYupq5nmtCUkxZHPadMf3Ez85pBKxZL4Xo8E9SLci1nICNZG8jqYiz5GV8iu2rVuqWyuKdAycXJShhyNbumnEyQkjWisCcdKtR1baC/DUjPC6bhY6aSKCkwGuEfbhsY4osrLpqnHqGKUAIWJNCfWaKoW/2xkOFJqFPlmMsK6rxa9ifif1051eOFlLBappjGZfRSmHOkETSpAAZOUaD4yBBPJTFhE+lhiok1Rcy8FQyZUnvppFtuU5CxWskzcWvWy6tydlevXeVsFOIYTOAUHzqEOt9AAFwg8wgu8wpv1bL1bH9bnbHTFyneOYA7W1y8it55K</latexit><latexit sha1_base64="ztkFO2axBIQrkMHgEpVis1xP+zk=">AAACE3icbVDNSgMxGPzW31r/qh69BEvBU9ktgnoQil48VnBtoV1KNpttQ7O7MckWy9LX0Ku+hyfx6gP4Gj6BabsH2zoQMsx8XzKMLzhT2ra/rZXVtfWNzcJWcXtnd2+/dHD4oJJUEuqShCey5WNFOYupq5nmtCUkxZHPadMf3Ez85pBKxZL4Xo8E9SLci1nICNZG8jqYiz5GV8iu2rVuqWyuKdAycXJShhyNbumnEyQkjWisCcdKtR1baC/DUjPC6bhY6aSKCkwGuEfbhsY4osrLpqnHqGKUAIWJNCfWaKoW/2xkOFJqFPlmMsK6rxa9ifif1051eOFlLBappjGZfRSmHOkETSpAAZOUaD4yBBPJTFhE+lhiok1Rcy8FQyZUnvppFtuU5CxWskzcWvWy6tydlevXeVsFOIYTOAUHzqEOt9AAFwg8wgu8wpv1bL1bH9bnbHTFyneOYA7W1y8it55K</latexit><latexit sha1_base64="ztkFO2axBIQrkMHgEpVis1xP+zk=">AAACE3icbVDNSgMxGPzW31r/qh69BEvBU9ktgnoQil48VnBtoV1KNpttQ7O7MckWy9LX0Ku+hyfx6gP4Gj6BabsH2zoQMsx8XzKMLzhT2ra/rZXVtfWNzcJWcXtnd2+/dHD4oJJUEuqShCey5WNFOYupq5nmtCUkxZHPadMf3Ez85pBKxZL4Xo8E9SLci1nICNZG8jqYiz5GV8iu2rVuqWyuKdAycXJShhyNbumnEyQkjWisCcdKtR1baC/DUjPC6bhY6aSKCkwGuEfbhsY4osrLpqnHqGKUAIWJNCfWaKoW/2xkOFJqFPlmMsK6rxa9ifif1051eOFlLBappjGZfRSmHOkETSpAAZOUaD4yBBPJTFhE+lhiok1Rcy8FQyZUnvppFtuU5CxWskzcWvWy6tydlevXeVsFOIYTOAUHzqEOt9AAFwg8wgu8wpv1bL1bH9bnbHTFyneOYA7W1y8it55K</latexit><latexit sha1_base64="ztkFO2axBIQrkMHgEpVis1xP+zk=">AAACE3icbVDNSgMxGPzW31r/qh69BEvBU9ktgnoQil48VnBtoV1KNpttQ7O7MckWy9LX0Ku+hyfx6gP4Gj6BabsH2zoQMsx8XzKMLzhT2ra/rZXVtfWNzcJWcXtnd2+/dHD4oJJUEuqShCey5WNFOYupq5nmtCUkxZHPadMf3Ez85pBKxZL4Xo8E9SLci1nICNZG8jqYiz5GV8iu2rVuqWyuKdAycXJShhyNbumnEyQkjWisCcdKtR1baC/DUjPC6bhY6aSKCkwGuEfbhsY4osrLpqnHqGKUAIWJNCfWaKoW/2xkOFJqFPlmMsK6rxa9ifif1051eOFlLBappjGZfRSmHOkETSpAAZOUaD4yBBPJTFhE+lhiok1Rcy8FQyZUnvppFtuU5CxWskzcWvWy6tydlevXeVsFOIYTOAUHzqEOt9AAFwg8wgu8wpv1bL1bH9bnbHTFyneOYA7W1y8it55K</latexit><latexit sha1_base64="ztkFO2axBIQrkMHgEpVis1xP+zk=">AAACE3icbVDNSgMxGPzW31r/qh69BEvBU9ktgnoQil48VnBtoV1KNpttQ7O7MckWy9LX0Ku+hyfx6gP4Gj6BabsH2zoQMsx8XzKMLzhT2ra/rZXVtfWNzcJWcXtnd2+/dHD4oJJUEuqShCey5WNFOYupq5nmtCUkxZHPadMf3Ez85pBKxZL4Xo8E9SLci1nICNZG8jqYiz5GV8iu2rVuqWyuKdAycXJShhyNbumnEyQkjWisCcdKtR1baC/DUjPC6bhY6aSKCkwGuEfbhsY4osrLpqnHqGKUAIWJNCfWaKoW/2xkOFJqFPlmMsK6rxa9ifif1051eOFlLBappjGZfRSmHOkETSpAAZOUaD4yBBPJTFhE+lhiok1Rcy8FQyZUnvppFtuU5CxWskzcWvWy6tydlevXeVsFOIYTOAUHzqEOt9AAFwg8wgu8wpv1bL1bH9bnbHTFyneOYA7W1y8it55K</latexit>

↵ = 0.004
<latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit><latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit><latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit><latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit><latexit sha1_base64="2dN7fExGlLOhLH6aviPnH7slpSk=">AAACFHicbVDNSgMxGPy2/tX6V/XoJVgKnsquFNSDUPTisYK1QruWbDbbhmZ3Q5ItlqXPoVd9D0/i1buv4ROYbfdgWwdChpnvS4bxBGdK2/a3VVhZXVvfKG6WtrZ3dvfK+wf3Kk4koS0S81g+eFhRziLa0kxz+iAkxaHHadsbXmd+e0SlYnF0p8eCuiHuRyxgBGsjPXYxFwOMLpFds+16r1zJ7gxomTg5qUCOZq/80/VjkoQ00oRjpTqOLbSbYqkZ4XRSqnYTRQUmQ9ynHUMjHFLlptPYE1Q1io+CWJoTaTRVS382UhwqNQ49MxliPVCLXib+53USHZy7KYtEomlEZh8FCUc6RlkHyGeSEs3HhmAimQmLyABLTLRpau4lf8SEylM/zWKbkpzFSpZJ67R2UXNu65XGVd5WEY7gGE7AgTNowA00oQUEJLzAK7xZz9a79WF9zkYLVr5zCHOwvn4BnUWehg==</latexit>

xfo =
p
�e↵ ⇠ 22

<latexit sha1_base64="gUEs8q1kkBwLlsr62bQOZ9tS+tU="></latexit><latexit sha1_base64="gUEs8q1kkBwLlsr62bQOZ9tS+tU="></latexit><latexit sha1_base64="gUEs8q1kkBwLlsr62bQOZ9tS+tU="></latexit><latexit sha1_base64="gUEs8q1kkBwLlsr62bQOZ9tS+tU="></latexit><latexit sha1_base64="gUEs8q1kkBwLlsr62bQOZ9tS+tU="></latexit>

xfin = �e↵ ⇠ 470
<latexit sha1_base64="BUlhn3M0WHhwUVAwTY3TNq5JQaw="></latexit><latexit sha1_base64="BUlhn3M0WHhwUVAwTY3TNq5JQaw="></latexit><latexit sha1_base64="BUlhn3M0WHhwUVAwTY3TNq5JQaw="></latexit><latexit sha1_base64="BUlhn3M0WHhwUVAwTY3TNq5JQaw="></latexit><latexit sha1_base64="BUlhn3M0WHhwUVAwTY3TNq5JQaw="></latexit>

Yj(x) ' Yeq(xfo) exp


�e↵

x
� �e↵

xfo

�

<latexit sha1_base64="1EPFlGffaFn/2TfzBz+z5OUnZms="></latexit><latexit sha1_base64="1EPFlGffaFn/2TfzBz+z5OUnZms="></latexit><latexit sha1_base64="1EPFlGffaFn/2TfzBz+z5OUnZms="></latexit><latexit sha1_base64="1EPFlGffaFn/2TfzBz+z5OUnZms="></latexit><latexit sha1_base64="1EPFlGffaFn/2TfzBz+z5OUnZms="></latexit>

