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why the b¢?

‘natural’ spin-parities: JP — O_l_’ 1_’ 2+,

e.g.: 0(600), p(770), f2(1270)

seen in pseudoscalar-pseudoscalar scattering

‘unnatural’ spin-parities: JP =0, 1+’ 2, ...



‘natural’ spin-parities: JP — ()_l_’ 1_7 2_|_7

e.g.: 0(600), p(770), f2(1270)

seen in pseudoscalar-pseudoscalar scattering

‘unnatural’ spin-parities: JP =0

1727, ...
e.g.: h1(1170), by (1235), a1 (1260)
cannot access quantum numbers in pseudoscalar-pseudoscalar

need something else...
e.g.: vector-pseudoscalar scattering



why the b¢?

Mass m = 1229.5 + 3.2 MeV (S = 1.6)
Full width ' = 142 + 9 MeV (S = 1.2)

by (1235) DECAY MODES Fraction (I';/I) Confidence level (M:V/c)
W seen 348
[D/S amplitude ratio = 0.277 + 0.027]
Lt (1.6+0.4) x 103 607
np seen T
atat a7l < 50 % 84% 535
K*(892) K= seen T
(KK)* 70 < 8 % 90% 248
KK ™ < 6 % 90% 235
KIKLm™ < 2 % 90% 235
O < 15 % 84% 147

PDG



the b1 on the lattice

3 volumes: 2 -3 fm
Lia,=16,20,24 T/a,=128 m, L ~4-6

anisotropic action: ¢ =a./a, ~ 3.5

Symanzik-improved Wilson-Clover fermions

Distillation (Peardon et al 2009) to efficiently
handle the many wick contractions

heavier-than-physical light quark masses
m_ ~ 391 MeV

used in many calculations to-date

earlier lattice studies:
Lang et al JHEP 04 162 (2014)
Michael & McNeile PRD 73 074506
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the b1 on the lattice

atEcm
3 volumes: 2 -3 fm 0-29 1
Lia,=16,20,24 T/a, =128 m, L ~4—06
anisotropic action: £ =a,/a, ~ 3.5 0-28 1
027 | 5
Symanzik-improved Wilson-Clover fermions mw{"51}
026 L 7TW‘{SDl} coupled hadron-hadron
Distillation (Peardon et al 2009) to efficiently | Tp{39)) coupled partial-waves
handle the many wick contractions 3
g 025 md1" D1}
Tlone [ T TS
heavier-than-physical light quark masses oL
m, ~ 391 MeV 77"‘]{351} elastic hadron-hadron
023 L 7Tw{3D1} coupled partial-waves
used in many calculations to-date Ty fmmm == = = mmmm
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the b1 on the lattice

Qg Ecm
0.29 |-

0.28 |

there are open three-body thresholds

we will return to these later...
coupled hadron-hadron

coupled partial-waves

elastic hadron-hadron

023 | mu{?’Dl} coupled partial-waves

%) ) R,
022 |




the b1 on the lattice

there are open three-body thresholds

we will return to these later...

necessitates the inclusion of single-meson-
like, two-meson-like and three-meson-like
operators in the operator bases

Qg Ecm
0.29 |-

0.28 |

0.27

0.26 |

0.25 |-

7Tgb’thr.

0.24 |

0.23 |

7-‘-W‘thr. o

0.22

Tw{391}
7TW{BDl} coupled hadron-hadron
7Tqb{351} coupled partial-waves
m¢{°D1}
mw{°S1} elastic hadron-hadron
7Tw{3D1} coupled partial-waves



operator bases

[000] T;" operator basis for each lattice volume

24
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operator bases
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optimised 7 — follows from variational analysis of a matrix of correlation functions of
uit + dd and s§ quark bilinear operators in relevant irreps
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optimised w and ¢ operators — follows from variational analysis of a matrix of
correlation functions of uit + dd and s5 quark bilinear operators in relevant irreps



operator bases

[000] T;" operator basis for each lattice volume

| L/a, 16 20 24

22 x YT 22 X YT 22 X YT

000] [000] P£[000]71[000]

%00]?[000] K [*OOO]F[OOO]

optimised w and ¢ operators — follows from variational analysis of a matrix of
correlation functions of uit + dd and s5 quark bilinear operators in relevant irreps

