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Halo nuclei : a few-body playground

Halo nuclei
Exotic nuclear structures are found far from stability
In particular halo nuclei with
peculiar quantal structure :

Light, n-rich nuclei
Low S n or S 2n

Exhibit large matter radius
due to clear few-body structure :
neutrons tunnel far from the core and form a halo

One-neutron halo
11Be ≡ 10Be + n
15C ≡ 14C + n
Two-neutron halo
6He ≡ 4He + n + n
11Li ≡ 9Li + n + n

Noyau stable

Noyau riche en neutrons

Noyau riche en protons

Noyau halo d’un neutron

Noyau halo de deux neutrons

Noyau halo d’un proton-N

6Z

n

1H 2H 3H

3He 4He 6He 8He

6Li 7Li 8Li 9Li 11Li

7Be 9Be 10Be 11Be 12Be 14Be

8B 10B 11B 12B 13B 14B 15B 17B 19B

9C 10C 11C 12C 13C 14C 15C 16C 17C 18C 19C 20C 22C

12N 13N 14N 15N 16N 17N 18N 19N 20N 21N 22N 23N

13O 14O 15O 16O 17O 18O 19O 20O 21O 22O 23O 24O

Proton halœs are also possible, but less probable



Halo nuclei : a few-body playground

Reactions with exotic nuclei

Exotic nuclei, like halo nuclei, are studied through reactions

Elastic scattering
Breakup ≡ dissociation of halo from core

by interaction with target
Knockout ≡ one (or two) nucleon removals

by interaction with (light) target

Need an good understanding of the reaction mechanism
i.e. an accurate theoretical description of reaction
coupled to a realistic model of projectile

The eikonal approximation first developed by Glauber
[Glauber, Lecture in Theoretical Physics Vol. 1, p. 315 (1959)]

simple and efficient model of reactions for halo nuclei at high energy



Eikonal approximation : Glauber’s legacy in nuclear-reaction theory

Eikonal approximation in a nuttshell
Collision of a projectile (P) on a target (T )
with interaction simulated by potential VPT

⇒ need to solve the Schrödinger equation
T

P
R

v

Ẑ

Z

b

[TR + VPT (R)] Ψ(R) = ET Ψ(R)

with the initial condition Ψ(R) −→
Z→−∞

eiKZ+···

Eikonal approximation : factorise Ψ(R) = eiKZ Ψ̂(R)

TRΨ = eiKZ[TR + vPZ +
µPT

2
v2]Ψ̂

Neglecting TR vs vPZ and using ET = 1
2µPT v2

i~v
∂

∂Z
Ψ̂(b,Z) = VPT (R) Ψ̂(b,Z)

⇒ Ψ̂(b,Z) = exp
[
−

i
~v

∫ Z

−∞

VPT (b,Z′) dZ′
]



Eikonal approximation : Glauber’s legacy in nuclear-reaction theory

Eikonal approximation in a nuttshell

We thus have

Ψ(b,Z) −→
Z→+∞

eiKZ eiχ(b)
T

P
R

v

Ẑ

Z

b

with the eikonal phase χ(b) = − 1
~v

∫ ∞
−∞

VPT (b,Z) dZ

easy to compute
simple semiclassical interpretation :
P follows a straight-line trajectory
along which it accumulates a phase due to VPT

can be extended to few-body projectiles. . .



Eikonal approximation : Glauber’s legacy in nuclear-reaction theory

Reaction model for two-body projectiles (1-nucleon halo)

Projectile (P) modelled as a two-body system :
core (c)+loosely bound nucleon ( f ) described by
H0 = Tr + Vc f (r)

Vc f adjusted to reproduce
bound state Φ0

and resonances

Target T seen as
structureless particle

R

r

T

P

c

f

P-T interaction simulated by optical potentials
⇒breakup reduces to three-body scattering problem :[

TR + H0 + VcT + V f T

]
Ψ(r, R) = ET Ψ(r, R)

with initial condition Ψ(r, R) −→
Z→−∞

eiKZ+···Φ0(r)



Eikonal approximation : Glauber’s legacy in nuclear-reaction theory

Eikonal approximation for two-body projectiles

Three-body scattering problem :[
TR + H0 + VcT + V f T

]
Ψ(r, R) = ET Ψ(r, R)

with condition Ψ −→
Z→−∞

eiKZ+···Φ0

Eikonal approximation : factorise Ψ = eiKZ Ψ̂

⇒ i~v
∂

∂Z
Ψ̂(r, b,Z) = [H0 − ε0 + VcT + V f T ] Ψ̂(r, b,Z)

solved for each b with condition Ψ̂ −→
Z→−∞

Φ0(r)

