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Motivation

Modify dimension of the space-time 

IR and UV singularities appear after integrations 

Virtual and real correction are considered separately 

We are used to
Z

d4l

(2⇡)4
! µ4�d

DS

Z
dd l̄

(2⇡)d

Several approaches to deal with infinities

[Gnendiger,	et	al	(W.J.T.)	(2017)]
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don’t

before

simultaneously

We want Loop-tree duality + Four-dimensional Unsubtraction scheme

Analysis of IR & threshold 
singularities @ 1L and 2L 

UV renormalisation @ integrand level

This talk
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Outline

Loop-tree duality in a nutshell  
— LTD @1L 
— LTD @2L and beyond 

Causality within LTD 

UV local renormalisation @1L & @2L 
— Application: H-> γγ @2L 

Some remarks 

Outlook & conclusions
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A(1) ({pn}) = �
Z

`
N (`; {pn})⌦GD (↵)

GD (↵) =
X

i2↵

�̃ (qi)
Y

j 6=i

GD (qi, qj)

The loop-tree duality theorem @ 1L
[Catani,	Gleisberg,	Krauss,	Rodrigo,	Winter	(2008)]

One-loop integrals decompose as a linear 
combination of N single-cut phase-space 
integrals

�̃ (qi) = ı 2⇡�
�
q2i �m2

i

�
✓ (qi,0)

GD (qi, qj) =
1

q2j �m2
j � ı0⌘ · kji
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Y

j 6=i
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All internal 
momenta sets on shell the internal propagator 

with momentum  
and selects its positive energy mode

qi = `+ ki

dual prop linear in 
the loop momentum Differs from Feynman 
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⌘ ! future-like, ⌘µ = (1,0)
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Y

j 6=i

GD (qi, qj)

The loop-tree duality theorem @ 1L
[Catani,	Gleisberg,	Krauss,	Rodrigo,	Winter	(2008)]

One-loop integrals decompose as a linear 
combination of N single-cut phase-space 
integrals

�̃ (qi) = ı 2⇡�
�
q2i �m2

i

�
✓ (qi,0)

Modify +i0 prescription of the Feynman props. 
       It compensates for the absence of multiple-cut contributions that  
       appear in the Feynman Tree Theorem 

Lorentz-covariant dual prescription —> η a future-like vector 

Number of single cuts = the number of legs. 

Singularities of the loop diagram —> singularities of the dual integrals.  

Loop-Tree Duality works only on propagators.  
       Same procedure for Tensor loop integrals and scattering amplitudes.

GD (qi, qj) =
1

q2j �m2
j � ı0⌘ · kji
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The loop-tree duality theorem @ 2L
Iterate LTD at higher orders

[Bierenbaum,	Catani,	DraggioNs,	Rodrigo	(2008)]	
[Driencourt-Mangin,	Rodrigo,	Sborlini,	and	W.J.T.	(2019)]

qi = `1 + ki , i 2 ↵1

qj = `2 + kj , j 2 ↵2

qk = `1 + `2 + kk , k 2 ↵3

↵1 ↵3↵2

A(2) ({pn}) =
Z

`1

Z

`2

N (`1, `2; {pn})⌦
h
GD (↵1)GD (↵2 [ ↵3) +GD (�↵2 [ ↵1)GD (↵3)

�GD (↵1)GF (↵2)GD (↵3)
i

(`1, `2)Cutting twice —> Impose on-shell conditions for  
                         —> Set on shell two particles belonging to two different sets
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The loop-tree duality theorem @ 2L
Iterate LTD at higher orders

[Bierenbaum,	Catani,	DraggioNs,	Rodrigo	(2008)]	
[Driencourt-Mangin,	Rodrigo,	Sborlini,	and	W.J.T.	(2019)]

qi = `1 + ki , i 2 ↵1

qj = `2 + kj , j 2 ↵2

qk = `1 + `2 + kk , k 2 ↵3

↵1 ↵3↵2

A(2) ({pn}) =
Z

`1

Z

`2

N (`1, `2; {pn})⌦
h
GD (↵1)GD (↵2 [ ↵3) +GD (�↵2 [ ↵1)GD (↵3)

