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why the b1?

‘natural’ spin-parities:

‘unnatural’ spin-parities:
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e.g.:

seen in pseudoscalar-pseudoscalar scattering 
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e.g.:

e.g.:

seen in pseudoscalar-pseudoscalar scattering 

cannot access quantum numbers in pseudoscalar-pseudoscalar 
need something else… 
e.g.: vector-pseudoscalar scattering

h1(1170), b1(1235), a1(1260)
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why the b1?

PDG 



Symanzik-improved Wilson-Clover fermions 

Distillation (Peardon et al 2009) to efficiently  
handle the many wick contractions

3 volumes: 2 - 3 fm 
�      �      �  
anisotropic action:  �
L /as = 16, 20, 24 T/at = 128 mπL ∼ 4 − 6

ξ = as /at ∼ 3.5

heavier-than-physical light quark masses 
�mπ ∼ 391 MeV

used in many calculations to-date

the b1 on the lattice

earlier lattice studies:  
Lang et al JHEP 04 162 (2014) 
Michael & McNeile PRD 73 074506
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coupled partial-waves
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we will return to these later…

there are open three-body thresholds
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there are open three-body thresholds

we will return to these later…

necessitates the inclusion of single-meson-
like, two-meson-like and three-meson-like 
operators in the operator bases

the b1 on the lattice
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operator bases

optimised �  and �  operators — follows from variational analysis of a matrix of 
correlation functions of �  and �  quark bilinear operators in relevant irreps

ω ϕ
uū + dd̄ ss̄
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operator bases

optimised � and �  operators — follow from variational analysis of a matrix of 
correlation functions of quark bilinear operators and two-meson operators

ρ K*

will return to these later…
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partial-waves

restrict to �  irreps at non-zero momentum to circumvent the need to 
disentangle �  contributions

[ ⃗P ] A2
JP = 1−

focus on the �  JP = 1+
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exclude any energies that appear to show sensitivity to three-body operators
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Extracting the scattering t-matrix

infinite volume scattering  
t-matrix

known finite-volume  
functions

phase space

det [1+ i⇢(E) · t(E) · (1+ iM(E,L))] = 0
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t�1 = K�1 � i⇢K-matrix approach:

Chew-Mandelstam 
phase spacet�1 = K�1 + I

General two-body quantisation condition

Simple phase space
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relatively small �  amplitudeπϕ{3S1}

no evidence of �  state proposed 
as an analogue of the �
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small �  amplitudeπω{3S1} |πω{3D1}

negligible �  amplitudeπω{3D1} |πω{3D1}
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extremely small �  amplitudes 
consistent with zero

πω |πϕ
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necessitates the inclusion of single-meson-like, two-meson-like and three-
meson-like operators in the basis

three-meson-like operators

previous talks have discussed the construction of single-meson-like and two-
meson-like operators

what about three-meson-like?

region of study includes the opening of several two- and three-meson thresholds:



three-meson-like operators

one way is to iteratively apply the two-meson construction 

O
†⇤µ
M1M2

(~p12) =
X

~p1,~p2
µ1,µ2

C([~p12]⇤, µ; [~p1]⇤1, µ1; [~p2]⇤2, µ2)⌦
†⇤1µ1

M1
(~p1)⌦

†⇤2µ2

M2
(~p2),
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lattice Clebsch—Gordans 

optimised single-meson operators

E(2)
n.i. =

q
m2

1 + |~p1|2 +
q

m2
2 + |~p2|2
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three-meson-like operators

three-meson construction

O
†⇤µ
M1M2M3

(~p123) =
X

~p12,~p3
µ12,µ3

C([~p123]⇤, µ; [~p12]⇤12, µ12; [~p3]⇤3, µ3)O
†⇤12µ12

M1M2
(~p12)⌦

†⇤3µ3

M3
(~p3)
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lattice Clebsch—Gordans 

optimised single-
meson operator

efficient at interpolating energies near the corresponding three-meson non-
interacting energies

two-meson operator

E(3)
n.i. =

q
m2

1 + |~p1|2 +
q

m2
2 + |~p2|2 +

q
m2

3 + |~p3|2
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however, these operators pay no attention to interactions in the two-meson 
subsystems…