(usual) eikonal includes the adiabatic approximation : (H0 − ε0) ≈ 0

⇒ Ψ(r, b,Z) −→
Z→+∞

eiKZ exp
[
i
(
χcT (r, b) + χ f T (r, b)

)]
Φ0(r)

Used to study spectroscopy of halo nuclei through reactions
[Hansen & Tostevin, Ann. Rev. Nucl. Part. Sc. 53, 219 (2003)]



Reactions with halo nuclei Knockout

One-neutron knockout
One neutron removed in high-energy collision on light target
neutron either breaks up from the core or is absorbed by the target
Only the core is measured : 11Be + Be→ 10Be + X
Eikonal approximation well suited to analyse KO data

[Hansen & Tostevin, Ann. Rev. Nucl. Part. Sc. 53, 219 (2003)]
Halo nuclei have large spacial expansion

⇒ narrow momentum distribution
dσKO/dpc‖ helps identify halos andE. Sauvan et al. / Physics Letters B 491 (2000) 1–7 3

Fig. 1. Core fragment longitudinal momentum distributions for one-neutron removal on C. The solid lines correspond to the Glauber model
calculations (see text for details).

Fig. 2. Measured (solid points and line) and calculated (open points
and dotted line) one-neutron removal cross sections.

The longitudinal momentum distributions for the
core fragments arising from one-neutron removal are
displayed in Fig. 1 and the extracted widths (FWHM
in the projectile frame) are summarised in Table 1. The
widths were derived from Gaussian fits to the central
regions of each distribution. The effects arising from
the target (straggling etc.), efficiency along the focal
plane and instrumental resolution have been taken into
account in deriving the final values. The corresponding
one-neutron removal cross sections are listed in Ta-
ble 1 and displayed in Fig. 2. The uncertainties quoted
include the contributions from both the statistical un-
certainty and that arising from the determination of the
secondary beam intensity (∼ 7%).

A number of features are immediately apparent on
inspection of Figs. 1 and 2. Firstly, the crossing of the
N = 8 shell andN = 14 sub-shell closures are associ-
ated with a marked reduction in the widths of the core
momentum distributions (viz,14,15B, 15C, 23O and
24,25F). Secondly, with respect to the neighbouring
isotopes,14B and 15C exhibit enhanced one-neutron
removal cross sections. The former effects arise from
the largeν2s1/2 admixtures expected in the ground

[Sauvan et al. PLB 491, 1 (2000)]

gives spectroscopic information

VOLUME 84, NUMBER 1 P H Y S I C A L R E V I E W L E T T E R S 3 JANUARY 2000

The nature of the 10Be states is well understood. It is
seen from Table I that only 78% of the inclusive fragment
spectrum corresponds to neutron removal to the ground
state. About one-third of the intensity of the strongest
g ray (3.37 MeV) corresponds to direct feeding of the
21 level. It is this part that carries information about
the 0d5�2 ≠ 21 admixture in the 11Be ground state. The
two excited states with negative parity have the dominant
structure 1s1�2 ≠ 9Be� 3

2
2�, and are excited by the removal

of a neutron from a p3�2 core state, while the halo s-wave
neutron acts as a spectator. We now compare these four
cross sections with the theoretical expectations.

The theoretical cross section for a given 10Be core fi-
nal state, and removed nucleon j value, is assumed to
be a product of a spectroscopic factor S and a single-
particle cross section [6,25]. The latter is the sum of terms
corresponding to knockout (often referred to as stripping)
and diffraction dissociation. These were calculated within
a spectator-core eikonal three-body model [25] similar to
that used in [26] with the same parameters.

The results of the calculations are given in Table I.
These show an expected reduction in the single-particle
cross sections for higher l values and higher binding ener-
gies, since the reactions take place at the nuclear surface
and depend sensitively on the tail of the neutron wave func-
tion. This surface dominance justifies our use of the op-
tical limit in the 50–100 MeV�nucleon region. Although
the potential is highly attractive and absorptive in the nu-
clear interior, comparison with calculations using Sn de-
rived from the microscopic nucleon optical potential of
Jeukenne et al. [27] confirms that the optical limit Sn per-
forms well in the critical surface region. The same conclu-
sions pertain for analogous experiments and analyses with
phosphorus and carbon isotopes [6,28]. Details of these
theoretical model comparisons, and also those using phe-
nomenological potentials, will be presented elsewhere.

Table I shows that the agreement is good in the present
case. The most important conclusion is that the cross sec-
tions to the two lowest levels support the Warburton-Brown
[11] spectroscopic factors, thus corroborating a dominant
s-wave single-particle configuration for the ground state.

Table I includes an estimate of the effect of excitation
of an assumed deformed 10Be core by the target. Within
the eikonal framework [29], using the same interaction
and density parameters and an assumed 10Be quadrupole
deformation b2 � 0.67 [9], the calculated cross section
for excitation to the 21 core state is 11 mb, which has to
be multiplied with the 01 state spectroscopic factor. In
addition, a small contribution of 7 mb was estimated for
the Coulomb breakup, which was added to the ground state
cross section (see Table I).

