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What are these bounds

Positivity bounds: a set of theoretical bounds on dim-8 SMEFT 
operators, coming from the fundamental properties of the QFT 
(analyticity, unitarity, Lorentz…)


Certain linear combinations of Dim-8 operators must be positive  
 
 
 

Applies to Dim-8 operators, independent of


the presence of Dim-6 operators


Unitarization
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X

i

c

(8)
i xi � 0 or ~c · ~x � 0
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E.g. WZjj (CMS-PAS-SMP-18-001) 
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Allowed
Allowed

E.g. WZjj (CMS-PAS-SMP-18-001) 

Positivity restricts the directions in which SM deviation is possible
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Outline

How to derive the bounds


How is the aQGC parameter space constrained


How does it affect VBS measurements
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aQGC parametrization
[Eboli, Gonzalez-Garcia, Mizukoshi, PRD 06]

[Eboli, Gonzalez-Garcia, PRD 16]
[C. Degrande et al. Snow Mass Proceedings 13]
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aQGC parametrization

S-type: longitudinal only

M-type: both longitudinal 
& transversal

T-type: transversal only

[Eboli, Gonzalez-Garcia, Mizukoshi, PRD 06]

[Eboli, Gonzalez-Garcia, PRD 16]
[C. Degrande et al. Snow Mass Proceedings 13]
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Deriving the bounds
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Positivity bounds

First established in 06, based on dispersion relation and optical 
theorem on a forward 2-to-2 scattering.

[A. Adams, A. Arkani-Hamed, S. Dubovsky, A. Nicolis, R. Rattazzi, JHEP 06]
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Positivity bounds in VBS

In SMEFT, QGC measurements are interpreted with 18 dim-8 coefficients
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Positivity bounds in VBS

In SMEFT, QGC measurements are interpreted with 18 dim-8 coefficients

1 OP:

2 OPs: 
 

3 OPs:

�8

or   FS,i>0 Adding polarization:



Positivity bounds (simple version)

Assume theory only has one particle, mass = m


Consider 2-to-2 forward elastic scattering amplitude, A(s,t=0)


A is analytic apart from poles and branch points on real axis.


A satisfies Froissart unitarity bounds:

A(s, 0) < O(s ln2 s)
<latexit sha1_base64="1mnaLvEzUajYZfpdmr+10qew//A=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovQgpSkCrpwUXXjzgr2AU0sk+mkHTqZhJmJUEIXbvwVNy4UcetHuPNvnLRZaOuBC4dz7uXee7yIUaks69vILS2vrK7l1wsbm1vbO+buXkuGscCkiUMWio6HJGGUk6aiipFOJAgKPEba3ugq9dsPREga8js1jogboAGnPsVIaalnFi/K8siqnDsBUkOMWHIzKUuH8fuarPTMklW1poCLxM5ICWRo9Mwvpx/iOCBcYYak7NpWpNwECUUxI5OCE0sSITxCA9LVlKOASDeZPjGBh1rpQz8UuriCU/X3RIICKceBpzvTW+W8l4r/ed1Y+WduQnkUK8LxbJEfM6hCmCYC+1QQrNhYE4QF1bdCPEQCYaVzK+gQ7PmXF0mrVrWPq9btSal+mcWRB0VwAMrABqegDq5BAzQBBo/gGbyCN+PJeDHejY9Za87IZvbBHxifP6P3ltI=</latexit>
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[C. Cheung, G. Remmen JHEP 16]



Positivity bounds (simple version)

Consider a contour integral

f =
1

2⇡i

I

�
ds

A(s, 0)

(s� µ2)3
<latexit sha1_base64="kGjOsnOJLhxJN4cvoFUdjNVTemg="></latexit>

Deform Γ to Γ’. Boundary contributions 
vanish due to Froissart bound.

f =
1

2⇡i

I

�
ds

A(s, 0)

(s� µ2)3
=

1

2⇡i

✓Z 0

�1
+

Z 1

4m2

◆
ds

DiscA(s, 0)

