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LHC is …

 a hadron machine            QCD-based processes 
 a high-energy machine            complex processes 
 entering a high-precision phase            theory must follow 
 searching new physics            must control SM background 

 PDFs, resumation, parton shower, hadronization and … 
 … fixed order computations

High precision computation in QCD needed

Ambitious goal: Automatic NNLO QCD computations

 Loop computations and … 
 … cancellation of soft and collinear singularities this talk



 Frixione-Kunst-Signer (FKS) subtraction 

 Catani-Seymour (CS) Dipole subtraction 

 Nagy-Soper subtraction

Frixione, Kunszt, Signer 

Catani, Seymour 

Nagy, Soper

Well established subtraction schemes at NLO

 Antenna subtraction 

 Sector-improved residue subtraction 

 Colourful subtraction  

 qT-slicing 

 N-jettiness slicing 

 Projection to Born 

 Sector decomposition 

 ℇ-prescription 

 Unsubtraction 

 Geometric

Gehrmann De Ridder, Gehrmann, Glover, Heinrich, et al. 

Czakon et al.; Melnikov et al. 

Del Duca, Duhr, Kardos, Somogyi, Troscanyi, et al. 

Catani, Grazzini, et al. 

Boughezal, Petriello, et al. 

Cacciari, Salam, Zanderighi, et al. 

Anastasiou, Binoth, et al. 

Frixione, Grazzini 

Rodrigo et al. 

Herzog

Many methods available at NNLO



 Frixione-Kunst-Signer (FKS) subtraction 

 Catani-Seymour (CS) Dipole subtraction 

 Nagy-Soper subtraction

Frixione, Kunszt, Signer 9512328

Catani, Seymour 9605323

Nagy, Soper, 0308127

Frixione 9706545

Catani et al. 0201036

 We have well established methods at NLO: 

 Understand their basic features 

 Try to find a simpler subtraction at NLO, by merging them 

 Then generalize to NNLO

Rationale of our approach

Search for a “minimal” subtraction procedure at NNLO 
suited for analytical integration:
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Structure of subtraction at NNLO
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X

i, j 6=i
k 6=i, l 6=i,k

Wijkl = 1

<latexit sha1_base64="DBqfk7K4CNG1nd49F0ewhztE6H8="></latexit><latexit sha1_base64="DBqfk7K4CNG1nd49F0ewhztE6H8="></latexit><latexit sha1_base64="DBqfk7K4CNG1nd49F0ewhztE6H8="></latexit><latexit sha1_base64="DBqfk7K4CNG1nd49F0ewhztE6H8="></latexit>

� =
X

i, j 6=i
k 6=i, l 6=i,k

�ijkl

<latexit sha1_base64="fhC89eLbR32OOO2CUVCwLtB5B3Q="></latexit><latexit sha1_base64="fhC89eLbR32OOO2CUVCwLtB5B3Q="></latexit><latexit sha1_base64="fhC89eLbR32OOO2CUVCwLtB5B3Q="></latexit><latexit sha1_base64="fhC89eLbR32OOO2CUVCwLtB5B3Q="></latexit>

↵ > � > 1
<latexit sha1_base64="WD3sJlpNfKQSVnsZ4W2d43xwyhs="></latexit><latexit sha1_base64="WD3sJlpNfKQSVnsZ4W2d43xwyhs="></latexit><latexit sha1_base64="WD3sJlpNfKQSVnsZ4W2d43xwyhs="></latexit><latexit sha1_base64="WD3sJlpNfKQSVnsZ4W2d43xwyhs="></latexit>

�ijkl =
1

(Ei)↵(wij)�
1

(Ek + �kjEi)wkl
<latexit sha1_base64="Vt8l9zGwWyKaBO5PKaj3r72ZLVo="></latexit><latexit sha1_base64="Vt8l9zGwWyKaBO5PKaj3r72ZLVo="></latexit><latexit sha1_base64="Vt8l9zGwWyKaBO5PKaj3r72ZLVo="></latexit><latexit sha1_base64="Vt8l9zGwWyKaBO5PKaj3r72ZLVo="></latexit>

Subtraction procedure at NNLO



 Divide the phase space through sector functions 

 Primary limits in the sectors:

Wijkl =
�ijkl

�
<latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit>

X

i, j 6=i
k 6=i, l 6=i,k

Wijkl = 1

<latexit sha1_base64="DBqfk7K4CNG1nd49F0ewhztE6H8="></latexit><latexit sha1_base64="DBqfk7K4CNG1nd49F0ewhztE6H8="></latexit><latexit sha1_base64="DBqfk7K4CNG1nd49F0ewhztE6H8="></latexit><latexit sha1_base64="DBqfk7K4CNG1nd49F0ewhztE6H8="></latexit>

