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The rich resonance structure of QCD…

glueballs

tetraquarks hybrids

PRL 91, 262001 (2003)

Belle
X ! ⇡+⇡�J/ 

BaBar

PRL95,142001 (2005)

Quantify how resonances modify scattering and production rates (T = 0) 

Explore how they couple to external probes / respond to extreme conditions 

Determine how their properties depend on QCD’s fundamental parameters

Inherently difficult:  
Very far from low-energy symmetry constraints and high-energy pQCD



Numerical Lattice QCD requires…

Viewing L as a tool

Euclidean 
signature

3
nonzero lattice spacing

finite volume,

1

2 L

ImE

ReE

In real-time observables, the interplay of these is subtle…
Euclidean signature → inverse methods → understanding covariance 
→ challenged by discretization

This talk: two sides of lattice resonance physics…
First half:  Finite L as a tool ( → Euclidean not a disadvantage )

Second half: Finite L as an unwanted artifact ( → Euc. is a problem )



Based on work with…

D. Robaina H. MeyerS. SharpeR. Briceño

Three-particle systems with resonant subprocesses in a finite volume      
Briceño, MTH, Sharpe, PRD 2019, (arXiv:1810.01429)

Lattice QCD and Three-particle Decays of Resonances 
MTH, Sharpe, (arXiv:1901.00483)

Total rates into multihadron final states from lattice QCD 
MTH, Meyer, Robaina (arXiv:1704.08993)
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Consider a trapped particle in non-relativistic quantum mechanics

A useful tool is the correlation function…

Can have any energy E > 2mE = MIsolated state with

E Poles become dense and 
form a branch cut

What is different in systems with scattering states? 

Of bound states and cuts



S(E) = h⇡⇡, out|⇡⇡, ini

Angular degrees of freedom 
define a matrix space

S↵�(E)
Encodes all information 

that can be measured in a 
scattering experiment

For scattering states, listing allowed energies is no longer useful
E

All above-threshold 
energies appear

Instead, physical information is in the matrix elements…

S-matrix
hamiltonian eigenstate 
pions well separated at 
early/late times

asymptotic state

S-matrix and scattering



S(E) = h⇡⇡, out|⇡⇡, ini
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Diagonal in angular momentum 
S-matrix unitarity

Relation to the scattering amplitude

+S(E) =

real function contains the scattering information

For scattering states, listing allowed energies is no longer useful
E

All above-threshold 
energies appear

Instead, physical information is in the matrix elements…

S-matrix properties
hamiltonian eigenstate 
pions well separated at 
early/late times

asymptotic state

S-matrix and scattering



ImE

ReE

Consider this curve in 
the complex plane

Roughly speaking, a bump in |M(E)|2 / |e2i�(E) � 1|2 / sin2 �(E)

E (GeV)

Protopopescu et al. (1972)

⇡⇡ ! ⇡⇡IG(JPC) = 1+(1��)
⇢

scattering rate unitarity relation

pions

Definition of a resonance



Analytic continuation reveals that the bump 
corresponds to a pole in the complex plane

ER = MR + i�R/2

ImE

ReE

This bridges the gap between 
bound states and resonances

|M(E)|2 / |e2i�(E) � 1|2 / sin2 �(E)Roughly speaking, a bump in

E (GeV)

Protopopescu et al. (1972)

⇡⇡ ! ⇡⇡IG(JPC) = 1+(1��)
⇢

scattering rate unitarity relation

pions

EB = MB

Definition of a resonance



Multiple Riemann sheets
It is most instructive to analytically continue the scattering amplitude

M`(s) =
1

K`(s)�1 + ⇢(s)
⇢(s) / �i

p
s� (2M⇡)2

Each channel generates a branchcut that doubles the number of sheets

physical sheet unphysical sheets = E2
cm

Our aim is to map out this structure in a systematic and rigorous way



Difficulties for multi-hadron/resonance states

The analytic structure is changed by the    
finite volume… 

Discretizes the spectrum 
Eliminates the branch cuts 
Removes the second Riemann sheet 
Hides the resonance poles