N = 2
<latexit sha1_base64="toVG/EK26ee/sNsYMRGd7dUInHc=">AAACCXicbVDNTgIxGPwW/xD/UI9eGgmJJ7JLTNSDCdGLJ4PRFRLYkG63Cw3d7qbtEgnhDfSq7+HJePUpfA2fwAJ7EHCSJpOZ72un4yecKW3b31ZuZXVtfSO/Wdja3tndK+4fPKo4lYS6JOaxbPpYUc4EdTXTnDYTSXHkc9rw+9cTvzGgUrFYPOhhQr0IdwULGcHaSPe3l9VOsWRX7CnQMnEyUoIM9U7xpx3EJI2o0IRjpVqOnWhvhKVmhNNxodxOFU0w6eMubRkqcESVN5pmHaOyUQIUxtIcodFULfzZGOFIqWHkm8kI655a9Cbif14r1eG5N2IiSTUVZPZQmHKkYzT5OAqYpETzoSGYSGbCItLDEhNt6pm7KRiwRGWpn2axTUnOYiXLxK1WLirO3WmpdpW1lYcjOIYTcOAManADdXCBQBde4BXerGfr3fqwPmejOSvbOYQ5WF+/3oqbBA==</latexit><latexit sha1_base64="toVG/EK26ee/sNsYMRGd7dUInHc=">AAACCXicbVDNTgIxGPwW/xD/UI9eGgmJJ7JLTNSDCdGLJ4PRFRLYkG63Cw3d7qbtEgnhDfSq7+HJePUpfA2fwAJ7EHCSJpOZ72un4yecKW3b31ZuZXVtfSO/Wdja3tndK+4fPKo4lYS6JOaxbPpYUc4EdTXTnDYTSXHkc9rw+9cTvzGgUrFYPOhhQr0IdwULGcHaSPe3l9VOsWRX7CnQMnEyUoIM9U7xpx3EJI2o0IRjpVqOnWhvhKVmhNNxodxOFU0w6eMubRkqcESVN5pmHaOyUQIUxtIcodFULfzZGOFIqWHkm8kI655a9Cbif14r1eG5N2IiSTUVZPZQmHKkYzT5OAqYpETzoSGYSGbCItLDEhNt6pm7KRiwRGWpn2axTUnOYiXLxK1WLirO3WmpdpW1lYcjOIYTcOAManADdXCBQBde4BXerGfr3fqwPmejOSvbOYQ5WF+/3oqbBA==</latexit><latexit sha1_base64="toVG/EK26ee/sNsYMRGd7dUInHc=">AAACCXicbVDNTgIxGPwW/xD/UI9eGgmJJ7JLTNSDCdGLJ4PRFRLYkG63Cw3d7qbtEgnhDfSq7+HJePUpfA2fwAJ7EHCSJpOZ72un4yecKW3b31ZuZXVtfSO/Wdja3tndK+4fPKo4lYS6JOaxbPpYUc4EdTXTnDYTSXHkc9rw+9cTvzGgUrFYPOhhQr0IdwULGcHaSPe3l9VOsWRX7CnQMnEyUoIM9U7xpx3EJI2o0IRjpVqOnWhvhKVmhNNxodxOFU0w6eMubRkqcESVN5pmHaOyUQIUxtIcodFULfzZGOFIqWHkm8kI655a9Cbif14r1eG5N2IiSTUVZPZQmHKkYzT5OAqYpETzoSGYSGbCItLDEhNt6pm7KRiwRGWpn2axTUnOYiXLxK1WLirO3WmpdpW1lYcjOIYTcOAManADdXCBQBde4BXerGfr3fqwPmejOSvbOYQ5WF+/3oqbBA==</latexit><latexit sha1_base64="toVG/EK26ee/sNsYMRGd7dUInHc=">AAACCXicbVDNTgIxGPwW/xD/UI9eGgmJJ7JLTNSDCdGLJ4PRFRLYkG63Cw3d7qbtEgnhDfSq7+HJePUpfA2fwAJ7EHCSJpOZ72un4yecKW3b31ZuZXVtfSO/Wdja3tndK+4fPKo4lYS6JOaxbPpYUc4EdTXTnDYTSXHkc9rw+9cTvzGgUrFYPOhhQr0IdwULGcHaSPe3l9VOsWRX7CnQMnEyUoIM9U7xpx3EJI2o0IRjpVqOnWhvhKVmhNNxodxOFU0w6eMubRkqcESVN5pmHaOyUQIUxtIcodFULfzZGOFIqWHkm8kI655a9Cbif14r1eG5N2IiSTUVZPZQmHKkYzT5OAqYpETzoSGYSGbCItLDEhNt6pm7KRiwRGWpn2axTUnOYiXLxK1WLirO3WmpdpW1lYcjOIYTcOAManADdXCBQBde4BXerGfr3fqwPmejOSvbOYQ5WF+/3oqbBA==</latexit><latexit sha1_base64="toVG/EK26ee/sNsYMRGd7dUInHc=">AAACCXicbVDNTgIxGPwW/xD/UI9eGgmJJ7JLTNSDCdGLJ4PRFRLYkG63Cw3d7qbtEgnhDfSq7+HJePUpfA2fwAJ7EHCSJpOZ72un4yecKW3b31ZuZXVtfSO/Wdja3tndK+4fPKo4lYS6JOaxbPpYUc4EdTXTnDYTSXHkc9rw+9cTvzGgUrFYPOhhQr0IdwULGcHaSPe3l9VOsWRX7CnQMnEyUoIM9U7xpx3EJI2o0IRjpVqOnWhvhKVmhNNxodxOFU0w6eMubRkqcESVN5pmHaOyUQIUxtIcodFULfzZGOFIqWHkm8kI655a9Cbif14r1eG5N2IiSTUVZPZQmHKkYzT5OAqYpETzoSGYSGbCItLDEhNt6pm7KRiwRGWpn2axTUnOYiXLxK1WLirO3WmpdpW1lYcjOIYTcOAManADdXCBQBde4BXerGfr3fqwPmejOSvbOYQ5WF+/3oqbBA==</latexit>

! e�2xfo
<latexit sha1_base64="BYw0STy9Kk287i9RwQ5A3Wqo8Fo=">AAACJHicbVC7TsMwFHXKq5RXgBEGi6oSA1RJhQRsFSyMRSK0UhMix3Faq85DtlO1irrwM7DCfzAhBhY+gi/AaTPQwrUsHZ37Ovd4CaNCGsanVlpaXlldK69XNja3tnf03b17EaccEwvHLOYdDwnCaEQsSSUjnYQTFHqMtL3BdZ5vDwkXNI7u5DghToh6EQ0oRlJRrn5oyxjaJ/mD5CE7bcCRm9k8hEE8mbh61agb04B/gVmAKiii5erfth/jNCSRxAwJ0TWNRDoZ4pJiRiaVmp0KkiA8QD3SVTBCIRFONj1jAmuK8dVirn4k4ZSt/OrIUCjEOPRUZYhkXyzmcvK/XDeVwYWT0ShJJYnwbFGQMqhOzz2BPuUESzZWAGFOlViI+4gjLJVzc5P8IU1EoXo0k61MMhct+QusRv2ybt6eVZtXhVtlcACOwDEwwTloghvQAhbA4BE8gxfwqj1pb9q79jErLWlFzz6YC+3rB3mopMI=</latexit><latexit sha1_base64="BYw0STy9Kk287i9RwQ5A3Wqo8Fo=">AAACJHicbVC7TsMwFHXKq5RXgBEGi6oSA1RJhQRsFSyMRSK0UhMix3Faq85DtlO1irrwM7DCfzAhBhY+gi/AaTPQwrUsHZ37Ovd4CaNCGsanVlpaXlldK69XNja3tnf03b17EaccEwvHLOYdDwnCaEQsSSUjnYQTFHqMtL3BdZ5vDwkXNI7u5DghToh6EQ0oRlJRrn5oyxjaJ/mD5CE7bcCRm9k8hEE8mbh61agb04B/gVmAKiii5erfth/jNCSRxAwJ0TWNRDoZ4pJiRiaVmp0KkiA8QD3SVTBCIRFONj1jAmuK8dVirn4k4ZSt/OrIUCjEOPRUZYhkXyzmcvK/XDeVwYWT0ShJJYnwbFGQMqhOzz2BPuUESzZWAGFOlViI+4gjLJVzc5P8IU1EoXo0k61MMhct+QusRv2ybt6eVZtXhVtlcACOwDEwwTloghvQAhbA4BE8gxfwqj1pb9q79jErLWlFzz6YC+3rB3mopMI=</latexit><latexit sha1_base64="BYw0STy9Kk287i9RwQ5A3Wqo8Fo=">AAACJHicbVC7TsMwFHXKq5RXgBEGi6oSA1RJhQRsFSyMRSK0UhMix3Faq85DtlO1irrwM7DCfzAhBhY+gi/AaTPQwrUsHZ37Ovd4CaNCGsanVlpaXlldK69XNja3tnf03b17EaccEwvHLOYdDwnCaEQsSSUjnYQTFHqMtL3BdZ5vDwkXNI7u5DghToh6EQ0oRlJRrn5oyxjaJ/mD5CE7bcCRm9k8hEE8mbh61agb04B/gVmAKiii5erfth/jNCSRxAwJ0TWNRDoZ4pJiRiaVmp0KkiA8QD3SVTBCIRFONj1jAmuK8dVirn4k4ZSt/OrIUCjEOPRUZYhkXyzmcvK/XDeVwYWT0ShJJYnwbFGQMqhOzz2BPuUESzZWAGFOlViI+4gjLJVzc5P8IU1EoXo0k61MMhct+QusRv2ybt6eVZtXhVtlcACOwDEwwTloghvQAhbA4BE8gxfwqj1pb9q79jErLWlFzz6YC+3rB3mopMI=</latexit><latexit sha1_base64="BYw0STy9Kk287i9RwQ5A3Wqo8Fo=">AAACJHicbVC7TsMwFHXKq5RXgBEGi6oSA1RJhQRsFSyMRSK0UhMix3Faq85DtlO1irrwM7DCfzAhBhY+gi/AaTPQwrUsHZ37Ovd4CaNCGsanVlpaXlldK69XNja3tnf03b17EaccEwvHLOYdDwnCaEQsSSUjnYQTFHqMtL3BdZ5vDwkXNI7u5DghToh6EQ0oRlJRrn5oyxjaJ/mD5CE7bcCRm9k8hEE8mbh61agb04B/gVmAKiii5erfth/jNCSRxAwJ0TWNRDoZ4pJiRiaVmp0KkiA8QD3SVTBCIRFONj1jAmuK8dVirn4k4ZSt/OrIUCjEOPRUZYhkXyzmcvK/XDeVwYWT0ShJJYnwbFGQMqhOzz2BPuUESzZWAGFOlViI+4gjLJVzc5P8IU1EoXo0k61MMhct+QusRv2ybt6eVZtXhVtlcACOwDEwwTloghvQAhbA4BE8gxfwqj1pb9q79jErLWlFzz6YC+3rB3mopMI=</latexit><latexit sha1_base64="BYw0STy9Kk287i9RwQ5A3Wqo8Fo=">AAACJHicbVC7TsMwFHXKq5RXgBEGi6oSA1RJhQRsFSyMRSK0UhMix3Faq85DtlO1irrwM7DCfzAhBhY+gi/AaTPQwrUsHZ37Ovd4CaNCGsanVlpaXlldK69XNja3tnf03b17EaccEwvHLOYdDwnCaEQsSSUjnYQTFHqMtL3BdZ5vDwkXNI7u5DghToh6EQ0oRlJRrn5oyxjaJ/mD5CE7bcCRm9k8hEE8mbh61agb04B/gVmAKiii5erfth/jNCSRxAwJ0TWNRDoZ4pJiRiaVmp0KkiA8QD3SVTBCIRFONj1jAmuK8dVirn4k4ZSt/OrIUCjEOPRUZYhkXyzmcvK/XDeVwYWT0ShJJYnwbFGQMqhOzz2BPuUESzZWAGFOlViI+4gjLJVzc5P8IU1EoXo0k61MMhct+QusRv2ybt6eVZtXhVtlcACOwDEwwTloghvQAhbA4BE8gxfwqj1pb9q79jErLWlFzz6YC+3rB3mopMI=</latexit>

