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Motivations

Amplitudes of high energy processes can be written as a convolution of perturbative and
nonperturbative parts. Schematically,

A=[Cl®[¢]
where [C] corresponds to a high energy process which can be computed perturbatively, [¢]
encodes the nonperturbative information of the hadronic state and is called a distribution

amplitude.
At present, [¢] is not directly accessible theoretically.
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Definition of the leading-twist B-meson

The two-particle B-meson LCDAs are defined by the matrix element of the renormalized
nonlocal operator involving a heavy quark field h, (0) and a light (anti)quark with a light-like
separation: [A. Grozin and M. Neubert, (1997)]

(01 @(nz)P[nz, 0hy (0) | B(v)) =

= =3P T {5l Py [0 (o) = 5 (@) = 2 ()| |

where n# = (1,0,0, —1) is the light-cone vector, v* = (1,0, 0,0) is the heavy quark velocity,
Py = %(1 +¥) , Fg(p) is the B-meson decay constant in HQET. &4 (z, ) and ®_(z, i) are
called leading and sub-leading-twist two-particle B-meson DAs. [M. Beneke and T. Feldmann,
(2001)]

Nonlocal operator (z # 0)

O(z) = q(nz)[nz, 0]y (0) = q(nz)[nz, 0][0, voo]
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One-loop evolution of leading twist

Evolution Equation

(ks + Bl 55 +H(@)) B4 (211) =0,

where H is the evolution kernel, usually presented as an integral operator.
The one-loop evolution kernel takes the form:

~ 1 Looa
MO (2) = 40p{ () + 5 ) 0+ [ aul [04) - 04wl |
0
where ﬁ = eVE,um. [B. Lange and M. Neubert, (2003); V. Braun, D. Ivanov and

G. Korchemsky, (2004)]

The corresponding solution for the RGE reads, [G. Bell, T. Feldmann, Y.-M. Wang and M. W.
Y. Yip, (2013), V. Braun, A. M. (2014)]

‘I>+(z,u)=/0 dss Q) mi(sip),  Qulz) = il

2CF 1, @s®)
n+ (s, 1) = R(s, p, ko) m+(s, 1o) 5 R(s, pt, o) oc s Po " @s(io)
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Conformal symmetry

Light-quark kernels commute with the generators of the SL(2, R) collinear subgroup of
conformal group: translations, dilatations and special conformal transformations

O(z1, z2) = q(21m)v+q(22,n)
Symmetry generators
St = 220,, +221 4+ 2385, + 220,  So =210, + 2202 +2, S_ = -8, — s,

The evolution kernel commutes with S+ o, [S+,0,Hqg] = 0.

Heg = H(J12) ~ ¥(J12 + 1) +¥(J12 — 1) + const

Jia(Ji2 — 1) =S4+ S_ + So(So — 1) — the quadratic Casimir operator.
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Conformal symmetry

The one loop kernel H(1) commutes with the generator of special conformal transformations,
St ~ KHuy, [M. Knédlseder and N. Offen, (2011)]

5S4 =220, +22 Sy, HD] =0 HD = £(54)
So =20, +1 [So, HD] = 4Cp xf'(z) = 4Ck

It results in [V. Braun, A. M. (2014)]

HW) = 4Cp In(Syp) + constant

The function Qs(z) = €%*/% /22 is the eigenfunction of S

< Some progress in solving higher twist B-meson DAs. [V. Braun, S. Derkachov, A. M. (2014), V. Braun,
Yao Ji, A. M. (2017), M. Beneke, V.Braun, Y. Ji, Y. Wei (2018)]
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Motivations for the two-loop study

@ Conjecture
H(a) = Fcusp(a) In (S+(a)u) + F+(a)

where Sy (a) is the generator of special conformal transformations.

@ The last missing piece for a complete NNLL resummation of QCD corrections for
charmless B-decays
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Conformal symmetry is restored in QCD in d = 4 — 2¢ at the critical point S(ax) =0,

ax =—€/Bo+....
But symmetry generators receive quantum corrections.

