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LHGE ST

£ a hadron machine QCD-based processes

¥ a high-energy machine complex processes

¥ entering a high-precision phase theory must follow
¥ searching new physics must control SM background

High precision computation in QCD needed

¢ PDFs, resumation, parton shower, hadronization and ...
¢ ... fixed order computations
Ambitious goal:

¢ Loop computations and ...
¢ ... cancellation of soft and collinear singularities this talk



Well established subtraction schemes at NLO

® Frixione-Kunst-Signer (FKS) subtraction Frixione, Kunszt, Signer
® Catani-Seymour (CS) Dipole subtraction Catani, Seymour
® Nagy-Soper subtraction Nagy, Soper

Many methods available at NNLO

® Antenna subtraction Gehrmann De Ridder, Gehrmann, Glover, Heinrich, et al.
® Sector-improved residue subtraction Czakon et al.; Melnikov et al.
® Colourful subtraction Del Duca, Duhr, Kardos, Somogyi, Troscanyi, et al.
® qT-slicing Catani, Grazzini, et al.
® N-jettiness slicing Boughezal, Petriello, et al.
® Projection to Born Cacciari, Salam, Zanderighi, et al.
® Sector decomposition Anastasiou, Binoth, et al.
® E-prescription Frixione, Grazzini
® Unsubtraction Rodrigo et al.

® Geometric Herzog



Rationale of our approach

Search for a "minimal” subtraction procedure at NNLO
suited for analytical integration:

* \We have well established methods at NLO:

® Frixione-Kunst-Signer (FKS) subtraction Frixione, Kunszt, Signer 9512328
Frixione 9706545

® Catani-Seymour (CS) Dipole subtraction Catani, Seymour 9605323
Catani et al. 0201036

® Nagy-Soper subtraction Nagy, Soper, 0308127

* Understand their basic features
* Try to find a simpler subtraction at NLO, by merging them

* Then generalize to NNLO



Subtraction procedure at NLO
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Subtraction procedure at NLO

dUNLo = dULo

5 — /dCI)n (V S ])5Xn S /dq)n+1 (R b — Kéxn)

® Divide phase space with sector functions _0

® ldentify counterterms through IR limits




Subtraction procedure at NLO
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Subtraction procedure at NLO
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Subtraction procedure at NLO
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Subtraction procedure at NLO
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. Integrate analytlcally each term after getting rid of the sector functlons

| AS IN FKS j



Subtraction procedure at NLO

donro — doy, — s
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Subtraction procedure at NLO
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Structure of subtraction at NNLO
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Structure of subtraction at NNLO
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Structure of subtraction at NNLO

dUNNLo s dUNLo

dX

= /dcbnvv Ox. +/d<1>n+1RV 5 +/d<I>n+2 RRéx, .,
V¥V and RV have poles in €, RV and RR diverge in phase space

Counterterms K1), K(12) K(2), K(RV) and their integrals I(1), 1(12), J(2) J(RV)
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Structure of subtraction at NNLO

dUNNLo s dUNLo

dX

= /dcbnvv Ox. +/d<I>n+1RV 5 +/d<I>n+2 RRéx, .,
V¥V and RV have poles in €, RV and RR diverge in phase space

Counterterms K1), K(12) K(2), K(RV) and their integrals I(1), 1(12), J(2) J(RV)
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(RR-K(1)-K(2)-K(12)) ( ) and ( ) converge in phase space
/ db, o KWox, = / db, 1 IWsx, / d®, 40 K12 655 = / d®, 11 I125x
/ d®, 0 K? §x, = / d®,, I? 65 / d®, 0 KBV) 65 = / d®, 1 IBV) 65

(V + 12+ [(RV)), ( ) and ( ) are finite in €



Subtraction procedure at NNLO

® Divide the phase space through sector functions
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Subtraction procedure at NNLO

® Divide the phase space through sector functions
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Subtraction procedure at NNLO

® Divide the phase space through sector functions
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Subtraction procedure at NNLO

® Divide the phase space through sector functions

Wi A 045kl = E Okl E Wijkl — |
plll= i, j#i i, j7#i
k#1, 11,k k#i, l#5,k

1 1
Oki

ol
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Subtraction procedure at NNLO