L
Finite-volume analytic structure Infinite-volume analytic structure



Finite-volume observables
‘On the lattice’ one can calculate finite-

volume energies and matrix elements
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e�En(L)⌧Zn,jZ
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Can determine optimized operators by ‘diagonalizing’ the correlator matrix (GEVP)

⌦
⌦m0(⌧) J (0) ⌦†

m(�⌧)
↵
⇠ e�Em0⌧ e�Em⌧ hEm0 |J (0)|Emi+ · · ·

⌦
⌦m(⌧)⌦†

m(0)
↵
⇠ e�Em(L)⌧ + · · ·

Our task is relate             and                            to experimental observablesEn(L)
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Multi-hadron processes from LQCD 
KEY IDEA: We can use the finite volume as a tool to extract  

multi-hadron observables 

Two-to-two scattering

One-to-two transitions

Two-to-three and three-to-three scattering

`+
`�

K ! ⇡⇡ B ! K⇡

E0(L)

E1(L)

E2(L)

E0(L)

E1(L)

E2(L)

L

L

L

h2|J |1i



Scattering observables leave an imprint on finite-volume quantities

The finite-volume as a tool

E0 = 2M⇡

Consider a weakly-interacting, two-body system with no bound states

Infinite-volume ground state

M`=0(2M⇡) = �32⇡M⇡a
Information is in the scattering amplitude

Finite-volume set-up

L

L

L

E0(L)

E1(L)

E2(L)

cubic, spatial volume (extent L) 

periodic boundary conditions

L is large enough to neglect e�M⇡L

~p =
2⇡

L
~n , ~n 2 Z3

Finite-volume ground state

E0(L) = 2M⇡ +
4⇡a

M⇡L3
+O(1/L4)

Huang, Yang (1958)



Scattering observables leave an imprint on finite-volume quantities

The finite-volume as a tool

E0 = 2M⇡

Consider a weakly-interacting, two-body system with no bound states

Infinite-volume ground state

M`=0(2M⇡) = �32⇡M⇡a
Information is in the scattering amplitude

Finite-volume set-up

L

L

L

E0(L)

E1(L)

E2(L)

cubic, spatial volume (extent L) 

periodic boundary conditions

L is large enough to neglect e�M⇡L

~p =
2⇡

L
~n , ~n 2 Z3

Finite-volume ground state

E0(L) = 2M⇡ +
4⇡a

M⇡L3
+O(1/L4)

Huang, Yang (1958)

scattering length



Hint of the derivation

M`=0(Ecm) = + · · · = ��+O(�2)

In the infinite-volume world…

In the finite-volume world…

ML(Ecm) = + · · ·

ML(Ecm) = ��� �
1

2

1

L3

X

k

1

(2!k)2(Ecm � 2!k)
�+ · · ·+ · · ·

At leading order, the finite-volume 
amplitude has no poles

a =
�

32⇡M⇡
+O(�2)

scattering length



M`=0(Ecm) = + · · · = ��+O(�2)

In the infinite-volume world…

In the finite-volume world…

ML(Ecm) = + + · · ·

ML(Ecm) = ��� �
1

2

1

L3

X

k

1

(2!k)2(Ecm � 2!k)
�+ · · ·

At next-to-leading order, we see poles of two non-interacting particles

Hint of the derivation

!k =
q

k2 +M2
⇡ k =

2⇡

L
n , n 2 Z3where

a =
�

32⇡M⇡
+O(�2)

scattering length



M`=0(Ecm) = + · · · = ��+O(�2)

In the infinite-volume world…

In the finite-volume world…

ML(Ecm) = + + · · ·

ML(Ecm) = ��� �
1

2

1

L3

X

k

1

(2!k)2(Ecm � 2!k)
�+ · · ·

ML(Ecm) = ��� �
1

2

1

L3

1

(2M⇡)2(Ecm � 2M⇡)
�+ · · ·

Hint of the derivation

zoom-in on the 
lowest-lying polepole from two zero-

momentum pions

The truncated series is failing because we are interested in Ecm � 2M⇡ = O(�)

a =
�

32⇡M⇡
+O(�2)

scattering length



M`=0(Ecm) = + · · · = ��+O(�2)

