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Quark and Gluon Jet functions at 3-loops in QCD



Definition

Contribution in predicting several observables

Available results in the literature

DIS soft plus jet function and its relation to SCET jet function

Our result & Summary
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Mathematically, it is given by the vacuum matrix element of two 
gluon fields

The parton jet function measures the probability that a parton 
field produces a jet of particles with momentum     from the 
vacuum. 
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Gluon field in the light-cone gauge
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Gluon jet function

Definition of Jet Function

(n.A = 0)
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Aµ(x) = Aaµ(x)ta = W †(x) [iDµW (x)]
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Where light-like (              ) n.n = 0
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Wilson line given by

Gluon field in a general gauge

The gluon field in the light-cone gauge is related to the field in a 
general gauge given by

Path ordering

Definition



Xsection differential probing jet invariant mass takes the 
factorised form
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Hard function

Beam function

Jet function

Soft function

Jet invariant mass

This factorisation is at LO in and to all orders in ⌧/Q
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Hard scale

Definition

[Bauer et al. (arXiv: 0005275, 0011336, 0107001,0109045,0202088), Beneke et al. (0206152)]
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 A universal ingredient in SCET framework involving final state jets.

 Hence it appears in any jet process at hadron as well as  
colliders.

e+e�
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Above mentioned observables are used for precise determination 
of QCD coupling from          data.

 Another motivation: a major component of N-jettiness subtraction 
method.

 Inclusive observables with soft-gluon resummation  

Thrust distribution C-parameterJet invariant mass
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<latexit sha1_base64="tIlfHYOTu4j30aIGCWDf5/eVU/E=">AAAB7XicdVDJSgNBEO2JW4xb1KOXxiAIYpiZDFluAS8eI5gFkkno6dQkbXoWunuEEPIPXjwo4tX/8ebf2JNEUNEHBY/3qqiq58WcSWWaH0ZmbX1jcyu7ndvZ3ds/yB8etWSUCApNGvFIdDwigbMQmoopDp1YAAk8Dm1vcpX67XsQkkXhrZrG4AZkFDKfUaK01IL+BfQvB/mCWaxVy7ZTxmbRNCuWbaXErjglB1taSVFAKzQG+ffeMKJJAKGinEjZtcxYuTMiFKMc5rleIiEmdEJG0NU0JAFId7a4do7PtDLEfiR0hQov1O8TMxJIOQ083RkQNZa/vVT8y+smyq+6MxbGiYKQLhf5CccqwunreMgEUMWnmhAqmL4V0zERhCodUE6H8PUp/p+07KJVKto3TqFeW8WRRSfoFJ0jC1VQHV2jBmoiiu7QA3pCz0ZkPBovxuuyNWOsZo7RDxhvnyFXjtE=</latexit>

Application

[Gaunt et al. (1505.04794), Boughezal et al. (1504.02131)]

[Catani et al. (Nucl.Phys. B407 (1993) 3-42), Chien et al. (1005.1644), Becher et al. (0803.0342), Abbate et al. (1006.3080, 
1204.5746), Hoang et al. (1411.6633, 1501.04111)]



One-loop and two-loop quark jet functions are known for some 
time.

Similarly, gluon jet function is also known up to two-loop order.  

The result of three-loop quark jet function has appeared more 
recently. 

All  these results have been obtained through direct computation 
from formal SCET definition.

Known Results

[Bauer et al. (0312109), Bosch et al. (0402094), Becher et al. (0603140)]

[Becher et al. (0911.0681, 1008.1936)]

[Bruser et al. (1804.09722)]



QCD result �!
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Extraction
Quark & Gluon jet function (3-loop)

Quark jet function: New independent calculation (Checked 
with the recent result from direct computation).

Gluon jet function: New result from our work.

Extraction: Relating Soft+Jet function of DIS to SCET Jet 
function.

Goal



The three-loop results contribute to the resummation for 
observables probing the invariant mass of final state jets at 
N3LL accuracy.

The perspective of extending N-jettiness formalism, which 
has been applied successfully to several NNLO processes 
with final state jets to N3LO.

Usefulness



This is the simplest hadronic process consisting of only one jet 
i.e. one jet function.

Theoretical predictions up to three-loop are known which 
constitute main input for our work.

Due to the above reason, it is relatively easy to compare between 
QCD and SCET factorisation for this process. 

Why DIS?

[Vermaseren et al. (0504242), Soar et al. (0912.0369)]
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Inclusive Xsection for the scattering of a lepton with a hadron 
in DIS is given by 

Born Xsection PDF UV and IR finite CF

x =
Q2

2P.q
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Total MT squared

Renorm. scale In. state col. fac. scalez =
Q2

2p.q
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Inclusive Xsection
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UV renormalised and IR safe coefficient function can be 
factored in the following way:

Soft+Virtual (Contributions coming from soft gluons)

Remaining hard part

Di(z) =

"
logi(1� z)

1� z

#
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Inclusive Xsection



�I,SV =
�
ZI

�2 |F̂I |2�(1� z)⌦ Ce2�
I
SJ ⌦ ��1

II
<latexit sha1_base64="sShsYy68bwymJZ3MPrSfBMHNvDk="></latexit>

SV part of the coefficient function can be shown to factorise in 
the following way:

Additional UV renorm. for Higgs

Pure virtual contribution

Mellin convolution

Convoluted exp.

