
Mixed QCDxQED 
Corrections to Drell-Yan 

Z Production

Ignacio Fabre
PhD Candidate of 

UZH
Zürich, Switzerland

UNSAM 
Buenos Aires,  Argentina 

&





Dr. Daniel de Florian

PhD. Student 
Manuel Der



SUMMARY
1. Motivation  

2. Previous work 

3. Mixed Order Contribution 

4. Abelianisation 

5. Results 

6. Conclusions



SUMMARY

(arXiv:1805.12214 [hep-ph]  - DdF, MD,IF)

1. Motivation  

2. Previous work 

3. Mixed Order Contribution 

4. Abelianisation 

5. Results 

6. Conclusions

QCD⊕QED NNLO corrections to Drell Yan production



MOTIVATION: VB MEDIATED DRELL-YAN

Ignacio Fabre - RadCor 2019 - 01/12



MOTIVATION: VB MEDIATED DRELL-YAN
•Measured with great precision (large production rate and 

clean decays) 

Ignacio Fabre - RadCor 2019 - 01/12



MOTIVATION: VB MEDIATED DRELL-YAN
•Measured with great precision (large production rate and 

clean decays) 
•One of the best understood and most precisely predicted 

processes in SM:

Ignacio Fabre - RadCor 2019 - 01/12



MOTIVATION: VB MEDIATED DRELL-YAN
•Measured with great precision (large production rate and 

clean decays) 
•One of the best understood and most precisely predicted 

processes in SM:
“Standard candle” of particle physics 

 (Luminosity monitor, Detector calibration,  
PDF constrains)

Ignacio Fabre - RadCor 2019 - 01/12



MOTIVATION: VB MEDIATED DRELL-YAN
•Measured with great precision (large production rate and 

clean decays) 
•One of the best understood and most precisely predicted 

processes in SM:
“Standard candle” of particle physics 

 (Luminosity monitor, Detector calibration,  
PDF constrains)

•Good Test for BSM ( new gauge interactions, susy, heavy 
resonances, …)

Ignacio Fabre - RadCor 2019 - 01/12



MOTIVATION: VB MEDIATED DRELL-YAN
•Measured with great precision (large production rate and 

clean decays) 
•One of the best understood and most precisely predicted 

processes in SM:

NEEDS PRECISION

“Standard candle” of particle physics 
 (Luminosity monitor, Detector calibration,  

PDF constrains)

•Good Test for BSM ( new gauge interactions, susy, heavy 
resonances, …)

•High resolution (masses, widths & effective mixing angle)

Ignacio Fabre - RadCor 2019 - 01/12



MOTIVATION: VB MEDIATED DRELL-YAN
•Measured with great precision (large production rate and 

clean decays) 
•One of the best understood and most precisely predicted 

processes in SM:

NEEDS PRECISION:

“Standard candle” of particle physics 
 (Luminosity monitor, Detector calibration,  

PDF constrains)

•Good Test for BSM ( new gauge interactions, susy, heavy 
resonances, …)

•High resolution (masses, widths & effective mixing angle)

σ = ∑
i,j

αi
s αj σ(i,j)

Ignacio Fabre - RadCor 2019 - 01/12



PREVIOUS WORKS

Ignacio Fabre - RadCor 2019 - 02/12



PREVIOUS WORKS
σ(1,0)QCD NLO: ’79 - Altarelli, Ellis & Martinelli

Ignacio Fabre - RadCor 2019 - 02/12



PREVIOUS WORKS
σ(1,0)QCD NLO:

σ(2,0)QCD NNLO:
’79 - Altarelli, Ellis & Martinelli

Inclusive: ’91 - Haamberg, van Neerven & Matsuura 
 ’92 - van Neerven & Zijlstra 

 ’02 - Haarlander & Kilgore

Ignacio Fabre - RadCor 2019 - 02/12



PREVIOUS WORKS
σ(1,0)QCD NLO:

σ(2,0)QCD NNLO:
’79 - Altarelli, Ellis & Martinelli

Inclusive: ’91 - Haamberg, van Neerven & Matsuura 
 ’92 - van Neerven & Zijlstra 

 ’02 - Haarlander & Kilgore

Exclusive:                          ’06 - Melnikov & Petriello 
’09 - Catani, Cieri, Ferrera, 

 de Florian & Grazzini 
’17 - Boughezal, Campbell, Ellis,  

Focke, Viele, Petriello & Williams

Ignacio Fabre - RadCor 2019 - 02/12



PREVIOUS WORKS

α2
s ∼ α

σ(1,0)QCD NLO:
σ(2,0)QCD NNLO:

’79 - Altarelli, Ellis & Martinelli

Inclusive: ’91 - Haamberg, van Neerven & Matsuura 
 ’92 - van Neerven & Zijlstra 

 ’02 - Haarlander & Kilgore

EW needed

Exclusive:                          ’06 - Melnikov & Petriello 
’09 - Catani, Cieri, Ferrera, 

 de Florian & Grazzini 
’17 - Boughezal, Campbell, Ellis,  

Focke, Viele, Petriello & Williams

Ignacio Fabre - RadCor 2019 - 02/12



PREVIOUS WORKS

α2
s ∼ α

σ(1,0)QCD NLO:
σ(2,0)QCD NNLO:

’79 - Altarelli, Ellis & Martinelli

Inclusive: ’91 - Haamberg, van Neerven & Matsuura 
 ’92 - van Neerven & Zijlstra 

 ’02 - Haarlander & Kilgore

Exclusive:                          ’06 - Melnikov & Petriello 
’09 - Catani, Cieri, Ferrera, 

 de Florian & Grazzini 
’17 - Boughezal, Campbell, Ellis,  

Focke, Viele, Petriello & Williams

EW needed DGLAP: ’16 - de Florian, Sborlini & Rodrigo 
LUXqed pdfs’:      ’16 - Manoar, Nason, Salam 

 & Zanderighi

Ignacio Fabre - RadCor 2019 - 02/12



PREVIOUS WORKS

α2
s ∼ α

σ(1,0)QCD NLO:
σ(2,0)QCD NNLO:

σ(0,1)EW NLO:

’79 - Altarelli, Ellis & Martinelli

Inclusive: ’91 - Haamberg, van Neerven & Matsuura 
 ’92 - van Neerven & Zijlstra 

 ’02 - Haarlander & Kilgore

EW needed DGLAP: ’16 - de Florian, Sborlini & Rodrigo 
LUXqed pdfs’:      ’16 - Manoar, Nason, Salam 

 & Zanderighi
’02 - Baur, Brein, Hollik, Schappacher  

& Wackeroth

Exclusive:                          ’06 - Melnikov & Petriello 
’09 - Catani, Cieri, Ferrera, 

 de Florian & Grazzini 
’17 - Boughezal, Campbell, Ellis,  

Focke, Viele, Petriello & Williams

Ignacio Fabre - RadCor 2019 - 02/12



PREVIOUS WORKS

α2
s ∼ α

σ(1,0)QCD NLO:
σ(2,0)QCD NNLO:

σ(3,0)QCD N3LO:

σ(0,1)EW NLO:

’79 - Altarelli, Ellis & Martinelli

Inclusive: ’91 - Haamberg, van Neerven & Matsuura 
 ’92 - van Neerven & Zijlstra 

 ’02 - Haarlander & Kilgore

EW needed DGLAP: ’16 - de Florian, Sborlini & Rodrigo 
LUXqed pdfs’:      ’16 - Manoar, Nason, Salam 

 & Zanderighi
’02 - Baur, Brein, Hollik, Schappacher  

& Wackeroth
 N3LO:  ’14 - Ahmed, Mahakhud, Rana & Ravindran 
N3LL:             ’14 - Catani, Cieri, de Florian, Ferrera  