�GD (↵1)GF (↵2)GD (↵3)
i

momenta in       are reversed 
to hold a momentum flow 
consistent with ↵1

↵2

(`1, `2)Cutting twice —> Impose on-shell conditions for  
                         —> Set on shell two particles belonging to two different sets

Span over all possible double-cut contributions each of the two cuts belonging to 
different sets 

At higher orders —> iterative application of LTD —> # loops = # cuts 

Dual amplitudes —> tree-level like objects  
                               —> free of spurious singularities  
                               —> can be related to the forward limit of scattering amplitudes
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The loop-tree duality theorem @ 2L

The simplest example —> 3 cuts to be considered

=

Z

`1

Z

`2

h
GF (q3) �̃ (q1; q2) +GF (q1) �̃ (�q2; q3) +G⇤ (q2) �̃ (q1; q3)

i

G⇤ (q2) = GF (q2) + �̃ (q2) + �̃ (�q2) �̃ (qi; qj) = �̃ (qi) �̃ (qj)

[Bierenbaum,	Catani,	DraggioNs,	Rodrigo	(2008)]

=� � (�1 + 2✏)� (1� ✏)3

(4⇡)4�2✏ � (3� 3✏)

�
�p21 � ı0

�1�2✏

Straightforward analytic integration
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[Kinoshita	(1962)]	
[Lee	and	Nauenberg	(1964)] +

p1

p2

p3

p01
p02
p03

p1

p2

p3

p01
p02
p03

p1

p2

p3

p01
p02
p03

p1

p2

p3

p01
p02
p03

p1

p2

p3

p01
p02
p03

p1

p2

p3

p01
p02
p03

q1

q2

q3

q1

q2

q3

q1

q2

q3

The loop-tree duality theorem

IR & threshold singularities —> compact region of the loop three momentum 
                                                    —> match virtual and real kinematics —> cancel IR singularities

[Sborlini,	Driencourt-Mangin,	Hernandez-Pinto,	Rodrigo	(2016)]

UV singularities —> straightforward renormalisation @ integrand level  

Role of        prescription —> encode causal effects of scattering amplitude  
                                            —> always linear independently of the number of loops

ı 0�

Alternative approaches:
[CapaX	et	al	(2019)]
[Runkel	et	al	(2019)] <<Szőr



Causality within LTD
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Causality @ 1L

S(1)
ij = (2⇡ı)�1 GD (qi, qj) �̃ (qi) + (i $ j)

sum of two single-cut contributions

Singularities arise when
two independent limits that determine the position 
of the singularities in the momentum space

�±±
ij = ±q(+)

i,0 ± q(+)
j,0 ± kji,0 ! 0

1. Unitarity threshold: �++
ij ! 0

[Buchta,	Chachamis,	DraggioNs,	Malamos,	Rodrigo	(2014)]	
[Aguilera	et	al	(W.J.T.)	(2019)]
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Causality @ 1L

S(1)
ij = (2⇡ı)�1 GD (qi, qj) �̃ (qi) + (i $ j)

sum of two single-cut contributions

Singularities arise when
two independent limits that determine the position 
of the singularities in the momentum space

�±±
ij = ±q(+)

i,0 ± q(+)
j,0 ± kji,0 ! 0

1. Unitarity threshold: �++
ij ! 0

Intersection of forward and backward on-shell hyperboloids  

Two physical particles propagating in the same direction in 
time —> time-like distance (causally connected) 

  prescription is exactly the same as in the Feynman 
representation.  
Physics does not depend on FTT or LTD the representation 

IR singularities —> 

ı0�

q(+)
r,0  |kji,0| , with r 2 {i, j}

lim
�++
ij !0

S(1)
ij =

✓ (�kji,0) ✓
�
k2ji � (mi +mj)2

�

4q(+)
i,0 q(+)

j,0

���++
ij � ı0kji,0

� +O �
(�++

ij )0
�

[Buchta,	Chachamis,	DraggioNs,	Malamos,	Rodrigo	(2014)]	
[Aguilera	et	al	(W.J.T.)	(2019)]
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ij ! 0
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S(1)
ij = (2⇡ı)�1 GD (qi, qj) �̃ (qi) + (i $ j)

sum of two single-cut contributions

Singularities arise when
two independent limits that determine the position 
of the singularities in the momentum space