� =
X

i, j 6=i
k 6=i, l 6=i,k

�ijkl

<latexit sha1_base64="fhC89eLbR32OOO2CUVCwLtB5B3Q="></latexit><latexit sha1_base64="fhC89eLbR32OOO2CUVCwLtB5B3Q="></latexit><latexit sha1_base64="fhC89eLbR32OOO2CUVCwLtB5B3Q="></latexit><latexit sha1_base64="fhC89eLbR32OOO2CUVCwLtB5B3Q="></latexit>

↵ > � > 1
<latexit sha1_base64="WD3sJlpNfKQSVnsZ4W2d43xwyhs="></latexit><latexit sha1_base64="WD3sJlpNfKQSVnsZ4W2d43xwyhs="></latexit><latexit sha1_base64="WD3sJlpNfKQSVnsZ4W2d43xwyhs="></latexit><latexit sha1_base64="WD3sJlpNfKQSVnsZ4W2d43xwyhs="></latexit>

�ijkl =
1

(Ei)↵(wij)�
1

(Ek + �kjEi)wkl
<latexit sha1_base64="Vt8l9zGwWyKaBO5PKaj3r72ZLVo="></latexit><latexit sha1_base64="Vt8l9zGwWyKaBO5PKaj3r72ZLVo="></latexit><latexit sha1_base64="Vt8l9zGwWyKaBO5PKaj3r72ZLVo="></latexit><latexit sha1_base64="Vt8l9zGwWyKaBO5PKaj3r72ZLVo="></latexit>

SCikl(f) = Ckl

�
Si(f)

�
CSijk(f) = Sk

�
Cij(f)

�
<latexit sha1_base64="C/jKpQ8NrX189N4FyO/o6IwQvUY="></latexit><latexit sha1_base64="C/jKpQ8NrX189N4FyO/o6IwQvUY="></latexit><latexit sha1_base64="C/jKpQ8NrX189N4FyO/o6IwQvUY="></latexit><latexit sha1_base64="C/jKpQ8NrX189N4FyO/o6IwQvUY="></latexit>

Wijjk : Si , Cij , Sij , Cijk , SCijk

Wijkj : Si , Cij , Sik , Cijk , SCijk , CSijk

Wijkl : Si , Cij , Sik , Cijkl , SCikl , CSijk
<latexit sha1_base64="2Gtn2q5/y4hm5Bz5UpGrXAFfW7Y="></latexit><latexit sha1_base64="2Gtn2q5/y4hm5Bz5UpGrXAFfW7Y="></latexit><latexit sha1_base64="2Gtn2q5/y4hm5Bz5UpGrXAFfW7Y="></latexit><latexit sha1_base64="2Gtn2q5/y4hm5Bz5UpGrXAFfW7Y="></latexit>

Subtraction procedure at NNLO



 Divide the phase space through sector functions 

 Single soft and single collinear limits

Wijkl =
�ijkl

�
<latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit>

X

i, j 6=i
k 6=i, l 6=i,k

Wijkl = 1

<latexit sha1_base64="DBqfk7K4CNG1nd49F0ewhztE6H8="></latexit><latexit sha1_base64="DBqfk7K4CNG1nd49F0ewhztE6H8="></latexit><latexit sha1_base64="DBqfk7K4CNG1nd49F0ewhztE6H8="></latexit><latexit sha1_base64="DBqfk7K4CNG1nd49F0ewhztE6H8="></latexit>

� =
X

i, j 6=i
k 6=i, l 6=i,k

�ijkl

<latexit sha1_base64="fhC89eLbR32OOO2CUVCwLtB5B3Q="></latexit><latexit sha1_base64="fhC89eLbR32OOO2CUVCwLtB5B3Q="></latexit><latexit sha1_base64="fhC89eLbR32OOO2CUVCwLtB5B3Q="></latexit><latexit sha1_base64="fhC89eLbR32OOO2CUVCwLtB5B3Q="></latexit>

Si Wijkl =
⇣
SiW(↵�)

ij

⌘
Wkl

<latexit sha1_base64="NFH7majW+iFjR61nmDERXk7mq08="></latexit><latexit sha1_base64="NFH7majW+iFjR61nmDERXk7mq08="></latexit><latexit sha1_base64="NFH7majW+iFjR61nmDERXk7mq08="></latexit><latexit sha1_base64="NFH7majW+iFjR61nmDERXk7mq08="></latexit>

W(↵�)
ij =

1
E↵
i w�

ijP
i,j 6=i

1
E↵
i w�

ij
<latexit sha1_base64="ZH8Etg5jDofXDxCaud4SloZRjfw="></latexit><latexit sha1_base64="+Hyg5ff5UbPaJnJZv2ZkZNfkt28="></latexit><latexit sha1_base64="+Hyg5ff5UbPaJnJZv2ZkZNfkt28="></latexit><latexit sha1_base64="WeL2XHmW9avelgezwJ/dScyKHXg="></latexit>