Soft plus Jet function

Diagonal IR sub. kernel

Soft plus Virtual Xsection

[Ravindran (0512249, 0603041)]



Soft plus Virtual Xsection

The previous slide can be seen pictorially as
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[Catani et al. (1989)]
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It satisfies following RGE
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UV anomalous dimension

For Higgs effective coupling, it is known to all orders in 
QCD     function.

UV Renormalisation Constant

[Spiridonov]��
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In QCD,       function is known up to five-loops.��
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[Herzog et al. (1701.01404)]



Obeys following RGE
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DGLAP splitting functions

Complete result available up to three-loop in literature.

IR Kernels

[Moch, Vermaseren and Vogt (0403192, 0404111)]

Partial result at four-loops. [Davies et al. (1610.07477), Moch et al. (1707.08315)]



It obeys Sudakov equation given by
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Poles in regularisation parameter

Finite

Form Factor
[Sudakov, Mueller, Collins, Sen]
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RG invariance implies Cusp ano. dim.



Q2 d

dQ2
�I

SJ =
1

2

h
K̄I(âs,
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Soft plus Jet function satisfy the following Sudakov-type diff. 
equation similar to FF. 

Poles in regularisation parameter

Finite

Soft plus Jet Function
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The solution is found to be

where 
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with Q2
z = Q2(1� z)
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Spherical factor: 

Solution

[Ravindran (0512249, 0603041)]
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And the coefficient ḠI
i,SJ(✏)

<latexit sha1_base64="NVWzXR2maS6/ceJuBqrFC0o0CqI="></latexit>

is given by

Collinear ano. dim.

Soft ano. dim.

Coming from lower orders through UV renorm.

We have extracted these process dependent coefficients 
from already computed coefficient function for DIS 
processes which implies the result of        .

Process dependent

Solution
[Ravindran (0512249, 0603041)]

[Vermaseren et al. (0504242), Soar et al. (0912.0369)]
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One can factor all the singular terms from Soft plus Jet 
function in following way:

Contains all singular terms order by order in ↵s
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Finite to all orders as ✏ ! 0
<latexit sha1_base64="H5mT32Gdjs9lD6dXsvXPdURuotY=">AAAB/nicdVDLSgMxFM3UV62vUXHlJlgEV2VmOvSxK7hxWcE+oFNKJk3b0EwyJBmlDAV/xY0LRdz6He78GzNtBRU9cOFwzr3ce08YM6q043xYubX1jc2t/HZhZ3dv/8A+PGorkUhMWlgwIbshUoRRTlqaaka6sSQoChnphNPLzO/cEqmo4Dd6FpN+hMacjihG2kgD+yQgsaJM8EDS8UQjKcUddAZ20SnVaxXPr0Cn5DhV13Mz4lX9sg9do2QoghWaA/s9GAqcRIRrzJBSPdeJdT9FUlPMyLwQJIrECE/RmPQM5Sgiqp8uzp/Dc6MM4UhIU1zDhfp9IkWRUrMoNJ0R0hP128vEv7xeoke1fkp5nGjC8XLRKGFQC5hlAYdUEqzZzBCEJTW3QjxBEmFtEiuYEL4+hf+TtldyyyXv2i826qs48uAUnIEL4IIqaIAr0AQtgEEKHsATeLburUfrxXpdtuas1cwx+AHr7RPUFJYF</latexit>

with and identification of SCET

Denotes the coefficient of �(1� z)
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Jet function as

Connection
[Banerjee, PKD, Ravindran (1805.02637)]
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Delta function coefficient of the gluon jet function is given by

Result
[Banerjee, PKD, Ravindran (1805.02637)]



Delta function coefficient of the quark jet function is given by

Result
[Banerjee, PKD, Ravindran (1805.02637)]
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In agreement with 1804.09722
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The coefficients of plus distribution (scale dependent) terms can 
be obtained through the RGE satisfied by the jet function

Jet anomalous dimension

Result
[Banerjee, PKD, Ravindran (1805.02637)]



Previously computed results for the soft function in the 
context of Higgs & DY agrees with soft functions in SCET 
framework.

Several results at N3LO in recent past has been obtained 
using the above information.

Comments From Past

[C. Anastasiou, C. Duhr, F. Dulat, E. Furlan, T. Gehrmann, F. Herzog, B. Mistlberger (1403.4616), T. Ahmed, M. 
Mahakhud, M. K. Mandal, N. Rana, V. Ravindran (1404.0366, 1404.6504, 1408.0787, 1411.5301)]

These results were verified from the explicit computation.
[S. Catani, L. Cieri, D. de Florian, G, Ferrera, M. Grazzini (1404.5839), 
Y. Li, A. von Manteuffel, R. Schabinger, H. X. Zhu(1405.4827)]  



Summary

Using the explicit result for DIS coefficient function, we have 
extracted both quark and gluon jet functions at 3-loops.

These results will contribute in precise theoretical prediction 
of observables through resummation probing the invariant 
masses of jets at N3LL accuracy.

Our results will also provide a major component in N-
jettiness formalism at N3LO.

This is achieved through finding a novel connection 
between soft plus jet functions of DIS and jet functions in 
the SCET framework. 
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