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the parton model & deep inelastic scattering

kinematics

k = k′ + q , Q2 = −q2 , ν = q · p

p2 = M2 , x =
Q2

2ν
, y =

q · p
k · p
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Bjorken scaling – pointlike constituents

d2σ

dxdQ2
=

4πα2

Q4

{ [
1 + (1− y)2

]
F1(x,Q2)+

+
1− y
x

[
F2(x,Q2)− 2xF1(x,Q2)

] }

[MRS, 1988]
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scattering off a parton

k

k′

pq = ξp

p′q

dσ̂

dQ2
=

2πα2e2
q

Q4

[
1 + (1− y)2

]
p′2q = −2p · q (x− ξ) = 0

d2σ̂

dxdQ2
=

4πα2

Q4

[
1 + (1− y)2

] 1

2
e2
qδ(x− ξ)
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parton distribution functions

F̂2(x,Q2) = xe2
qδ(x− ξ) = xF̂1(x,Q2)

• F2 measures the fraction of momentum of the parton

• introduce a probability density q0(ξ)

F2(x) =
∑
q,q̄

∫
dξ q0(ξ) F̂2(x,Q2)

=
∑
q,q̄

∫
dξ q0(ξ)xe2

qδ(x− ξ)

=
∑
q,q̄

e2
q xq0(x)
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QCD corrections
γ∗

l

p

r

k

dΦ2 =

∫
d4r

(2π)4

d4l

(2π)4
(2π)δ+

(
r2
)

(2π)δ+
(
l2
)

(2π)4δ (p+ q − r − l)

=
1

4π2

∫
d4k δ+

(
(p− k)2

)
δ+
(
(k + q)2

)

kµ = ηpµ +
k2
T − k2

2η
nµ + kµT
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factorization

F̂2

(
x,Q2

)
= e2

qx

[
δ(1− x) +

αs
2π

(
P (x) log

Q2

κ2
+ C(x)

)]
convolution of the quark structure function (at fixed order) with PDF

F2

(
x,Q2

)
= x

∑
q,q̄

e2
q

[
q0(x) +

αs
2π

∫ 1

x

dξ

ξ
q0(ξ)×

×
(
P

(
x

ξ

)
log

Q2

κ2
+ C

(
x

ξ

))
+ . . .

]

= x
∑
q,q̄

e2
q

∫ 1

x

dξ

ξ
q(ξ, µ2)×

×
[
δ

(
1− x

ξ

)
+
αs
2π
P

(
x

ξ

)
log

Q2

µ2
+ . . .

]
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DIS observables

• PDFs are defined in a given scheme and at a given order in PT

F2(x,Q2) =
∑
i

Ci(x,Q
2/µ2)⊗ qi(x, µ2) + . . .

• PDFs are nonperturbative quantities - not accessible in perturbation
theory

• the scale dependence is determined DGLAP equations

µ2 ∂

∂µ2
q(x, µ2) =

αs
2π
P (x)⊗ q(x, µ2)
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kinematic cuts
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universality

σ(H1H2 → X) =
∑
i,j

∫
dx1dx2 qi(x1, µ

2)qj(x2, µ
2)×

× σ̂ij→X(x1x2s, µ
2, µ2

R)
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NNPDF methodology

• parametrise the PDF at some initial scale Q2
0

• compute the observables (efficiently)

F2(x,Q2) = C(x,Q2)⊗ Γ(x,Q2, Q2
0)⊗ f(x,Q2

0)

FI =
∑
α

KIα fα (FK tables)

• sufficient accuracy / small bias ↪→ closure tests

• faithful error propagation
↪→ Monte Carlo sampling of exp data (replicas)
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methodology

L Del Debbio Lat PDF CERN, July 2019 12 / 35



replicas
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NNPDF3.1
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NNPDF3.1 [1706.00428]
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gluon distribution
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agreement between different determinations
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PDF uncertainties for Higgs physics

[plot courtesy of J Rojo]
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PDF uncertainties for new physics

Beenakker et al [1510.00375]
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matrix elements

MΓ,A(ζ) = ψ̄(ζ)ΓλA P exp

(
−ig

∫ ζ

0
dη A(η)

)
ψ(0)

Ioffe time distributions

Mγµ,A(ζ, P ) = 〈P |Mγµ,A(ζ)|P 〉

Lorentz covariance

Mγµ,A(ζ, P ) = Pµhγµ,A(ζ · P, z2) + ζµh′γµ,A(ζ · P, z2)
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PDFs and quasi-PDFs

light-cone PDF – P = (P+, 0,~0⊥), ν = ζ · P = P+ζ−:

f3(x, µ) =

∫
dζ−

4π
e−i(xP

+)ζ− P+hγ+,3(ν, z2)

=

∫
dν

2π
e−ixνhγ+,3(ν, z2)

quasi-PDF, time-independent quantity – ζ = (0, 0, 0, z):

q3(x, µ, Pz) =

∫
dz

4π
e−i(xPz)z hγz ,3(ν, z2)

recent review [K Cichy & M Constantinou 18]
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from quasi-PDFs to PDFs

Extracting PDFs from lattice simulations:

• renormalization of the lattice operator
� RI/MOM prescription
� matching to MS
� trace operators and power divergencies

• Euclidean to Minkowski space

• factorization theorem for the renormalized quasi-PDF

q3(x, µ, Pz) =

∫ +1

−1

dy

y
C3

(
x

y
,

µ

|y|Pz

)
f3(y, µ2) + . . .
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lattice data as observables