In the infinite-volume world…

ML(Ecm) = ��� �
1

2

1

L3

X

k

1

(2!k)2(Ecm � 2!k)
�+ · · ·

ML(Ecm) = ��� �
1

2

1

L3

1

(2M⇡)2(Ecm � 2M⇡)
�+ · · ·

ML(Ecm) = + + · · ·+

ML(Ecm) = ��
1X

n=0

[f(Ecm, L) �]
n =

1

�1/�+ f(Ecm, L)

In the finite-volume world…

Hint of the derivation

Summing this singular contribution to all orders gives 
the final expression…

�1/�+ f(Ecm, L) = 0 =) Ecm = 2M⇡ +
4⇡a

M⇡L3
+O(1/L4)

a =
�

32⇡M⇡
+O(�2)

scattering length

This result can be generalized…



Lüscher quantization condition

++

+ + · · ·
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A0

A

A
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3
CL(P ) = C1(P ) + + · · ·iB iB iB

We deduce…

CL(P ) = C1(P )�A0F
1

1 +M2!2F
A

poles are in here
E⇤

+�† � �† �2 O† O O† O

+

+ · · ·+

�† � �† �iK

iK iK�† �

CL(E, ~P ) = + + · · ·+
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O† O O† O

O† O

CL(P ) +

+ · · ·+

�† � �† �iK

iK iK�† �

CL(E, ~P ) = O† O†

O†

O O

O

CL(P ) iB

iB iB

Lüscher (1986, 1991)  o  Kim, Sachrajda, Sharpe (2005)



Matrices in angular momentum, spin and channel space

Lüscher’s formalism + extensions give a general mapping

det
⇥
M�1

2 (E⇤
n) + F (En, ~P ,L)

⇤
= 0

known geometric functionscattering amplitude

E0(L)

E1(L)

E2(L)

Huang, Yang (1958)  o  Lüscher (1986, 1991)  o  Rummukainen, Gottlieb (1995) 
Kim, Sachrajda, Sharpe (2005)   o   Christ, Kim, Yamazaki (2005)   o   He, Feng, Liu (2005) 

Beane, Detmold, Savage (2007)   o   Tan (2008)   o   Leskovec, Prelovsek (2012)   o   Bernard et. al. (2012) 
MTH, Sharpe (2012)  o  Briceño, Davoudi (2012)  o  Li, Liu (2013)  o  Briceño (2014) 

Varying            gives more constraints on functions of   
Derivation ignores (drops) suppressed volume effects (            )e�M⇡L

E⇤2 = E2 � ~P 2E, ~P

Two-to-two scattering

All results are contained in a generalized quantization condition



⇡⇡ ! ⇡⇡

L

L

L

from Dudek, Edwards, Thomas in Phys.Rev. D87 (2013) 034505

Simplest case is a single channel 
(e.g. for pions in a p-wave the relation reduces to)

M2(E
⇤
n) = �1/F (En, ~P ,L)

M2 / e2i� � 1

Using the result
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from Dudek, Edwards, Thomas in Phys.Rev. D87 (2013) 034505

Simplest case is a single channel 
(e.g. for pions in a p-wave the relation reduces to)

M2(E
⇤
n) = �1/F (En, ~P ,L)

M2 / e2i� � 1

Using the result



ϕ

ω ρ

JP = 1�

0.42 0.48 0.54 0.60
a
p

s

0

45

90

135

180

� 1
[� ]

am⇢ = 0.4609(16)(14)
g⇢⇡⇡ = 5.69(13)(16)

 Alexandrou et al. (2017) 
Nf=2+1, mπ=316 MeV

Andersen et al. (2018)   
Nf=2+1, mπ=220 MeV

⇢ ! ⇡⇡

IG(JPC) = 1+(1��)
Guo et al. (2016) 
Nf=2, mπ=226 MeV

https://arxiv.org/pdf/1808.05007.pdf
https://arxiv.org/pdf/1605.03993.pdf


Coupled channels
The cubic volume mixes different partial waves…

…as well as different flavor channels…

det

✓
Ma!a Ma!b

Mb!a Mb!b

◆�1

+

✓
Fa 0
0 Fb

◆�
= 0

a = ⇡⇡

b = KK
e.g.

det

✓
M�1

s 0
0 M�1

p

◆
+

✓
Fss Fsp

Fps Fpp

◆�
= 0

K⇡ ! K⇡
~P 6= 0

e.g.