We now turn to the momentum distributions of the
10Be fragments, from which the angular-momentum
assignments are deduced. Since the normalization of the
distribution is contained in the absolute cross section, we
present the distributions scaled in an arbitrary way to the
data. From the coincidences with g rays it is possible to

obtain the distribution corresponding to the ground state
by subtracting the components to excited states from the
singles spectrum. The result is shown in Fig. 2. The full
width at half maximum is 47.5�6� MeV�c [45.7(6) after
subtracting quadratically the resolution]. The ability to
cleanly see the contribution of nucleon removal from the
1s state allows us to make a precise comparison of the mea-
sured 10Be fragment distribution with calculations. Past
experiments [3,30] had significant contributions from parts
of the wave function that do not reflect the halo, including
the 22 and 12 core neutron removal hole states. We com-
pare our result with theoretical momentum distributions
calculated in an eikonal model for the knockout process.
The distribution for diffractive dissociation is expected to
have a similar shape [26]. We follow [5] and calculate
the distribution for a given impact parameter as the one-
dimensional Wigner transform of the wave function after
the reaction. For this we use a black-disk approximation.
The cutoff radii were adjusted to reproduce the core-target
and neutron-target reaction cross sections for free particles
and are 5.28 and 3.12 fm, respectively. The calculated
result for a neutron separation energy of 0.5 MeV and
for three values of the angular momentum is shown in
Fig. 2. The comparison points to an unambiguous l � 0
assignment.

The second calculation, by Bonaccorso and Brink [31],
used time-dependent perturbation theory with the interac-
tion represented by optical potentials. The two reaction
channels were treated separately, but turned out to give es-
sentially identical shapes and absolute cross sections. The
close agreement between the two theoretical differential
cross sections suggests that both approaches reflect the
same basic physics input: the momentum content of the
external part of the single-particle neutron wave function.
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FIG. 2. pjj distribution of the 10Be fragments in the rest frame
of the projectile. Only the contribution leading to the ground
state of 10Be is shown. The curves are calculations assuming a
knockout reaction from s, p, and d states.
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[Aumann et al. PRL 84, 35 (2000)]



Reactions with halo nuclei Breakup

Breakup
Halo neutron(s) dissociate from core in collision with target
Both core and neutron are detected : 11Be + Pb→ 10Be + n + Pb
Eikonal approximation does not properly treat the Coulomb breakup

11Be + Pb→ 10Be + n + Pb @ 69A MeV
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Exp. : [Fukuda et al. PRC 70, 054606 (2004)]
Th. : [Goldstein, Baye, P.C. PRC 73, 024602 (2006)]

Adiabatic approximation not valid for infinitely ranged Coulomb force
Mathematically : χC(b) −→

b→∞

1
b ⇒ diverges at large b⇔ forward angle

Idea : avoid adiabatic approximation. . .



Reactions with halo nuclei Breakup

Dynamical eikonal approximation (DEA)
Three-body scattering problem with condition Ψ −→

Z→−∞
eiKZΦ0[

TR + H0 + VcT + V f T

]
Ψ(r, R) = ET Ψ(r, R)

Eikonal factorisation Ψ = eiKZΨ̂

i~v
∂

∂Z
Ψ̂(r, b,Z) = [H0 − ε0 + VcT + V f T ]Ψ̂(r, b,Z)

solved for each b with condition Ψ̂ −→
Z→−∞

Φ0(r)
Dynamical Eikonal Approx. [Baye, P. C., Goldstein, PRL 95, 082502 (2005)]
Same in coupled-channel approach [Ogata et al. PRC 68, 064609 (2003)]
11Be + Pb→ 10Be + n + Pb 69A MeV

Eik.
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Dynamical calculation provides
correct treatment of Coulomb
(excellent agreement with data)

⇒ tool to study breakup
on both light and heavy targets



Reactions with halo nuclei Breakup

11Be+C @ 67AMeV & 15C+Pb @ 68AMeV
11Be + C→ 10Be + n + C @ 67A MeV

Experiment
Convoluted

d5/2

Coulomb + Nuclear

E (MeV)

d
σ
/d
E

(b
/M

eV
)
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Exp. : [Fukuda et al. PRC 70, 054606 (2004)]
Th. : [P.C., Goldstein, Baye, PRC 70, 064605 (2004)]

15C + Pb→ 14C + n + Pb @ 68A MeV

Exp.

dea
cdcc

E (MeV)

d
σ
b
u
/d
E

(m
b
/M

eV
)