@ appears as ground state, ¢ appears as first excited state



operator bases

[000] T;" operator basis for each lattice volume

24

16 20

22 x YT 22 X YT 22 X YT

|%[000] TT[000]%[000] TT[000]“[000]

TT1000] Qb[ooc)] (000 ¢[000] TT[000] Qb[ooc)]

000]7[000] 117[000]

'OO]F[OOO]

{2} m0011Wi001]
optimised p and K* operators — follow from variational analysis of a matrix of
correlation functions of quark bilinear operators and two-meson operators

will return to these later...



partial-waves

Ao [0nn| Az Innn| Az :

[ o0z foon)

0~ (°Po)

restrictto [ P] A, irreps at non-zero momentum to circumvent the need to

disentangle J¥ = 1~ contributions



partial-waves

(000] T7F [00n] Az [0nn] Az [nnn] Az :

B 3P() 0 (JP()) {

restrictto [ P] A, irreps at non-zero momentum to circumvent the need to
disentangle J¥ = 1~ contributions

focusonthe Jf =17



spectrum
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spectrum

36 energy levels used to constrain the scattering amplitudes
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spectrum

36 energy levels used to constrain the scattering amplitudes
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exclude any energies that appear to show sensitivity to three-body operators



Extracting the scattering t-matrix

General two-body quantisation condition

det [1+ip(E)-t(E)- (1 +iM(E,L))] =0

\

phase space infinite volume scattering known finite-volume
t-matrix functions



Extracting the scattering t-matrix

General two-body quantisation condition

det [1+ip(E)-t(E)- (1 +iM(E,L))] =0

\

phase space infinite volume scattering known finite-volume
t-matrix functions

t(ww{3D1}|7rw{3D1}) t(ww{3D1}|7r(,b{?’Sl})

(t(m{?’sl}m{?’sl}) t(rw{’S1}|mw{’D1}) t(ﬂw{Ssl}ng{SSl}))
t =
t(W¢{351}|7T¢{351})

K-matrix approach: t_l — I{_1 — ip Simple phase space

Chew-Mandelstam
phase space

t =K t+r1



three-channel amplitudes

Paph |tesa, ean| ’

many parameterisations
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three-channel amplitudes

Paps |tesa, e'Jb|2
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three-channel amplitudes

pPapy |tea, e'Jb|2
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three-channel amplitudes

PaPb ’twa ,wb|2

many parameterisations
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gega(s ge' Jb(s
08 L Keja,egb(s) = +waa b
0.6 -
large canonical "bump’
< - 3

0.4 - enhancement in 7w {5}

0.2 |- ({381} |6 {351} relatlvely small ﬂ¢{351} amplltude
04 r O —O —atlem ¥ nO ewdence on state proposed i
0.220 0.230 0.240 0.250 0.260 0.270 i | fthe 7 |

| | I as an analogue of the
0.04 (rw{381}|mw{*Dy}) | S
0.02 — -
0 4" .
0.220 0.230 0.240 0.250 0.260 0.270
0.002 f (reo{*Di} [ {*D1})
04 O | —e M_

0.220 0.230 0.240 0.250 0.260 0.270

243 O a""&*mv* 0% O AR
203 e 0_0_,"°'° ey T Wm::,::m_.

—
167 on —Ooo 7T



three-channel amplitudes

PaPb ’tEJa ,e'Jb|2
many parameterisations
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three-channel amplitudes

PaPb ’tEJa ,e'Jb|2
many parameterisations

br (reo{*81} [ {*s1})
gé’la g@’ Ib n
08 L Keja,egp(s) = +ZO é,()l oTb
0.6
large canonical "bump’
¢ - 3

04 enhancement in 7w {5}

02 (r {251} |76 {351)) relat|ve|y small 7tgb{3S1} amplltude
0% r O —CO —aEem  ENO ewdence on state proposed '
0.220 0.230 0.240 0.250 0.260 0.270 ; | £ the 7 ~

| | [ as an analogue of the ;

0.04 (mw {381} [mw{*Dy}) — T
002 F e ,

0 . m <«—small zw {38} | ro{3D,} amplitude

| ~7 |
0.220 0.230 0.240 0.250 0.260 0.270
0.002 (r{"Di} [7w{"D1})
0 |: o—r O Or—— € negligible 7w {3D,} | nw {3D,} amplitude

0.220 0.230 0.240 0.250 0.260 0.270

243 o a"“'_g_._".mv* 0% O A
203 e G_O_.:.—,eq—c TV Wm.::m_.