(s� µ2)3
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Positivity bounds (simple version)

Consider a contour integral

f =
1

2⇡i

I

�
ds

A(s, 0)

(s� µ2)3
<latexit sha1_base64="kGjOsnOJLhxJN4cvoFUdjNVTemg="></latexit>

Deform Γ to Γ’. Boundary contributions 
vanish due to Froissart bound.

f =
1

2⇡i

I

�
ds

A(s, 0)

(s� µ2)3
=

1

2⇡i

✓Z 0

�1
+

Z 1

4m2

◆
ds

DiscA(s, 0)

(s� µ2)3
<latexit sha1_base64="pb9ngXEuL8UxGM2WDgvmw1tQb8k="></latexit>

Can be calculated in EFT, 
which gives C8+C62

We will show the Disc 
is positive

IR UV
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Positivity bounds (simple version)

For the discontinuity in the + real axis: 
use optical theorem

DiscA(s, 0) = 2iImA(s, 0)

ImA(s, 0) = s�(s)
p
1� 4m2/s > 0

<latexit sha1_base64="rsaF0adNJ1fngBRyI9LYgNafyjE="></latexit>

For the discontinuity in the - real axis: 
use crossing then optical theorem
A(s, 0) ! A0(u, 0) = A0(4m2 � s, 0)

<latexit sha1_base64="4pVAqOqTpramHhcmrGxE4RzJYCI=">AAACD3icbVC7TsMwFHXKq5RXgJHFogKKBFVSKsGC1MLCWCT6kNpQOa7TWnXiyHZAVdQ/YOFXWBhAiJWVjb/BaTMA5UhX9+ice2Xf44aMSmVZX0Zmbn5hcSm7nFtZXVvfMDe3GpJHApM65oyLloskYTQgdUUVI61QEOS7jDTd4WXiN++IkJQHN2oUEsdH/YB6FCOlpa65Xy3II+uwI2h/oJAQ/B5WDwqRls51L/u3pePE75p5q2hNAGeJnZI8SFHrmp+dHseRTwKFGZKybVuhcmIkFMWMjHOdSJIQ4SHqk7amAfKJdOLJPWO4p5Ue9LjQFSg4UX9uxMiXcuS7etJHaiD/eon4n9eOlHfmxDQII0UCPH3IixhUHCbhwB4VBCs20gRhQfVfIR4ggbDSEeZ0CPbfk2dJo1S0T4rWdTlfuUjjyIIdsAsKwAanoAKuQA3UAQYP4Am8gFfj0Xg23oz36WjGSHe2wS8YH99FFpj8</latexit>

(Disc at large s is where NP enters)

This implies

f ⇡ d

2
A(µ2)

ds

2
=

X

i

c

(8)
i xi +

X

i,j

c

(6)
i c

(6)
j yi,j > 0

<latexit sha1_base64="OjA+QnFd0lLxFcD/nJyF4JfZ7iY="></latexit>
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Positivity bounds (for SMEFT)

In SM, branch cuts cover the entire real axis.  Define a new amplitude with 
the same disc. above scale ~Λ but subtracted below ~Λ (i.e. the “improved 
positivity”)

SM loop contributions: need to be estimated, and the subtraction 
term helps. Negligible compared to the best experimental precision. 
E.g.

�12

Can be completely removed in weakly coupled UV, by using the LO amplitude.

compared with with current bounds

[C. de Rham, S. Melville, A. J. Tolley and S.-Y. Zhou JHEP 17]



Positivity bounds: remove dim-6

�13
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Positivity bounds: remove dim-6
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or

By explicit calculation the RHS is positive definite


For example WZ:

R.H.S / a23b
2
3

⇥
e2CDW � s2W c2WC'D � 4s3W cWC'WB

⇤2
+ 36(a1b1 + a2b2)

2e2s2W c2WC2
W

<latexit sha1_base64="BI270yG+FuJLajqLNoB7bgu+em0="></latexit>

R.H.S / a23b
2
3s

2
W

�
e2CDB + c2WC'D

�2
+ e2c2W [6(a1b1 + a2b2)sWCW + a3b3eCDW ]

2
<latexit sha1_base64="g2HF8ccWtemIWhgYeP4Gb051xSM="></latexit>

WW: External polarization



Positivity bounds: remove dim-6
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WW: External polarization



Positivity bounds: polarization dependence
With FS, FM, FT operators, the spin of VV’ can take any direction, leading to 
(continuously) many different positivity bounds.