SiCij Wijkl =
⇣
SiCijW(↵�)

ij

⌘
Wkl

<latexit sha1_base64="3/PlKXWGOYFMFImlF+nWIXZcn6o="></latexit><latexit sha1_base64="3/PlKXWGOYFMFImlF+nWIXZcn6o="></latexit><latexit sha1_base64="3/PlKXWGOYFMFImlF+nWIXZcn6o="></latexit><latexit sha1_base64="3/PlKXWGOYFMFImlF+nWIXZcn6o="></latexit>

Cij Wijjk =
⇣
CijW(↵�)

ij

⌘
W[ij]k

Cij Wijkj =
⇣
CijW(↵�)

ij

⌘
Wk[ij]

Cij Wijkl =
⇣
CijW(↵�)

ij

⌘
Wkl

<latexit sha1_base64="s/5u/PDetuBC9ObSvAOcyHcpEhc="></latexit><latexit sha1_base64="s/5u/PDetuBC9ObSvAOcyHcpEhc="></latexit><latexit sha1_base64="s/5u/PDetuBC9ObSvAOcyHcpEhc="></latexit><latexit sha1_base64="s/5u/PDetuBC9ObSvAOcyHcpEhc="></latexit>

↵ > � > 1
<latexit sha1_base64="WD3sJlpNfKQSVnsZ4W2d43xwyhs="></latexit><latexit sha1_base64="WD3sJlpNfKQSVnsZ4W2d43xwyhs="></latexit><latexit sha1_base64="WD3sJlpNfKQSVnsZ4W2d43xwyhs="></latexit><latexit sha1_base64="WD3sJlpNfKQSVnsZ4W2d43xwyhs="></latexit>

�ijkl =
1

(Ei)↵(wij)�
1

(Ek + �kjEi)wkl
<latexit sha1_base64="Vt8l9zGwWyKaBO5PKaj3r72ZLVo="></latexit><latexit sha1_base64="Vt8l9zGwWyKaBO5PKaj3r72ZLVo="></latexit><latexit sha1_base64="Vt8l9zGwWyKaBO5PKaj3r72ZLVo="></latexit><latexit sha1_base64="Vt8l9zGwWyKaBO5PKaj3r72ZLVo="></latexit>

Subtraction procedure at NNLO



 Divide the phase space through sector functions 

Wijkl =
�ijkl

�
<latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit><latexit sha1_base64="tr88QWlKgoV0D7bzGarvz67G1Gg="></latexit>

X

i, j 6=i
k 6=i, l 6=i,k

Wijkl = 1

<latexit sha1_base64="DBqfk7K4CNG1nd49F0ewhztE6H8="></latexit><latexit sha1_base64="DBqfk7K4CNG1nd49F0ewhztE6H8="></latexit><latexit sha1_base64="DBqfk7K4CNG1nd49F0ewhztE6H8="></latexit><latexit sha1_base64="DBqfk7K4CNG1nd49F0ewhztE6H8="></latexit>

� =
X

i, j 6=i
k 6=i, l 6=i,k

�ijkl

<latexit sha1_base64="fhC89eLbR32OOO2CUVCwLtB5B3Q="></latexit><latexit sha1_base64="fhC89eLbR32OOO2CUVCwLtB5B3Q="></latexit><latexit sha1_base64="fhC89eLbR32OOO2CUVCwLtB5B3Q="></latexit><latexit sha1_base64="fhC89eLbR32OOO2CUVCwLtB5B3Q="></latexit>

X

j 6=i,l 6=i,k

Sik Wijkl +
X

j 6=k,l 6=i,k

Sik Wkjil = 1

<latexit sha1_base64="3yVqchR15YaWgui76MMB2HDUJHc="></latexit><latexit sha1_base64="3yVqchR15YaWgui76MMB2HDUJHc="></latexit><latexit sha1_base64="3yVqchR15YaWgui76MMB2HDUJHc="></latexit><latexit sha1_base64="3yVqchR15YaWgui76MMB2HDUJHc="></latexit>

 Double soft and double collinear limits

Cijk (Wikkj +Wijkj) + (perm. of i, j, k) = 1
<latexit sha1_base64="f6BejSQU/Ix1kAUjvJW5FLCEMEE="></latexit><latexit sha1_base64="f6BejSQU/Ix1kAUjvJW5FLCEMEE="></latexit><latexit sha1_base64="f6BejSQU/Ix1kAUjvJW5FLCEMEE="></latexit><latexit sha1_base64="f6BejSQU/Ix1kAUjvJW5FLCEMEE="></latexit>