�±±
ij = ±q(+)

i,0 ± q(+)
j,0 ± kji,0 ! 0

2. Unphysical threshold: �+�
ij ! 0

lim
�+�
ij !0

S(1)
ij = O �

(�+�
ij )0

�
, k2ji � (mj �mi)

2  0

Intersection of forward (or backward) on-shell hyperboloids  

Fully local cancellation of singularities due to the dual  
        prescription 

Cancellation does not occur in the Feynman representation

ı0�

lim
�+�
ij !0

S(1)
ij ⇠ 1

��+�
ij + ı0

+
1

�+�
ij + ı0

, k2ji � (mj �mi)
2  0

It is compensated by contributions from multiple cuts —> FFT

[Buchta,	Chachamis,	DraggioNs,	Malamos,	Rodrigo	(2014)]	
[Aguilera	et	al	(W.J.T.)	(2019)]

Causality @ 1L
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What about anomalous thresholds?
Pop up when more than two props go simultaneously on shell 

S(1)
ijk = (2⇡ı)�1 GD (qi, qk)GD (qi, qj) �̃ (qi) + perm .

sum of three single-cut contributions

Potential singularity —> intersection of three forward (backward) on-shell hyperboloids

it cancels locally among the dual contributions

Physical effect —> intersection of one forward (backward)  with two backward  
                                  (forward) on-shell hyperboloids

Absence of singularities —> �+�
jk ! 0

�+�
jk = �++

ik � �++
ij

lim
�++
ij ,�++

ik !0
S(1)
ijk =

1

8q(+)
i,0 q(+)

j,0 q(+)
k,0

Y

r=j,k

✓ (�kri,0) ✓
�
k2ri � (mi +mr)2

�
���++

ir � ı0kri,0
� +O �

(�++
ij )0, (�++

ik )0
�

Causality @ 1L [Buchta,	Chachamis,	DraggioNs,	Malamos,	Rodrigo	(2014)]	
[Aguilera	et	al	(W.J.T.)	(2019)]
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[Aguilera	et	al	(W.J.T.)	(2019)]

S(2)
ijk = (2⇡ı)�2

"
GD (qj , qk) �̃ (qi, qj) +GD (�qj , qi) �̃ (�qj , qk)

+ [GD (qk, qj) +GD (qi,�qj)�GF (qj)] �̃ (qi, qk)

#

kk(ij),0 = qk � qi � qj

If the set      is composed by a single propagator↵2

Potential singularities

�±±±
ijk = ±q(+)

i,0 ± q(+)
j,0 ± q(+)

k,0 + kk(ij),0 ! 0

Causality @ 2L
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S(2)
ijk = (2⇡ı)�2

"
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+ [GD (qk, qj) +GD (qi,�qj)�GF (qj)] �̃ (qi, qk)

#

kk(ij),0 = qk � qi � qj

If the set      is composed by a single propagator↵2

Potential singularities

�±±±
ijk = ±q(+)

i,0 ± q(+)
j,0 ± q(+)

k,0 + kk(ij),0 ! 0

1. Unitarity threshold: �+++
ijk ! 0

lim
�+++
ijk !0

S(2)
ijk =

1

8q(+)
i,0 q(+)

j,0 q(+)
k,0

✓
��kk(ij),0

�
✓
⇣
k2k(ij) � (mi +mj +mk)2

⌘

⇣
��+++

ijk � ı0kkj,0
⌘ +O

⇣
(�+++

ijk )0
⌘

Straightforward generalisation of the 1L case

Causality @ 2L
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S(2)
ijk = (2⇡ı)�2

"
GD (qj , qk) �̃ (qi, qj) +GD (�qj , qi) �̃ (�qj , qk)

+ [GD (qk, qj) +GD (qi,�qj)�GF (qj)] �̃ (qi, qk)