Identify a broad list of K-matrix parametrizations

Perform global fits to the 
finite-volume spectrum

The road to physics…

Calculate a matrix of 
correlators with a large 
& varied operator basis 

Diagonalize (GEVP) to 
reliably extract  

finite-volume energies

Vary L and P to recover a 
dense set of energies 
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and poles

dispersion 
theory based



Two-to-two scattering

Two-to-three and three-to-three scattering

E0(L)

E1(L)

E2(L)

E0(L)

E1(L)

E2(L)

One-to-two transitions
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KEY IDEA: We can use the finite volume as a tool to extract  
multi-hadron observables 

Multi-hadron processes from LQCD 



Transition matrix elements…
Recall how we derived the relation for extracting scattering 

CL(P ) ⌘
<latexit sha1_base64="ZmD80wwv6hLJsql+5pabR+OY/q4=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0Gc/HgIYJ5QLKE2UlvMmT2kZnZQFjyHV48KOLVj/Hm3zhJ9qCJBQ1FVTfdXV4suNK2/W3lNja3tnfyu4W9/YPDo+LxSVNFiWTYYJGIZNujCgUPsaG5FtiOJdLAE9jyRrW535qgVDwKn/Q0Rjegg5D7nFFtJLfWeyjXL0kXxwmf9Iolu2IvQNaJk5ESZKj3il/dfsSSAEPNBFWq49ixdlMqNWcCZ4VuojCmbEQH2DE0pAEqN10cPSMXRukTP5KmQk0W6u+JlAZKTQPPdAZUD9WqNxf/8zqJ9m/dlIdxojFky0V+IoiOyDwB0ucSmRZTQyiT3NxK2JBKyrTJqWBCcFZfXifNq4pjV5zH61L1LosjD2dwDmVw4AaqcA91aACDMTzDK7xZE+vFerc+lq05K5s5hT+wPn8AYleRMQ==</latexit><latexit sha1_base64="ZmD80wwv6hLJsql+5pabR+OY/q4=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0Gc/HgIYJ5QLKE2UlvMmT2kZnZQFjyHV48KOLVj/Hm3zhJ9qCJBQ1FVTfdXV4suNK2/W3lNja3tnfyu4W9/YPDo+LxSVNFiWTYYJGIZNujCgUPsaG5FtiOJdLAE9jyRrW535qgVDwKn/Q0Rjegg5D7nFFtJLfWeyjXL0kXxwmf9Iolu2IvQNaJk5ESZKj3il/dfsSSAEPNBFWq49ixdlMqNWcCZ4VuojCmbEQH2DE0pAEqN10cPSMXRukTP5KmQk0W6u+JlAZKTQPPdAZUD9WqNxf/8zqJ9m/dlIdxojFky0V+IoiOyDwB0ucSmRZTQyiT3NxK2JBKyrTJqWBCcFZfXifNq4pjV5zH61L1LosjD2dwDmVw4AaqcA91aACDMTzDK7xZE+vFerc+lq05K5s5hT+wPn8AYleRMQ==</latexit><latexit sha1_base64="ZmD80wwv6hLJsql+5pabR+OY/q4=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0Gc/HgIYJ5QLKE2UlvMmT2kZnZQFjyHV48KOLVj/Hm3zhJ9qCJBQ1FVTfdXV4suNK2/W3lNja3tnfyu4W9/YPDo+LxSVNFiWTYYJGIZNujCgUPsaG5FtiOJdLAE9jyRrW535qgVDwKn/Q0Rjegg5D7nFFtJLfWeyjXL0kXxwmf9Iolu2IvQNaJk5ESZKj3il/dfsSSAEPNBFWq49ixdlMqNWcCZ4VuojCmbEQH2DE0pAEqN10cPSMXRukTP5KmQk0W6u+JlAZKTQPPdAZUD9WqNxf/8zqJ9m/dlIdxojFky0V+IoiOyDwB0ucSmRZTQyiT3NxK2JBKyrTJqWBCcFZfXifNq4pjV5zH61L1LosjD2dwDmVw4AaqcA91aACDMTzDK7xZE+vFerc+lq05K5s5hT+wPn8AYleRMQ==</latexit><latexit sha1_base64="ZmD80wwv6hLJsql+5pabR+OY/q4=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0Gc/HgIYJ5QLKE2UlvMmT2kZnZQFjyHV48KOLVj/Hm3zhJ9qCJBQ1FVTfdXV4suNK2/W3lNja3tnfyu4W9/YPDo+LxSVNFiWTYYJGIZNujCgUPsaG5FtiOJdLAE9jyRrW535qgVDwKn/Q0Rjegg5D7nFFtJLfWeyjXL0kXxwmf9Iolu2IvQNaJk5ESZKj3il/dfsSSAEPNBFWq49ixdlMqNWcCZ4VuojCmbEQH2DE0pAEqN10cPSMXRukTP5KmQk0W6u+JlAZKTQPPdAZUD9WqNxf/8zqJ9m/dlIdxojFky0V+IoiOyDwB0ucSmRZTQyiT3NxK2JBKyrTJqWBCcFZfXifNq4pjV5zH61L1LosjD2dwDmVw4AaqcA91aACDMTzDK7xZE+vFerc+lq05K5s5hT+wPn8AYleRMQ==</latexit>