SikCijk(Wikkj+Wijkj+Wkiij+Wkjij) = CijkSik(Wikkj+Wijkj+Wkiij+Wkjij) = 1
<latexit sha1_base64="qxKyXOuzEP56jV+6XwOKyAaNEjo="></latexit><latexit sha1_base64="qxKyXOuzEP56jV+6XwOKyAaNEjo="></latexit><latexit sha1_base64="qxKyXOuzEP56jV+6XwOKyAaNEjo="></latexit><latexit sha1_base64="qxKyXOuzEP56jV+6XwOKyAaNEjo="></latexit>

↵ > � > 1
<latexit sha1_base64="WD3sJlpNfKQSVnsZ4W2d43xwyhs="></latexit><latexit sha1_base64="WD3sJlpNfKQSVnsZ4W2d43xwyhs="></latexit><latexit sha1_base64="WD3sJlpNfKQSVnsZ4W2d43xwyhs="></latexit><latexit sha1_base64="WD3sJlpNfKQSVnsZ4W2d43xwyhs="></latexit>

�ijkl =
1

(Ei)↵(wij)�
1

(Ek + �kjEi)wkl
<latexit sha1_base64="Vt8l9zGwWyKaBO5PKaj3r72ZLVo="></latexit><latexit sha1_base64="Vt8l9zGwWyKaBO5PKaj3r72ZLVo="></latexit><latexit sha1_base64="Vt8l9zGwWyKaBO5PKaj3r72ZLVo="></latexit><latexit sha1_base64="Vt8l9zGwWyKaBO5PKaj3r72ZLVo="></latexit>

Subtraction procedure at NNLO



Sector Cijk
<latexit sha1_base64="Xz5AnYpmFR6q8ULEqO49e9Eyb5c="></latexit><latexit sha1_base64="RkwTCjXQuLhrSEm9CFQ65b3GFZs="></latexit><latexit sha1_base64="RkwTCjXQuLhrSEm9CFQ65b3GFZs="></latexit><latexit sha1_base64="mEptd5d6hwqbn1vRFdJwVM0dsKY="></latexit>

finite

SCijk
<latexit sha1_base64="8gj5Si3C66CqLhLKjq5wRJUZFPA="></latexit><latexit sha1_base64="8gj5Si3C66CqLhLKjq5wRJUZFPA="></latexit><latexit sha1_base64="8gj5Si3C66CqLhLKjq5wRJUZFPA="></latexit><latexit sha1_base64="8gj5Si3C66CqLhLKjq5wRJUZFPA="></latexit>

Si
<latexit sha1_base64="5qx2KmfA9ttvpxAdTvzn0mcTj5k="></latexit><latexit sha1_base64="zPK3edUv9dNtbZRXCvH8+eBzItU="></latexit><latexit sha1_base64="zPK3edUv9dNtbZRXCvH8+eBzItU="></latexit><latexit sha1_base64="cXCXBUMl4n3TvqkAfydQhDKyXAQ="></latexit>

Cij
<latexit sha1_base64="xIJ0yRq2BhDseoIEpSLMeZtuMyE="></latexit><latexit sha1_base64="QKAW0t6uSMJ19r6btrsrTAD7dPI="></latexit><latexit sha1_base64="QKAW0t6uSMJ19r6btrsrTAD7dPI="></latexit><latexit sha1_base64="YTrxwRQVE+wG4etv6s1ApAJkxmI="></latexit>

where the candidates for counterterms are

Sij
<latexit sha1_base64="e+VaMPihiw7M+K1bS9vIYqX+n6s="></latexit><latexit sha1_base64="e+VaMPihiw7M+K1bS9vIYqX+n6s="></latexit><latexit sha1_base64="e+VaMPihiw7M+K1bS9vIYqX+n6s="></latexit><latexit sha1_base64="e+VaMPihiw7M+K1bS9vIYqX+n6s="></latexit>

Wijjk
<latexit sha1_base64="H+Qm+1zyW5usto+QnZz9t49Nv5A="></latexit><latexit sha1_base64="H+Qm+1zyW5usto+QnZz9t49Nv5A="></latexit><latexit sha1_base64="H+Qm+1zyW5usto+QnZz9t49Nv5A="></latexit><latexit sha1_base64="H+Qm+1zyW5usto+QnZz9t49Nv5A="></latexit>