#

kk(ij),0 = qk � qi � qj

If the set      is composed by a single propagator↵2

Potential singularities

�±±±
ijk = ±q(+)

i,0 ± q(+)
j,0 ± q(+)

k,0 + kk(ij),0 ! 0

lim
�++�
ijk !0

S(2)
ijk = O

⇣
(�++�

ijk )0
⌘

lim
�+��
ijk !0

S(2)
ijk = O

⇣
(�+��

ijk )0
⌘

2. Unphysical threshold: �++�
ijk ! 0 or �+��

ijk ! 0

Straightforward generalisation of the 1L case

Causality @ 2L
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[Aguilera	et	al	(W.J.T.)	(2019)]

S(2)
ijk = (2⇡ı)�2

"
GD (qj , qk) �̃ (qi, qj) +GD (�qj , qi) �̃ (�qj , qk)

+ [GD (qk, qj) +GD (qi,�qj)�GF (qj)] �̃ (qi, qk)

#

kk(ij),0 = qk � qi � qj

If the set      is composed by a single propagator↵2

Potential singularities

�±±±
ijk = ±q(+)

i,0 ± q(+)
j,0 ± q(+)

k,0 + kk(ij),0 ! 0

Anomalous thresholds

lim
�+++
i1jk ,�+++

i2jk !0
S(2)
i1i2jk

=
1

16q(+)
i1,0

q(+)
i2,0

q(+)
j,0 q(+)

k,0

Y

i=i1,i2

✓
��kk(ij),0

�
✓
⇣
k2k(ij) � (mi +mj +mk)2

⌘

⇣
��+++

ijk � ı0kkj,0
⌘

+O
⇣
(�+++

i1jk
)�1, (�+++

i2jk
)�1

⌘

Straightforward generalisation of the 1L case

Causality @ 2L
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UV local renormalisation @ 1L

Expand the integrand in the UV limit 

GF (qi) = GF (qUV)
�
1�

�
2qUV · ki,UV + k2i,UV + µ2

UV �m2
i

�
GF (qUV) + · · ·

�

GF (qUV) =
1

q2UV � µ2
UV + ı0

[Becker,	Reuschle,	Weinzierl	(2010)]	
[Pi[au	(2012)]	

[Sborlini,	Driencourt-Mangin,	Hernandez-Pinto,	Rodrigo	(2016)]

Consider                           and the replacement IN(`; {pi})

Apply the replacements S on I 

Take the limit  

Select the divergent parts —> build a counter-term C  

Fix C according to the renormalisation scheme —> 

� ! 1

In this talk MS



William J. Torres Bobadilla 17

UV local renormalisation @ 1L

Expand the integrand in the UV limit 

GF (qi) = GF (qUV)
�
1�

�
2qUV · ki,UV + k2i,UV + µ2

UV �m2
i

�
GF (qUV) + · · ·

�

GF (qUV) =
1

q2UV � µ2
UV + ı0
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[Pi[au	(2012)]	

[Sborlini,	Driencourt-Mangin,	Hernandez-Pinto,	Rodrigo	(2016)]

Consider                           and the replacement IN(`; {pi})

Apply the replacements S on I 

Take the limit  

Select the divergent parts —> build a counter-term C  

Fix C according to the renormalisation scheme —> 

� ! 1

In this talk MS

E.g. eµ @1-loop, the simplest application,

�

��

�

��
γ

�

�

��

�

��

γ

γ

� �

�

= � 4

3✏UV

✓
µ2

µ2
UV

◆✏

c�

=

Z
dd`

(2⇡)d
1

q2UV � µ2
UV

 
c1

(q2UV � µ2
UV)

3 +
µ4
UVc2 + µ2

UVc3

(q2UV � µ2
UV)

2 +
µ2
UVc4 + c5

q2UV � µ2
UV

+ c6

!
IBP
=

Z
dd`

(2⇡)d
4

3

1

(q2UV � µ2
UV)

2

In practice —> compute tadpoles with raised powers
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UV local renormalisation @ 2L

Naive approach -> extend UV local renormalisation @1L and treat independently        and         `2

Is the quantity I(`1, `2; pi)� C1 � C2 convergent?