+
<latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit>

+ · · ·
<latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit>

det
⇥
M�1

2 (E⇤
n) + F (En, ~P ,L)

⇤
= 0

One can use a similar analysis to derive a relation on matrix elements 

+
<latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit>

+ · · ·
<latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit>

C1+J!2
L (P ) ⌘
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Important caveat: The relation holds only for  

Again, the results ignores (drops) suppressed volume effects (            )e�M⇡L

s⇡⇡ < (4M⇡)
2
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get this from the lattice experimental observable

depends on scattering phase Briceño, MTH, Walker-Loud (2015)

|hn, L|Jµ|Bi|2 = hB|Jµ|⇡⇡, iniR(En, L)h⇡⇡, out|Jµ|Bi
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h⇡⇡, out|Jµ|⇡i ⌘

get this from the lattice experimental observable

depends on scattering phase

|hn, L|Jµ|⇡i|2 = h⇡|Jµ|⇡⇡, iniR(En, L)h⇡⇡, out|Jµ|⇡i
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Pion photo-production

The formalism has now been applied in two LQCD calculations 

Briceño et. al., Phys. Rev. D93, 114508 (2016) Alexandrou et. al., Phys. Rev. D98, 074502  (2018)

m⇡ ⇡ 320MeV
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Same basic idea in many different contexts…

Time-like form factors h⇡⇡, out|Jµ|0i ⌘
Meyer (2011)

Resonance transition 
amplitudes hK⇡, out|J↵� |Bi ⌘

Agadjanov et al. (2014)  o  Briceño, MTH, Walker-Loud (2015)  o  Briceño, MTH (2016)

Particles with spin hN⇡, out|Jµ|Ni ⌘

`+
`�

Kaon decay h⇡⇡, out|H|Ki ⌘
Lellouch, Lüscher (2001)  o  Kim, Sachrajda, Sharpe (2005)  o  Christ, Kim, Yamazaki (2005)



Two-to-two scattering

E0(L)

E1(L)

E2(L)

One-to-two transitions

`+
`�

K ! ⇡⇡ B ! K⇡
L

L

L

h2|J |1i

Two-to-three and three-to-three scattering

E0(L)

E1(L)

E2(L)