e�44 ' 10�19
<latexit sha1_base64="LIukx3joUCui0fsxPjhiuoJvvc0=">AAACL3icbVDLSgMxFM3Ud32NunQTLEU3lhkpaHdFEVwqWC20tWQyt21oMjMmmWIZ5hP8Gd3qf+hG3Lr1C0zbWWjrgcC55z5yOF7EmdKO827l5uYXFpeWV/Kra+sbm/bW9o0KY0mhRkMeyrpHFHAWQE0zzaEeSSDC43Dr9c9G/dsBSMXC4FoPI2gJ0g1Yh1GijdS295vjG8m5AEm4n2K4Sw7L5RQ3FRNwj13H1G4lbdsFp+SMgWeJm5ECynDZtr+bfkhjAYGmnCjVcJ1ItxIiNaMc0nyxGSuICO2TLjQMDYgA1UrGblJcNIqPO6E0L9B4rOZ/bSREKDUUnpkURPfUdG8k/tdrxLpz0kpYEMUaAjr5qBNzrEM8igf7TALVfGgIoZIZs5j2iCRUmxD/XPIHLFKZ64eJbROSOx3JLKkdlSol96pcqJ5maS2jXbSHDpCLjlEVXaBLVEMUPaJn9IJerSfrzfqwPiejOSvb2UF/YH39AM2ZqYY=</latexit><latexit sha1_base64="LIukx3joUCui0fsxPjhiuoJvvc0=">AAACL3icbVDLSgMxFM3Ud32NunQTLEU3lhkpaHdFEVwqWC20tWQyt21oMjMmmWIZ5hP8Gd3qf+hG3Lr1C0zbWWjrgcC55z5yOF7EmdKO827l5uYXFpeWV/Kra+sbm/bW9o0KY0mhRkMeyrpHFHAWQE0zzaEeSSDC43Dr9c9G/dsBSMXC4FoPI2gJ0g1Yh1GijdS295vjG8m5AEm4n2K4Sw7L5RQ3FRNwj13H1G4lbdsFp+SMgWeJm5ECynDZtr+bfkhjAYGmnCjVcJ1ItxIiNaMc0nyxGSuICO2TLjQMDYgA1UrGblJcNIqPO6E0L9B4rOZ/bSREKDUUnpkURPfUdG8k/tdrxLpz0kpYEMUaAjr5qBNzrEM8igf7TALVfGgIoZIZs5j2iCRUmxD/XPIHLFKZ64eJbROSOx3JLKkdlSol96pcqJ5maS2jXbSHDpCLjlEVXaBLVEMUPaJn9IJerSfrzfqwPiejOSvb2UF/YH39AM2ZqYY=</latexit><latexit sha1_base64="LIukx3joUCui0fsxPjhiuoJvvc0=">AAACL3icbVDLSgMxFM3Ud32NunQTLEU3lhkpaHdFEVwqWC20tWQyt21oMjMmmWIZ5hP8Gd3qf+hG3Lr1C0zbWWjrgcC55z5yOF7EmdKO827l5uYXFpeWV/Kra+sbm/bW9o0KY0mhRkMeyrpHFHAWQE0zzaEeSSDC43Dr9c9G/dsBSMXC4FoPI2gJ0g1Yh1GijdS295vjG8m5AEm4n2K4Sw7L5RQ3FRNwj13H1G4lbdsFp+SMgWeJm5ECynDZtr+bfkhjAYGmnCjVcJ1ItxIiNaMc0nyxGSuICO2TLjQMDYgA1UrGblJcNIqPO6E0L9B4rOZ/bSREKDUUnpkURPfUdG8k/tdrxLpz0kpYEMUaAjr5qBNzrEM8igf7TALVfGgIoZIZs5j2iCRUmxD/XPIHLFKZ64eJbROSOx3JLKkdlSol96pcqJ5maS2jXbSHDpCLjlEVXaBLVEMUPaJn9IJerSfrzfqwPiejOSvb2UF/YH39AM2ZqYY=</latexit><latexit sha1_base64="LIukx3joUCui0fsxPjhiuoJvvc0=">AAACL3icbVDLSgMxFM3Ud32NunQTLEU3lhkpaHdFEVwqWC20tWQyt21oMjMmmWIZ5hP8Gd3qf+hG3Lr1C0zbWWjrgcC55z5yOF7EmdKO827l5uYXFpeWV/Kra+sbm/bW9o0KY0mhRkMeyrpHFHAWQE0zzaEeSSDC43Dr9c9G/dsBSMXC4FoPI2gJ0g1Yh1GijdS295vjG8m5AEm4n2K4Sw7L5RQ3FRNwj13H1G4lbdsFp+SMgWeJm5ECynDZtr+bfkhjAYGmnCjVcJ1ItxIiNaMc0nyxGSuICO2TLjQMDYgA1UrGblJcNIqPO6E0L9B4rOZ/bSREKDUUnpkURPfUdG8k/tdrxLpz0kpYEMUaAjr5qBNzrEM8igf7TALVfGgIoZIZs5j2iCRUmxD/XPIHLFKZ64eJbROSOx3JLKkdlSol96pcqJ5maS2jXbSHDpCLjlEVXaBLVEMUPaJn9IJerSfrzfqwPiejOSvb2UF/YH39AM2ZqYY=</latexit><latexit sha1_base64="LIukx3joUCui0fsxPjhiuoJvvc0=">AAACL3icbVDLSgMxFM3Ud32NunQTLEU3lhkpaHdFEVwqWC20tWQyt21oMjMmmWIZ5hP8Gd3qf+hG3Lr1C0zbWWjrgcC55z5yOF7EmdKO827l5uYXFpeWV/Kra+sbm/bW9o0KY0mhRkMeyrpHFHAWQE0zzaEeSSDC43Dr9c9G/dsBSMXC4FoPI2gJ0g1Yh1GijdS295vjG8m5AEm4n2K4Sw7L5RQ3FRNwj13H1G4lbdsFp+SMgWeJm5ECynDZtr+bfkhjAYGmnCjVcJ1ItxIiNaMc0nyxGSuICO2TLjQMDYgA1UrGblJcNIqPO6E0L9B4rOZ/bSREKDUUnpkURPfUdG8k/tdrxLpz0kpYEMUaAjr5qBNzrEM8igf7TALVfGgIoZIZs5j2iCRUmxD/XPIHLFKZ64eJbROSOx3JLKkdlSol96pcqJ5maS2jXbSHDpCLjlEVXaBLVEMUPaJn9IJerSfrzfqwPiejOSvb2UF/YH39AM2ZqYY=</latexit>

� ! �e↵ / �

N2
/ ↵2

N2
<latexit sha1_base64="A0sM3cz/IbSIkMw989iSkJojHXc="></latexit><latexit sha1_base64="A0sM3cz/IbSIkMw989iSkJojHXc="></latexit><latexit sha1_base64="A0sM3cz/IbSIkMw989iSkJojHXc="></latexit><latexit sha1_base64="A0sM3cz/IbSIkMw989iSkJojHXc="></latexit><latexit sha1_base64="A0sM3cz/IbSIkMw989iSkJojHXc="></latexit>



continuum limit also exists

Y 0
i =

�

x2
(Yi�1 � 2Yi + Yi+1)

<latexit sha1_base64="bJl3vOU2admK7z4oWDtWcsw6p2k="></latexit><latexit sha1_base64="bJl3vOU2admK7z4oWDtWcsw6p2k="></latexit><latexit sha1_base64="bJl3vOU2admK7z4oWDtWcsw6p2k="></latexit><latexit sha1_base64="bJl3vOU2admK7z4oWDtWcsw6p2k="></latexit><latexit sha1_base64="bJl3vOU2admK7z4oWDtWcsw6p2k="></latexit>



continuum limit also exists

Y 0
i =

�

x2
(Yi�1 � 2Yi + Yi+1)

<latexit sha1_base64="bJl3vOU2admK7z4oWDtWcsw6p2k="></latexit><latexit sha1_base64="bJl3vOU2admK7z4oWDtWcsw6p2k="></latexit><latexit sha1_base64="bJl3vOU2admK7z4oWDtWcsw6p2k="></latexit><latexit sha1_base64="bJl3vOU2admK7z4oWDtWcsw6p2k="></latexit><latexit sha1_base64="bJl3vOU2admK7z4oWDtWcsw6p2k="></latexit>

can be written as diffusion equation
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diffusion coefficient is suppressed by 1/N^2

increasing N leads to longer diffusion time



this N-scaling behavior may not be helpful

N needs to be sufficiently large for DM lifetime
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N needs to be sufficiently large for DM lifetime
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Yj(1) / e�2
p
�eff

<latexit sha1_base64="5yiQC2x1tGnd4R0NryZ8DTAy+uc="></latexit><latexit sha1_base64="5yiQC2x1tGnd4R0NryZ8DTAy+uc="></latexit><latexit sha1_base64="5yiQC2x1tGnd4R0NryZ8DTAy+uc="></latexit><latexit sha1_base64="5yiQC2x1tGnd4R0NryZ8DTAy+uc="></latexit><latexit sha1_base64="5yiQC2x1tGnd4R0NryZ8DTAy+uc="></latexit>

=

p
�

N
/ ↵

N
p
m

<latexit sha1_base64="ZXxlqx4phkV6vXnQK1CC1tUOsw0="></latexit><latexit sha1_base64="ZXxlqx4phkV6vXnQK1CC1tUOsw0="></latexit><latexit sha1_base64="ZXxlqx4phkV6vXnQK1CC1tUOsw0="></latexit><latexit sha1_base64="ZXxlqx4phkV6vXnQK1CC1tUOsw0="></latexit><latexit sha1_base64="ZXxlqx4phkV6vXnQK1CC1tUOsw0="></latexit>