,        ,        ,          ,                commute

(1� Si)(1�Cij)(1� Sij)(1�Cijk)⇥

⇥(1� SCijk)RR Wijjk = RR Wijjk �K(1)
ijjk �K(2)

ijjk �K(12)
ijjk

<latexit sha1_base64="lmxVqVxUXzRVjHGA7rQZx7jo3qU="></latexit><latexit sha1_base64="lmxVqVxUXzRVjHGA7rQZx7jo3qU="></latexit><latexit sha1_base64="lmxVqVxUXzRVjHGA7rQZx7jo3qU="></latexit><latexit sha1_base64="lmxVqVxUXzRVjHGA7rQZx7jo3qU="></latexit>

 Divide the phase space through sector functions 

 Identify counterterms through IR limits 

K(1)
ijjk =

h
Si +Cij(1� Si)

i
RR Wijjk

K(2)
ijjk =

h
Sij +Cijk(1� Sij) + SCijk(1� Sij)(1�Cijk)

i
RR Wijjk

K(12)
ijjk = �

nh
Si +Cij(1� Si)

ih
Sij +Cijk(1� Sij)

i

+ SCijk(1� Sij)(1�Cijk)
o
RR Wijjk

<latexit sha1_base64="w/i7utWct27jSRSL2x/FiooMFv0="></latexit>

Subtraction procedure at NNLO



Sector Cijk
<latexit sha1_base64="Xz5AnYpmFR6q8ULEqO49e9Eyb5c="></latexit><latexit sha1_base64="RkwTCjXQuLhrSEm9CFQ65b3GFZs="></latexit><latexit sha1_base64="RkwTCjXQuLhrSEm9CFQ65b3GFZs="></latexit><latexit sha1_base64="mEptd5d6hwqbn1vRFdJwVM0dsKY="></latexit>

finite

SCijk
<latexit sha1_base64="8gj5Si3C66CqLhLKjq5wRJUZFPA="></latexit><latexit sha1_base64="8gj5Si3C66CqLhLKjq5wRJUZFPA="></latexit><latexit sha1_base64="8gj5Si3C66CqLhLKjq5wRJUZFPA="></latexit><latexit sha1_base64="8gj5Si3C66CqLhLKjq5wRJUZFPA="></latexit>

Si
<latexit sha1_base64="5qx2KmfA9ttvpxAdTvzn0mcTj5k="></latexit><latexit sha1_base64="zPK3edUv9dNtbZRXCvH8+eBzItU="></latexit><latexit sha1_base64="zPK3edUv9dNtbZRXCvH8+eBzItU="></latexit><latexit sha1_base64="cXCXBUMl4n3TvqkAfydQhDKyXAQ="></latexit>

Cij
<latexit sha1_base64="xIJ0yRq2BhDseoIEpSLMeZtuMyE="></latexit><latexit sha1_base64="QKAW0t6uSMJ19r6btrsrTAD7dPI="></latexit><latexit sha1_base64="QKAW0t6uSMJ19r6btrsrTAD7dPI="></latexit><latexit sha1_base64="YTrxwRQVE+wG4etv6s1ApAJkxmI="></latexit>

where the candidates for counterterms are

Sij
<latexit sha1_base64="e+VaMPihiw7M+K1bS9vIYqX+n6s="></latexit><latexit sha1_base64="e+VaMPihiw7M+K1bS9vIYqX+n6s="></latexit><latexit sha1_base64="e+VaMPihiw7M+K1bS9vIYqX+n6s="></latexit><latexit sha1_base64="e+VaMPihiw7M+K1bS9vIYqX+n6s="></latexit>

Wijjk
<latexit sha1_base64="H+Qm+1zyW5usto+QnZz9t49Nv5A="></latexit><latexit sha1_base64="H+Qm+1zyW5usto+QnZz9t49Nv5A="></latexit><latexit sha1_base64="H+Qm+1zyW5usto+QnZz9t49Nv5A="></latexit><latexit sha1_base64="H+Qm+1zyW5usto+QnZz9t49Nv5A="></latexit>

,        ,        ,          ,                commute

(1� Si)(1�Cij)(1� Sij)(1�Cijk)⇥

⇥(1� SCijk)RR Wijjk = RR Wijjk �K(1)
ijjk �K(2)

ijjk �K(12)
ijjk

<latexit sha1_base64="lmxVqVxUXzRVjHGA7rQZx7jo3qU="></latexit><latexit sha1_base64="lmxVqVxUXzRVjHGA7rQZx7jo3qU="></latexit><latexit sha1_base64="lmxVqVxUXzRVjHGA7rQZx7jo3qU="></latexit><latexit sha1_base64="lmxVqVxUXzRVjHGA7rQZx7jo3qU="></latexit>