Amplitude depends on external polarization.  We will parametrize by

For example, from WW channel:  (Similar for all other channels)
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Positivity bound

Spin dependence



Positivity bounds: polarization dependence

These results are complete, but difficult to use, because the 
polarization (a,b) show up as free parameters.


To understand better the parameter space, need remove them:


Go through all possible (a,b) polarization, combine all the 
resulting bounds.


Or equivalently, we “solve” these conditions, identify a set of (a,b) 
values that are the most crucial (e,g, once positivity bounds are 
satisfied for them, they are guaranteed to be satisfied for the 
rest.)


The result will be 19 linear, 3 quadratic and 1 quartic polynomial 
inequalities that describe the allowed parameter space.
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Unitarity bounds Positivity bounds6=
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This is assuming the 18 QGC parameters form a    
complete set for VV->VV.  This is why only VV->VV is 
used to derive bounds. 
G. N. Remmen and N. L. Rodd, in progress.



Understanding of the parameter space
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1D case: individual limits
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arXiv:1808.00010 
polarization vectors are real

JHEP 1906 (2019) 137 
Improvement by 

allowing for complex polarization



1D case: individual limits

No UV completion

fM,6 Redundant

No UV completion

https://twiki.cern.ch/twiki/bin/view/CMSPublic/PhysicsResultsSMPaTGC#aQGC_Results �19



2D cases

Consider FS0 and FS1

Think of positivity as

i.e. F vector is positive once projected on x direction

~

F · ~x = fixi > 0, ~

F = (FS,0, FS,1, . . .)
<latexit sha1_base64="84na0cr7BGRXvD5u+Knp2zMt2AI="></latexit>
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2D cases

Consider FM0 and FM1

Now we have polarization dependence…
~xWW = �

�
4(a1b1 + a2b2)a3b3, (a21 + a

2
2)b

2
3 � (a1b1 + a2b2)a3b3 + (b21 + b

2
2)a

2
3

�
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3D cases: the pyramid case

Consider FM0, FM1, FM5. 
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3D cases: the pyramid case

Consider FM0, FM1, FM5. 
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Useful fact: if some x is a 
positive linear combination 
of some other x’s

Then it gives no new 
exclusion:
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3D cases: the pyramid case

Consider FM0, FM1, FM5. 

Points inside polygons 
formed by other points can 
be removed: but the largest 
polygon is the convex hull
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Now we have 4 key vectors: 
Wγ, Zγ, WW with parallel 
polarization, and WW with 
“anti-parallel” polarization. 
They are all we need to 
characterize the parameter 
space.
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3D cases: the pyramid case



3D cases: the cone case

Consider FS0, FM0, FT0. 
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3D cases: the cone case

Consider FS0, FM0, FT0. 
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In this case the allowed area 
is a cone. 
The inequality becomes 
quadratic. 
This is because we 
“marginalize” over the 
external polarization 
directions of WW. This 
“upgrades” the degree of 
resulting inequality.
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3D cases: the cone case



18D case: linear bounds
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18D case: S and M subspaces

Bounds are convex multidimensional pyramids or prisms

3D triangular pyramid 3D pentagonal pyramid
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T subspace: 8D pyramid with 11 edges…



18D case: quadratic and quartic bounds
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18D case: quadratic and quartic bounds
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18D case: volume

Volume measures “constraining power”. (like the “GDP”) 

However positivity does not constrain the magnitudes of deviation. 
It only constraints possible directions. So the regular volume is ∞.