� =
nsmh�vi

H

����
T=m

' ↵
2MP

m
<latexit sha1_base64="XzrZsT/WRfI7In7jN4b7SZeQx/M="></latexit><latexit sha1_base64="XzrZsT/WRfI7In7jN4b7SZeQx/M="></latexit><latexit sha1_base64="XzrZsT/WRfI7In7jN4b7SZeQx/M="></latexit><latexit sha1_base64="dgbxSy/II3pRpoEzxdyNp9F++o8=">AAAB+HicbVDLTsJAFL3FF1ZUXLuZSEhckdaNujNx4xITKyRAyHR6CxOm02ZmSiQNe+PW/3Bl/Bd/wy9wgC4EPMlNTs6Zx7knzATXxvO+ncrO7t7+QfXQPaq5xyen9dqzTnPFMGCpSFU3pBoFlxgYbgR2M4U0CQV2wsn9wu9MUWmeyiczy3CQ0JHkMWfUWKk9rDe8lrcE2SZ+SRpQYlj/6UcpyxOUhgmqdc/3MjMoqDKcCZy7zX6uMaNsQkfYs1TSBPWgWOack6ZVIhKnyo40ZKm6f24UNNF6loT2ZELNWG96C/E/r5eb+GZQcJnlBiVbfRTngpiULJYmEVfIjJhZQpniNixhY6ooM7aatZeiKc90mfplFdt25G82sk2Cq9Zty3/0oArncAGX4MM13MEDtCEABhG8wbvz6nw4n6sqK07Z6Rmswfn6BayWl8g=</latexit><latexit sha1_base64="15/XaGBt4e1Jak1YR+AcMItiTmk="></latexit><latexit sha1_base64="15/XaGBt4e1Jak1YR+AcMItiTmk="></latexit><latexit sha1_base64="ZCmtNEuF29oovOtZkx/HI/mmP+k="></latexit><latexit sha1_base64="XzrZsT/WRfI7In7jN4b7SZeQx/M="></latexit><latexit sha1_base64="XzrZsT/WRfI7In7jN4b7SZeQx/M="></latexit><latexit sha1_base64="XzrZsT/WRfI7In7jN4b7SZeQx/M="></latexit><latexit sha1_base64="XzrZsT/WRfI7In7jN4b7SZeQx/M="></latexit><latexit sha1_base64="XzrZsT/WRfI7In7jN4b7SZeQx/M="></latexit><latexit sha1_base64="XzrZsT/WRfI7In7jN4b7SZeQx/M="></latexit><latexit sha1_base64="XzrZsT/WRfI7In7jN4b7SZeQx/M="></latexit>

For the correct relic abundance (mY) = eV

↵

N
' 0.002

⇣ m

1010 GeV

⌘1/2

<latexit sha1_base64="hpR819/BTnIbN0nF9KDYci2tm5M="></latexit><latexit sha1_base64="hpR819/BTnIbN0nF9KDYci2tm5M="></latexit><latexit sha1_base64="hpR819/BTnIbN0nF9KDYci2tm5M="></latexit><latexit sha1_base64="hpR819/BTnIbN0nF9KDYci2tm5M="></latexit><latexit sha1_base64="hpR819/BTnIbN0nF9KDYci2tm5M="></latexit><latexit sha1_base64="hpR819/BTnIbN0nF9KDYci2tm5M="></latexit>

N needs to be sufficiently large for DM lifetime

For N =10, m= 10^14 GeV, perturbative computation becomes questionable
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the other heavy relics ?
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other heavy relics with shorter lifetime 

CMB, BBN, diffuse gamma-ray, etc

may conflict with observation



mass-degeneracy is assumed for simplicity



mass-degeneracy is assumed for simplicity

in the presence of mass splitting
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cascade decay to lighter state happens

mass-degeneracy is assumed for simplicity

in the presence of mass splitting



stability of chain ?

it is conceivable that there’s radiatively generated mass-mixing
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it is conceivable that there’s radiatively generated mass-mixing
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it is conceivable that there’s radiatively generated mass-mixing
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stability of chain ?



it is conceivable that there’s radiatively generated mass-mixing
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sm
sm

decay through a shortcut ?

stability of chain ?



it is conceivable that there’s radiatively generated mass-mixing
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m1 �m 0 · · · 0 0
�m m2 �m · · · 0 0
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0 0 0 · · · mN�1 �m
0 0 0 · · · �m mN

1

CCCCCCCA

<latexit sha1_base64="omJncpXlVfsOEoEggX5yIjtqIDg="></latexit><latexit sha1_base64="omJncpXlVfsOEoEggX5yIjtqIDg="></latexit><latexit sha1_base64="omJncpXlVfsOEoEggX5yIjtqIDg="></latexit><latexit sha1_base64="omJncpXlVfsOEoEggX5yIjtqIDg="></latexit><latexit sha1_base64="omJncpXlVfsOEoEggX5yIjtqIDg="></latexit>

Mij = mi�ij + �m(�i,j�1 + �i,j+1)
<latexit sha1_base64="FOqgwEkyae/sI2vT9WIjYET2RuM="></latexit><latexit sha1_base64="FOqgwEkyae/sI2vT9WIjYET2RuM="></latexit><latexit sha1_base64="FOqgwEkyae/sI2vT9WIjYET2RuM="></latexit><latexit sha1_base64="FOqgwEkyae/sI2vT9WIjYET2RuM="></latexit><latexit sha1_base64="FOqgwEkyae/sI2vT9WIjYET2RuM="></latexit>

⇠ Hij = ✏i�ij + �✏(�i,j�1 + �i,j+1)
<latexit sha1_base64="dPaiYcM5FSMbWulCPk0G+dZ7QFw="></latexit><latexit sha1_base64="dPaiYcM5FSMbWulCPk0G+dZ7QFw="></latexit><latexit sha1_base64="dPaiYcM5FSMbWulCPk0G+dZ7QFw="></latexit><latexit sha1_base64="dPaiYcM5FSMbWulCPk0G+dZ7QFw="></latexit><latexit sha1_base64="dPaiYcM5FSMbWulCPk0G+dZ7QFw="></latexit>

system is remarkably similar to tight-binding model along 1D wire in QM

stability of chain ?



if masses are distributed over some interval

mi 2 [mmin,mmax]
<latexit sha1_base64="I1EIewIe128dc9LqoOOWz0c42Do=">AAACK3icbVDLSgMxFM3UV62vqks3wVJwIWVGBHVXdOOygrWF6TBkMpk2NMkMSaa0DP0Af0a3+h9uFLf+gF9g2g5iWw8ETs499+bmBAmjStv2u1VYWV1b3yhulra2d3b3yvsHDypOJSZNHLNYtgOkCKOCNDXVjLQTSRAPGGkF/ZtJvTUgUtFY3OtRQjyOuoJGFCNtJL9c4T6FHSqgC7mfdSSHnIrx6e8FDceecdk1ewq4TJycVECOhl/+7oQxTjkRGjOklOvYifYyJDXFjIxL1U6qSIJwH3WJa6hAnCgvm/5mDKtGCWEUS3OEhlO19KcjQ1ypEQ+MkyPdU4u1ifhfzU11dOllVCSpJgLPHopSBnUMJ9HAkEqCNRsZgrCkZlmIe0girE2Ac5PCAU1UvvVwtrYJyVmMZJk0z2pXNefuvFK/ztMqgiNwDE6AAy5AHdyCBmgCDB7BM3gBr9aT9WZ9WJ8za8HKew7BHKyvHzIBqEw=</latexit><latexit sha1_base64="I1EIewIe128dc9LqoOOWz0c42Do=">AAACK3icbVDLSgMxFM3UV62vqks3wVJwIWVGBHVXdOOygrWF6TBkMpk2NMkMSaa0DP0Af0a3+h9uFLf+gF9g2g5iWw8ETs499+bmBAmjStv2u1VYWV1b3yhulra2d3b3yvsHDypOJSZNHLNYtgOkCKOCNDXVjLQTSRAPGGkF/ZtJvTUgUtFY3OtRQjyOuoJGFCNtJL9c4T6FHSqgC7mfdSSHnIrx6e8FDceecdk1ewq4TJycVECOhl/+7oQxTjkRGjOklOvYifYyJDXFjIxL1U6qSIJwH3WJa6hAnCgvm/5mDKtGCWEUS3OEhlO19KcjQ1ypEQ+MkyPdU4u1ifhfzU11dOllVCSpJgLPHopSBnUMJ9HAkEqCNRsZgrCkZlmIe0girE2Ac5PCAU1UvvVwtrYJyVmMZJk0z2pXNefuvFK/ztMqgiNwDE6AAy5AHdyCBmgCDB7BM3gBr9aT9WZ9WJ8za8HKew7BHKyvHzIBqEw=</latexit><latexit sha1_base64="I1EIewIe128dc9LqoOOWz0c42Do=">AAACK3icbVDLSgMxFM3UV62vqks3wVJwIWVGBHVXdOOygrWF6TBkMpk2NMkMSaa0DP0Af0a3+h9uFLf+gF9g2g5iWw8ETs499+bmBAmjStv2u1VYWV1b3yhulra2d3b3yvsHDypOJSZNHLNYtgOkCKOCNDXVjLQTSRAPGGkF/ZtJvTUgUtFY3OtRQjyOuoJGFCNtJL9c4T6FHSqgC7mfdSSHnIrx6e8FDceecdk1ewq4TJycVECOhl/+7oQxTjkRGjOklOvYifYyJDXFjIxL1U6qSIJwH3WJa6hAnCgvm/5mDKtGCWEUS3OEhlO19KcjQ1ypEQ+MkyPdU4u1ifhfzU11dOllVCSpJgLPHopSBnUMJ9HAkEqCNRsZgrCkZlmIe0girE2Ac5PCAU1UvvVwtrYJyVmMZJk0z2pXNefuvFK/ztMqgiNwDE6AAy5AHdyCBmgCDB7BM3gBr9aT9WZ9WJ8za8HKew7BHKyvHzIBqEw=</latexit><latexit sha1_base64="I1EIewIe128dc9LqoOOWz0c42Do=">AAACK3icbVDLSgMxFM3UV62vqks3wVJwIWVGBHVXdOOygrWF6TBkMpk2NMkMSaa0DP0Af0a3+h9uFLf+gF9g2g5iWw8ETs499+bmBAmjStv2u1VYWV1b3yhulra2d3b3yvsHDypOJSZNHLNYtgOkCKOCNDXVjLQTSRAPGGkF/ZtJvTUgUtFY3OtRQjyOuoJGFCNtJL9c4T6FHSqgC7mfdSSHnIrx6e8FDceecdk1ewq4TJycVECOhl/+7oQxTjkRGjOklOvYifYyJDXFjIxL1U6qSIJwH3WJa6hAnCgvm/5mDKtGCWEUS3OEhlO19KcjQ1ypEQ+MkyPdU4u1ifhfzU11dOllVCSpJgLPHopSBnUMJ9HAkEqCNRsZgrCkZlmIe0girE2Ac5PCAU1UvvVwtrYJyVmMZJk0z2pXNefuvFK/ztMqgiNwDE6AAy5AHdyCBmgCDB7BM3gBr9aT9WZ9WJ8za8HKew7BHKyvHzIBqEw=</latexit><latexit sha1_base64="I1EIewIe128dc9LqoOOWz0c42Do=">AAACK3icbVDLSgMxFM3UV62vqks3wVJwIWVGBHVXdOOygrWF6TBkMpk2NMkMSaa0DP0Af0a3+h9uFLf+gF9g2g5iWw8ETs499+bmBAmjStv2u1VYWV1b3yhulra2d3b3yvsHDypOJSZNHLNYtgOkCKOCNDXVjLQTSRAPGGkF/ZtJvTUgUtFY3OtRQjyOuoJGFCNtJL9c4T6FHSqgC7mfdSSHnIrx6e8FDceecdk1ewq4TJycVECOhl/+7oQxTjkRGjOklOvYifYyJDXFjIxL1U6qSIJwH3WJa6hAnCgvm/5mDKtGCWEUS3OEhlO19KcjQ1ypEQ+MkyPdU4u1ifhfzU11dOllVCSpJgLPHopSBnUMJ9HAkEqCNRsZgrCkZlmIe0girE2Ac5PCAU1UvvVwtrYJyVmMZJk0z2pXNefuvFK/ztMqgiNwDE6AAy5AHdyCBmgCDB7BM3gBr9aT9WZ9WJ8za8HKew7BHKyvHzIBqEw=</latexit>