SO =220, + 22— Sy(a) = S + 2A(a), (202, A(a)] = 0

where A(a) = —e+ aA) +a2A@)
At one loop

1
ADO(z) = Cp {30(2) + 2/0 dacw(e)[O(2) - O(dz)]} :
where w(a) = 2a&/a + Ina.

First equation:
[S+(a),H(a)] =0 — H(a) = f(S1(a))

Second equation: In puz enters the kernel with the coefficient I'cysp, G. Korchemsky,
A. Radyushkin,(1992)

[20z, H(a)] = Teusp(a) [20z, S+ (a)] = S+ (a) — zf'() = Teusp(a) -
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The solution is

H(a) = Tausp(a) In (S (@)n) + '+ (a)
For applications it is better to represent H in a different form:
. a
H(@)O(2) =Tusp(a) [ In(i2) O(2) + / daZ (0(z) - 0(a2))
a
+ /da Sh(@)(0(2) - 0(@2))] + 74 (a)
[0
St(a) = S(f) + zA: The integral operator A commutes with 29, hence AzJ = A(5)27.

A(j)=a ((50 + Cp) +4Cp (¢(j +2) —(2) + EM))

2 j+1
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Go over to the Mellin representation O(z) = [ djO(j) )27 and solve two equations [S4,H] = 0
and [20., H] = Tcusp-

The expression for h(a) takes the form:

h(a) = —/ dja=i=29;1n (1 + ﬂ) — e a2 1n (1 4L (]))
27t J oo j+2 271 J _joo i+2

At the leading order
_ 3 a Ina
h(a):aslna{ﬁgf20p(7+lnj+ )}JrO( 2).
2 a a

The constant 4 (a) requires explicit calculation:

Y+(a) = —asCr

21 72 83 2n? 35 72
2

CpdCr | =+ — —6 Cal—=—-"-—-6 =
+ a3 F{ F|:8+3 C3}+ A|:9 3 C3}+ﬁo[18 6}}
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There are ~ 30 diagrams in three categories :

@ Exchange diagrams

ograms T

@ Cusp diagrams

i

@ Light vertex
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Diagrams

@ Light vertices: The answers for these diagrams are known, [V. Braun, A. Manashov, S. Moch, and
M. Strohmaier (2016)]. These diagrams contribute only to the function h, and do not
contribute to the constant v..

@ Cusp diagrams have to be calculated. They are responsible for Iniuz term and contribute
to the constant v

@ Exchange diagrams contribute both to h and .

They are related to the contribution for the light quark operator,
O(z1,22) = q(z1n)v+4q(22n).

The counterterm for a diagram with light quarks operator can be written as

Z~C-O(z1,22) + /dahl(a)o(sz 22)

+ / doha(@)O (21, 25) + / do / dBx (0, B)O(25s 25)
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Diagrams

@ Light vertices: The answers for these diagrams are known, [V. Braun, A. Manashov, S. Moch, and
M. Strohmaier (2016)]. These diagrams contribute only to the function h, and do not
contribute to the constant 4.

@ Cusp diagrams have to be calculated. They are responsible for Iniuz term and contribute
to the constant v

@ Exchange diagrams contribute both to h and ~4.

They are related to the contribution for the light quark operator,
O(z1, 22) = q(z1n)74q(227).

The counterterm for a diagram with light quarks operator can be written as

Z~C-0(1,22) + /dahl(a)O(sz,ZQ)) "
zo=2zp

+/dah z1,2%1) + [ do | d 5 zf‘Q,zgl)

Alexander Manashov (Hamburg) B-meson two-loop evolution RADCOR 2019 13/



Evolution of the coefficient function at two-loop

The RGE of ¢4 to O(a?) can be cast into an integro-differential equation over the coefficient
function n4 (s, 1) as the eigenfunctions of the one-loop kernel form a complete orthonormal
basis: [V. Braun, YJ and A. Manashov (2019)]

(ua% + B(a) 5=+ Tasp(@) In(Fi?® 5) + w(a))ms, )

1 -
= 4Cpa? /0 du%h(u)n+ (s, 1),

with

2 2
==t [1-a(ce (T =3) +m (1-F))] -

The two-loop corrections turn out to be rather small that provides a theoretical explanation that
the scale dependence of the B — vfvy decay is rather weak. [M. Beneke, V. Braun, YJ and Y-B. Wei,

(2018)]
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@ The two-loop evolution kernel of the leading twist DA has a simple
form and is directly related to the special conformal generator.

@ Numerical analysis shows that the two-loop effect is small.
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