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PLAN OF THE TALK

1) Physics Motivations

2) QED corrections to the hadron spectrum and to the     
hadronic amplitudes

3) Leptonic decays  e.g.  π+       μ+ νμ (γ)  & heavier

4) Real Emissions  (RM123 method) and Heavy Flavour

5)  Conclusion  &  Outlook



Flavour phenomenology plays a fundamental role in
indirect searches of New Physics (NP):

- looks for deviation from the SM whatever the origin is;
- needs good theoretical control of the SM contribution only;
- in general cannot provide precise information on the NP scale, but

a positive result would be a strong evidence that NP is not too far
(i.e. in the multi-TeV region).

Physics Motivations:
Flavour and New Physics

the path leading to TeV NP
is much narrower after
the results from LHC
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r = 0.145 ± 0.014  h = 0.349 ±0.011  

Consistence on an
over constrained fit

of the CKM parameters

CKM matrix is the dominant source of flavour mixing and CP violation

In the 
hadronic 
sector,  the 
SM CKM  
pattern 
represents 
the 
principal 
part of the 
flavor 
structure 
and of  CP 
violation 

a = (88.2 ± 0.1 )0

sin2b = 0.699 ± 0.068
b = (22.3  ± 0.66 )0

g= (65.8 ± 2.2)0

A = 0.825 ± 0.012
λ = 0.22502 ± 0.00053 

Winter 2018 results  



2016



The accuracy of lattice calculations of the hadron spectrum
(and hence of the quark masses) and of the decay constants
and form factors is such that isospin breaking and em
effects cannot be neglected anymore:

fπ = 130.2(0.8) MeV ε =0.6% fK = 155.7(0.3) MeV ε =0.2%

fK/fπ = 1.1932(19) ε =0.16% F Kπ(0) =0.9706(27) ε =0.3%

A remark on useful and useless precision of lattice
calculations:
1) εK and long distance charm contributions
2) fK and fπ



B meson real photon emissions
Factorization at leading power in an expansion of the decay amplitude
in ΛQCD/Eγ and ΛQCD/mb has been established to all orders in the strong
coupling αs. In this approximation, the branching fraction depends only on the
leading-twist B-meson light-cone distribution amplitude (LCDA)

More precisely, it is
proportional to 1/λB , the
most important LCDA
parameter in exclusive
decays, is uncertain by a
large factor ranging from
200 MeV favoured by
non-leptonic decays to
460 MeV from QCD
sum rules.

The radiative leptonic
decay has therefore been
suggested
as a measurement of B



Further applications in decays of heavy neutral B mesons:
Virtual corrections (some questions still open)

is this really 
reabsorbed in the 
coefficient of O9?



Further applications in decays of heavy neutral B mesons:
real corrections (some questions still open)



Roman Zwicky@ this workshop see also Paradisi 

Virtual photons require a special theoretical treatment
and will not be discussed today



In the isospin symmetric lattice world
up and down have the same mass
and the electric charge is switched off
1) Isospin is explicitly broken by
the up and down mass difference

2) Electromagnetic interaction

Isospin Symmetry Breaking
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Non-compact lattice QED
naively discretised Maxwell action 

pure gauge is free, it can be solved exactly
gauge invariance is preserved 

QEDL: 

subtleties related to QED on a finite volume not discussed  
here 

D(k2)=0  k =0



O1
+(0) O2(x)

excited states (exponentially
supressed at large distances)

Masses and matrix elements at lowest order



Masses and matrix elements at O(αem)

O2(x)O1
+(0) connected

disconnected



mass insertion
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QED  & Isospin   Corrections  
To Hadron Masses and Amplitudes  

The renormalization of the SU(3)c×U(1) Lagrangian requires the
definition of the renormalised couplings. At first order in αem, we only
have to renormalise αs and the quark masses.
Without QED, in the 4-flavour theory, for each value of αs we can  fix 
four dimensionless quantities related to the quark masses 

and one physical mass to determine the dimensionful scale
(αs(a0) - dimensional trasmutation)