KEY IDEA: We can use the finite volume as a tool to extract  
multi-hadron observables 

Multi-hadron processes from LQCD 



The aim is to derive a formalism for studying  
relativistic two- and three-particle systems from lattice QCD

Potential applications… 
Studying three-particle resonances 

Calculating weak decays, form factors and transitions

N(1440) ! N⇡, N⇡⇡

K ! ⇡⇡⇡ N�⇤ ! N⇡⇡

!(782), a1(1420) ! ⇡⇡⇡ ⌘(1405) ! a0(980)⇡

⌘(1475) ! K⇤(892)K

Three-particle scattering

Current status 
Formalism is complete for two and three (identical) scalars

MTH, Sharpe (2014-2016) o Briceño, MTH, Sharpe (2017, 2018)



CL(E, ~P ) = + + + · · ·

+

+

+

+

+ · · ·

+ + + · · ·

+ · · ·

+ · · ·

+

+ +

+

+ · · ·

+

+ +

+ + · · ·

+ · · ·⌘

⌘

Kernel definitions:

All lines represent pions 
Boxes represent sums over finite- 
volume momenta

Skeleton expansion



E0(L)

E1(L)

E2(L)

Kdf,3 M3

E0(L)

E1(L)

E2(L)
Kdf,e2e2

Kdf,3e2

Kdf,e23

Kdf,33

M3

E0(L)

E1(L)

E2(L)
Kdf,e2e2

Kdf,3e2

Kdf,e23

Kdf,33

M22 M23

M32 M33

Scattering observables via an intermediate quantity
Quantization conditions

MTH, Sharpe (2014-2016) o Briceño, MTH, Sharpe (2017, 2018)



Toy numerics
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Model of a 3-particle resonance

Briceño, MTH, Sharpe (2017)



Two-to-two scattering

E0(L)

E1(L)

E2(L)

One-to-two transitions

`+
`�

K ! ⇡⇡ B ! K⇡
L

L

L

h2|J |1i

Two-to-three and three-to-three scattering

E0(L)

E1(L)

E2(L)

KEY IDEA: We can use the finite volume as a tool to extract  
multi-hadron observables 

Multi-hadron processes from LQCD 
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Taking a step back…
How far can we take this?

My speculation: This method could be generalized to an n-particle 
quantization condition depending on a multi-channel Kdf,3

But using it will be challenging due to the rapid growth of d.o.s.

2-particle states
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How far can we take this?

My speculation: This method could be generalized to an n-particle 
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How far can we take this?

My speculation: This method could be generalized to an n-particle 
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But using it will be challenging due to the rapid growth of d.o.s.

≤4-particle states
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How far can we take this?

My speculation: This method could be generalized to an n-particle 
quantization condition depending on a multi-channel Kdf,3

But using it will be challenging due to the rapid growth of d.o.s.

≤5-particle states

4.0 4.2 4.4 4.6 4.8 5.0
2.0

2.5

3.0

3.5

4.0
≤5-particle states

E

M

ML ML



4.0 4.2 4.4 4.6 4.8 5.0

8.5

9.0

9.5

10.0

Taking a step back…
How far can we take this?

My speculation: This method could be generalized to an n-particle 
quantization condition depending on a multi-channel Kdf,3

But using it will be challenging due to the rapid growth of d.o.s.