mass eigenstates are all localized at each site

e�i ⇠
X

j

�j exp


� |i� j|

⇠loc

�

<latexit sha1_base64="szBOeP0IvihU3X9VSADVGqKlk/E="></latexit><latexit sha1_base64="szBOeP0IvihU3X9VSADVGqKlk/E="></latexit><latexit sha1_base64="szBOeP0IvihU3X9VSADVGqKlk/E="></latexit><latexit sha1_base64="szBOeP0IvihU3X9VSADVGqKlk/E="></latexit><latexit sha1_base64="szBOeP0IvihU3X9VSADVGqKlk/E="></latexit>

⇠�1
loc = ln

�m

2�m
� 1

<latexit sha1_base64="J0Z4F3IEs7c+wU2PuLNjQw0pYQM="></latexit><latexit sha1_base64="J0Z4F3IEs7c+wU2PuLNjQw0pYQM="></latexit><latexit sha1_base64="J0Z4F3IEs7c+wU2PuLNjQw0pYQM="></latexit><latexit sha1_base64="J0Z4F3IEs7c+wU2PuLNjQw0pYQM="></latexit><latexit sha1_base64="J0Z4F3IEs7c+wU2PuLNjQw0pYQM="></latexit>



�m/�m = 0
<latexit sha1_base64="06yB3PXVNJu8bgCaAfvWOobtyzA=">AAACHnicbVDNSgMxGMz6W+vfquDFS7AUPNVdEdSDUNSDxwquLXSXks1m29AkuyTZYql9GL3qe3gSr/oaPoFpuwfbOhAYZr4vmUyYMqq043xbC4tLyyurhbXi+sbm1ra9s/ugkkxi4uGEJbIRIkUYFcTTVDPSSCVBPGSkHnavR369R6SiibjX/ZQEHLUFjSlG2kgte9+PCNMIcngM/ZucXjotu+RUnDHgPHFzUgI5ai37x48SnHEiNGZIqabrpDoYIKkpZmRYLPuZIinCXdQmTUMF4kQFg/EHhrBslAjGiTRHaDhWi382Bogr1eehmeRId9SsNxL/85qZjs+DARVpponAk4fijEGdwFEbMKKSYM36hiAsqQkLcQdJhLXpbOqmqEdTlad+nMQ2JbmzlcwT76RyUXHvTkvVq7ytAjgAh+AIuOAMVMEtqAEPYPAEXsAreLOerXfrw/qcjC5Y+c4emIL19QtCFqH4</latexit><latexit sha1_base64="06yB3PXVNJu8bgCaAfvWOobtyzA=">AAACHnicbVDNSgMxGMz6W+vfquDFS7AUPNVdEdSDUNSDxwquLXSXks1m29AkuyTZYql9GL3qe3gSr/oaPoFpuwfbOhAYZr4vmUyYMqq043xbC4tLyyurhbXi+sbm1ra9s/ugkkxi4uGEJbIRIkUYFcTTVDPSSCVBPGSkHnavR369R6SiibjX/ZQEHLUFjSlG2kgte9+PCNMIcngM/ZucXjotu+RUnDHgPHFzUgI5ai37x48SnHEiNGZIqabrpDoYIKkpZmRYLPuZIinCXdQmTUMF4kQFg/EHhrBslAjGiTRHaDhWi382Bogr1eehmeRId9SsNxL/85qZjs+DARVpponAk4fijEGdwFEbMKKSYM36hiAsqQkLcQdJhLXpbOqmqEdTlad+nMQ2JbmzlcwT76RyUXHvTkvVq7ytAjgAh+AIuOAMVMEtqAEPYPAEXsAreLOerXfrw/qcjC5Y+c4emIL19QtCFqH4</latexit><latexit sha1_base64="06yB3PXVNJu8bgCaAfvWOobtyzA=">AAACHnicbVDNSgMxGMz6W+vfquDFS7AUPNVdEdSDUNSDxwquLXSXks1m29AkuyTZYql9GL3qe3gSr/oaPoFpuwfbOhAYZr4vmUyYMqq043xbC4tLyyurhbXi+sbm1ra9s/ugkkxi4uGEJbIRIkUYFcTTVDPSSCVBPGSkHnavR369R6SiibjX/ZQEHLUFjSlG2kgte9+PCNMIcngM/ZucXjotu+RUnDHgPHFzUgI5ai37x48SnHEiNGZIqabrpDoYIKkpZmRYLPuZIinCXdQmTUMF4kQFg/EHhrBslAjGiTRHaDhWi382Bogr1eehmeRId9SsNxL/85qZjs+DARVpponAk4fijEGdwFEbMKKSYM36hiAsqQkLcQdJhLXpbOqmqEdTlad+nMQ2JbmzlcwT76RyUXHvTkvVq7ytAjgAh+AIuOAMVMEtqAEPYPAEXsAreLOerXfrw/qcjC5Y+c4emIL19QtCFqH4</latexit><latexit sha1_base64="06yB3PXVNJu8bgCaAfvWOobtyzA=">AAACHnicbVDNSgMxGMz6W+vfquDFS7AUPNVdEdSDUNSDxwquLXSXks1m29AkuyTZYql9GL3qe3gSr/oaPoFpuwfbOhAYZr4vmUyYMqq043xbC4tLyyurhbXi+sbm1ra9s/ugkkxi4uGEJbIRIkUYFcTTVDPSSCVBPGSkHnavR369R6SiibjX/ZQEHLUFjSlG2kgte9+PCNMIcngM/ZucXjotu+RUnDHgPHFzUgI5ai37x48SnHEiNGZIqabrpDoYIKkpZmRYLPuZIinCXdQmTUMF4kQFg/EHhrBslAjGiTRHaDhWi382Bogr1eehmeRId9SsNxL/85qZjs+DARVpponAk4fijEGdwFEbMKKSYM36hiAsqQkLcQdJhLXpbOqmqEdTlad+nMQ2JbmzlcwT76RyUXHvTkvVq7ytAjgAh+AIuOAMVMEtqAEPYPAEXsAreLOerXfrw/qcjC5Y+c4emIL19QtCFqH4</latexit><latexit sha1_base64="06yB3PXVNJu8bgCaAfvWOobtyzA=">AAACHnicbVDNSgMxGMz6W+vfquDFS7AUPNVdEdSDUNSDxwquLXSXks1m29AkuyTZYql9GL3qe3gSr/oaPoFpuwfbOhAYZr4vmUyYMqq043xbC4tLyyurhbXi+sbm1ra9s/ugkkxi4uGEJbIRIkUYFcTTVDPSSCVBPGSkHnavR369R6SiibjX/ZQEHLUFjSlG2kgte9+PCNMIcngM/ZucXjotu+RUnDHgPHFzUgI5ai37x48SnHEiNGZIqabrpDoYIKkpZmRYLPuZIinCXdQmTUMF4kQFg/EHhrBslAjGiTRHaDhWi382Bogr1eehmeRId9SsNxL/85qZjs+DARVpponAk4fijEGdwFEbMKKSYM36hiAsqQkLcQdJhLXpbOqmqEdTlad+nMQ2JbmzlcwT76RyUXHvTkvVq7ytAjgAh+AIuOAMVMEtqAEPYPAEXsAreLOerXfrw/qcjC5Y+c4emIL19QtCFqH4</latexit>