But we can measure the “solid angle” 

Randomly throw points on 18D sphere.

Count how many of them satisfy a given 
positivity condition.
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[Durieux, Grojean, Gu, Wang JHEP 17]

98% of the parameter 
space is redundant: no UV 

completion exists.



Simplified model

�34

[J. de Blas et al. JHEP 18] 



Simplified model
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Simplified model

Parameter space in f, g, max(0,h1,h2)

WW ZZ

WZ
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How does this affect the real measurements?
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If you believe it

If we believe that the BSM satisfies unitarity, dispersion relation 
(causality & locality), and Lorentz invariance, i.e. positivity is true:


It may enter the measurement as a prior, possibly changing the 
resulting limits on couplings.
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Modifying the prior

[CMS, PRL 15]



Modifying the prior

[CMS, PRL 15]

Without positivityZ
dFS,1dFS,2L = 95%

<latexit sha1_base64="L+mBLnh0KQy0RsXLUv9I4PhVm2E=">AAACB3icbVDLSsNAFJ3UV62vqEtBBkvBhZSkKupCKAriwkVF+4AmhMlk0g6dPJiZCCVk58ZfceNCEbf+gjv/xmmbhbYeGOZwzr3ce48bMyqkYXxrhbn5hcWl4nJpZXVtfUPf3GqJKOGYNHHEIt5xkSCMhqQpqWSkE3OCApeRtju4HPntB8IFjcJ7OYyJHaBeSH2KkVSSo+9aNJTQu3LSuwMzm/y1DN7A87NjaFUcvWxUjTHgLDFzUgY5Go7+ZXkRTgISSsyQEF3TiKWdIi4pZiQrWYkgMcID1CNdRUMUEGGn4zsyWFGKB/2Iq6e2Gqu/O1IUCDEMXFUZINkX095I/M/rJtI/tVMaxokkIZ4M8hMGZQRHoUCPcoIlGyqCMKdqV4j7iCMsVXQlFYI5ffIsadWq5mHVuD0q1y/yOIpgB+yBfWCCE1AH16ABmgCDR/AMXsGb9qS9aO/ax6S0oOU92+APtM8fFJKW2w==</latexit>



Modifying the prior

[CMS, PRL 15]

Without positivityZ
dFS,1dFS,2L = 95%

<latexit sha1_base64="L+mBLnh0KQy0RsXLUv9I4PhVm2E=">AAACB3icbVDLSsNAFJ3UV62vqEtBBkvBhZSkKupCKAriwkVF+4AmhMlk0g6dPJiZCCVk58ZfceNCEbf+gjv/xmmbhbYeGOZwzr3ce48bMyqkYXxrhbn5hcWl4nJpZXVtfUPf3GqJKOGYNHHEIt5xkSCMhqQpqWSkE3OCApeRtju4HPntB8IFjcJ7OYyJHaBeSH2KkVSSo+9aNJTQu3LSuwMzm/y1DN7A87NjaFUcvWxUjTHgLDFzUgY5Go7+ZXkRTgISSsyQEF3TiKWdIi4pZiQrWYkgMcID1CNdRUMUEGGn4zsyWFGKB/2Iq6e2Gqu/O1IUCDEMXFUZINkX095I/M/rJtI/tVMaxokkIZ4M8hMGZQRHoUCPcoIlGyqCMKdqV4j7iCMsVXQlFYI5ffIsadWq5mHVuD0q1y/yOIpgB+yBfWCCE1AH16ABmgCDR/AMXsGb9qS9aO/ax6S0oOU92+APtM8fFJKW2w==</latexit>