® Divide the phase space through sector functions

® |dentify counterterms through IR limits

o o o im | . ‘
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Subtraction procedure at NNLO

® Divide the phase space through sector functions

® |dentify counterterms through IR limits
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Subtraction procedure at NNLO

® Divide the phase space through sector functions

® |dentify counterterms through IR limits
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Subtraction procedure at NNLO

® Divide the phase space through sector functions

® |dentify counterterms through IR limits
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Subtraction procedure at NNLO

® Divide the phase space through sector functions

® |dentify counterterms through IR limits

Momenta in Kfjl,zl, Kg,zl, Kéfl) do not satisfy mass-shell condition and
momenta conservation



Subtraction procedure at NNLO

® Divide the phase space through sector functions

® |dentify counterterms through IR limits

Momenta in Kfj.l,zl, Kg,zl, Kéfl) do not satisfy mass-shell condition and
momenta conservation
(1) 7=(2) 5=(12)

(1) (2) (12)
Kz’jkl’Kijkl?Kijkl Kz‘jklaKz'jkzaKz'jkl

{ remapped momenta ]
{ in matrix elements and §
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Subtraction procedure at NNLO

® Divide the phase space through sector functions

® |dentify counterterms through IR limits

Momenta in qu].l,zl, K,fflzl, Kfjl,fl) do not satisfy mass-shell condition and
momenta conservation

(1) 55(2) 5>(12)

(1) 7-(2)  £-(12)
Kt Bijrn Bij T A 5

{ remapped momenta ]
{ in matrix elements and §
{ partially in IR kernels |

They must satisfy:
—(1
Ly ngjl)el = Kz-(jlk)z Ly € {S;,Cy;}

—(2
L, Kim = K2, Ly € {Sir, Ciut, SCiri, CSiji}

—(12
Lis Kiji = K2 Lig € {Si, Cij, Sis-Cijut, SCint, CSije }

such that f,RR Wijhi — _,fjllil K u—Kig =




Subtraction procedure at NNLO

® Divide the phase space through sector functions
® ldentify counterterms through IR limits
® Counterterms are sums of terms, each with its remapped momenta

We use the properties of the sector functions
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Subtraction procedure at NNLO

® Divide the phase space through sector functions
® ldentify counterterms through IR limits
® Counterterms are sums of terms, each with its remapped momenta

We use the properties of the sector functions

K® = Z Z (SWSPRR) + (CyWSPRR) — (SiCuWP RR) | Wi

NLO sector functions with remapped momenta



Subtraction procedure at NNLO

® Divide the phase space through sector functions
® ldentify counterterms through IR limits
® Counterterms are sums of terms, each with its remapped momenta

We use the properties of the sector functions

K® = Z Z (SWSPRR) + (CyWSPRR) — (SiCuWP RR) | Wi

single remapping NLO sector functions with remapped momenta



Subtraction procedure at NNLO

® Divide the phase space through sector functions
® ldentify counterterms through IR limits
® Counterterms are sums of terms, each with its remapped momenta

Examples of double remappings

double remapped momenta

a2

'g 2 ' 7.X (tcd,je ( ' £ (icd.ied)
SRR = —- > | D T L7 Beaes ({< G f>) +43 10 19 Begeq [} CotIe)
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Subtraction procedure at NNLO

® Divide the phase space through sector functions
® ldentify counterterms through IR limits
® Counterterms are sums of terms, each with its remapped momenta

® Phase space reparametrized differently for each term of the sum



Subtraction procedure at NNLO

® Divide the phase space through sector functions
® ldentify counterterms through IR limits
® Counterterms are sums of terms, each with its remapped momenta

® Phase space reparametrized differently for each term of the sum
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Subtraction procedure at NNLO

® Divide the phase space through sector functions
® ldentify counterterms through IR limits
® Counterterms are sums of terms, each with its remapped momenta

® Phase space reparametrized differently for each term of the sum

ginR Bcdef term

—

d®, 2({k}) = dd, ({k}(wdﬂef)) dP1(Sicd; y, 2, D) d<I>1( égfi),y 7 ¢)

ngR Bcd term EzgkRR
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Subtraction procedure at NNLO

® Divide the phase space through sector functions

® ldentify counterterms through IR limits

® Counterterms are sums of terms, each with its remapped momenta
® Phase space reparametrized differently for each term of the sum