1 2 3 4 5 6 7 8 9 10 1110-2

10-1

100



�m/�m = 10�2
<latexit sha1_base64="WTgX8pjf6hfizqo4rUP1hEMivQc=">AAACJXicbVBPS8MwHE3nvzn/VT2KEBwDL852COpBGOrB4wTnBmsdaZpuYUlbknQ4yk5+Gb3q9/Akgie/g5/AbOvBbT4IPN77/ZKX58WMSmVZX0ZuYXFpeSW/Wlhb39jcMrd37mWUCEzqOGKRaHpIEkZDUldUMdKMBUHcY6Th9a5GfqNPhKRReKcGMXE56oQ0oBgpLbXNfccnTCHI4TF0rjN6AW3rIT2qDNtm0SpbY8B5YmekCDLU2uaP40c44SRUmCEpW7YVKzdFQlHMyLBQchJJYoR7qENamoaIE+mm438MYUkrPgwioU+o4Fgt/NlIEZdywD09yZHqyllvJP7ntRIVnLkpDeNEkRBPHgoSBlUER6VAnwqCFRtogrCgOizEXSQQVrq6qZv8Po1llvpxEluXZM9WMk/qlfJ52b49KVYvs7byYA8cgENgg1NQBTegBuoAgyfwAl7Bm/FsvBsfxudkNGdkO7tgCsb3L8vLpEQ=</latexit><latexit sha1_base64="WTgX8pjf6hfizqo4rUP1hEMivQc=">AAACJXicbVBPS8MwHE3nvzn/VT2KEBwDL852COpBGOrB4wTnBmsdaZpuYUlbknQ4yk5+Gb3q9/Akgie/g5/AbOvBbT4IPN77/ZKX58WMSmVZX0ZuYXFpeSW/Wlhb39jcMrd37mWUCEzqOGKRaHpIEkZDUldUMdKMBUHcY6Th9a5GfqNPhKRReKcGMXE56oQ0oBgpLbXNfccnTCHI4TF0rjN6AW3rIT2qDNtm0SpbY8B5YmekCDLU2uaP40c44SRUmCEpW7YVKzdFQlHMyLBQchJJYoR7qENamoaIE+mm438MYUkrPgwioU+o4Fgt/NlIEZdywD09yZHqyllvJP7ntRIVnLkpDeNEkRBPHgoSBlUER6VAnwqCFRtogrCgOizEXSQQVrq6qZv8Po1llvpxEluXZM9WMk/qlfJ52b49KVYvs7byYA8cgENgg1NQBTegBuoAgyfwAl7Bm/FsvBsfxudkNGdkO7tgCsb3L8vLpEQ=</latexit><latexit sha1_base64="WTgX8pjf6hfizqo4rUP1hEMivQc=">AAACJXicbVBPS8MwHE3nvzn/VT2KEBwDL852COpBGOrB4wTnBmsdaZpuYUlbknQ4yk5+Gb3q9/Akgie/g5/AbOvBbT4IPN77/ZKX58WMSmVZX0ZuYXFpeSW/Wlhb39jcMrd37mWUCEzqOGKRaHpIEkZDUldUMdKMBUHcY6Th9a5GfqNPhKRReKcGMXE56oQ0oBgpLbXNfccnTCHI4TF0rjN6AW3rIT2qDNtm0SpbY8B5YmekCDLU2uaP40c44SRUmCEpW7YVKzdFQlHMyLBQchJJYoR7qENamoaIE+mm438MYUkrPgwioU+o4Fgt/NlIEZdywD09yZHqyllvJP7ntRIVnLkpDeNEkRBPHgoSBlUER6VAnwqCFRtogrCgOizEXSQQVrq6qZv8Po1llvpxEluXZM9WMk/qlfJ52b49KVYvs7byYA8cgENgg1NQBTegBuoAgyfwAl7Bm/FsvBsfxudkNGdkO7tgCsb3L8vLpEQ=</latexit><latexit sha1_base64="WTgX8pjf6hfizqo4rUP1hEMivQc=">AAACJXicbVBPS8MwHE3nvzn/VT2KEBwDL852COpBGOrB4wTnBmsdaZpuYUlbknQ4yk5+Gb3q9/Akgie/g5/AbOvBbT4IPN77/ZKX58WMSmVZX0ZuYXFpeSW/Wlhb39jcMrd37mWUCEzqOGKRaHpIEkZDUldUMdKMBUHcY6Th9a5GfqNPhKRReKcGMXE56oQ0oBgpLbXNfccnTCHI4TF0rjN6AW3rIT2qDNtm0SpbY8B5YmekCDLU2uaP40c44SRUmCEpW7YVKzdFQlHMyLBQchJJYoR7qENamoaIE+mm438MYUkrPgwioU+o4Fgt/NlIEZdywD09yZHqyllvJP7ntRIVnLkpDeNEkRBPHgoSBlUER6VAnwqCFRtogrCgOizEXSQQVrq6qZv8Po1llvpxEluXZM9WMk/qlfJ52b49KVYvs7byYA8cgENgg1NQBTegBuoAgyfwAl7Bm/FsvBsfxudkNGdkO7tgCsb3L8vLpEQ=</latexit><latexit sha1_base64="WTgX8pjf6hfizqo4rUP1hEMivQc=">AAACJXicbVBPS8MwHE3nvzn/VT2KEBwDL852COpBGOrB4wTnBmsdaZpuYUlbknQ4yk5+Gb3q9/Akgie/g5/AbOvBbT4IPN77/ZKX58WMSmVZX0ZuYXFpeSW/Wlhb39jcMrd37mWUCEzqOGKRaHpIEkZDUldUMdKMBUHcY6Th9a5GfqNPhKRReKcGMXE56oQ0oBgpLbXNfccnTCHI4TF0rjN6AW3rIT2qDNtm0SpbY8B5YmekCDLU2uaP40c44SRUmCEpW7YVKzdFQlHMyLBQchJJYoR7qENamoaIE+mm438MYUkrPgwioU+o4Fgt/NlIEZdywD09yZHqyllvJP7ntRIVnLkpDeNEkRBPHgoSBlUER6VAnwqCFRtogrCgOizEXSQQVrq6qZv8Po1llvpxEluXZM9WMk/qlfJ52b49KVYvs7byYA8cgENgg1NQBTegBuoAgyfwAl7Bm/FsvBsfxudkNGdkO7tgCsb3L8vLpEQ=</latexit>

1 2 3 4 5 6 7 8 9 10 1110-2

10-1

100

⇠�1
loc ' 0.3

<latexit sha1_base64="4REcr1eRZsc6CWzRidkRwZZItEw=">AAACJXicbVDNSgMxGMz6W+vfqkcRgqXgxbKrgnorevFYwdpCt5ZsNtuGJps1yZaWpSdfRq/6Hp5E8OQ7+ASm7R5s60BgmPm+ZDJ+zKjSjvNlLSwuLa+s5tby6xubW9v2zu69EonEpIoFE7LuI0UYjUhVU81IPZYEcZ+Rmt+9Hvm1HpGKiuhOD2LS5Kgd0ZBipI3Usg+8Pm2lnuSQCTx8SI/dIfQU5eQROqXTll1wSs4YcJ64GSmADJWW/eMFAiecRBozpFTDdWLdTJHUFDMyzBe9RJEY4S5qk4ahEeJENdPxP4awaJQAhkKaE2k4VvN/NlLElRpw30xypDtq1huJ/3mNRIcXzZRGcaJJhCcPhQmDWsBRKTCgkmDNBoYgLKkJC3EHSYS1qW7qpqBHY5Wl7k9im5Lc2UrmSfWkdFlyb88K5ausrRzYB4fgCLjgHJTBDaiAKsDgCbyAV/BmPVvv1of1ORldsLKdPTAF6/sXLeelqQ==</latexit><latexit sha1_base64="4REcr1eRZsc6CWzRidkRwZZItEw=">AAACJXicbVDNSgMxGMz6W+vfqkcRgqXgxbKrgnorevFYwdpCt5ZsNtuGJps1yZaWpSdfRq/6Hp5E8OQ7+ASm7R5s60BgmPm+ZDJ+zKjSjvNlLSwuLa+s5tby6xubW9v2zu69EonEpIoFE7LuI0UYjUhVU81IPZYEcZ+Rmt+9Hvm1HpGKiuhOD2LS5Kgd0ZBipI3Usg+8Pm2lnuSQCTx8SI/dIfQU5eQROqXTll1wSs4YcJ64GSmADJWW/eMFAiecRBozpFTDdWLdTJHUFDMyzBe9RJEY4S5qk4ahEeJENdPxP4awaJQAhkKaE2k4VvN/NlLElRpw30xypDtq1huJ/3mNRIcXzZRGcaJJhCcPhQmDWsBRKTCgkmDNBoYgLKkJC3EHSYS1qW7qpqBHY5Wl7k9im5Lc2UrmSfWkdFlyb88K5ausrRzYB4fgCLjgHJTBDaiAKsDgCbyAV/BmPVvv1of1ORldsLKdPTAF6/sXLeelqQ==</latexit><latexit sha1_base64="4REcr1eRZsc6CWzRidkRwZZItEw=">AAACJXicbVDNSgMxGMz6W+vfqkcRgqXgxbKrgnorevFYwdpCt5ZsNtuGJps1yZaWpSdfRq/6Hp5E8OQ7+ASm7R5s60BgmPm+ZDJ+zKjSjvNlLSwuLa+s5tby6xubW9v2zu69EonEpIoFE7LuI0UYjUhVU81IPZYEcZ+Rmt+9Hvm1HpGKiuhOD2LS5Kgd0ZBipI3Usg+8Pm2lnuSQCTx8SI/dIfQU5eQROqXTll1wSs4YcJ64GSmADJWW/eMFAiecRBozpFTDdWLdTJHUFDMyzBe9RJEY4S5qk4ahEeJENdPxP4awaJQAhkKaE2k4VvN/NlLElRpw30xypDtq1huJ/3mNRIcXzZRGcaJJhCcPhQmDWsBRKTCgkmDNBoYgLKkJC3EHSYS1qW7qpqBHY5Wl7k9im5Lc2UrmSfWkdFlyb88K5ausrRzYB4fgCLjgHJTBDaiAKsDgCbyAV/BmPVvv1of1ORldsLKdPTAF6/sXLeelqQ==</latexit><latexit sha1_base64="4REcr1eRZsc6CWzRidkRwZZItEw=">AAACJXicbVDNSgMxGMz6W+vfqkcRgqXgxbKrgnorevFYwdpCt5ZsNtuGJps1yZaWpSdfRq/6Hp5E8OQ7+ASm7R5s60BgmPm+ZDJ+zKjSjvNlLSwuLa+s5tby6xubW9v2zu69EonEpIoFE7LuI0UYjUhVU81IPZYEcZ+Rmt+9Hvm1HpGKiuhOD2LS5Kgd0ZBipI3Usg+8Pm2lnuSQCTx8SI/dIfQU5eQROqXTll1wSs4YcJ64GSmADJWW/eMFAiecRBozpFTDdWLdTJHUFDMyzBe9RJEY4S5qk4ahEeJENdPxP4awaJQAhkKaE2k4VvN/NlLElRpw30xypDtq1huJ/3mNRIcXzZRGcaJJhCcPhQmDWsBRKTCgkmDNBoYgLKkJC3EHSYS1qW7qpqBHY5Wl7k9im5Lc2UrmSfWkdFlyb88K5ausrRzYB4fgCLjgHJTBDaiAKsDgCbyAV/BmPVvv1of1ORldsLKdPTAF6/sXLeelqQ==</latexit><latexit sha1_base64="4REcr1eRZsc6CWzRidkRwZZItEw=">AAACJXicbVDNSgMxGMz6W+vfqkcRgqXgxbKrgnorevFYwdpCt5ZsNtuGJps1yZaWpSdfRq/6Hp5E8OQ7+ASm7R5s60BgmPm+ZDJ+zKjSjvNlLSwuLa+s5tby6xubW9v2zu69EonEpIoFE7LuI0UYjUhVU81IPZYEcZ+Rmt+9Hvm1HpGKiuhOD2LS5Kgd0ZBipI3Usg+8Pm2lnuSQCTx8SI/dIfQU5eQROqXTll1wSs4YcJ64GSmADJWW/eMFAiecRBozpFTDdWLdTJHUFDMyzBe9RJEY4S5qk4ahEeJENdPxP4awaJQAhkKaE2k4VvN/NlLElRpw30xypDtq1huJ/3mNRIcXzZRGcaJJhCcPhQmDWsBRKTCgkmDNBoYgLKkJC3EHSYS1qW7qpqBHY5Wl7k9im5Lc2UrmSfWkdFlyb88K5ausrRzYB4fgCLjgHJTBDaiAKsDgCbyAV/BmPVvv1of1ORldsLKdPTAF6/sXLeelqQ==</latexit>