With positivityZ
dFS,1dFS,2L

<latexit sha1_base64="KQLzePFLWj/walRgoCr63Q1UNpw=">AAACAHicbVDLSsNAFL3xWesr6sKFm8EiuJCSVEGXRUFcuKhoH9CGMJlM2qGTBzMToYRs/BU3LhRx62e482+ctllo64FhDufcy733eAlnUlnWt7GwuLS8slpaK69vbG5tmzu7LRmngtAmiXksOh6WlLOINhVTnHYSQXHocdr2hldjv/1IhWRx9KBGCXVC3I9YwAhWWnLN/R6LFPKv3ez+xM6nfy1Ht65ZsarWBGie2AWpQIGGa371/JikIY0U4VjKrm0lysmwUIxwmpd7qaQJJkPcp11NIxxS6WSTA3J0pBUfBbHQT68zUX93ZDiUchR6ujLEaiBnvbH4n9dNVXDhZCxKUkUjMh0UpBypGI3TQD4TlCg+0gQTwfSuiAywwETpzMo6BHv25HnSqlXt06p1d1apXxZxlOAADuEYbDiHOtxAA5pAIIdneIU348l4Md6Nj2npglH07MEfGJ8/rwmVKQ==</latexit>Z
dFS,1dFS,2L

<latexit sha1_base64="KQLzePFLWj/walRgoCr63Q1UNpw=">AAACAHicbVDLSsNAFL3xWesr6sKFm8EiuJCSVEGXRUFcuKhoH9CGMJlM2qGTBzMToYRs/BU3LhRx62e482+ctllo64FhDufcy733eAlnUlnWt7GwuLS8slpaK69vbG5tmzu7LRmngtAmiXksOh6WlLOINhVTnHYSQXHocdr2hldjv/1IhWRx9KBGCXVC3I9YwAhWWnLN/R6LFPKv3ez+xM6nfy1Ht65ZsarWBGie2AWpQIGGa371/JikIY0U4VjKrm0lysmwUIxwmpd7qaQJJkPcp11NIxxS6WSTA3J0pBUfBbHQT68zUX93ZDiUchR6ujLEaiBnvbH4n9dNVXDhZCxKUkUjMh0UpBypGI3TQD4TlCg+0gQTwfSuiAywwETpzMo6BHv25HnSqlXt06p1d1apXxZxlOAADuEYbDiHOtxAA5pAIIdneIU348l4Md6Nj2npglH07MEfGJ8/rwmVKQ==</latexit>

= 95%
<latexit sha1_base64="E7woPuhXt2jSiwghpXX4I1heMwM=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BEvBU9n1A/UgFL14rOC2hXYp2TTbhmazS5IVytLf4MWDIl79Qd78N6btHrT1wcDjvRlm5gWJ4No4zjcqrKyurW8UN0tb2zu7e+X9g6aOU0WZR2MRq3ZANBNcMs9wI1g7UYxEgWCtYHQ39VtPTGkey0czTpgfkYHkIafEWMm7ub7oVnvlilNzZsDLxM1JBXI0euWvbj+macSkoYJo3XGdxPgZUYZTwSalbqpZQuiIDFjHUkkipv1sduwEV63Sx2GsbEmDZ+rviYxEWo+jwHZGxAz1ojcV//M6qQmv/IzLJDVM0vmiMBXYxHj6Oe5zxagRY0sIVdzeiumQKEKNzadkQ3AXX14mzdOae1ZzHs4r9ds8jiIcwTGcgAuXUId7aIAHFDg8wyu8IYle0Dv6mLcWUD5zCH+APn8AjdKN2g==</latexit>



Modifying the prior

[CMS, PRL 15]
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If you believe it

If we believe that the BSM satisfies unitarity, dispersion relation 
(causality & locality), and Lorentz invariance, i.e. positivity is true:


It may enter the measurement as a prior, possibly changing the 
resulting limits on couplings.


It may help scanning the parameter space (to identify the 
confidence region), because there is now only 2% to scan 
compared with before… (for channels that are hard to unfold?)


It may be included in global fits either as a constraint or a prior.
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Or, be more open-minded?

Use it to test unitarity, dispersion relation (causality & locality), and 
Lorentz invariance?


If deviation is found in the disallowed parameter space:


It might imply that BSM violates one of the fundamental principles.