`1
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UV local renormalisation @ 2L

Naive approach -> extend UV local renormalisation @1L and treat independently        and         `2

Is the quantity I(`1, `2; pi)� C1 � C2 convergent?
Additional singularities may be  introduced 
by the counter-terms themselves 

NO

`1

Let’s take a closer look 

`2

Removes singularity in `1
Introduces singularity in 

Superficially regular in `2

UV singularity in `1 ! 1

Solution: introduce an additional counter-term that accounts for the left-over singularity where 
both momenta are going to infinity

Compute this counter-term after subtracting the first two ones

Take I(`1, `2; pi)� C1 � C2 and compute
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UV local renormalisation @ 2L

Some remarks

 is free of UV singularities I(`1, `2; pi)� C1 � C2 � C12

 C12 fixes potentially singularities coming from      and       , as well as (`1, `2) ! (1,1)`2`1

Depending on the renormalisation scheme one needs to fix the finite term.
1. Choose renormalisation scheme —> 
2. Integrate analytically the counter-terms in    dimensions 
3. Construct a sub-leading term in order to cancel            part

MS
d

O �
✏0
�

[Driencourt-Mangin,	Rodrigo,	Sborlini,	W.J.T.	(2019)]



William J. Torres Bobadilla 19

UV local renormalisation @ 2L

Some remarks

 is free of UV singularities I(`1, `2; pi)� C1 � C2 � C12

 C12 fixes potentially singularities coming from      and       , as well as (`1, `2) ! (1,1)`2`1

Depending on the renormalisation scheme one needs to fix the finite term.
1. Choose renormalisation scheme —> 
2. Integrate analytically the counter-terms in    dimensions 
3. Construct a sub-leading term in order to cancel            part

MS
d

O �
✏0
�

Let’s go back to our previous example

I(`1, `2; pi)� C1 � C2 � C12 is UV finite

[Driencourt-Mangin,	Rodrigo,	Sborlini,	W.J.T.	(2019)]
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UV local renormalisation @ 2L

Some remarks

 is free of UV singularities I(`1, `2; pi)� C1 � C2 � C12

 C12 fixes potentially singularities coming from      and       , as well as (`1, `2) ! (1,1)`2`1

Depending on the renormalisation scheme one needs to fix the finite term.
1. Choose renormalisation scheme —> 
2. Integrate analytically the counter-terms in    dimensions 
3. Construct a sub-leading term in order to cancel            part

MS
d

O �
✏0
�

Let’s go back to our previous example

I(`1, `2; pi)� C1 � C2 � C12 is UV finite

In general, when computing          , we have to deal withI(`1, `2; pi)� C1 � C2 � C12

Rational functions 
of     and  µ2

UVd

[Driencourt-Mangin,	Rodrigo,	Sborlini,	W.J.T.	(2019)]
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UV local renormalisation @ 2L

Some remarks

 is free of UV singularities I(`1, `2; pi)� C1 � C2 � C12

 C12 fixes potentially singularities coming from      and       , as well as (`1, `2) ! (1,1)`2`1

Depending on the renormalisation scheme one needs to fix the finite term.
1. Choose renormalisation scheme —> 
2. Integrate analytically the counter-terms in    dimensions 
3. Construct a sub-leading term in order to cancel            part

MS
d

O �
✏0
�

Let’s go back to our previous example

I(`1, `2; pi)� C1 � C2 � C12 is UV finite

And the finite part is fixed as follows

fix from the analytic 
evaluation of the MIs

[Driencourt-Mangin,	Rodrigo,	Sborlini,	W.J.T.	(2019)]
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H->γγ @ 2L
Higgs boson is on shell, we are below threshold,  4m2

f > m2
H

No imaginary part —> i0-prescription is unnecessary

Consider fermions and scalars as internal particles

[Driencourt-Mangin,	Rodrigo,	Sborlini,	W.J.T.	(2019)]
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H->γγ @ 2L
Higgs boson is on shell, we are below threshold,  4m2