& Grazzini

Exclusive:                          ’06 - Melnikov & Petriello 
’09 - Catani, Cieri, Ferrera, 

 de Florian & Grazzini 
’17 - Boughezal, Campbell, Ellis,  

Focke, Viele, Petriello & Williams

Ignacio Fabre - RadCor 2019 - 02/12



PREVIOUS WORKS

α2
s ∼ α

σ(1,0)QCD NLO:
σ(2,0)QCD NNLO:

σ(3,0)QCD N3LO:

σ(0,1)EW NLO:

σ(1,1)MIXED EWxQCD:

’79 - Altarelli, Ellis & Martinelli

Inclusive: ’91 - Haamberg, van Neerven & Matsuura 
 ’92 - van Neerven & Zijlstra 

 ’02 - Haarlander & Kilgore

EW needed DGLAP: ’16 - de Florian, Sborlini & Rodrigo 
LUXqed pdfs’:      ’16 - Manoar, Nason, Salam 

 & Zanderighi
’02 - Baur, Brein, Hollik, Schappacher  

& Wackeroth
 N3LO:  ’14 - Ahmed, Mahakhud, Rana & Ravindran 
N3LL:             ’14 - Catani, Cieri, de Florian, Ferrera  

& Grazzini
Next Step

Exclusive:                          ’06 - Melnikov & Petriello 
’09 - Catani, Cieri, Ferrera, 

 de Florian & Grazzini 
’17 - Boughezal, Campbell, Ellis,  

Focke, Viele, Petriello & Williams

Ignacio Fabre - RadCor 2019 - 02/12



MIXED ORDER CONTRIBUTION
σ(1,1)MIXED EWxQCD:

Ignacio Fabre - RadCor 2019 - 03/12



MIXED ORDER CONTRIBUTION
σ(1,1)MIXED EWxQCD: Resonance Region: Pole Approximation 

’16: Dittmaier, Huss, Schwinn

Ignacio Fabre - RadCor 2019 - 03/12



MIXED ORDER CONTRIBUTION
σ(1,1)MIXED EWxQCD: Resonance Region: Pole Approximation 

’16: Dittmaier, Huss, Schwinn

Negligible (< 0.1%)  
(’14: Dittmaier, Huss, Schwinn)

Ignacio Fabre - RadCor 2019 - 03/12



MIXED ORDER CONTRIBUTION
σ(1,1)MIXED EWxQCD:

Negligible (< 0.1%)  
(’14: Dittmaier, Huss, Schwinn)

Resonance Region: Pole Approximation 

’16: Dittmaier, Huss, Schwinn

Ignacio Fabre - RadCor 2019 - 03/12

Phenomenologically negligible



MIXED ORDER CONTRIBUTION
σ(1,1)MIXED EWxQCD:

Phenomenologically negligible

Main contribution

Resonance Region: Pole Approximation 

’16: Dittmaier, Huss, Schwinn

Negligible (< 0.1%)  
(’14: Dittmaier, Huss, Schwinn)

Ignacio Fabre - RadCor 2019 - 03/12



MIXED ORDER CONTRIBUTION
σ(1,1)MIXED EWxQCD:

Phenomenologically negligible

Expected to be negligible Main contribution

Resonance Region: Pole Approximation 

’16: Dittmaier, Huss, Schwinn

Negligible (< 0.1%)  
(’14: Dittmaier, Huss, Schwinn)

Ignacio Fabre - RadCor 2019 - 03/12



MIXED ORDER CONTRIBUTION

Ignacio Fabre - RadCor 2019 - 04/12



MIXED ORDER CONTRIBUTION
Dedicated 

Calculation 

Ignacio Fabre - RadCor 2019 - 04/12



MIXED ORDER CONTRIBUTION
Dedicated 

Calculation 

Two-loop virtual MI

Double-real emission
’16: Bonciani, Buccioni, Mondini, Vicini

’17: Bonciani, Di Vita, Mastrolia, Schubert

Ignacio Fabre - RadCor 2019 - 04/12



MIXED ORDER CONTRIBUTION
Dedicated 

Calculation 

Two-loop virtual MI

Double-real emission*

(*Except for a QCDxQED interference 
in                )qq → qqV

Our Approach 

Extract 
abelian part of 
QCD NNLO 
corrections:

α2
s

 ’91 - Haamberg, van Neerven & Matsuura 
’02 - Haarlander & Kilgore

’16: Bonciani, Buccioni, Mondini, Vicini

’17: Bonciani, Di Vita, Mastrolia, Schubert

Ignacio Fabre - RadCor 2019 - 04/12



MIXED ORDER CONTRIBUTION
Dedicated 

Calculation 

Two-loop virtual MI

Double-real emission*

(*Except for a QCDxQED interference 
in                )qq → qqV

Our Approach 

Extract 
abelian part of 
QCD NNLO 
corrections:

α2
s

 ’91 - Haamberg, van Neerven & Matsuura 
’02 - Haarlander & Kilgore

Abelianisation 

QED x QCD 
 Mixed-Order  Correction 
to Inclusive Production

’16: Bonciani, Buccioni, Mondini, Vicini

’17: Bonciani, Di Vita, Mastrolia, Schubert

Ignacio Fabre - RadCor 2019 - 04/12



MIXED ORDER CONTRIBUTION
Pure-weak corrections: Effective Born Approximation

Ignacio Fabre - RadCor 2019 - 05/12



(                               )

MIXED ORDER CONTRIBUTION

vf veff
f

Pure-weak corrections: Effective Born Approximation

Only photonic corrections needed: QED

Ignacio Fabre - RadCor 2019 - 05/12



MIXED ORDER CONTRIBUTION

vf veff
f

Pure-weak corrections: Effective Born Approximation

Only photonic corrections needed: QED

OUR WORK : complete NNLO calculation for inclusive Z production

Ignacio Fabre - RadCor 2019 - 05/12

(                               )



MIXED ORDER CONTRIBUTION

vf veff
f

Pure-weak corrections: Effective Born Approximation

Only photonic corrections needed: QED

QCD ⊕ QED : σ = ∑
i,j

αi
s αj σ(i,j) NNLO: σ(i,j), i + j ≤ 2

(σ(0,0) ∼ αeff, Z)

OUR WORK : complete NNLO calculation for inclusive Z production
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Yan as well (i.e. the calculation of �(0,2)), if a deeper
abelian limit is considered. Here, by turning two gluons
into photons from the topologies of NNLO QCD calcu-
lation one can recover correction terms up to second or-
der in ↵, thus completing the set of QCD�QED NNLO
corrections to Drell Yan, in the sense of Eq.(1). The
corresponding colour factors for the qq̄ channel (includ-
ing electric charges of final state quarks and leptons) are
also shown in Table I. The same occurs for other chan-
nels, after treating carefully the initial flux factor, which
depends on the colour properties of initial state parti-
cles. For instance, both q� and qg contributions to �(1,1)

can be obtained from the qg calculation for NNLO QCD
corrections, by choosing the initial or final state gluon,
respectively, to perform the abelianisation and following
the procedure detailed above. Particularly, in the case
of �g channel, we have performed the explicit calculation
of the fixed order corrections, finding perfect agreement
with the result obtained by applying the abelianisation
procedure.

III. RESULTS AND PHENOMENOLOGY

In general the cross section can be written as

d�Z

dQ2
= ⌧�(Q2)WZ(⌧, Q

2), (2)

where �(Q2) is the point-like LO cross section,
p
S is the

hadronic centre-of-mass energy, Q the invariant mass of

the produced Z, ⌧ = Q
2

S
and WZ(⌧, Q2) is the hadronic

structure function.
The point-like cross section that appears in Eq.(2) is

defined as

�(Q2) =
⇡↵

NCMZ sin2(2 ✓W )

�Z!X

(Q2 �M2
Z
)2 +M2

Z
�2
Z

, (3)

where NC = 3 is the number of quark colours, ✓W is
the weak mixing angle (with sin2 ✓W = 0.23), MZ =
91.187 GeV and �Z are the mass and width of the Z,
and �Z!X is the partial width due to the decay of the
Z to X (e.g. for leptonic decay, X = `¯̀). The narrow-
width approximation used along this paper consists on
making the following replacement