 Divide the phase space through sector functions 

 Identify counterterms through IR limits 

cancel in K(2) +K(12)
<latexit sha1_base64="OOhZn9Z4WwCtmg8vOpOmYz+OqAY="></latexit><latexit sha1_base64="OOhZn9Z4WwCtmg8vOpOmYz+OqAY="></latexit><latexit sha1_base64="OOhZn9Z4WwCtmg8vOpOmYz+OqAY="></latexit><latexit sha1_base64="OOhZn9Z4WwCtmg8vOpOmYz+OqAY="></latexit>

K(1)
ijjk =

h
Si +Cij(1� Si)

i
RR Wijjk

K(2)
ijjk =

h
Sij +Cijk(1� Sij) + SCijk(1� Sij)(1�Cijk)

i
RR Wijjk

K(12)
ijjk = �

nh
Si +Cij(1� Si)

ih
Sij +Cijk(1� Sij)

i

+ SCijk(1� Sij)(1�Cijk)
o
RR Wijjk

<latexit sha1_base64="w/i7utWct27jSRSL2x/FiooMFv0="></latexit>

Subtraction procedure at NNLO



Sector Cijk
<latexit sha1_base64="Xz5AnYpmFR6q8ULEqO49e9Eyb5c="></latexit><latexit sha1_base64="RkwTCjXQuLhrSEm9CFQ65b3GFZs="></latexit><latexit sha1_base64="RkwTCjXQuLhrSEm9CFQ65b3GFZs="></latexit><latexit sha1_base64="mEptd5d6hwqbn1vRFdJwVM0dsKY="></latexit>

Wijkj
<latexit sha1_base64="vwV8CktwarUG0O9hBkPUgNAMgns="></latexit><latexit sha1_base64="X3J74qXX3kcJO+zsMCMmZmlxsm0="></latexit><latexit sha1_base64="X3J74qXX3kcJO+zsMCMmZmlxsm0="></latexit><latexit sha1_base64="1ZqAcObyliovHn7sBVWITpzOQIY="></latexit>

finite

SCijk
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where the candidates for counterterms are

,        ,        ,          ,             ,               commute

(1� Si)(1�Cij)(1� Sik)(1�Cijk)⇥

⇥(1� SCijk)(1�CSijk)RR Wijkj = RR Wijkj �K(1)
ijkj �K(2)

ijkj �K(12)
ijkj
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 Divide the phase space through sector functions 

 Identify counterterms through IR limits 

cancel in K(2) +K(12)
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K(1)
ijkj =

h
Si +Cij(1� Si)

i
RR Wijkj

K(2)
ijkj =

h
Sik +Cijk(1� Sik) + (SCijk +CSijk)(1� Sik)(1�Cijk)

i
RR Wijkj

K(12)
ijkj = �

nh
Si +Cij(1� Si)

ih
Sik +Cijk(1� Sik)

i

+ (SCijk +CSijk)(1� Sik)(1�Cijk)
o
RR Wijkj
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Subtraction procedure at NNLO



Sector Wijkl
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Sik
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SCikl
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,        ,        ,           ,             ,              commute

finite

where the candidates for counterterms are

(1� Si)(1�Cij)(1� Sik)(1�Cijkl)⇥

⇥(1� SCikl)(1�CSijk)RR Wijkl = RR Wijkl �K(1)
ijkl �K(2)

ijkl �K(12)
ijkl
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 Divide the phase space through sector functions 

 Identify counterterms through IR limits 

cancel in K(2) +K(12)
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K(1)
ijkl =

h
Si +Cij(1� Si)

i
RR Wijkl

K(2)
ijkl =

h
Sik +Cijkl(1� Sik) + (SCikl +CSijk)(1� Sik)(1�Cijkl)

i
RR Wijkl

K(12)
ijkl = �

nh
Si +Cij(1� Si)

ih
Sik +Cijkl(1� Sik)

i

+ (SCikl +CSijk)(1� Sik)(1�Cijkl)
o
RR Wijkl
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Subtraction procedure at NNLO



Momenta in                                  do not satisfy mass-shell condition and 
momenta conservation 

K(1)
ijkl,K

(2)
ijkl,K

(12)
ijkl
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 Divide the phase space through sector functions 

 Identify counterterms through IR limits 

Subtraction procedure at NNLO



Momenta in                                  do not satisfy mass-shell condition and 
momenta conservation 

remapped momenta   
in matrix elements and  
partially in IR kernels

K
(1)
ijkl,K

(2)
ijkl,K

(12)
ijkl
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K(1)
ijkl,K

(2)
ijkl,K

(12)
ijkl
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K(1)
ijkl,K

(2)
ijkl,K

(12)
ijkl
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 Divide the phase space through sector functions 

 Identify counterterms through IR limits 

Subtraction procedure at NNLO



Momenta in                                  do not satisfy mass-shell condition and 
momenta conservation 

finite

remapped momenta   
in matrix elements and  
partially in IR kernels

 They must satisfy:

such that:

K
(1)
ijkl,K

(2)
ijkl,K

(12)
ijkl
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K(1)
ijkl,K

(2)
ijkl,K

(12)
ijkl
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RR Wijkl �K
(1)
ijkl �K

(2)
ijkl �K

(12)
ijkl
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L1 K
(1)
ijkl = K(1)

ijkl L1 2 {Si,Cij}

L2 K
(2)
ijkl = K(2)

ijkl L2 2 {Sik,Cijkl,SCikl,CSijk}

L12 K
(12)
ijkl = K(12)

ijkl L12 2 {Si,Cij ,Sik.Cijkl,SCikl,CSijk}
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K(1)
ijkl,K

(2)
ijkl,K

(12)
ijkl
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 Divide the phase space through sector functions 

 Identify counterterms through IR limits 

Subtraction procedure at NNLO



 Divide the phase space through sector functions 

 Identify counterterms through IR limits 

 Counterterms are sums of terms, each with its remapped momenta 

K
(1)

=
X

i, j 6=i

X

k 6=i
l 6=i,k

h⇣
SiW(↵�)

ij

⌘ �
SiRR

�
Wkl +

⇣
CijW(↵�)

ij

⌘ �
CijRR

�
Wkl �

⇣
SiCijW(↵�)

ij

⌘ �
SiCijRR

�
Wkl

i

<latexit sha1_base64="zVuEophNpkxCAKjUbVWXXyXiNG0="></latexit><latexit sha1_base64="zVuEophNpkxCAKjUbVWXXyXiNG0="></latexit><latexit sha1_base64="zVuEophNpkxCAKjUbVWXXyXiNG0="></latexit><latexit sha1_base64="zVuEophNpkxCAKjUbVWXXyXiNG0="></latexit>

We use the properties of the sector functions

K(1) =
X

i, j 6=i

X

k 6=i
l 6=i,k

h⇣
SiW(↵�)

ij RR
⌘
+

⇣
CijW(↵�)

ij RR
⌘
�
⇣
SiCijW(↵�)

ij RR
⌘i

Wkl

<latexit sha1_base64="FIgkU04Xn/sXZ7gFOuBlXhDF+aA="></latexit><latexit sha1_base64="FIgkU04Xn/sXZ7gFOuBlXhDF+aA="></latexit><latexit sha1_base64="FIgkU04Xn/sXZ7gFOuBlXhDF+aA="></latexit><latexit sha1_base64="FIgkU04Xn/sXZ7gFOuBlXhDF+aA="></latexit>

Subtraction procedure at NNLO



 Divide the phase space through sector functions 

 Identify counterterms through IR limits 

 Counterterms are sums of terms, each with its remapped momenta 

K
(1)

=
X

i, j 6=i

X

k 6=i
l 6=i,k

h⇣
SiW(↵�)

ij

⌘ �
SiRR

�
Wkl +

⇣
CijW(↵�)

ij

⌘ �
CijRR

�
Wkl �

⇣
SiCijW(↵�)

ij

⌘ �
SiCijRR

�
Wkl

i

<latexit sha1_base64="zVuEophNpkxCAKjUbVWXXyXiNG0="></latexit><latexit sha1_base64="zVuEophNpkxCAKjUbVWXXyXiNG0="></latexit><latexit sha1_base64="zVuEophNpkxCAKjUbVWXXyXiNG0="></latexit><latexit sha1_base64="zVuEophNpkxCAKjUbVWXXyXiNG0="></latexit>

�N1

X

a 6=i
b 6=i

I(i)
ab Rab

⇣
{k̄}(iab)

⌘
W(iab)

kl

<latexit sha1_base64="ttoEX+y7CjYU9O9mC67ayVtKqKM="></latexit><latexit sha1_base64="ttoEX+y7CjYU9O9mC67ayVtKqKM="></latexit><latexit sha1_base64="ttoEX+y7CjYU9O9mC67ayVtKqKM="></latexit><latexit sha1_base64="ttoEX+y7CjYU9O9mC67ayVtKqKM="></latexit>

N1

sij

h
Pij R

⇣
{k̄}(ijr)

⌘
+Qµ⌫

ij Rµ⌫

⇣
{k̄}(ijr)

⌘i
W(ijr)

kl
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We use the properties of the sector functions

K(1) =
X

i, j 6=i

X

k 6=i
l 6=i,k

h⇣
SiW(↵�)

ij RR
⌘
+

⇣
CijW(↵�)

ij RR
⌘
�
⇣
SiCijW(↵�)

ij RR
⌘i

Wkl
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NLO sector functions with remapped momenta

Subtraction procedure at NNLO



 Divide the phase space through sector functions 

 Identify counterterms through IR limits 

 Counterterms are sums of terms, each with its remapped momenta 

K
(1)