[work in collaboration with K Cichy and T Giani]

ORe
γ0

(
zPz, z

2
)
≡ Re

[
hγ0,3

(
zPz, z

2
)]

OIm
γ0
(
zPz, z

2
)
≡ Im

[
hγ0,3

(
zPz, z

2
)]

0 2 4 6 8 10 12 14
z

1.0

0.5

0.0

0.5

1.0

Real part

0 2 4 6 8 10 12 14
z

1.25
1.00
0.75
0.50
0.25
0.00
0.25
0.50
0.75

Imaginary part

[C Alexandrou et al 18]
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lattice observables

evolution basis for PDFs

f3

(
x, µ2

)
=

{
u
(
x, µ2

)
− d

(
x, µ2

)
if x > 0

−ū
(
−x, µ2

)
+ d̄

(
−x, µ2

)
if x < 0

inverse Fourier transform

ORe
γ0

(
zPz, z

2
)

=

∫ ∞
−∞

dx cos (xPzz)

∫ +1

−1

dy

|y|
C3

(
x

y
,

µ

|y|Pz

)
f3

(
y, µ2

)
OIm
γ0
(
zPz, z

2
)

=

∫ ∞
−∞

dx sin (xPzz)

∫ +1

−1

dy

|y|
C3

(
x

y
,

µ

|y|Pz

)
f3

(
y, µ2

)
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factorization formula for ME
using the explicit expressions for C3

ORe
γ0 (z, µ) =

∫ 1

0
dx CRe

3

(
x, z,

µ

Pz

)
V3 (x, µ) = CRe

3

(
z,
µ

Pz

)
~ V3

(
µ2
)

OIm
γ0 (z, µ) =

∫ 1

0
dx C Im

3

(
x, z,

µ

Pz

)
T3 (x, µ) = C Im

3

(
z,
µ

Pz

)
~ T3

(
µ2
)

where V3 and T3 are the nonsinglet distributions defined by

V3 (x) = u (x)− ū (x)−
[
d (x)− d̄ (x)

]
T3 (x) = u (x) + ū (x)−

[
d (x) + d̄ (x)

]
LO : ORe

γ0

(
zPz, z

2
)

=

∫
dx cos(zPzx)V3(x, µ2)
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Bjorken scaling of ME
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systematic errors

• cut-off effects

• finite volume effects

• excited states contamination

• truncation effects

• higher-twist terms

• isospin breaking

Scenario Cut-off FVE Excited states Truncation
S1 10% 2.5% 5% 10%
S2 20% 5% 10% 20%
S3 30% e−3+0.062z/a% 15% 30%
S4 0.1 0.025 0.05 0.1
S5 0.2 0.05 0.1 0.2
S6 0.3 e−3+0.062z/a 0.15 0.3
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closure test – 1
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closure test – 2
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fit results
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outlook

• light-cone PDFs + factorization describe the structure of the proton

• necessary input for the exploitation of LHC, HL-LHC

• current extraction from data is very precise + improving

• lattice data provide complementary information, can be included in
global fits like any other data

• identify the areas where a significant phenomenological impact from
lattice QCD is possible
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global fits

NNPDF3.1 [1706.00428]

L Del Debbio Lat PDF CERN, July 2019 31 / 35

http://arxiv.org/abs/arXiv:1706.00428


kinematic range
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lattice perturbation theory
an instructive example [1705.11193]

• Oi(z) = ψ̄(z)ΓiW (z, 0)ψ(0)

• renormalization pattern: OYR,i(z) = ZX,Yij (z)OXj (z)

• one-loop computations: Z = 1 + g2CF /(16π2)Z(1) + . . .

ZLR,MS = 1 +
g2CF
16π2

(
. . .+ e2

|z|
a

+ . . .− 3 log(a2µ2)

)
ZLR,MS

12 = 0 +
g2CF
16π2

(. . .)

• one-loop matching:

CMS,RI = (ZLR,MS)−1 · (ZLR,RI) = (ZDR,MS)−1 · (ZDR,RI)
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RI/MOM prescription

renormalization condition:

OR,i(z) = Zij(z)Oj(z)

Λi(p, z) = S(p)−1
〈
Oi(z)ψ(−p)ψ̄(p)

〉
S(p)−1

Z−1
q

1

12
Tr
[
ΛR,i(p, z)(Λ

tree
j (p, z))−1

]∣∣
p2=µ2

= δij

linear divergence from the Wilson line:

Z(z) = Z(z)eδm|z|/a−c|z|

automatically subtracted in this framework

ETMC [1706.00265], J-W Chen et al [1706.01295]
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Euclidean/Minkowski

matrix element at t = 0 is agnostic about space-time signature

hγz ,3(z, Pz) = 〈Pz|Oz(z)|Pz〉

computed from different correlators in Euclidean and Minkowski

〈N(τ ′, Pz)Oz(z)N(τ, Pz)〉 = ZZ ′Mz(z, Pz)e
−ωP (τ ′−τ) + . . .

∫
dDy dDy′ ei(P (y′−y)) 〈TN(y′)Oz(z)N(y)〉 ∼

∼ iZ ′

P 2 −m2
Mz(z, Pz)

iZ
P 2 −m2

Carlson et al [1702.05775], Briceno et al [1703.06072]
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