�m/�m = 10�2
<latexit sha1_base64="WTgX8pjf6hfizqo4rUP1hEMivQc=">AAACJXicbVBPS8MwHE3nvzn/VT2KEBwDL852COpBGOrB4wTnBmsdaZpuYUlbknQ4yk5+Gb3q9/Akgie/g5/AbOvBbT4IPN77/ZKX58WMSmVZX0ZuYXFpeSW/Wlhb39jcMrd37mWUCEzqOGKRaHpIEkZDUldUMdKMBUHcY6Th9a5GfqNPhKRReKcGMXE56oQ0oBgpLbXNfccnTCHI4TF0rjN6AW3rIT2qDNtm0SpbY8B5YmekCDLU2uaP40c44SRUmCEpW7YVKzdFQlHMyLBQchJJYoR7qENamoaIE+mm438MYUkrPgwioU+o4Fgt/NlIEZdywD09yZHqyllvJP7ntRIVnLkpDeNEkRBPHgoSBlUER6VAnwqCFRtogrCgOizEXSQQVrq6qZv8Po1llvpxEluXZM9WMk/qlfJ52b49KVYvs7byYA8cgENgg1NQBTegBuoAgyfwAl7Bm/FsvBsfxudkNGdkO7tgCsb3L8vLpEQ=</latexit><latexit sha1_base64="WTgX8pjf6hfizqo4rUP1hEMivQc=">AAACJXicbVBPS8MwHE3nvzn/VT2KEBwDL852COpBGOrB4wTnBmsdaZpuYUlbknQ4yk5+Gb3q9/Akgie/g5/AbOvBbT4IPN77/ZKX58WMSmVZX0ZuYXFpeSW/Wlhb39jcMrd37mWUCEzqOGKRaHpIEkZDUldUMdKMBUHcY6Th9a5GfqNPhKRReKcGMXE56oQ0oBgpLbXNfccnTCHI4TF0rjN6AW3rIT2qDNtm0SpbY8B5YmekCDLU2uaP40c44SRUmCEpW7YVKzdFQlHMyLBQchJJYoR7qENamoaIE+mm438MYUkrPgwioU+o4Fgt/NlIEZdywD09yZHqyllvJP7ntRIVnLkpDeNEkRBPHgoSBlUER6VAnwqCFRtogrCgOizEXSQQVrq6qZv8Po1llvpxEluXZM9WMk/qlfJ52b49KVYvs7byYA8cgENgg1NQBTegBuoAgyfwAl7Bm/FsvBsfxudkNGdkO7tgCsb3L8vLpEQ=</latexit><latexit sha1_base64="WTgX8pjf6hfizqo4rUP1hEMivQc=">AAACJXicbVBPS8MwHE3nvzn/VT2KEBwDL852COpBGOrB4wTnBmsdaZpuYUlbknQ4yk5+Gb3q9/Akgie/g5/AbOvBbT4IPN77/ZKX58WMSmVZX0ZuYXFpeSW/Wlhb39jcMrd37mWUCEzqOGKRaHpIEkZDUldUMdKMBUHcY6Th9a5GfqNPhKRReKcGMXE56oQ0oBgpLbXNfccnTCHI4TF0rjN6AW3rIT2qDNtm0SpbY8B5YmekCDLU2uaP40c44SRUmCEpW7YVKzdFQlHMyLBQchJJYoR7qENamoaIE+mm438MYUkrPgwioU+o4Fgt/NlIEZdywD09yZHqyllvJP7ntRIVnLkpDeNEkRBPHgoSBlUER6VAnwqCFRtogrCgOizEXSQQVrq6qZv8Po1llvpxEluXZM9WMk/qlfJ52b49KVYvs7byYA8cgENgg1NQBTegBuoAgyfwAl7Bm/FsvBsfxudkNGdkO7tgCsb3L8vLpEQ=</latexit><latexit sha1_base64="WTgX8pjf6hfizqo4rUP1hEMivQc=">AAACJXicbVBPS8MwHE3nvzn/VT2KEBwDL852COpBGOrB4wTnBmsdaZpuYUlbknQ4yk5+Gb3q9/Akgie/g5/AbOvBbT4IPN77/ZKX58WMSmVZX0ZuYXFpeSW/Wlhb39jcMrd37mWUCEzqOGKRaHpIEkZDUldUMdKMBUHcY6Th9a5GfqNPhKRReKcGMXE56oQ0oBgpLbXNfccnTCHI4TF0rjN6AW3rIT2qDNtm0SpbY8B5YmekCDLU2uaP40c44SRUmCEpW7YVKzdFQlHMyLBQchJJYoR7qENamoaIE+mm438MYUkrPgwioU+o4Fgt/NlIEZdywD09yZHqyllvJP7ntRIVnLkpDeNEkRBPHgoSBlUER6VAnwqCFRtogrCgOizEXSQQVrq6qZv8Po1llvpxEluXZM9WMk/qlfJ52b49KVYvs7byYA8cgENgg1NQBTegBuoAgyfwAl7Bm/FsvBsfxudkNGdkO7tgCsb3L8vLpEQ=</latexit><latexit sha1_base64="WTgX8pjf6hfizqo4rUP1hEMivQc=">AAACJXicbVBPS8MwHE3nvzn/VT2KEBwDL852COpBGOrB4wTnBmsdaZpuYUlbknQ4yk5+Gb3q9/Akgie/g5/AbOvBbT4IPN77/ZKX58WMSmVZX0ZuYXFpeSW/Wlhb39jcMrd37mWUCEzqOGKRaHpIEkZDUldUMdKMBUHcY6Th9a5GfqNPhKRReKcGMXE56oQ0oBgpLbXNfccnTCHI4TF0rjN6AW3rIT2qDNtm0SpbY8B5YmekCDLU2uaP40c44SRUmCEpW7YVKzdFQlHMyLBQchJJYoR7qENamoaIE+mm438MYUkrPgwioU+o4Fgt/NlIEZdywD09yZHqyllvJP7ntRIVnLkpDeNEkRBPHgoSBlUER6VAnwqCFRtogrCgOizEXSQQVrq6qZv8Po1llvpxEluXZM9WMk/qlfJ52b49KVYvs7byYA8cgENgg1NQBTegBuoAgyfwAl7Bm/FsvBsfxudkNGdkO7tgCsb3L8vLpEQ=</latexit>
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<latexit sha1_base64="4REcr1eRZsc6CWzRidkRwZZItEw=">AAACJXicbVDNSgMxGMz6W+vfqkcRgqXgxbKrgnorevFYwdpCt5ZsNtuGJps1yZaWpSdfRq/6Hp5E8OQ7+ASm7R5s60BgmPm+ZDJ+zKjSjvNlLSwuLa+s5tby6xubW9v2zu69EonEpIoFE7LuI0UYjUhVU81IPZYEcZ+Rmt+9Hvm1HpGKiuhOD2LS5Kgd0ZBipI3Usg+8Pm2lnuSQCTx8SI/dIfQU5eQROqXTll1wSs4YcJ64GSmADJWW/eMFAiecRBozpFTDdWLdTJHUFDMyzBe9RJEY4S5qk4ahEeJENdPxP4awaJQAhkKaE2k4VvN/NlLElRpw30xypDtq1huJ/3mNRIcXzZRGcaJJhCcPhQmDWsBRKTCgkmDNBoYgLKkJC3EHSYS1qW7qpqBHY5Wl7k9im5Lc2UrmSfWkdFlyb88K5ausrRzYB4fgCLjgHJTBDaiAKsDgCbyAV/BmPVvv1of1ORldsLKdPTAF6/sXLeelqQ==</latexit><latexit sha1_base64="4REcr1eRZsc6CWzRidkRwZZItEw=">AAACJXicbVDNSgMxGMz6W+vfqkcRgqXgxbKrgnorevFYwdpCt5ZsNtuGJps1yZaWpSdfRq/6Hp5E8OQ7+ASm7R5s60BgmPm+ZDJ+zKjSjvNlLSwuLa+s5tby6xubW9v2zu69EonEpIoFE7LuI0UYjUhVU81IPZYEcZ+Rmt+9Hvm1HpGKiuhOD2LS5Kgd0ZBipI3Usg+8Pm2lnuSQCTx8SI/dIfQU5eQROqXTll1wSs4YcJ64GSmADJWW/eMFAiecRBozpFTDdWLdTJHUFDMyzBe9RJEY4S5qk4ahEeJENdPxP4awaJQAhkKaE2k4VvN/NlLElRpw30xypDtq1huJ/3mNRIcXzZRGcaJJhCcPhQmDWsBRKTCgkmDNBoYgLKkJC3EHSYS1qW7qpqBHY5Wl7k9im5Lc2UrmSfWkdFlyb88K5ausrRzYB4fgCLjgHJTBDaiAKsDgCbyAV/BmPVvv1of1ORldsLKdPTAF6/sXLeelqQ==</latexit><latexit sha1_base64="4REcr1eRZsc6CWzRidkRwZZItEw=">AAACJXicbVDNSgMxGMz6W+vfqkcRgqXgxbKrgnorevFYwdpCt5ZsNtuGJps1yZaWpSdfRq/6Hp5E8OQ7+ASm7R5s60BgmPm+ZDJ+zKjSjvNlLSwuLa+s5tby6xubW9v2zu69EonEpIoFE7LuI0UYjUhVU81IPZYEcZ+Rmt+9Hvm1HpGKiuhOD2LS5Kgd0ZBipI3Usg+8Pm2lnuSQCTx8SI/dIfQU5eQROqXTll1wSs4YcJ64GSmADJWW/eMFAiecRBozpFTDdWLdTJHUFDMyzBe9RJEY4S5qk4ahEeJENdPxP4awaJQAhkKaE2k4VvN/NlLElRpw30xypDtq1huJ/3mNRIcXzZRGcaJJhCcPhQmDWsBRKTCgkmDNBoYgLKkJC3EHSYS1qW7qpqBHY5Wl7k9im5Lc2UrmSfWkdFlyb88K5ausrRzYB4fgCLjgHJTBDaiAKsDgCbyAV/BmPVvv1of1ORldsLKdPTAF6/sXLeelqQ==</latexit><latexit sha1_base64="4REcr1eRZsc6CWzRidkRwZZItEw=">AAACJXicbVDNSgMxGMz6W+vfqkcRgqXgxbKrgnorevFYwdpCt5ZsNtuGJps1yZaWpSdfRq/6Hp5E8OQ7+ASm7R5s60BgmPm+ZDJ+zKjSjvNlLSwuLa+s5tby6xubW9v2zu69EonEpIoFE7LuI0UYjUhVU81IPZYEcZ+Rmt+9Hvm1HpGKiuhOD2LS5Kgd0ZBipI3Usg+8Pm2lnuSQCTx8SI/dIfQU5eQROqXTll1wSs4YcJ64GSmADJWW/eMFAiecRBozpFTDdWLdTJHUFDMyzBe9RJEY4S5qk4ahEeJENdPxP4awaJQAhkKaE2k4VvN/NlLElRpw30xypDtq1huJ/3mNRIcXzZRGcaJJhCcPhQmDWsBRKTCgkmDNBoYgLKkJC3EHSYS1qW7qpqBHY5Wl7k9im5Lc2UrmSfWkdFlyb88K5ausrRzYB4fgCLjgHJTBDaiAKsDgCbyAV/BmPVvv1of1ORldsLKdPTAF6/sXLeelqQ==</latexit><latexit sha1_base64="4REcr1eRZsc6CWzRidkRwZZItEw=">AAACJXicbVDNSgMxGMz6W+vfqkcRgqXgxbKrgnorevFYwdpCt5ZsNtuGJps1yZaWpSdfRq/6Hp5E8OQ7+ASm7R5s60BgmPm+ZDJ+zKjSjvNlLSwuLa+s5tby6xubW9v2zu69EonEpIoFE7LuI0UYjUhVU81IPZYEcZ+Rmt+9Hvm1HpGKiuhOD2LS5Kgd0ZBipI3Usg+8Pm2lnuSQCTx8SI/dIfQU5eQROqXTll1wSs4YcJ64GSmADJWW/eMFAiecRBozpFTDdWLdTJHUFDMyzBe9RJEY4S5qk4ahEeJENdPxP4awaJQAhkKaE2k4VvN/NlLElRpw30xypDtq1huJ/3mNRIcXzZRGcaJJhCcPhQmDWsBRKTCgkmDNBoYgLKkJC3EHSYS1qW7qpqBHY5Wl7k9im5Lc2UrmSfWkdFlyb88K5ausrRzYB4fgCLjgHJTBDaiAKsDgCbyAV/BmPVvv1of1ORldsLKdPTAF6/sXLeelqQ==</latexit>