(a0m⇡0)

(a0M⌦)
,

(a0mK0)

(a0M⌦)
,

(a0mK+)

(a0M⌦)
,

(a0mD0)

(a0M⌦)

a0 =
(a0M⌦)

Mph
⌦



k=2.83729 universal 

The masses are 
infrared finite

Finite
volume 
corrections
discussed 
later on



Light Hadron Masses               



SM expectation
Δms = (16.92 ± 0.99 ) ps-

1

QED (Isospin) Corrections   in 
Hadronic Processes 

After the renormalization of the SU(3)c×U(1) Lagrangian 
you still need

1)The renormalization of the operators mediating the
physical process of interest (e.g. the Weak effective
Hamiltonian). But this is not a novelty;
2)A complex procedure to remove the infrared cutoff
because in general the amplitudes, contrary to the masses,
are infrared divergent.

A method to solve this problem has been presented . I will
recall some important theoretical subtelties before
discussing semileptonic decays



How to solve the problem of the 
infrared divergences discussed
through an explicit example  

N.Carrasco, V.Lubicz, G.M., 
C.T.Sachrajda,  S. Simula, F.Sanfillippo,  
N.Tantalo, C.Tarantino, M.Testa
NOTE: Chiral Perturbation Theory is 
NOT Used
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1) Virtual photons

2) Real photons

+

Electro-quenched

�(�E) =

Z �E

0
dE�

d�

dE�

Rate at O(α)   

2



The 
Infrared 
Problem

Phys.Rev. D100 (2019) no. 3, 034514



MASTER FORMULA for the rate at O(α) 

�(�E) = lim
V!1

(�0 � �pt
0 )+

lim
V!1

(�pt
0 + �1(�E))

• the infrared divergences in Γ0 and Γ0
pt are 

exactly the same and cancel in the difference
• Γ(ΔE) = Γ0

pt +Γ1(ΔE) is infrared finite since is a physical, 
well defined quantity F. Bloch, A. Nordsieck Phys.Rev. 52 (1937) T.D. Lee, 
M. Nauenberg Phys.Rev. 133 (1964) 

• the infrared divergences in ΔΓ0 (L) = Γ0- Γ0
pt  and        

Γ(ΔE) = Γ0
pt +Γ1(ΔE)  cancel separately  hence 

they can be regulated  with different infrared cutoff
• Γ0 and  Γ0

pt are also ultraviolet finite 
We now discuss the two terms, ΔΓ0 (L)  and Γ(ΔE) 

pt  = 
point-like & 
perturbative

CKM



Leptonic decays at O(α) – The first term of the    
Master Formula        ΔΓ(L) = Γ0 - Γ0

pt 

•Each of the two terms is U.V. finite but contains log(MW)
•Infrared divergences cancel in the difference

at this order we 
can take the 
difference of the 
amplitudes
Can be computed as 
discussed in 
arXiv:1303.4896,Phys.R
ev. D87(2013) 
RM123 method
NOT by including the 
electromagnetic field in 
the action 

+ disconnected



``DISCONNECTED” DIAGRAMS
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•Certainly these diagrams are not simply a generalization
of the evaluation of fπ ; they are also infrared divergent)

•We have to isolate the finite volume ground state
(necessity of a mass gap – Minkowski Euclidean
continuation J. Gasser and G.R.S. Zarnauskas,

Phys. Lett. B 693 (2010) 122 )

• Finite volume effects are expected of the O(1/L) after
the cancellation of the infrared divergences

νℓ
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d

π+

(e)
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d

π+

(f)

NASTY DIAGRAMS
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Calculation of the `nasty’ diagrams in a lattice simulation
Continuation from Minkowski to Euclidean