1

(Q2 �M2
Z
)2 +M2

Z
�2
Z

!
⇡

MZ�Z

�(Q2
�M2

Z
), (4)

ensuring the decoupling of the production and decay
mechanisms. The hadronic structure function appear-
ing in (2) can be written as a sum of contributions of
di↵erent orders

WZ(⌧, Q
2)=

Z 1

0
dx1

Z 1

0
dx2

Z 1

0
dx �(⌧ � xx1x2)

X

i, j

⇣↵s

4⇡

⌘i ⇣ ↵

4⇡

⌘j

w(i,j)
Z

(x, x1, x2, Q
2), (5)

FIG. 3. K-factors for the di↵erent distributions as defined
in Eq.(6). The (blue) dashed line corresponds to KNLO

QED , the
(blue) dotted line to KNNLO

QED , the solid line to the mixed
KNNLO

QCD⇥QED and the (black) dotted line to the pure NNLO
QCD corrections KNNLO

QCD .

where the dependence on the factorisation µF and renor-
malisation µR scales is implicit.
The analytic expressions for the inclusive cross section

of Drell Yan Z-production at QCD�QED NNLO are pre-
sented as Supplemental Material[43].
To study the phenomenology of the total inclusive cross

section, i.e. in all the decay channels of the Z within the
narrow-width approximation, a specific code was written
which makes use of the LHAPDF[44] package to interpo-
late sets of parton distribution functions. Unless explic-
itly stated, we set the renormalisation and factorisation
scales to µR = µF = MZ . For both interactions, we
set the running coupling at the corresponding renormal-
isation scale (i.e. ↵(MZ) ⇠

1
128

3) and always use the
parton distributions to NNLO (QCD) accuracy [3–5, 45]
with the corresponding QED corrections from LUXqed
[9, 10]. In Fig.3 we plot the K-factors for di↵erent orders
as a way to quantify the size of the QED and QCD cor-
rections to Drell Yan at di↵erent centre-of-mass energies.
Here the K-factor is defined as the ratio of the cross

section computed at a given order over the previous one,
i.e.

KNLO

QED
=

�(0,0) + ↵�(0,1)

�(0,0)

KNNLO

QCD
=

�(0,0) + ↵s �(1,0) + ↵2
s
�(2,0)

�(0,0) + ↵s �(1,0)
(6)

KNNLO

QED
=

�(0,0) + ↵�(0,1) + ↵2 �(0,2)

�(0,0) + ↵�(0,1)

KNNLO

QCD⇥QED
=

�(0,0) + ↵�(0,1) + ↵s �(1,0) + ↵↵s �(1,1)

�(0,0) + ↵�(0,1) + ↵s �(1,0)
.

As can be observed, the NNLO QCD corrections are
of the same (⇠ 5 per mille level) order, but typically

3
For the sake of simplicity we make the same choice for the value

of the coupling between quarks and the Z boson in the Born

cross section in Eq.(3).

K-FACTORS

•NLO QED and NNLO QCD ~5 per mille, opposite sign 

•Mixed corrections below 1 per mille (~10% smaller then NNLO QCD)
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where �(Q2) is the point-like LO cross section,
p
S is the

hadronic centre-of-mass energy, Q the invariant mass of

the produced Z, ⌧ = Q
2

S
and WZ(⌧, Q2) is the hadronic

structure function.
The point-like cross section that appears in Eq.(2) is

defined as

�(Q2) =
⇡↵

NCMZ sin2(2 ✓W )

�Z!X

(Q2 �M2
Z
)2 +M2

Z
�2
Z

, (3)

where NC = 3 is the number of quark colours, ✓W is
the weak mixing angle (with sin2 ✓W = 0.23), MZ =
91.187 GeV and �Z are the mass and width of the Z,
and �Z!X is the partial width due to the decay of the
Z to X (e.g. for leptonic decay, X = `¯̀). The narrow-
width approximation used along this paper consists on
making the following replacement