—
167 on —Ooo



three-channel amplitudes
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three-channel amplitudes
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levels from the determinant

det [1 4+ ip(E) - t(E) - (1 +iM(E,L))] = 0
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poles & couplings
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poles & couplings
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FR/MGV

pole position at various pion masses
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pole position at various pion masses
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brief summary

calculated lattice spectra in a number
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brief summary
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brief summary

calculated lattice spectra in a number

PaPb ‘téa,é’b

1

of irreps using single-, two- and three- 0.3

meson operators

0.6
calculated three-coupled vector- 0.4
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three-meson-like operators

region of study includes the opening of several two- and three-meson thresholds:

necessitates the inclusion of single-meson-like, two-meson-like and three-
meson-like operators in the basis
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three-meson-like operators

region of study includes the opening of several two- and three-meson thresholds:

necessitates the inclusion of single-meson-like, two-meson-like and three-
meson-like operators in the basis

previous talks have discussed the construction of single-meson-like and two-
meson-like operators

what about three-meson-like?



three-meson-like operators

one way is to iteratively apply the two-meson construction

O;{ﬂ/xllgﬂ?(p_) Z C p12 A » 1 [pl]Al M1 [p2]A27,u2 QT 1,u1 ﬁ QTAQ#Q

p17p2
T /‘ /‘

optimised single-meson operators

lattice Clebsch—Gordans

efficient at interpolating energies near the corresponding two-meson non-
interacting energies

EY) = \/m1 + |p1? + \/mz + |p2?




three-meson-like operators

three-meson construction

OMK%Mg (P123) Z C([p123|A, 15 [P12) A1z, p12; (D3] As, MS)OTAMMM( )QTASMg(pB)

D12,D3
Hri12,13 /

optimised single-
two-meson operator
meson operator

lattice Clebsch—Gordans

efficient at interpolating energies near the corresponding three-meson non-
interacting energies

B = \fm? + [Bi[? + \fm3 + [5af? + \/m3 + |55

however, these operators pay no attention to interactions in the two-meson
subsystems...



three-meson-like operators

as an example consider isospin-2 nzx

previous construction would attempt to describe isospin-1 z7 using

only nr -like operators...

we know this is bad...

vy & Y'Yy “r”
;;7.‘_7_{_7? only only

0.20}

PhysRevD.87.034505



three-meson-like operators
rather build three-meson-like operators that incorporate subsystem interactions

use optimised two-meson operators in the three-meson operator construction

Oﬁrqg?fMg (5123) :Zﬁlz,ﬁs C([27123]A,M; [ﬁ12]A12,M12; [ﬁ?)]AS,M?))QTA;WlQ( )QT[ZSMS (p3)

Hi2,U43 / f

. optimised single-
optimised two- P S

meson operator
lattice Clebsch—Gordans meson operator

by design we anticipate these operators to efficiently interpolate energies near

Er(f;.rl) EAIQ( ) + \/m3 + |Ps]?,

/

finite-volume energies in the two-

meson subsystem in irrep [P’ 1,]A,



three-meson-like operators example

as an example consider 77y transforming in [OOO]Tl+

(I=17) ({I%=1") I =0™)
e | e e
000] A7 ® [000]A] ® [000]A] — [000] AT
—— N—— N

s s 7



three-meson-like operators example

as an example consider 77y transforming in [OOO]T1+

(I=17) (I=17) (I%=0™)
e | e e
000] A7 ® [000]A] ® [000]A] — [000] AT
—— N—— N

T (s i
p1 = (001}, p2 = [001], p3 = [000]

(I¢=1") (I=17) (I¢=0")  (I“=17)
—N N T —

(001] A5 ® [001] A5 ® [000] A7 — [000]75" & ...