The starting point is the Minkowski Green function

from which we can compute the on-shell amplitude

which in the Euclidean simulation becomes

νℓ

ℓ+
u

d

π+

(e)

νℓ

ℓ+
u

d

π+

(f)
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SM expectation
Δms = (16.92 ± 0.99 ) ps-

1

IMPORTANT slides: 
the continuation from Minkowski to Euclidean 

1) Momentum conservation:
since we integrate over x2
pl =kl +kγ

2) The integrations over the energies k4l and k4γ lead to the 
exponential factor e-(ωl + ωγ – El) t2  where ωl =√ml2 +kl2 , 
ωγ =√mγ2 +kγ2 , and mγ is the mass of the photon introduced 
as an infra-red cut-off. 

we need to ensure that the t2 integration up to ∞ converges in 
spite of the factor eEl t2 where El =  √ml2 +pl2 is the energy of 
the outgoing charged lepton



SM expectation
Δms = (16.92 ± 0.99 ) ps-

1

IMPORTANT slides: 
the continuation from Minkowski to Euclidean 

3) … but (ωl+ωγ) ≥ √(ml+mγ) 2 +pl2 > El = √ml2 +pl2

thus the argument of the exponent e-(ωl + ωγ – El) t2 is
negative for every term appearing in the sum over the

intermediate states and the integral over t2 converges

4) note that the integration over t2 is also convergent if we 
set mγ=0 but remove photon zero mode in finite volume. In 
this case (ωl+ωγ) >  El+[1-(pl/El)]  (kγ)min

- necessity of a mass gap
- absence of a lighter intermediate state



Leptonic decays at O(α) – Perturbative Calculation of                                    
Γ(ΔE) = Γ0

pt +Γ1(ΔE)
U.V. & Infrared finite but contains log(MW) & log(ΔE)

ΔE << ΛQCD
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We think that this is a new result;
Γ(ΔEl) T.Kinoshita, PRL 2 (1959) 477



�pt
0 (L) = C0(r`) + C̃0(r`) log(m⇡L) +

C1(r`)

m⇡L
+O

 
1

(m⇡L)
2

!
With our definition of the photon propagator  we use the finite volume 
as infrared regulator. Finite volume effects have the form

where rl =ml / mπ  and  ml is the mass of the final lepton.  
The  terms above  are universal, namely independent of the structure
of the pion Thus in  ΔΓ(L) = Γ0 - Γ0

pt  the infrared divergence is cancelled 
and the finite volume corrections start at O(1/L^2)



NEW Phys.Rev. D100 (2019) no.3, 034514



MASTER FORMULA for the rate at O(α) 

�(�E) = lim
V!1

(�0 � �pt
0 )+

lim
V!1

(�pt
0 + �1(�E))

pt  = 
point-like & 
perturbative

CKM

THE

We now discuss the non-perturbative
determination of   Γ1 (ΔE)

1) Each of the three terms is infrared finite
2) The last term is important for heavy meson

phenomenology where χPT cannot be applied



• can be computed in 
perturbation theory;

• it has no relation 
with the non 
perturbative 
structure of the 
hadron.

Real 
photons

• the leptonic part factorizes;
• the photon is not really there, we 

just give a pinch that carries 
away some momentum at the 
vertex where the (conserved) 
electromagnetic current is 
inserted;

• therefore finite volume effects 
are exponentially suppressed.



๏ electromagnetic current
๏ weak current
๏ pseudoscalar meson with momentum p
๏ polarisation vector of the photon with          

momentum k

The relevant hadronic amplitude 
( T-product)



Decomposition of the amplitude in form-factors

• 4 independent form-factors;
• the form factors only depend on k2 e p.k;
• we will only discuss the real photon case, k2 = 0  εr.k = 0;
• in the future it may be interesting 

to consider

The last term is dictated from the Ward id

it is the same of a point-like scalar particle 
it is related to the i.r. divergence



Amplitude: decomposition in scalar form-factors

Real Photon Emission

1. different tensors can be separated by using suitable projectors, we
then have to disentangle FA from fP ;

2. the point-like term is related to the infrared divergence in 1/p.k that
has to cancel the corresponding divergence of the virtual correction in
the rate;

It is FA (together with FV) the relevant structure dependent quantity to be
determined.



