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Introduction

The goal
QCD equation of state (EoS) o o ]
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» Fundamental property of QCD . 1TO/T 1(_)0 _ »
» Heavy-ion collisions (Gt Pepe 1)
SU(3) YM — T, ~ 300 MeV
» Cosmology
> ..

What do we know?

EoS of Ny =2+ 1 QCD for T' < 500 MeV (Bazavov et al. '14; Borsanyi et al. '14; Bali et al. '14; ...)
First exploratory results up to '~ 1 — 2 GeV (Borsanyi et al. '16; Bazavov, Petreczky, Weber '18)

>
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Most results use variants of staggered fermions

Wilson quarks are catching up ... (tmfT Collab. '16; WHOT-QCD Collab. '18; MDB, Giusti, Pepe '18; ...)



Introduction

A non-perturbative problem

Asymptotic freedom 76, ‘//’K ,
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Ln(T/T) (Giusti, Pepe '17)

Problems SU(3) YM - T, =~ 300 MeV
» PT at finite 1" shows very poor convergence
» Works only up to a finite order: no matter how small as is! (Lindé '80)

> Here "O(¢°) + Data" at T =~ 68 GeV is ~ 50% of the correction to free gas

» Resummation techniques seem to improve convergence but cf. (Andersen et al. '16)
» Uncertainties are hard to quantify reliably within PT

» Lindé issue is not solved 216



Introduction

A difficult non-perturbative problem

Free energy B L I LIS e

f:fp:fglnz - e

Trace anomaly
(Boyd et al. '96; Umeda et al. '09; ...)

I(T):€—3P_Ti(£) °
T4 — T4 T AT \T* I
4 3s/4T3
Pressure |
p(T)  p(To) TdT,I(T’) S L L L
T4 - T4 + T/5 130 170 210 250 290 330 370
AO To (HotQCD Bazavov et al. '14)
Lattice obs. (A = lattice) QCD with Ny =2+ 1 quarks
~ T dln 2 T dg 6§QCD > -
(T = —— =~ (aq— A b= , ,...} <= LCP
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Renormalization

I(T) = lim [p(T) = lim [1(T) = 1(0)] |;
Problem

The renormalization unnaturally ties together two separate physical scales
L'<T<a " AND L' ~m, = L/a=0(100) for T = O(1 GeV)
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The energy-momentum tensor

Back to basics

EMT (continuum) (Callan, Coleman, Jackiw '71; ...)
R F G
T = Tuw = Tpw + T
1

1y = o = a a
Ti = 1 {PuD + PrDub} — L™ TS = g2 FiaFla = 8w L8
0

Entropy density
Ts(T) =p(T) + &(T) e = (Too)r p=—(Ter)T
EMT (lattice) (Caracciolo et al. '90 '91 '92)

T =T+ BB L 7 T, e 6], Too — Tar € (8], Tow € [1]
> T = 2V (o) T + 28 (90) T
a—0
> (Tou)r/T o (aT)™*

Novel approaches

» Thermal QFT in a moving frame (Giusti, Meyer '13)
» Ward identities with flowed probes (Patella et al. '13)
» 7, from small flow-time expansion (s. next talk!) (Suzuki '13)

5/16



Thermodynamics in a moving frame

The relativistic fluid

Rest frame
e 0 0 O
10 p 0 O
Tuw = 00 p O
0 0 0 p

Moving frame

Tor = 72(p + &)k v = velocity, v =

1
V1—v2
Too =7 p+e)—p Tie=>"(p+e)vjve +pdjk
Entropy density (using Ts =p—+e)
Tor

Ts =
s ~2ur

[T = temp. rest frame]|

Kinematic relations

Tor = Too + Tir) [ve # 0]

1+2(

(Minkowski space)
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Thermodynamics in a moving frame

Shifted boundary conditions (continuum)

Thermal QCD path integral [L = co]
A, (Lo, ) = A0, )

P(Lo, ) = —e1(0,z)

Euclidean boost / SO(4) rotation [.‘;‘ = —iv; v=(1 +€2)’1/2]

Z(Lo,0) = /[DA][DE}[DQ/;]6_SQCD[A7E»1P]

Lqcp Lqcp

SO(4)

Au(LE),a:) = A,(0,z) — Au(Lo,x) = A0, — &Lo) [L6 = Lo/7v]