≤5-particle states

4.0 4.2 4.4 4.6 4.8 5.0
2.0

2.5

3.0

3.5

4.0
≤5-particle states

E

M

ML ML

En(L)
Contains information about 
all open channels with given 

QCD quantum numbers
⇡⇡,⇡⇡⇡⇡,KK, · · ·



�⇡�⇤!X /
X

↵

Z
d�↵|hE,p,↵, out|J (0)|⇡i|2

n-particle phase 
space integral

⇡⇡, ⇡⇡⇡⇡, KK, · · ·

2Z
d�

2Z
d�

2Z
d�++�⇡�⇤!X ⌘ + · · ·

Instead try something inclusive…



/
Z

all states, (P 0,↵0)
(2⇡)4�4(P 0 � P ) h⇡|J †(0)|E0,p0,↵0ihE0,p0,↵0|J (0)|⇡i

�⇡�⇤!X /
X

↵

Z
d�↵|hE,p,↵, out|J (0)|⇡i|2

2Z
d�

2Z
d�

2Z
d�++�⇡�⇤!X ⌘ + · · ·

Instead try something inclusive…



�⇡�⇤!X /
X

↵

Z
d�↵|hE,p,↵, out|J (0)|⇡i|2

/
Z

all states, (P 0,↵0)
(2⇡)4�4(P 0 � P ) h⇡|J †(0)|E0,p0,↵0ihE0,p0,↵0|J (0)|⇡i

/
Z

d

4
x e

iqxh⇡|eiP̂ ·xJ †(0)e�iP̂ ·x
Z

all states, (P 0
,↵

0)
|E0

,p0
,↵

0ihE0
,p0

,↵

0|J (0)|⇡i

the delta is rewritten usingZ
dxe

ipx = 2⇡�(p)

2Z
d�

2Z
d�

2Z
d�++�⇡�⇤!X ⌘ + · · ·

Instead try something inclusive…



�⇡�⇤!X /
X

↵

Z
d�↵|hE,p,↵, out|J (0)|⇡i|2

/
Z

all states, (P 0,↵0)
(2⇡)4�4(P 0 � P ) h⇡|J †(0)|E0,p0,↵0ihE0,p0,↵0|J (0)|⇡i

/
Z

d

4
x e

iqxh⇡|eiP̂ ·xJ †(0)e�iP̂ ·x
Z

all states, (P 0
,↵

0)
|E0

,p0
,↵

0ihE0
,p0

,↵

0|J (0)|⇡i

/
Z

d

4
x e

iqxh⇡|J †(x)J (0)|⇡i
the sum over states defines 

the identity

the current is 
translated

2Z
d�

2Z
d�

2Z
d�++�⇡�⇤!X ⌘ + · · ·

Instead try something inclusive…



�⇡�⇤!X /
X

↵

Z
d�↵|hE,p,↵, out|J (0)|⇡i|2

/
Z

d

4
x e

iqxh⇡|J †(x)J (0)|⇡i

/
Z

d

4
x e

iqxh⇡|eiP̂ ·xJ †(0)e�iP̂ ·x
Z

all states, (P 0
,↵

0)
|E0

,p0
,↵

0ihE0
,p0

,↵

0|J (0)|⇡i

/
Z

all states, (P 0,↵0)
(2⇡)4�4(P 0 � P ) h⇡|J †(0)|E0,p0,↵0ihE0,p0,↵0|J (0)|⇡i

W

µ⌫

(p, q) ⌘
Z

d

4
x e

iqxh⇡, p|J †
µ

(x)J
⌫

(0)|⇡, pi

This motivates the hadronic tensor…

2Z
d�

2Z
d�

2Z
d�++�⇡�⇤!X ⌘ + · · ·

Instead try something inclusive…



q = k � k0
k

k0

p
p
x

= p+ q

Onset of deep-inelastic scattering Heavy-flavor decays

See… Liu, Dong (1993, 2017), Hashimoto (2017), Chambers et al. (2017)

Describe systems where many hadrons are produced  
and they are not individually detected

2Z
d�

2Z
d�

2Z
d�++�⇡�⇤!X ⌘ + · · ·

hN |Jµ(q)J⌫(0)|Ni hD|Jµ(q)J⌫(0)|Di



G(⌧,p,q) ⌘ e�!p⌧ h⇡,p|Jµ(⌧,q)J⌫(0)|⇡,pi

G(⌧,p,q) ⌘
Z 1

2M⇡

d!