as an example consider isospin-2 �  πππ

previous construction would attempt to describe isospin-1 �  using 
only �  -like operators…  

we know this is bad…

ππ
ππ

PhysRevD.87.034505

three-meson-like operators



rather build three-meson-like operators that incorporate subsystem interactions

three-meson-like operators

use optimised two-meson operators in the three-meson operator construction

O
†⇤µ
R12M3

(~p123) =
P

~p12,~p3
µ12,µ3

C([~p123]⇤, µ; [~p12]⇤12, µ12; [~p3]⇤3, µ3)⌦
†⇤12µ12

R12
(~p12)⌦

†⇤3µ3

M3
(~p3)
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lattice Clebsch—Gordans 

optimised single-
meson operator

optimised two-
meson operator

by design we anticipate these operators to efficiently interpolate energies near

E(2+1)
n.i. = E⇤12

Rn
12
(~p12) +

p
m2

3 + |~p3|2,
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finite-volume energies in the two-
meson subsystem in irrep �[ ⃗p 12]Λ12
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systematic tests — `three-body’ amplitudes

lots of excellent work on a general quantisation condition for three-particle 
scattering 

not quite ready for use in systems such as �  or �  in isospin-1 ππη πKK



as a crude test of how three-body amplitudes may influence the spectra and our 
determination of the two-body amplitudes, approximate � and �  as `stable’  

take masses to be the pole masses determined in independent scattering analysis 

this is reasonable where the � and �  are at zero momentum, where at the lattice 
volumes used, the pole masses and lowest lying energies coincide
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as a crude test of how three-body amplitudes may influence the spectra and our 
determination of the two-body amplitudes, approximate � and �  as `stable’  

take `stable’ masses to be the pole masses determined in previous scattering 
calculations 

this appears to be reasonable when the � and �  are at zero momentum: 
at these volumes ground-state appears dominated by `� ’-like operators

ρ K*

ρ K*
qq̄

ρ
PhysRevD.87.034505
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fit the 5 coupled-channels to the lattice spectra: 36 levels + 12 additional levels



augment t-matrix to accommodate additional two-channels

systematic tests — three-body amplitudes

fit the 5 coupled-channels to the lattice spectra: 36 levels + 12 additional levels
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augment t-matrix to accommodate additional two-channels

systematic tests — three-body amplitudes

fit the 5 coupled-channels to the lattice spectra: 36 levels + 12 additional levels

mR = 1387(7) MeV
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�R = 122(12) MeV
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mR = 1382(15) MeV
<latexit sha1_base64="svefvzi+GgqiYFXDH84yKH3Z30U=">AAACAHicbVC7SkNBEN0bXzG+ohYWNotBiE24N1FMIwRtbIQo5gFJCHs3k2TJ3ge7c8VwSeOv2FgoYutn2Pk3bh6FJh4YOJwzw8wcN5RCo21/W4ml5ZXVteR6amNza3snvbtX1UGkOFR4IANVd5kGKXyooEAJ9VAB81wJNXdwNfZrD6C0CPx7HIbQ8ljPF13BGRqpnT7w2ncXTqGYzzpnJ02ER4zpDVRH7XTGztkT0EXizEiGzFBup7+anYBHHvjIJdO64dghtmKmUHAJo1Qz0hAyPmA9aBjqMw90K548MKLHRunQbqBM+Ugn6u+JmHlaDz3XdHoM+3reG4v/eY0Iu8VWLPwwQvD5dFE3khQDOk6DdoQCjnJoCONKmFsp7zPFOJrMUiYEZ/7lRVLN55xCLn97mildzuJIkkNyRLLEIeekRK5JmVQIJyPyTF7Jm/VkvVjv1se0NWHNZvbJH1ifP+6ZlLY=</latexit>