543210

400

300
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100

0

Exp. : [Nakamura et al. PRC 79, 035805 (2009)]
Th. : [P.C., Esbensen, Nunes, PRC 85, 044604 (2012)]

Excellent agreement with data on both light and heavy targets
⇒ confirms the halo structure of 11Be and 15C
Nuclear breakup provides information on core-n resonances
Same result as purely quantal CDCC
⇒ validates the eikonal approximation at intermediate energy
But : DEA more computationally expensive than usual eikonal



Reactions with halo nuclei Breakup

Coulomb-Corrected Eikonal
The eikonal Coulomb phase reads

χC(r, b) = −
1
~v

∫ ∞

−∞

ZcZT e2

RcT
dZ ∝

1
b

⇒ eiχC = 1 + iχC −
1
2χ

2
C + . . . diverges when

∫
db

Idea : replace χC by χFO from perturbation theory
[Margueron, Bonaccorso, Brink, NPA 720, 337 (2003)]

χFO(r, b) = −
1
~v

∫ ∞

−∞

eiωZ ZcZT e2

RcT
dZ ∝

e−ωb

b
i.e. correct asymptotics

The Coulomb-corrected eikonal (CCE) then reads

eiχ = eiχN
(
eiχC − iχC + iχFO

)
Simple correction, computationally cheap
Includes higher-order effects, interference with nuclear potential
Good agreement with DEA calculations at 70AMeV

[P.C., Baye, Suzuki, PRC 78, 054602 (2008)]



Recent extensions of the eikonal approximation Relativistic energies

Relativistic energies
CCE well suited to include relativistic corrections

[Moschini, P.C. PLB 790, 367 (2019)]

15C+Pb→14C+n+Pb @ 605AMeV

0 2 4 6 8 10
E (MeV)

0
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d
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b
u
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b
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r
0
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r
0
 = 1.5 fm

r
0
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Exp. Datta-Pramanik et al.

Exp : [Datta Pramanik et al. PLB 551, 63 (2003)]
Th : [Moschini, Yang, P.C. arXiv :1907.11753 (2019)]

Excellent agreement with experiment
Relativistic corrections are needed



Recent extensions of the eikonal approximation Three-body projectiles

Extension to 3-b projectiles
CCE can also be extended to 3-body projectiles (2-n halœs)

[Baye et al. PRC 79, 024607 (2009)]
11Li+Pb→9Li+n+n+Pb @ 70AMeV

  

  

Exp : [Nakamura et al. PRL 96, 252502 (2006)]
Th : [Pinilla et al. PRC 85, 054610 (2012)]

Good agreement with data
⇒enables study of Borromean nuclei



Recent extensions of the eikonal approximation Low energy

Extension to low energies
15C+Pb→ 14C+n+Pb @ 20AMeV

b′
DEA

CDCC

θ(◦)

d
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b
u
/d
Ω

(b
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Shift in θ translates into a shift in L↔ b
⇒ semi-classical correction b→ b′ (classical closest approach)
b→ b′ corrects σbu(L) and hence dσbu/dΩ

[Fukui, Ogata, P.C. PRC 90, 034617 (2014)]

⇒ Improves eikonal model to the level of CDCC. . .
at least for Coulomb-dominated reactions



Recent extensions of the eikonal approximation Low energy

Low energy on light target
Can such semiclassical correction be extended to nuclear breakup ?

11Be+C→ 10Be+n+C @ 20AMeV [Hebborn, P.C. PRC 98, 044610 (2018)]

EC

Eik. b′′cT & b′′nT
Eik.

CDCC

E [MeV]

d
σ
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[b
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0.2

0.15
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0

Eikonal underestimates CDCC (quantal) calculations
b→ b′′ ∈ C : distance of closest approach of optical potential

[Aguiar, Zardi, Vitturi, Phys. Rev. C 56, 1511 (1997)]

Exact Continued S -matrix correction : eiχ(b) → e2iδl

[Brooke, Al-Khalili, Tostevin, Phys. Rev. C 59, 1560 (1999)]

⇒no efficient correction found for nuclear-dominated reactions



Summary

Summary

Roy Glauber has developed the eikonal approximation
to describe high-energy collisions
[Glauber, Lecture in Theoretical Physics Vol. 1, p. 315 (1959)]

Eikonal model used to study few-body structure of halo nuclei
I Knockout reactions

[Hansen & Tostevin, Ann. Rev. Nucl. Part. Sc. 53, 219 (2003)]

I Breakup : requires proper treatment of Coulomb
DEA [Baye, P. C., Goldstein, PRL 95, 082502 (2005)]
CCE [Margueron, Bonaccorso, Brink, NPA 720, 337 (2003)]

Simple and elegant model of reaction

Difficult to extend to low beam energy (< 50AMeV)

Provides valuable information on halo structure
in high and intermediate energy reactions



Summary
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