¥(Lo, ) = —e"4(0, ) (Lo, ) = —e"4(0,@ — &Lo)
Partition function
Z(Lo,§&,0) = Tr{efLU(ﬁ*iE'Pe)}

Free energy

1 V—oo
f(L07€70):_Loivan(L07£a€) f(LO,gvg) = f(LO/’%O:g)
Entropy density
(Tok)e,0—=0 v

Ts(T) = — T=_L

Y2k Lo
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Thermodynamics in a moving frame
Shifted boundary conditions (lattice)

Thermal QCD path integral [L = co]
Uu(Lj,x) = Uy,(0,x)

w(Léh :1}) = _emw(0> $)

Euclidean boost / SO(4) rotation [ﬁ = —iv; v=(1 +€2)’1/2]

Z(Lo,0) = / [DA|[DP|[Dy] e Sracp[Ud.v]

Lrqgcp Lrqcp
Uu(LE)vw) = Uu(0,z) j%z Uu(Lo,x) = Uu(0,2 — §Lo) [LE) = Lo/7v]
¥(Lo, ) = —e""4(0, ) (Lo, ) = —e""4(0, @ — € Lo)

Partition function
§(L0,€, 0) = Tr{efLU(ﬁ*iE'Pe)}

Free energy
Fll0,6,0) =~ 0 B(L0,60)  F(L0,,0) 2 [(Lo/,0,0)

Entropy density

s < ;OIZ>§-9:0 B
= _270k/&,6=0 -
Ts(T) ElLu% V26 1 ;



Renormalization of the EMT

Ward identities (continuum)

Momentum identities

0

<76k‘>579 = _af([‘ov 579)
Lo(Tox(x0)O)e.0.c = 8i<0>5’9 Tor(wo) = / dz Tok (x0, x)
ke v

Baryon number identities
Vol = Lot §(L0,€,0)
Vol@o)O)eoe = ime(Oeo  Vola) = Hahov(a)

Other identities

90, 00 W 0
T&%f = %@f = *ZaTk<V0>£,0 = LO%UB/J&,@
&k

(Tok)e,o = ((760)5,9 - <77ck>g,e) +FV

1-&
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Renormalization of the EMT
Ward identities (lattice)

Momentum identities

~ ~ Lo - ~ . —~ .
<7?)113>£,9 = ffaik f(Lo,&,0) + O(a) —8(; (&) = 272[ €+ Lﬁ) —fle—- %)]
Lo(Tgu(20)O)e.c = 5o-(O)eo +O(a)

k

Baryon number identities

95 f(L07£79)

00
Vol@)O)eae =i5(Oheo  Tol@) = §[B(w)(r0 ~ e "Uo(e)p(w +0) + cc.]

i(Vo)e.o = Loss

Other identities

i (Tolen = Lo (Te)eo +0(a)

(Tieo = 12 (e ~ (Tieo) +0(a) + FV
k
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O(a)-improvement of the EMT

Massless case
Lattice action

O(a)-improved Wilson fermions

Lattice EMT (Caracciolo et al. 90 '91 '92)
G _ 1 50 5 el
7;“ - gTFHPFVP - 5#”[:
0

— > <> — Axd > ~
T = ${07 Vo + VoY + 97 [Vi+ Vi ]9} — 6 L7
O(a)-counterterms (mq,r =0; i € [6,3]) similar problem to (Capitani et al. '00)

_ D _ “
Ol,;uz = waupFupw; O2,uu = w{Dpw Du}w; OS,MV = ap (d)altle/d))

Tk =28 (00) T2 + 23 (go){ T + a6 50} TN = Y 0 6l (90)0]

k,pv

k=1,2,3
Remarks

> ¢! (90) = O(gt)
» O, and O3 can be neglected when considering (TR’[i]>g,g

pv,l

» In finite volume NO spontaneous chiral symmetry breaking = (5775,’[%5,0 = O(a)