=
X

i, j 6=i

X

k 6=i
l 6=i,k

h⇣
SiW(↵�)

ij

⌘ �
SiRR

�
Wkl +

⇣
CijW(↵�)

ij

⌘ �
CijRR

�
Wkl �

⇣
SiCijW(↵�)

ij

⌘ �
SiCijRR

�
Wkl

i
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�N1

X

a 6=i
b 6=i

I(i)
ab Rab

⇣
{k̄}(iab)

⌘
W(iab)

kl
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N1

sij

h
Pij R

⇣
{k̄}(ijr)

⌘
+Qµ⌫

ij Rµ⌫

⇣
{k̄}(ijr)

⌘i
W(ijr)

kl
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We use the properties of the sector functions

K(1) =
X

i, j 6=i

X

k 6=i
l 6=i,k

h⇣
SiW(↵�)

ij RR
⌘
+

⇣
CijW(↵�)

ij RR
⌘
�
⇣
SiCijW(↵�)

ij RR
⌘i

Wkl
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NLO sector functions with remapped momentasingle remapping

Subtraction procedure at NNLO



 Divide the phase space through sector functions 

 Identify counterterms through IR limits 

 Counterterms are sums of terms, each with its remapped momenta 

Cijk RR =
N 2

1

s2ijk

h
Pijk B

⇣
{k̄}(ijkr)

⌘
+Qµ⌫

ijk Bµ⌫

⇣
{k̄}(ijkr)

⌘i
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Examples of    double remappings 

double remapped momenta

Subtraction procedure at NNLO

Sij RR =
N 2

1

2

X

c 6=i,j
d 6=i,j,c

"
X

e 6=i,j,c,d
f 6=i,j,c,d

I(i)
cd I(j)

ef Bcdef

⇣
{k̄}(icd,jef)

⌘
+ 4

X

e 6=i,j,c,d

I(i)
cd I(j)

ed Bcded

⇣
{k̄}(icd,jed)

⌘

+2 I(i)
cd I(j)

cd Bcdcd

⇣
{k̄}(ijcd)

⌘
+

✓
I(ij)
cd � 1

2
I(ij)
cc � 1

2
I(ij)
dd

◆
Bcd

⇣
{k̄}(ijcd)

⌘#
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 Divide the phase space through sector functions 

 Identify counterterms through IR limits 

 Counterterms are sums of terms, each with its remapped momenta 
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 “Pure” double-unresolved part 

 In all subtraction scheme the more 
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2 soft kernels

5 collinear kernels

 Rational functions of six invariants    sab,    sac,    sbc,    scd,    sad,    sbd 

 The possible denominators are only:

sab,      sac,      sbc,      scd,      sad,      sbd,   

sac + sbc,      sad + sbd,      sad + scd,      sbd + scd

Catani, Grazzini hep-ph: 9908523
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 the permutation of the four momenta  ka,  kc,  kb,  kd 

 the following permutations of invariants:
sab $ scd sac $ sbd sad $ sbc
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<latexit sha1_base64="za1br9ne3WFzP7lrJ+1PVmJi2e0="></latexit>

 We can reduce the denominators to:
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 The integral measure is:

 The integrala of the kernels are symmetric under:
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 All integrals could be written in terms of the hypergeometric functions               

and then expanded in 𝝐 

 We have expanded the 2F1 in 𝝐 and then integrated in t and u

 Using the properties of the hypergeometric function 2F1, we are left with 
integrals of the following types:
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 All integrals checked against a numerical computation without using symmetries
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Summary of subtraction at NNLO
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Summary of subtraction at NNLO
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 Integration of             and              completed 

 Under investigation the tripole contribution in             

I(RV)
hc
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 Generates universal local integrable counterterms 

 Exploits the freedom in defining them 

 The counterterms are as close as possible to the IR limits

Summary
 The procedure

 Divide the phase space through sector functions 

 Identify counterterms through IR limits 

 Counterterms are sums of terms, each with its remapped momenta 

 Phase space reparametrized differently for each term of the sum 

 Integrate analytically each term after getting rid of the sector functions

can be extended beyond NLO !!



Outlook

 Complete the implementation in a Monte Carlo generator

 Consider the massive case

 Basically implement Catani-Seymour remappings 

 It does not seem more difficult then the final state 
(at NLO essentially done)

 Less singularities, but … 

 … more involved remappings, i.e. integration

 Compute counterterms with initial state hadrons

 Check the cancellation of the poles with VV



Back-up  slides



 Divide the phase space through sector functions 

 Identify counterterms through IR limits 

 Counterterms are sums of terms, each with its remapped momenta 
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Examples of    double remappings 
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Subtraction procedure at NNLO