I think this is less likely but more exciting. 

It might imply that LO dim-6+dim-8 SMEFT is problematic.  Either 
dim-6/8 loops are dominating, or dim-10 is important, or we need 
HEFT…


I think this is more likely but slightly less interesting. 

But in either case, it is important information about BSM.
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Summary
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Summary

Once we start to ask for UV completion, interesting bounds on aQGC 
parameters show up, carving out peculiar structures in the parameter 
space, reducing the parameter space by 2 orders of magnitude.  This 
is interesting, will guide future BSM searches in VBS.


It could either affect the measurements, e.g. by modifying the prior 
and changing the resulting confidence interval, or could be used to 
test the fundamental properties of QFT.


These bounds are summarized by 23 analytic equations that only 
involve aQGC coefficients and the weak angle.
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Thank you
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All 2D subspace

For quick comparison with EXP results.

There is no correlation across different S/M/T categories. 
(Quadratic ones show up only in 3D)
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All 2D subspace
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All 2D subspace
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18D case: volume

Linear ones: completely decoupled in S, M, T subspaces

Quadratic:

All together: 2.1%

Most of the constraining power 
is in the linear ones
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Positivity bounds (for SMEFT)

SM loops give branch cuts covering the entire real axis

Define new amplitude with low energy discontinuity 
subtracted below εΛ, ε≲1
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Positivity bounds (for SMEFT)

EFT contribution: tree level approximation, gives 
 

SM loops: subtracted in  �(✏⇤)2 < s < (✏⇤)2
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Positivity bounds (for SMEFT)

EFT contribution: tree level approximation, gives 
 

SM loops: subtracted in  �(✏⇤)2 < s < (✏⇤)2
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SM can be completely removed in weakly coupled UV.

SM dominates

BSM
compared with

with current bounds

Remaining loop can be computed with

E.g.
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t-channel pole?

Tree level diagram: s/t, vanishes with 2 subtractions.


Can use finite t as a regulator.


For indefinite polarization, the bounds will have an 
additional term that goes like t1/2.


Loop level pole:  
 
 
 

Or simply run the positivity argument for the leading BSM 
order.

Xsec of all channels  
except WW>WW

Subtract diagrams 
with WW cuts 

(up to additional higher orders)



18D case

In general, a, b and be complex, i.e. 12 DOFs.  But we can remove 
6 of them, by parameter redefinition

Positivity conditions depend on 6 parameters:
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18D case: WW
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18D case: WW

Minimum value of fWW has to exist:

Minimum value of fWW is

and has to be positive:
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Coefs.



18D case: WW

Minimum value of fWW has to exist:

Minimum value of fWW is

and has to be positive:

�55

>0

Coefs.

They are like the endpoints 
in the pyramid case
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18D case: WW

Minimum value of fWW has to exist:

Minimum value of fWW is

and has to be positive:

�55

>0

Coefs.

They are like the circle 
in the cone case

-1.0 -0.5 0.0 0.5 1.0

-1.0

-0.5

0.0

0.5

1.0

FM ,0

HF S,
0-
F T

,0
Lê

2

WW WW



18D case: key polarizations
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18D case: linear bounds
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18D case: linear bounds
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18D case: T subspace
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18D case: T subspace
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18D case: T subspace

Focusing on the T 
perpendicular cases, we 
can easily see that ZZ, 
WZ, and Zγ are 
redundant. 

So MT describes a 11-
edge 8-D pyramid.
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Some 3D subspace

SSS & TTT: only linear ones matter

Trivial if M operators turned off
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Some 3D subspace

MMM: may have linear and quadratic shapes.

i.e. there may be pyramids or cones.

Quadratic becomes linear if S/T = 0

Quartic becomes quadratic if S/T = 0
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Some 3D subspace

MMM: may have linear and quadratic

Pyramids:
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Some 3D subspace

MMM: may have linear and quadratic

Combinations of pyramids and cones:
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Some 3D subspace

SMT:
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