® Integrate analytically each term after getting rid of the sector functions



Subtraction procedure at NNLO

® Divide the phase space through sector functions

® ldentify counterterms through IR limits

® Counterterms are sums of terms, each with its remapped momenta

® Phase space reparametrized differently for each term of the sum

® Integrate analytically each term after getting rid of the sector functions

We use the properties of the sector functions

¥ Remapped sector functions sum to 1

" Similar for I(12) ;
¢ Are kept to combine with sectors of RV Tl



Subtraction procedure at NNLO

® Divide the phase space through sector functions

® ldentify counterterms through IR limits

® Counterterms are sums of terms, each with its remapped momenta
® Phase space reparametrized differently for each term of the sum

® Integrate analytically each term after getting rid of the sector functions

e /dCI)Q Z Sszzgkl R Z ka{ RR ijk —l-( S )RR kaj}
E i JFL ) j;éz {

¢ “Pure” double-unresolved part ¢ Basically products of

. . single unresolved integrals
¢ In all subtraction scheme the more J J

difficult part to be integrated ¢ Trivial integration




Subtraction procedure at NNLO

® Divide the phase space through sector functions

® ldentify counterterms through IR limits

® Counterterms are sums of terms, each with its remapped momenta
® Phase space reparametrized differently for each term of the sum

® Integrate analytically each term after getting rid of the sector functions

e /dq)g{ E Sszmkl - E ka{ RR 1A% 5 p = (1 —S, k)RR kaj] L }
0, J 70 ,J 71
k#v,l#£1,k k;éz )

We use the properties of the sector functions
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Integration of the double-unresolved part of 1 (2)

TSl — iy /dégginR—k > /d%ﬁijk(1—§ij—§ik—§jk)RR+...
1,1 >1 Zigj>>jz

Kernels to integrate

2 soft kernels Ic(zlj ) qq]

Pirlad'd] Pl
5 collinear kernels

P;iklag9]

® Rational functions of six invariants Sab, Sac, Sbc, Scd, Sad, Sbd

® The possible denominators are only:

Saby Sac. - Sbe . Sed W Sad s mShd!

Sact Sbc, SadT Sbd, Sadt Scd, Sbd T Scd



Integration of the double-unresolved part of 7(2)

The integrala of the kernels are symmetric under:
» the permutation of the four momenta Ka, K¢, Kb, Kg

o the following permutations of invariants:

Sab <7 Scd Sac <7 Sbd Sad <7 Sbe
¢ We can reduce the denominators to:
Sab = Y YSabed
I S obed
e = =0 =
Seda = (1- )( — y)(1 — 2) Sabed
SrERe—a (] — ) [ (1—z)—|—(1—z’)z+2(1—2:13’)\/y’z’(1—z’)z(l—z)} SHaa
R I s
BRSNS (1 ) isabed;
Sab+ Sbe = (1—2"+2'y) Yy Sabea-

¢ The integral measure is:

1 1
/dCI)Q(p T RGO ) — (5 (p 22/d /d /dz/dy/dz (1—2x") e
1

it Ny?z(1—y)2(1—2)] y1—y)1—y)



Integration of the double-unresolved part of 1 (2)

Using the properties of the hypergeometric function 2F+, we are left with
Integrals of the following types:

1
/dt (1 — t)’u P QFl(TLl,TLQ TGk 26, 1 — t)
0

|
/dt/du (1 =)t (1 —u)?u’2F1(n1,ne —€,n3 — 26,1 — tu)
0o Jo

n17n27n3EN7 ny 217 n32n1+1an2

L, V, 0,0 =N+ me, n,m € 4, n > —1

All integrals could be written in terms of the hypergeometric functions
o Fy(a,b,c, 1), sFy(a,b,c, 1) 1F3(a,b,c, 1)

and then expanded in €

We have expanded the 2F1in € and then integrated intand u

All integrals checked against a numerical computation without using symmetries



Integration of the double-unresolved part of 7(2)

Results for the integrated kernels A= (Sabfj“ﬂ)_e
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Summary of subtraction at NNLO
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Summary of subtraction at NNLO
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Summary of subtraction at NNLO
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Summary of subtraction at NNLO
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Summary of subtraction at NNLO