1

(Q2 �M2
Z
)2 +M2

Z
�2
Z

!
⇡

MZ�Z

�(Q2
�M2

Z
), (4)

ensuring the decoupling of the production and decay
mechanisms. The hadronic structure function appear-
ing in (2) can be written as a sum of contributions of
di↵erent orders

WZ(⌧, Q
2)=

Z 1

0
dx1

Z 1

0
dx2

Z 1

0
dx �(⌧ � xx1x2)

X

i, j

⇣↵s

4⇡

⌘i ⇣ ↵

4⇡

⌘j

w(i,j)
Z

(x, x1, x2, Q
2), (5)

FIG. 3. K-factors for the di↵erent distributions as defined
in Eq.(6). The (blue) dashed line corresponds to KNLO

QED , the
(blue) dotted line to KNNLO

QED , the solid line to the mixed
KNNLO

QCD⇥QED and the (black) dotted line to the pure NNLO
QCD corrections KNNLO

QCD .

where the dependence on the factorisation µF and renor-
malisation µR scales is implicit.
The analytic expressions for the inclusive cross section

of Drell Yan Z-production at QCD�QED NNLO are pre-
sented as Supplemental Material[43].
To study the phenomenology of the total inclusive cross

section, i.e. in all the decay channels of the Z within the
narrow-width approximation, a specific code was written
which makes use of the LHAPDF[44] package to interpo-
late sets of parton distribution functions. Unless explic-
itly stated, we set the renormalisation and factorisation
scales to µR = µF = MZ . For both interactions, we
set the running coupling at the corresponding renormal-
isation scale (i.e. ↵(MZ) ⇠

1
128

3) and always use the
parton distributions to NNLO (QCD) accuracy [3–5, 45]
with the corresponding QED corrections from LUXqed
[9, 10]. In Fig.3 we plot the K-factors for di↵erent orders
as a way to quantify the size of the QED and QCD cor-
rections to Drell Yan at di↵erent centre-of-mass energies.
Here the K-factor is defined as the ratio of the cross

section computed at a given order over the previous one,
i.e.

KNLO

QED
=

�(0,0) + ↵�(0,1)

�(0,0)

KNNLO

QCD
=

�(0,0) + ↵s �(1,0) + ↵2
s
�(2,0)

�(0,0) + ↵s �(1,0)
(6)

KNNLO

QED
=

�(0,0) + ↵�(0,1) + ↵2 �(0,2)

�(0,0) + ↵�(0,1)

KNNLO

QCD⇥QED
=

�(0,0) + ↵�(0,1) + ↵s �(1,0) + ↵↵s �(1,1)

�(0,0) + ↵�(0,1) + ↵s �(1,0)
.

As can be observed, the NNLO QCD corrections are
of the same (⇠ 5 per mille level) order, but typically

3
For the sake of simplicity we make the same choice for the value

of the coupling between quarks and the Z boson in the Born

cross section in Eq.(3).

LHC: only 3.5 times smaller

K-FACTORS

•NLO QED and NNLO QCD ~5 per mille, opposite sign 

•Mixed corrections below 1 per mille (~10% smaller then NNLO QCD)
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FIG. 4. Ratio R between the exact and the factorisation ap-
proximation for the mixed QCD⇥QED contributions. The
inset plot shows the ratio of the cross section computed ex-
actly and with the factorisation approximation for the mixed
term.

with the opposite sign, as the NLO QED corrections, as
expected from the simple counting ↵2

s
⇠ ↵. The mixed

QCD⇥QED turn out to be positive and below the per
mille level over the whole range of energies spanned in the
plot. Interestingly, due to the particular dependence of
the NNLO QCD corrections with the energy, with a sign
change around

p
S ⇠ 18 TeV, for the LHC at

p
S ⇠ 14

TeV the mixed QCD⇥QED corrections are only a factor
of⇠ 3.5 smaller than the pure NNLO QCD contributions.
Furthermore, for lower centre-of-mass energies

p
S ⇠ 2

TeV the mixed terms almost reach the per mille level
and are just a factor of 5 smaller than the NLO QED
ones, showing that the elementary counting of couplings
can fail under certain kinematical conditions. The pure
NNLO QED terms, also plotted in Fig.3, are negative
but the corrections always remain at the O(10�5) level.