Note that this is also true in infinite volume if T > T_! e



O(a)-improvement of the EMT

Mass-degenerate case
O(a)-improved parameters (Lisscher et al. '92)
g(QJ = gg (]_ =+ bg(go)amq) Mg = Mo — Merit
Mg = mq(l + bm(go)amq)
O(am)-counterterms (mq,r = m; i € [6,3])
04,;1,1/ = mn(i 5 05,;1,1/ - mﬁﬁz
O(a)-improved EMT
R,[i i~ Pli
Tk =28 @ T + 23 o) T

pv,I pv,I
with

T = (1462 (gc ) Q) T b5 = 0(gd)

pv,I

Tood = (1467 (g0)ama) {72 +a677£“} br! =1+ 0(g3)

i
Remarks
» For non-degenerate quarks we have one additional b coefficient of O(gg)
> Assuming a1 < 1, O(am)-effects are expected to be small (< 1%)
for the light quarks once T' 2 1 GeV
» Perturbative estimates for the improvement coefficients are likely
sufficient at these high temperatures 12/16



A test in perturbation theory

Renormalization constants and improvement coefficients at one-loop order

Ward identities

9 ~
<7BIZ:£6]>5,9 = " o6, (Lo, &,0) <7BIZ:£6]>§,9 =

Renormalization constants

&k
1-¢&

(Toniheo — (T en)

1 L
Zo(go) =1+ g3 [NZG™N + <20 N + Nz ] + 0(g9)

Zr(90) =1+ goCr 2y’ + 0(g3)
Results: Unimproved and O(a)-improved Wilson for both [6, 3]
Perfect agreement with the literature (when available) (carscciolo et a. '92; Capitani, Rossi 95)
O(a)-improvement coefficients
cx(90) = O(gd) b (90) = 1+ g™ +O(g0) b7 (90) = g3b7"" + Oa)
Results: O(a)-improved Wilson for both [6, 3]
Perfect agreement with the literature (when available) (Capitani et al. '00)
For geeks
> Lo/a=4—-32, R=L/Lo=>5— 15, several £ and 6 values
» Gauge zero-mode removal = R — oo extrapolations

» Coordinate space calculation based on FFT 116



Towards the EoS at high temperature
General strategy
Master equation
s(T) _ . Li(Tok1)eo=o
=lim —————~>"——
T3 a—0 ’76£k LO
Lattice set-up
» N =3 O(a)-improved Wilson quarks with shifted bc., £ = (1,0,0)

Lines of constant physics (MDB et al. '16, '18; Campos et al. '18)
> 8 values of 7'~ 2.8 — 80 GeV fixed by g2p(p = T/7)
> Lo/a=6,810(,12) and L/a = 288 = TL ~ 34 — 17
» mqr = O(a?), i.e., massless quarks
» PT values improvement coefficients
Systematic effects
» Mass effects: ()|, = (T)|m—o + O(m?/T?)
Expected to be quite small for light quarks for T' = 2.8 GeV
Actual size needs to be estimated at the smaller T"'s
» Finite size effects: s(7)|. = s(T)|1=cc + O(e™™ ) W/ m = O(T)  (Gusti Meyer 13)
L/a = 96 simulations and measure of m(7T’) to estimate actual size

> O(a)-effects: Monitor size of O(a)-counterterms e



Towards the EoS at high temperature

Some preliminary results. Perturbative Z’s have been used for illustration!
Vertical scale should not be taken at face value!

20.5 | T=28GeV —i ]
T=46GeV +—e—

20 L T =175GeV ]
T =30.5GeV ——
T =478GeV -

19.5 & lk T=165GeV —e— 7

= b

& f

185 [ l E
18 © l % i

175 | i
0 0.005 001 0015 0.02 0.025 0.03
Remarks (o/Lo)*
> Nue = 100, 250,450 for Lo/a = 6,8, 10
> Var(s(T))/s(T)? « (Lo/a)®; Tine < 2MDUs
> About 1% error for Lo/a = 10
» Small discretization errors (?)



Conclusions & Qutlook

Conclusions

>

>

QCD in a moving frame is a powerful framework
for thermodynamics studies

Offers alternative ways for computing thermodynamics
quantities

Provides many Ward identities for the non-perturbative
renormalization of the EMT

The framework passes with flying colours an analysis to
1-loop order in PT

Preliminary results on the bare entropy are encouraging

Outlook

» The non-perturbative renormalization of the EMT is on its way

Accurate determination of the EoS of Ny = 3 QCD in a totally
unexplored temperature range

How accurate is PT in this regime?

Heavy-quark effects? PT or non-PT?
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