f > m2
H

No imaginary part —> i0-prescription is unnecessary

Consider fermions and scalars as internal particles

All diagrams can be cast in

Black lines: fermions or scalars  
Blue lines: internal photon

All scalar products written in terms of denominators

—>

[Driencourt-Mangin,	Rodrigo,	Sborlini,	W.J.T.	(2019)]
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H->γγ @ 2L
Higgs boson is on shell, we are below threshold,  4m2

f > m2
H

No imaginary part —> i0-prescription is unnecessary

Consider fermions and scalars as internal particles

Simplifies the master formula @2L

[Driencourt-Mangin,	Rodrigo,	Sborlini,	W.J.T.	(2019)]
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H->γγ @ 2L
[Driencourt-Mangin,	Rodrigo,	Sborlini,	W.J.T.	(2019)]

The 22 dual double cuts can be written with 9 generators, for instance

There is still universality between internal fermions and scalars

Scalar coefficients only 
depend on the ratio rf =

s12
m2

f
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H->γγ @ 2L
[Driencourt-Mangin,	Rodrigo,	Sborlini,	W.J.T.	(2019)]

Renormalisation

1. Higgs boson vertex 
2. The QED vertex 
3. the self energies

UV single counter-term is 
obtained by taking         or          to  `1 `12 1

In practice (for the Higgs boson vertex)

with `1 ! 1
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H->γγ @ 2L
[Driencourt-Mangin,	Rodrigo,	Sborlini,	W.J.T.	(2019)]

Renormalisation

1. Higgs boson vertex 
2. The QED vertex 
3. the self energies

UV single counter-term is 
obtained by taking         or          to  `1 `12 1

In practice (for the Higgs boson vertex)

with `1 ! 1
Depends on what we renormalise Fix the finite terms
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H->γγ @ 2L
[Driencourt-Mangin,	Rodrigo,	Sborlini,	W.J.T.	(2019)]

Renormalisation

1. Higgs boson vertex 
2. The QED vertex 
3. the self energies

UV single counter-term is 
obtained by taking         or          to  `1 `12 1

The QED vertex with `12 ! 1 integrates to zero in d dimensions but removes 
local singularities

Double UV local renormalisation

— necessary to remove local double UV divergences 
— finite contribution
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Numerical integration

A(2,f)
R = A(2,f) �A(2,f)

1,UV �A(2,f)
12,UV �A(2,f)

UV2Recall the unintegrated renormalised amplitude
I(`1, `2; pi)� C1 � C2 � C12Use this parametrisation

and usual compactification 

integration measure 

[Driencourt-Mangin,	Rodrigo,	Sborlini,	W.J.T.	(2019)]
H->γγ @ 2L
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Numerical integration

μ��=��/�

μ��=�ϕ

Analytical

LTD

� � � � �
-���

-���

-���

-���

���

�ϕ=��
� /�ϕ

�

ℱ
�(�
�ϕ

)

μ��=��/�

μ��=��

Analytical

LTD

� � � � �

���

���

���

���

���

���

��=��
� /��

�

ℱ
�(�
��)

Integrated renormalised amplitude in the         scheme 
LTD completely matches analytic results using DREG 
Integration time is           (with Mathematica though) 
Recovered known results

O (10)

[AglieX,	Bonciani,	Degrassi,	Vicini	(2006)]

MS

H->γγ @ 2L



Some remarks about the one- and two-loop calculations
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Remarks

Cross check of calculations
Traditional methods

integrand decomposition

Literature

IBP reduction

Adaptive integrand decomposition [Mastrolia,	Peraro,	Primo	(2016)]
[Mastrolia,	Peraro,	Primo,	W.J.T.	(2016)]

Splits d=4-2ε into parallel and orthogonal directions 
Nice properties for less than 5 external legs 
Numerator and denominators depend on different variables

d = dk + d?

dk = n� 1
d? = (5� n)� 2✏Z Y

i

ddk l̄ki

Z Y

1ij`

d�ij G(�ij)
d?�1�`

2

Z
d⇥?

N (l̄ki,�ij⇥?)

D1(l̄ki,�ij) · · ·Dm(l̄ki,�ij) Straightforward integration 
of transverse components 

Z
d~✓? =

Z 1

�1

4�dkY

i=1

Ỳ

j=1

d cos ✓i+j�1 j(sin ✓i+j�1 j)
d?�i�j�1

Z
d⇥?

