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The author proposed a Long Range (GPT) Potential 

which appears, 

not only at the 3-body Break-up Threshold (3BT), 

but also at the Quasi 2-body Threshold (Q2T). 

The GPT Potential represents 

1) a Yukawa-type potential for shorter range, 

2) but a 1=rn -type potential for longer range. 

The longer range part of the GPT potential 

for n = 1 indicates an attractive Coulomb-like or a 

Phys. Rev. C86 , 044001 (2012),

Few－Body Syst.59, 51 (2018).

Motivation & Starting Point
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The GPT-potential includes automatically

the Efimov-like potential in any systems. 

In order to confirm the GPT potential, 

we investigate ultra low energy reactions
１３５Cs(2d,γ)１３９La； １３７Cs(2d,γ)１４１La

by the three-ion quasi-molecule CsD2

in the Pd-cluster with a form: CsD2Pd12.



Cs-d6-Pd12

Pd
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d

Define quasi molecules CsD2, CsD4 and CsD6

Cub-octahedron
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57La(7/2+:3.2h)+β-


141

58Ce(7/2-:32.5d)+β-
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59Pr(5/2+:stable)

cerium

135
55Cs（7/2+:2.3x106y)+2d  139

57La(7/2+:stable)

135
55Cs（7/2+: 2.3x106y)+4d  143

59Pr(5/2+:13.57d)+β-


143

60Nd(7/2-:stable)
neodymium

133
55Cs（7/2+:stable)+4d  141

59Pr(5/2+:stable)

Praseodymium

88
38Sr(0+:82.58%)+4d  96

42Mo(0+:16.68%)

strontium                            molybdenum

88
38Sr(0+:82.58%)+2d  92

40Zr(0+:17.15%)      zirconium

Our calculation：

Hioki et al, Toyota-Nagoya univ. group confirmed (2013)

Calculate D-Cs-D (d-Cs-d) three-body bound 

states and wave functions. 



Pd               Cs            D

Cs-D6-Pd12  Cub-octahedron



A591772.0au1

fm1064044932.1au1.3distance    Cs-D

fm10  2.75172144au2.5distance  Pd-Pd
5

D 

5
Pd







R

aR

　　

　

Number of surface：
8-regular triangles + 6-regular squares 
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D exists inside of the surface
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Potentials in the three-body system
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For the 3rd particle transfer:
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Efimov-potential as a phenomenological form of GPT-potential in 3-body system





The wave function overlap value (WFO: Wn;m) 

between 

１） the La highest nuclear excited state with 

the quantum number n = 5, 

２） and the lowest CsD2 quasi molecular states

is of critical importance for the existence of 

the electro-magnetic (EM) transition

in the Cs(2d,γ)La reaction. 

with the quantum number m = 6  
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gk :  gyromagnetic ration of nucleus
・ transition time
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fifi W  /1

・ Transition probability from ｜ψi 〉 to  |ψｆ〉by the spontaneous emission

in the vacume
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Spontaneous emission （with the particle system） Stimulated emission （with the photon system）

E2、M1 transitions as well

Therefore, the transition probability for the unit time, and the unit number of La is given by

・Let us obtain the transition probability from ｜ψi 〉 to ｜ψｆ 〉 by photon emission from

CsD2Pd12 in the thermal equilibrium of temperature T.   The average La number at the energy

Ei and with the temperature T is given by the Maxwell-Boltzmann distribution;

In the radiation field of the thermal equilibrium with the temperature T and the energy Ei , 

the average photon number is give by the Bose-Einstein statistics, 

for Black body radiation



55Cs（7/2 :30.07y)+2d  57La(7/2 :3.2h)+β


141

58Ce(7/2-:32.5d)+β-


141
59Pr(5/2+:stable)

cerium

135
55Cs（7/2+:2.3x106y)+2d  139

57La(7/2+:stable)

135
55Cs（7/2+: 2.3x106y)+4d  143

59Pr(5/2+:13.57d)+β-


143

60Nd(7/2-:stable)

133
55Cs（7/2+:stable)+4d  141

59Pr(5/2+:stable)

Praseodymium

88
38Sr(0+:82.58%)+4d  96

42Mo(0+:16.68%)

strontium                            molybdenum

88
38Sr(0+:82.58%)+2d  92

40Zr(0+:17.15%)      zirconium

Our calculation

Hioki et al, Toyota-Nagoya univ. group confirmed 

(2013)

Recent Experimental Results:

By Iwamura et al. (MHI), (2002)
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Our result is 36 times larger than Experiment.
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XPS: X-ray photoelectron 

spectroscopy
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第１章

Efimov effect (エフィモフ効果)と
長距離ハドロンポテンシャルの予言



Review of Efimov-effect

Efimov V.  Energy levels arising from resonant   

two-body forces  in a three-body system, 

Phys. Lett. B33, 563 (1970)

Efimov V.  Energy levels of three resonantly   

interacting  particles, Nucl. Phys. A210 157 

(1973)



1) the scattering length of the sub-system  should 

be

2) three-body binding energies condense on the 

three-body break-up threshold  (3BT) where 

the energy level structure  is given by

(the second criterion)

3) energy level can  be obtained by 

Nicholson A.F., Bound states and scattering in an r-2 potential  

Australian J. Phys 15, 174-179 (1962)

 ( )the first criteriona

1
1


 constant ( : quantum number)  

n n
E E n

2 the third potential crite( )rionr



Review of Efimov-effect

Efimov V.  Energy levels arising from resonant   

two-body forces  in a three-body system, 

Phys. Lett. B33, 563 (1970)

Efimov V.  Energy levels of three resonantly   

interacting  particles, Nucl. Phys. A210 157 

(1973)

Kraemer T. et al., Evidence for Efimov quantum states 

in an ultracold gas of caesium atoms.

Nature vol. 440, pages 315–318 (2006)



In the hadron systems:

1) The first criterion :

ほぼ考えられない！
2) The  second criterion is that there are some 

instances that energy levels come near the 

threshold region. However, it is very hard to 

confirm whether they are Efimov levels or not. 

エネルギー０近傍では実験的検証が困難！
3) The third criterion is that the nuclear potential 

is usually a short-range:  one pion exchange 

Yukawa potential etc.

湯川ポテンシャルは短距離力である！
1/ r2 のようなポテンシャルは考えられない。

,
NN N

a a


   



I. General particle transfer (GPT)-potential 
We  reevaluate the Efimov physics   

by the thresholds.

1) Pay attention to the three-body break-up 

thresholds (3BT) : appear in reactions: 

2) From 3-body bound state to the   

quasi two-body system:

quasi two-body threshold (Q2T) :

,

' , .

d p n p p

N N N N etc
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He d p

D N N N N etc
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1)  At the 3BT,

the Born term Z  of the Faddeev or the

Alt-Grassberger-Sandhas (AGS) equation,

and the propagator have singularities;
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Propagator :   at Q2T,   wi  

( )

tha)

for

 E

Two

    Apart from AGS,   an  nergy dependent 

-body uasi ( )  potential  with  

two -body bound  

Q E2Q

2 ) At the Q2T :

a  state ( or ) becomes

 by using  on - shell  condition  for  Q2T.





Numerical calculation for GPT- Efimov-like potential

Our analytic prediction fits to the numerical solution.

MeV fm

2 1/2 2 1/2 2 1/2

1 1n n n n n nn E E E r r r      2 1/2 2 1/2 2 1/2

1 1n n n n n nn E E E r r r      