�R = 91(31) MeV
<latexit sha1_base64="WtAsZvwIWGrGcP9h0HvqPjIh1yc=">AAACA3icbVA9SwNBEN3z2/gVtdNmMQjahLsoqIUgWmgjRDGJkIRjbzNnFnfvjt05MRwBG/+KjYUitv4JO/+Nm49CjQ8GHu/NMDMvSKQw6Lpfztj4xOTU9Mxsbm5+YXEpv7xSNXGqOVR4LGN9HTADUkRQQYESrhMNTAUSasHtSc+v3YE2Io6usJNAU7GbSISCM7SSn19rnDKlmH95eOBt7XjbDYR7zOg5VLt+vuAW3T7oKPGGpECGKPv5z0Yr5qmCCLlkxtQ9N8FmxjQKLqGba6QGEsZv2Q3ULY2YAtPM+j906aZVWjSMta0IaV/9OZExZUxHBbZTMWybv15P/M+rpxjuNzMRJSlCxAeLwlRSjGkvENoSGjjKjiWMa2FvpbzNNONoY8vZELy/L4+Saqno7RRLF7uFo+NhHDNknWyQLeKRPXJEzkiZVAgnD+SJvJBX59F5dt6c90HrmDOcWSW/4Hx8A6YjlkA=</latexit>
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explored the role of three-body 
channels — found evidence they have 
negligible effect in this case

summary & outlook

determined a resonance pole that we 
interpret as the �  resonanceb1

calculated lattice spectra in a number 
of irreps using single-, two- and three-
meson operators 

calculated three-coupled vector-
pseudoscalar amplitudes
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summary & outlook

this calculation provides a good 
testing ground for extensions to the 
three-body formalism to incorporate 
isospin and coupled channels 

a step in understanding the role of 
non-zero intrinsic spin in scattering: 
essential to calculate, e.g. � , � , �a1 π1 Zc

desirable to determine the behaviour 
of the pole and couplings at a lower 
pion mass
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summary & outlook

thank you for listening!

this calculation provides a good 
testing ground for extensions to the 
three-body formalism to incorporate 
isospin and coupled channels 

a step in understanding the role of 
non-zero intrinsic spin in scattering: 
essential to calculate, e.g. � , � , �a1 π1 Zc

desirable to determine the behaviour 
of the pole and couplings at a lower 
pion mass
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backup — `single-channel’ phase-shift
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e.g.: single-channel K-matrix with one pole:
<latexit sha1_base64="ivASOdDz7ns970V0rsKVYAfsBUY=">AAACFXicbVDLSsNAFJ3UV62vqEs3wSK40JiEit0Uim5cSQX7gCaGyXTSDp08mJkIJeQn3Pgrblwo4lZw5984abPQ1gMXDufcy733eDElXBjGt1JaWl5ZXSuvVzY2t7Z31N29Do8ShnAbRTRiPQ9yTEmI24IIinsxwzDwKO5646vc7z5gxkkU3olJjJ0ADkPiEwSFlFz1xEYjcm+d3bh2AMWIBekg8rOG7TOIUvNcN7PUMk6trGHo9ZqrVg3dmEJbJGZBqqBAy1W/7EGEkgCHAlHIed80YuGkkAmCKM4qdsJxDNEYDnFf0hAGmDvp9KtMO5LKQPMjJisU2lT9PZHCgPNJ4MnO/HQ+7+Xif14/EX7dSUkYJwKHaLbIT6gmIi2PSBsQhpGgE0kgYkTeqqERlIEIGWRFhmDOv7xIOpZuGrp5W6s2L4s4yuAAHIJjYIIL0ATXoAXaAIFH8AxewZvypLwo78rHrLWkFDP74A+Uzx+eSp0n</latexit>



backup — two-channel phase-shifts + mixing-angles
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e.g.: two-channel K-matrix with one pole:



backup — three-channel phase-shifts + mixing-angles
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e.g.: three-channel K-matrix with one pole:



backup — operator tables
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backup — higher partial-waves
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backup — reference amplitude



backup — systematic tests �  variationg(3D1)
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backup — mixed P-waves
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backup — mixed P-waves
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backup — mixed P-waves
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backup — five coupled-channel phase-shifts and mixing-angles
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E852 experiment PLB541 35 (2002)

partial wave analysis



E852 experiment PLB541 35 (2002)
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