N e e

T s 7



three-meson-like operators example

as an example consider 77y transforming in [OOO]T1+

(I=17) ({I%=1") I =0™)
e | e e
000] A7 ® [000]A] ® [000]A] — [000] AT
—— N—— N

T (s i
p1 = (001}, p2 = [001], p3 = [000]

(I¢=1") (I=17) (I¢=0")  (I“=17)
—N N T —

(001] A5 ® [001] A5 ® [000] A7 — [000]75" & ...




three-meson-like operators example

two distinct two-meson subsystems:



three-meson-like operators example

First:
p1 = [001], p2 = [001], p3 = [000]
(1I6=1") (IS=1") (I°=0")  (I°=17)
—N— —T—
([001]A2 = [001]A2) % [000]AT — [000]T;

— = S—
T T n
(I%=1%)  ([I“=0") (I9=1")

o N— " N— o N—
00017 ® [000]A; — [000]T;" .

241 T,
EZTY = B3 ((000]) + m,

1n.1.



three-meson-like operators example

Second:

p1 = |001], pp = [001], p5 = [000]

(19=17)  (1%=07) (16=17)  (I9=17)
([001]A2® [OOO]A;) © T001] 45 —s [000]T7

7 7 7
(1I6=1") ((%=1") (I%=11)
e NI N "
(001] 41 ®[001] Ay — [000]T;"
N—_—— N —

ao TT

/A

EED = BAL((001])) + /m2 + (22)°




three-meson-like operators example

First:
000]T

0.20 ¢
0.18 ¢
0.16 F oo

. = - n=>0
O. 14 b

16 20 24

241 T,
EZTY = B} ((000]) + m,

1n.l1.

PhysRevD.87.034505



three-meson-like operators example

Second:

0.23

0.21

0.19

0.17

EED = BAL((001])) + /m2 + (2£)?

PhysRevD.93.094506



spectrum with/without three-meson operators

a¢ Fem . excluding pn, K*K ops.
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spectrum with/without three-meson operators
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systematic tests — "'three-body’ amplitudes

lots of excellent work on a general quantisation condition for three-particle
scattering

not quite ready for use in systems such as 77y or 7KK in isospin-1



systematic tests — "'three-body’ amplitudes

as a crude test of how three-body amplitudes may influence the spectra and our
determination of the two-body amplitudes, approximate p and K* as “stable’
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systematic tests — "'three-body’ amplitudes

as a crude test of how three-body amplitudes may influence the spectra and our
determination of the two-body amplitudes, approximate p and K* as “stable’

take “stable’ masses to be the pole masses determined in previous scattering
calculations

this appears to be reasonable when the p and K* are at zero momentum:
at these volumes ground-state appears dominated by "gg'-like operators

B ool 1000]T

028 o ) 020 |

024 | ° | ) 0.18 |

ool amuce =0.1648(1) g o

116 | St 116 210 214

16 20 24 L/ag

K* P

PhysRevD.91.054008 PhysRevD.87.034505



systematic tests — three-body amplitudes

augment t-matrix to accommodate additional two-channels



systematic tests — three-body amplitudes

augment t-matrix to accommodate additional two-channels

fit the 5 coupled-channels to the lattice spectra: 36 levels + 12 additional levels

(e [000] Ty o014, o114y (1114, [002] A
5 _ N
028 ! i ¢ \ !
5 o . %
027 | - - AN . § S
T K| . § [} % § ﬁ
ST N INRY O |
| - \% §
Ql.zs_—_n___f___q:__ :_%__@___ﬁ%_- :__% _______ R %_____- :____E_i___
7T(;,)J thr. E - E —
%78 S i . B 5 : % %{ :
. ;
023 | e i i i % I
S s S e e e et
022 | & gou X i i i




systematic tests — three-body amplitudes

augment t-matrix to accommodate additional two-channels

fit the 5 coupled-channels to the lattice spectra: 36 levels + 12 additional levels
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systematic tests — three-body amplitudes

augment t-matrix to accommodate additional two-channels

fit the 5 coupled-channels to the lattice spectra: 36 levels + 12 additional levels
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backup - “single-channel’ phase-shift
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backup - two-channel phase-shifts + mixing-angles
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backup — three-channel phase-shifts + mixing-angles
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backup — operator tables
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backup — operator tables
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backup — higher partial-waves
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backup - reference amplitude
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backup — systematic tests g(3D1) variation
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backup — mixed P-waves
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backup - mixed P-waves
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backup - mixed P-waves
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backup - five coupled-channel phase-shifts and mixing-angles
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