non-nearest neighbor interactions are exponentially suppressed

mass eigenstates are localized

L � e�
|i�j+1|

⇠loc �i�jOsm
<latexit sha1_base64="2FpGg2qkCaE5Je0dX0ACChpZm4A="></latexit><latexit sha1_base64="2FpGg2qkCaE5Je0dX0ACChpZm4A="></latexit><latexit sha1_base64="2FpGg2qkCaE5Je0dX0ACChpZm4A="></latexit><latexit sha1_base64="2FpGg2qkCaE5Je0dX0ACChpZm4A="></latexit><latexit sha1_base64="2FpGg2qkCaE5Je0dX0ACChpZm4A="></latexit>



�m/�m = 10�2
<latexit sha1_base64="WTgX8pjf6hfizqo4rUP1hEMivQc=">AAACJXicbVBPS8MwHE3nvzn/VT2KEBwDL852COpBGOrB4wTnBmsdaZpuYUlbknQ4yk5+Gb3q9/Akgie/g5/AbOvBbT4IPN77/ZKX58WMSmVZX0ZuYXFpeSW/Wlhb39jcMrd37mWUCEzqOGKRaHpIEkZDUldUMdKMBUHcY6Th9a5GfqNPhKRReKcGMXE56oQ0oBgpLbXNfccnTCHI4TF0rjN6AW3rIT2qDNtm0SpbY8B5YmekCDLU2uaP40c44SRUmCEpW7YVKzdFQlHMyLBQchJJYoR7qENamoaIE+mm438MYUkrPgwioU+o4Fgt/NlIEZdywD09yZHqyllvJP7ntRIVnLkpDeNEkRBPHgoSBlUER6VAnwqCFRtogrCgOizEXSQQVrq6qZv8Po1llvpxEluXZM9WMk/qlfJ52b49KVYvs7byYA8cgENgg1NQBTegBuoAgyfwAl7Bm/FsvBsfxudkNGdkO7tgCsb3L8vLpEQ=</latexit><latexit sha1_base64="WTgX8pjf6hfizqo4rUP1hEMivQc=">AAACJXicbVBPS8MwHE3nvzn/VT2KEBwDL852COpBGOrB4wTnBmsdaZpuYUlbknQ4yk5+Gb3q9/Akgie/g5/AbOvBbT4IPN77/ZKX58WMSmVZX0ZuYXFpeSW/Wlhb39jcMrd37mWUCEzqOGKRaHpIEkZDUldUMdKMBUHcY6Th9a5GfqNPhKRReKcGMXE56oQ0oBgpLbXNfccnTCHI4TF0rjN6AW3rIT2qDNtm0SpbY8B5YmekCDLU2uaP40c44SRUmCEpW7YVKzdFQlHMyLBQchJJYoR7qENamoaIE+mm438MYUkrPgwioU+o4Fgt/NlIEZdywD09yZHqyllvJP7ntRIVnLkpDeNEkRBPHgoSBlUER6VAnwqCFRtogrCgOizEXSQQVrq6qZv8Po1llvpxEluXZM9WMk/qlfJ52b49KVYvs7byYA8cgENgg1NQBTegBuoAgyfwAl7Bm/FsvBsfxudkNGdkO7tgCsb3L8vLpEQ=</latexit><latexit sha1_base64="WTgX8pjf6hfizqo4rUP1hEMivQc=">AAACJXicbVBPS8MwHE3nvzn/VT2KEBwDL852COpBGOrB4wTnBmsdaZpuYUlbknQ4yk5+Gb3q9/Akgie/g5/AbOvBbT4IPN77/ZKX58WMSmVZX0ZuYXFpeSW/Wlhb39jcMrd37mWUCEzqOGKRaHpIEkZDUldUMdKMBUHcY6Th9a5GfqNPhKRReKcGMXE56oQ0oBgpLbXNfccnTCHI4TF0rjN6AW3rIT2qDNtm0SpbY8B5YmekCDLU2uaP40c44SRUmCEpW7YVKzdFQlHMyLBQchJJYoR7qENamoaIE+mm438MYUkrPgwioU+o4Fgt/NlIEZdywD09yZHqyllvJP7ntRIVnLkpDeNEkRBPHgoSBlUER6VAnwqCFRtogrCgOizEXSQQVrq6qZv8Po1llvpxEluXZM9WMk/qlfJ52b49KVYvs7byYA8cgENgg1NQBTegBuoAgyfwAl7Bm/FsvBsfxudkNGdkO7tgCsb3L8vLpEQ=</latexit><latexit sha1_base64="WTgX8pjf6hfizqo4rUP1hEMivQc=">AAACJXicbVBPS8MwHE3nvzn/VT2KEBwDL852COpBGOrB4wTnBmsdaZpuYUlbknQ4yk5+Gb3q9/Akgie/g5/AbOvBbT4IPN77/ZKX58WMSmVZX0ZuYXFpeSW/Wlhb39jcMrd37mWUCEzqOGKRaHpIEkZDUldUMdKMBUHcY6Th9a5GfqNPhKRReKcGMXE56oQ0oBgpLbXNfccnTCHI4TF0rjN6AW3rIT2qDNtm0SpbY8B5YmekCDLU2uaP40c44SRUmCEpW7YVKzdFQlHMyLBQchJJYoR7qENamoaIE+mm438MYUkrPgwioU+o4Fgt/NlIEZdywD09yZHqyllvJP7ntRIVnLkpDeNEkRBPHgoSBlUER6VAnwqCFRtogrCgOizEXSQQVrq6qZv8Po1llvpxEluXZM9WMk/qlfJ52b49KVYvs7byYA8cgENgg1NQBTegBuoAgyfwAl7Bm/FsvBsfxudkNGdkO7tgCsb3L8vLpEQ=</latexit><latexit sha1_base64="WTgX8pjf6hfizqo4rUP1hEMivQc=">AAACJXicbVBPS8MwHE3nvzn/VT2KEBwDL852COpBGOrB4wTnBmsdaZpuYUlbknQ4yk5+Gb3q9/Akgie/g5/AbOvBbT4IPN77/ZKX58WMSmVZX0ZuYXFpeSW/Wlhb39jcMrd37mWUCEzqOGKRaHpIEkZDUldUMdKMBUHcY6Th9a5GfqNPhKRReKcGMXE56oQ0oBgpLbXNfccnTCHI4TF0rjN6AW3rIT2qDNtm0SpbY8B5YmekCDLU2uaP40c44SRUmCEpW7YVKzdFQlHMyLBQchJJYoR7qENamoaIE+mm438MYUkrPgwioU+o4Fgt/NlIEZdywD09yZHqyllvJP7ntRIVnLkpDeNEkRBPHgoSBlUER6VAnwqCFRtogrCgOizEXSQQVrq6qZv8Po1llvpxEluXZM9WMk/qlfJ52b49KVYvs7byYA8cgENgg1NQBTegBuoAgyfwAl7Bm/FsvBsfxudkNGdkO7tgCsb3L8vLpEQ=</latexit>
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non-nearest neighbor interactions are exponentially suppressed

mass eigenstates are localized
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a decay through shortcut is possible but at the price of
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Summary

In the scenario we discussed, DM could be thermal relic

and its mass could be much heavier than EW scale

relic abundance is completely determined by its interaction with SM

DM is decaying, potentially has interesting signature in indirect detection