Summary of subtraction at NNLO

— _ — —

?(2)4—?(12) _
> { ik (Z > Wi+ ) Wk:jzl):| ik RR
1, k>1 JFT lF£k 1#£k lF#£i,k
|+ Fj { P [ Al Z Wabbe + Wabcb)] Ciir RR — [Sij Ciik Z (Wabbk + Wakbk)] S:; Cijk RR} ‘
dO’ i,7>1 U k>j abc € (ijk) ab e m(ij) |

+ y‘ Y Y Y { [ ljkl Wabea + chab)] Eljk‘l RR — [Sac Cobed (Wabcd + chlab)] §ac ézjkl RR}

t,j>1 k>1 1>k ab € w(ij)
k75 1#7 cd e w(kl)

— Z Z [Cij (WZ-(J-OC”B) + W;?B)) ]

i, 5> ki,

{ [Cjk; <ij a4 Wk]) ] Eij éijk + Z (Ckl Wkl) E7;jl~cl + (Sj
A .5,

J4 n Z Z [S Ci; W(aﬁ)} {[Cjk (ng _|_ij)} S, Ez‘j Eijk s (Sj ij) S; éij §7;j

—I— 1, j#t k#1,j ‘ j|
'ﬁ I Z (Sk; Ck;l Wk;l) g g Ez]kl — (SJ Cjk ij) gz Eij gij Ez]k} RR n
‘ l#14,75,k
i -2 [S Cijk (W(O‘ﬂ) — W(O‘B))]
1 i, JF£1 Ig;é;

B O e

i ki j#i
1#i,k




Summary of subtraction at NNLO



Summary of subtraction at NNLO
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Summary of subtraction at NNLO
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Summary of subtraction at NNLO
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Summary of subtraction at NNLO
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Summary of subtraction at NNLO

- — — e e ——— e —

- - -
F(RV) — Z {(Skal) (gkRV) + (Clekl) (EMRV) — (Skakal) (gkészV)}
k, £k 2
/_(;‘ S. -
| ;;”'103 ;76’"7&"5@3£ —;\ ~
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\“

|
® Integration of IéRV)and Ik(f“v) completed ‘

L |
® Under investigation the tripole contribution in IS(RV) 1




Summary

The procedure

® Divide the phase space through sector functions

® |dentify counterterms through IR limits

® Counterterms are sums of terms, each with its remapped momenta
® Phase space reparametrized differently for each term of the sum

® Integrate analytically each term after getting rid of the sector functions

can be extended beyond NLO !!

e i— e e ——————————

¢ Generates universal local integrable counterterms
|

| # Exploits the freedom in defining them

¢ The counterterms are as close as possible to the IR limits

S— ——— — - E— ——




Outlook

® Check the cancellation of the poles with VV

® Compute counterterms with initial state hadrons

— = _

| ¢ Basically implement Catani-Seymour remappings |
|

¢ |t does not seem more difficult then the final state |
(at NLO essentially done) |

o Complete the implementation in a Monte Carlo generator

® Consider the massive case

- Ll — p— —

R ; =
¥ Less singularities, but ...
|

|
|
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Subtraction procedure at NNLO

® Divide the phase space through sector functions
® ldentify counterterms through IR limits

® Counterterms are sums of terms, each with its remapped momenta

Examples of double remappings (a,b,c,d,e, f are different )
lggacd,bef) i %gacd) lgc(zacd,bef) i Ec(iacd) 2
_(acd) glac
7.(acd,bef) __ 7.(acd) Placd)n s She 7 (acd) 7 (acdbef) She f 7 (acd)
ke i kb o ke _(acd) | —(acd) kf kf -~ (acd) | _(acd) kf
{E}(acd,bed) — {l_f}(acd,bde) — {E}(acd,bec) — {E}(acd,bce) — {];,}(abcde)
f(abede) — [(acd) lgélabcde) S5 51()Z§d) p(acd) fabede) ;;éacd) + lacd) _ §z(>ZCd) p(acd)

= s e

{]__C}(acd,bcd) — {]%}(acd,bdc) — {E}(abcd)

Egabcd) o ka, i kb I kc X Sabc kd Egbcd & Sabed kd
Sad 1+ Sbd + Scd Sad + Sbd + Scd