FIG. 5. Contribution to the mixed QCD⇥QEDK-factor from
the di↵erent channels. Here the label q accounts for both
quarks and antiquarks and qq represents the sum of qq̄ and
qq.

Even though for this particular observable the mixed
QCD⇥QED contributions are small, it is interesting to
study how well they can be approximated by the factori-
sation assumption on QED plus QCD corrections, where
it is assumed that fact =

⇥
KNLO

QED
⇥KNLO

QCD

⇤
O(↵↵s)

=

↵↵s
�
(0,1)

�
(1,0)

�(0,0)�(0,0) , compared to the exact case mixed =

↵↵s
�
(1,1)

�(0,0) . For that purpose, in Fig.4 we plot the fol-
lowing quantity

R =
mixed

fact
=

�(0,0)�(1,1)

�(0,1)�(1,0)
, (7)

which is the ratio between the exact and the approxi-
mated factorised contribution. As it can be observed,
the factorisation approach fails to reproduce the correct
behaviour of the mixed contribution typically by a factor
of two or more. Of course, given the size of the cor-
rections, the e↵ect of the factorised treatment of these
contributions is small at the level of the cross section, as
shown in the inset plot of Fig.4, where we show the ratio
between the cross section computed exactly and within
the factorisation approach, but the situation might not
hold for other observables or even for more exclusive dis-
tributions in Drell Yan.
In Fig.5 we show the contribution to the mixed

QCD⇥QED K-factor from the di↵erent channels. It is
noticeable that the photon initiated contributions are
rather small, mostly due to the size of the photon pdf
in the proton, as can be observed by comparing q� and
qg contributions, which share the same partonic coe�-
cient apart from the colour factor. It is also clear that
the di↵erent signs of qq (fully dominated by the born
level qq̄ channel and exceeding the per mille level) and qg
contributions conspire to reduce the e↵ect of the mixed
QCD⇥QED corrections to the Drell Yan cross section.
Again, in more exclusive distributions this partial can-
cellation might be spoiled by some kinematical cuts, re-
sulting in an increase of the mixed order corrections.

FIG. 6. Cross sections corresponding to LO (dashes, i+j=0 in
Eq.(1)), NLO(dots, i+ j=0,1) and NNLO (solid, i+ j=0,1,2)
at di↵erent factorisation and renormalisation scales with
µR = µF = µ. All results are normalised by the correspond-
ing cross section at µ = MZ .

Finally, we discuss the e↵ect of the higher order con-
tributions in the stabilisation of the perturbative ex-
pansion in terms of the scale dependence for

p
S = 13

TeV (very similar behaviours are observed for other val-
ues of

p
S). In Fig.6 we show the LO (�(0,0)), NLO

(�(0,0)+↵�(0,1)+↵s �(1,0)) and NNLO (�(0,0)+↵�(0,1)+
↵s �(1,0)+↵↵s �(1,1)+↵2 �(0,2)+↵2

s
�(2,0)) cross sections

•Difference between qγ and qg due to small photon pdf. 

•Sign difference between qq and qg cancels out part of the contribution.
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QCD × KNLO

QED]𝒪(αsα)
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it is assumed that fact =
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which is the ratio between the exact and the approxi-
mated factorised contribution. As it can be observed,
the factorisation approach fails to reproduce the correct
behaviour of the mixed contribution typically by a factor
of two or more. Of course, given the size of the cor-
rections, the e↵ect of the factorised treatment of these
contributions is small at the level of the cross section, as
shown in the inset plot of Fig.4, where we show the ratio
between the cross section computed exactly and within
the factorisation approach, but the situation might not
hold for other observables or even for more exclusive dis-
tributions in Drell Yan.
In Fig.5 we show the contribution to the mixed

QCD⇥QED K-factor from the di↵erent channels. It is
noticeable that the photon initiated contributions are
rather small, mostly due to the size of the photon pdf
in the proton, as can be observed by comparing q� and
qg contributions, which share the same partonic coe�-
cient apart from the colour factor. It is also clear that
the di↵erent signs of qq (fully dominated by the born
level qq̄ channel and exceeding the per mille level) and qg
contributions conspire to reduce the e↵ect of the mixed
QCD⇥QED corrections to the Drell Yan cross section.
Again, in more exclusive distributions this partial can-
cellation might be spoiled by some kinematical cuts, re-
sulting in an increase of the mixed order corrections.