Relevant Correlator

suitable projector
on the different 
form factors

source of the 
pseudoscalar meson with 
momentum p

Euclidean 
extraction of the 
photon 
momentum k

the convergence of the integral over ty is ensured by the safe analytic continuation from
Minkowsky to Euclidean, namely by the absence of intermediate states lighter than the
pseudoscalar meson. The physical form factors can be extracted directly from the
Euclidean correlation functions

Lattice Calculation



Define

then
(t ≤ T/2)

depending on the projector we can isolate 
the vector or axial vector form factors 



Numerical Results  
(all the results in the following are preliminary) 

• 2+1+1 twisted mass fermions
• Three different lattice spacings
• 3-4 different pion masses for each lattice 

spacing
• Pion masses down to ~230 MeV
• 100 different momentum configurations



for the plateaus we find
rather good signals

Axial vectors

Vectors

π K

π K   

D

D Ds

Ds

plateaux corrispondono alla simulazione
mud~ 24MeV, a~ 0.08 fm che trovi negli
altri pannelli. Le masse del K,D,Ds sono
praticamente fisiche perchè le masse del
charm e dello strano sono state tunate
usandoli come inputs (forse il Ds non
proprio fisico ma quasi). Il pione è,
chiaramente, più pesante e mpi~ 360 MeV



Axial-vector channel for the Kaon and  Ds
(our definition is different from Beneke et al.)

RA=
a=0.0619 fm

mud = 11.7 MeV

RA RA

xγ xγ



we may compare with χPT that at O(p4) gives
without any momentum dependence

with an improved analysis we will be able to extract the momentum 
dependence too

Xγ

FA

Kaon
FA form 
factor



FV form factor for the  Kaon χPT 

FV

xγ
with an improved analysis we will be able to extract the momentum 

dependence too

Similar results  were found for the other mesons π, D and Ds

8



Semileptonic Decays: similarities and  differences

Semileptonic decays are characterized by a
vector and a scalar form factor, f+(q2) and
f0(q2) respectively, corresponding to the
hadronic quantity fπ (fK , fD ..) in the
case of leptonic decays. q=pK-pπ=pl-pν

h⇡+(p⇡)|ū�µs|K̄0(pk)i = f+(q
2)


(pk + p⇡)µ � (m2

K �m2
⇡)

q2
qµ

�
+ f0(q

2)
(m2

K �m2
⇡)

q2
qµ

For our discussion of the analytic continuation, of the infrared divergences and of
finite volume effects the useful variables are q2 and the invariant mass of the final pion-
charged lepton pair s= (pπ+pl)2. In terms of these variables we have

where the kinematical coefficients ai(q2, s) can be easily determined

d2�

dq2ds
= G2

F |Vus|2
�
a+(q

2, s)|f+(q2)|2 + a0(q
2, s)|f0(q2)|2 + a+0(q

2, s)f+(q
2)f0(q

2)
�



d2�
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dq2ds
� d2�pt

0

dq2ds

!
+ lim

V!1

 
d2�pt

0

dq2ds
+

d2�pt
1 (�E)

dq2ds

!
Following the procedure used for leptonic decays we write

where the two terms are now infrared safe. For soft photons
with ΔE/ΛQCD <<1 we can compute the real emission using the eikonal 
approximation and the virtual one using a simple effective model with  
suitable defined form factors. 

The analogy however is not completely true: 
analytic continuation from Minkowsky and 
1/L corrections  are different



Semileptonic Decays: New problems in the    
continuation from  Minkowski to  Euclidean 

γ

A new problem may arise if  there are intermediate π-l (or  π-l-γ, π-γ, l-
γ) states which have a smaller energy than the external π-l system.