2⇡
e�!⌧⇢(!,p,q)

⇢(!,p,q) ⌘
Z
d

4
x e

iqxh⇡,p|J †
µ

(x)J
⌫

(0)|⇡,pi

with the correlator

Calculating this in LQCD requires solving an inverse problem…

But don’t forget about finite L…

A new spectral function



e�E0⌧ (2⇡)�(E � E0)

� ��

�

� ��

M⇡L = 6
� � � � � ��

�����

�����

�����

�����

E/M⇡

G(⌧,p,q, L) =
X

n

e�En(L)⌧ |hE
n

(L),p
x

|J
⌫

(0)|⇡,pi
L

|2
If we calculate in a fixed finite volume…

and achieve a very-high-resolution inverse

this does not give a useful estimate

Role of the volume



The task is thus to identify an optimal linear combination…

q1(E)e�E0a⌧ + q2(E)e�E02a⌧ + q3(E)e�E03a⌧ + · · · = b��(E0, E)

2⇡
X

n

qn(E)G(na⌧ , L) =

Z
dE0 b��(E0, E) ⇢(E0, L) ⌘ b⇢�(E,L)

leading to a smeared out version of the spectral function

Optimal choice depends on target precision and competition of scales

1/L ⌧ � ⌧ MQCD

Statement of the goal



The task is thus to identify an optimal linear combination…

q1(E)e�E0a⌧ + q2(E)e�E02a⌧ + q3(E)e�E03a⌧ + · · · = b��(E0, E)

2⇡
X

n

qn(E)G(na⌧ , L) =

Z
dE0 b��(E0, E) ⇢(E0, L) ⌘ b⇢�(E,L)

leading to a smeared out version of the spectral function

N⌧ = 63

�� �� �� �� �� ��

-�×����

�×����
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���
���
���
���
���
��� qi(E)

An example of what not to do…

Optimal choice depends on target precision and competition of scales

1/L ⌧ � ⌧ MQCD

Statement of the goal



X

i

e�E⌧iqi(E
0) = b��(E � E0)

resolution function

qi(E) =
[W (E) + �S]�1 ·R

R · [W (E) + �S]�1 ·R

optimal coefficients

covariance

Backus-Gilbert method
Developed by geophysicists in 1967
Linear, model-independent approach
Spectral function smeared with a known resolution function
The covariance matrix is used to stabilize the inverse 



X

i

e�E⌧iqi(E
0) = b��(E � E0)

resolution function

qi(E) =
[W (E) + �S]�1 ·R

R · [W (E) + �S]�1 ·R

optimal coefficients

covariance
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��

� = 10�50

� = 0

log |qi|

Backus-Gilbert method
Developed by geophysicists in 1967
Linear, model-independent approach
Spectral function smeared with a known resolution function
The covariance matrix is used to stabilize the inverse 
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� = 10�40
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log |qi|

X

i

e�E⌧iqi(E
0) = b��(E � E0)

resolution function

qi(E) =
[W (E) + �S]�1 ·R

R · [W (E) + �S]�1 ·R

optimal coefficients

covariance

Backus-Gilbert method
Developed by geophysicists in 1967
Linear, model-independent approach
Spectral function smeared with a known resolution function
The covariance matrix is used to stabilize the inverse 
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� = 10�30

� = 0

log |qi|

X

i

e�E⌧iqi(E
0) = b��(E � E0)

resolution function

qi(E) =
[W (E) + �S]�1 ·R

R · [W (E) + �S]�1 ·R

optimal coefficients

covariance

Backus-Gilbert method
Developed by geophysicists in 1967
Linear, model-independent approach
Spectral function smeared with a known resolution function
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Take home messages…
The finite volume can be a tool (interactions leave imprint in E(L))

In an inverse approach the volume is an unwanted artifact

1/L ⌧ � ⌧ MQCD

Important to better understand this dependence

The Backus-Gilbert method has two outputs

b⇢�(E,L) =

Z
dE0 b��(E0, E) ⇢(E0, L) b��(E0, E)

Perhaps we have to embrace the convolution                                 
(which observables best survive?)



Open questions…
What can the T=0 and T≠0 communities learn from each other? 

e.g. Is there an analog for the importance of K-matrices as a branch-
cut free observable? 

Is there an T≠0 analog of a finite-volume quantization condition 

Can we systematically define/construct optimal resolution functions? 

Can we define interesting observables that do not require much 
resolution?