FIG. 6. Cross sections corresponding to LO (dashes, i+j=0 in
Eq.(1)), NLO(dots, i+ j=0,1) and NNLO (solid, i+ j=0,1,2)
at di↵erent factorisation and renormalisation scales with
µR = µF = µ. All results are normalised by the correspond-
ing cross section at µ = MZ .

Finally, we discuss the e↵ect of the higher order con-
tributions in the stabilisation of the perturbative ex-
pansion in terms of the scale dependence for

p
S = 13

TeV (very similar behaviours are observed for other val-
ues of

p
S). In Fig.6 we show the LO (�(0,0)), NLO

(�(0,0)+↵�(0,1)+↵s �(1,0)) and NNLO (�(0,0)+↵�(0,1)+
↵s �(1,0)+↵↵s �(1,1)+↵2 �(0,2)+↵2

s
�(2,0)) cross sections

κfact = Kfact − 1 = [KNLO
QCD × KNLO

QED]𝒪(αsα)
R =

κmix

κfact
=

σ(1,1)σ(0,0)

σ(1,0)σ(0,1)
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which is the ratio between the exact and the approxi-
mated factorised contribution. As it can be observed,
the factorisation approach fails to reproduce the correct
behaviour of the mixed contribution typically by a factor
of two or more. Of course, given the size of the cor-
rections, the e↵ect of the factorised treatment of these
contributions is small at the level of the cross section, as
shown in the inset plot of Fig.4, where we show the ratio
between the cross section computed exactly and within
the factorisation approach, but the situation might not
hold for other observables or even for more exclusive dis-
tributions in Drell Yan.
In Fig.5 we show the contribution to the mixed
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noticeable that the photon initiated contributions are
rather small, mostly due to the size of the photon pdf
in the proton, as can be observed by comparing q� and
qg contributions, which share the same partonic coe�-
cient apart from the colour factor. It is also clear that
the di↵erent signs of qq (fully dominated by the born
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Finally, we discuss the e↵ect of the higher order con-
tributions in the stabilisation of the perturbative ex-
pansion in terms of the scale dependence for

p
S = 13

TeV (very similar behaviours are observed for other val-
ues of

p
S). In Fig.6 we show the LO (�(0,0)), NLO

(�(0,0)+↵�(0,1)+↵s �(1,0)) and NNLO (�(0,0)+↵�(0,1)+
↵s �(1,0)+↵↵s �(1,1)+↵2 �(0,2)+↵2

s
�(2,0)) cross sections

κfact = Kfact − 1 = [KNLO
QCD × KNLO

QED]𝒪(αsα)
R =

κmix

κfact
=

σ(1,1)σ(0,0)

σ(1,0)σ(0,1)

•Factorization approx. fails by 
a factor of  ~2  
 

•Small impact in cross section 
due to smallness of the 
corrections (per mille).
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 QED corrections 
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•At NLO:  
 QED corrections 
increase the scale 
dependence 
 

•At NNLO: 
 mixed corrections 
stabilize the scale 
dependence.
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computed.
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QCD NNLO results.
The mixed corrections are of the order of per mille for LHC 
energies. Only 3.5 times smaller than pure QCD NNLO, due 
to a change of sign of the latter around ~16 TeV. 

Naïve approximations, such as a factorization hypothesis, fail 
to reproduce the exact result by a factor of ~2 or more.

Analytical expressions for the inclusive cross section opens 
the door to a qt-subtraction implementation for mixed order 
corrections.