Remember that in QEDL the photon will always have a non-zero 
minimum energy

G(tH , t⇡`) ⇠ e�E (t⇡`�tH)

�E = Eext
⇡` � Eint

⇡`



A close inspection, up to hadronic form factors, shows that

note that the last two terms are always well behaved at large tπl-tH
since, as in the leptonic case, Δωl-k < 0 and Δωπ-k <0  when we remove 
photon zero mode in the finite volume (necessity of a mass gap).  
The dangerous term is instead the term proportional to ΔE
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In general,   depending on the volume and the pion-lepton invariant mass s,  there are 
unphysical contributions  from lighter intermediate π l (γ) states, which grow 
exponentially with the temporal  integration region and must be subtracted 
(as in  the Lellouch-Luscher formula for Kππ  decays). In fact this is a general feature 
in the calculation of long distance effects.

For semileptonic decays of heavy mesons however, for much of phase space  there are 
too many lighter intermediate states to handle (and above the inelastic  threshold).   This 
is analogous to the fact that e.g. B ππ and B  πK decays  amplitudes cannot be 
calculated whereas K ππ amplitudes can.

We also need to study the FV corrections due to the electromagnetic rescattering.



Analytic continuation continued
The relevant parameter is the invariant mass of the π-l pair

which, in turn, is determined by the neutrino momentum
[or q2 = (pπ-pl)2]. When the invariant mass Mπl is large ΔE become

positive.
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q

m2
⇡ + (~p⇡ + ~k)2 +

q
m2

` + (~p` � ~k)2 �
p

m2
⇡ + ~p 2

⇡ �
q
m2

` + ~p 2
`

(mµ +m⇡)
2  M2

⇡`  m2
K

π μ
p⌫µ = 0

k
for large Mπl max ΔE corresponds to ~k = �~p⇡

-



π μp⌫µ = 0

k

-400 -200 0 200 400
zk

-200

200

400

600

800

1000

kz

a=0.0815 
& L=32

��E

��E

kz

kx



π

μ
kν

-400 -200 0 200 400

100

200

300

400

500

600

700

��E

��E
kz

kz

kx



Is the presence of intermediate states
with a lower energy really a problem?
Certainly is a complication 
But it is not new…..



�pt
0

Universality of the logarithmically divergent 
term and of the 1/L correction

�pt
0 (L) = C0(r`) + C̃0(r`)Log [mPL] +

C1(r`)

mPL
+ . . .

Depends on the IR 
regularization. 
The regularization 
dependent part 
does not depend on 
the internal 
structure of the 
hadron

Does NOT depend on the ir
regularization or on the
internal structure of the
hadron

Thus ΔΓ(L) = Γ0 - Γ0
pt   = Infrared finite, 

independent of the regularization up to O(1/L2)

BMW, Science 347 (2015) 1452
B. Lucini et al., JHEP 1602 (2016)



�Loop =
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NON-UNIVERSAL TERMS ENTER WITH HIGHER POWERS OF  THE PHOTON 
MOMENTUM i.e. LESS SINGULAR TERMS AND CORRESPOND TO HIGHER 
POWERS IN 1/L   A practical rule summarising the relation between the power of the 
finite-volume corrections and the leading singularity of the integrand at k=0 is

ΔΓ(L) = Γ0 - Γ0
pt 
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infrared logarithmic divergent term non-universal 1/L term









CONCLUSION  and OUTLOOK

Present:
Full lattice calculations of radiative corrections to leptonic
decays are possible
The form factors for real emissions are accessible from
Euclidean correlators
Our preliminary results are very encouraging, still more
work is needed and the analysis is ongoing – virtual
photon will be also studied
Future:
B-mesons are also very interesting, we expect a dynamical
enhancement, but they are more difficult on current
lattices
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