Expand in Gegenbauer polynomials 

and identification of spurious terms
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Algorithm

For each integrand, adapt longitudinal and parallel components 
Denominators depend on the minimal set of variables 
Loop components expressed as linear combination of denominators 
Poly division and integration reduced to substitution rules  
Extra dimension variables are always reducible

Recipe in 3 steps

1) Divide and get  
2) Integrate out transverse variables 
3) Divide again to get rid of 

Features

Final decomposition in terms of ISPs 
No need for TID 
Output ready to apply IBPs 
@1L no need of any integral identity

N (l̄ki,�ij ,⇥?)

D1(l̄ki,�ij) · · ·Dm(l̄ki,�ij)

�(l̄ki,�ij ,⇥?)

D1(l̄ki,�ij) · · ·Dm(l̄ki,�ij)

�int(l̄ki,�ij)

D1(l̄ki,�ij) · · ·Dm(l̄ki,�ij)

�0(l̄ki)

D1(l̄ki,�ij) · · ·Dm(l̄ki,�ij)

1)

2)

3)

�(l̄ki,�ij ,⇥?)

�ij

⇥?

Adaptive integrand decomposition (AID)
[Mastrolia,	Peraro,	Primo	(2016)]

[Mastrolia,	Peraro,	Primo,	W.J.T.	(2016)]

AIDA
[Mastrolia,	Peraro,	Primo,	Ronca,	W.J.T.	(work	in	progress)]
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Algorithm

For each integrand, adapt longitudinal and parallel components 
Denominators depend on the minimal set of variables 
Loop components expressed as linear combination of denominators 
Poly division and integration reduced to substitution rules  
Extra dimension variables are always reducible

Recipe in 3 steps

1) Divide and get  
2) Integrate out transverse variables 
3) Divide again to get rid of 

Features

Final decomposition in terms of ISPs 
No need for TID 
Output ready to apply IBPs 
@1L no need of any integral identity

N (l̄ki,�ij ,⇥?)

D1(l̄ki,�ij) · · ·Dm(l̄ki,�ij)

�(l̄ki,�ij ,⇥?)

D1(l̄ki,�ij) · · ·Dm(l̄ki,�ij)

�int(l̄ki,�ij)

D1(l̄ki,�ij) · · ·Dm(l̄ki,�ij)

�0(l̄ki)

D1(l̄ki,�ij) · · ·Dm(l̄ki,�ij)

1)

2)

3)

�(l̄ki,�ij ,⇥?)

�ij

⇥?

Adaptive integrand decomposition (AID)
[Mastrolia,	Peraro,	Primo	(2016)]

[Mastrolia,	Peraro,	Primo,	W.J.T.	(2016)]

Algorithm already automated AIDA
[Mastrolia,	Peraro,	Primo,	Ronca,	W.J.T.	(work	in	progress)]
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Conclusions/Outlook

Straightforward application of LTD @ 1- & 2-L 
Analysis of unitarity and anomalous thresholds, and IR singularities as 
their limiting case, at one and two loops from LTD 
Obtained the first phenomenological application @2L by means of LTD 
Extended the local UV renormalisation at multi-loop level

Deal with processes at two loops that contain  
— Threshold singularities (contour deformation) 
— IR singularities 
Extend FDU to two loops

We have reached:

Currently doing:

We have all the tools to double check our results by means of  
        — traditional methods  
        — integrand reduction methods —> AIDA
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Conclusions/Outlook

Thanks

Straightforward application of LTD @ 1- & 2-L 
Analysis of unitarity and anomalous thresholds, and IR singularities as 
their limiting case, at one and two loops from LTD 
Obtained the first phenomenological application @2L by means of LTD 
Extended the local UV renormalisation at multi-loop level

Deal with processes at two loops that contain  
— Threshold singularities (contour deformation) 
— IR singularities 
Extend FDU to two loops

We have reached:

Currently doing:

We have all the tools to double check our results by means of  
        — traditional methods  
        — integrand reduction methods —> AIDA


