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How to calculate finite-volume effects, T = oo
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Poisson summation formula

1 d’q llnada
F Z N Z/(27Ta iLlnaq

aa € ZF 23 ng €73

ng = (nL, ni, ni) can be interpreted as the wrapping numbers of the loop « around the torus.



How to calculate finite-volume effects, T = oo

AMVP(L) = SV —

AP (
,/ don(xo)/ d w@ww WVCZ?DW —ZmWL)

> Leading contributions: only one loop wraps around the torus.

» Feynman diagrams can be resummed in a skeleton expansion.

v

Small blobs: infinite-volume dressed propagators. Big blobs: infinite-volume 1Pl vertices.

\4

Small blob with L: finite-volume propagator
1 e/'an
e TR S P )
nez3\ {0} 7‘

> Where is the exponential decay?



How to calculate finite-volume effects, T = oo

A2l HVP(L) _ HVP( _ HVP
,/ dXQK(Xo)/ d° W@va quiDW 72m7rL)

n
» Decompose p = pp— + pL

In]

> Shift the p, integral in the complex plane to R + 2im

a* - m2 .

E / Je etinlen f(pnspL, k) :/ pé Liny/m?+03 X (residue at the poles) +
(2m) (2m)

nez3\ {0}

d4P 2L iL
+/(27r)467 m (ol g I"“’"F(p,,+2im,r,pL,k)

Pole contributions = On-shell pions =  Compton scattering amplitude
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Final formula, T =
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Integration kernel

2
PN 4 8Ky (2t) oo eTIVvIH
K(t) =t —2ﬂt+(875—2)+§+8|0g(t)—f—S/O dvm

> Reference to the effective field theory has disappeared, everything is now defined in terms of
the fundamental theory (QCD).

» Only space-like photons contribute!

> Can we use this formula for a numerical estimate of finite-L effects?



Estimates

AP (L) = —

2 ~ dk
/dp3 —InlLy/m 03 /°° dxo IC(m“xg)/Jcos(xglg)Re T(—2, —k3p3)
271'Lm“ n?:,o |n\ 0 J 2w
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Space-like electromagnetic form factor of the pion, phenomenological fit
D. Brmmel et al. [QCDSF/UKQCD Collaboration], The Pion form-factor..., Eur. Phys. J. C 51 (2007) 335.

2 K\
Fr(K?) =<1+W> . M =727 MeV



Estimates

AP (L) = —

dps _ /m2
/ p3 InfLy/m +p3 / dxp K( my,xg) /—cos(xgkg;)Re T(— k3,—k3p3)
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Compton scattering amplitude in the space-like region (it is a distribution!)

204m> + k%) FA(K*)  2(4m? + k%) F2(K%)
k2 + 2pk — ie + k2 — 2pk — ie

T(—k*, —kp) = + T™¥(—k*, —kp)

Space-like electromagnetic form factor of the pion, phenomenological fit
D. Brmmel et al. [QCDSF/UKQCD Collaboration], The Pion form-factor..., Eur. Phys. J. C 51 (2007) 335.

2 K\
Fr(K?) =<1+W) . M =727 MeV

Regular part of the Compton scattering amplitude, NLO chiral perturbation theory

7m? + 4k? 4m2 4m2
reg 2 _ 2 ™ s
T™(—k%, —kp) = o + ak’ — 767#{73 1+ 2 cotg” 4/1+ P




Estimates

m, =106 MeV M =727 MeV  a=700x 10" "°

m, = 137 Mev

form-factor contribution T8
2 Aa(L) —mgl —2mg L —V3BmxL —2mgL —VBmy L —mgl

mel | —10°222 || e ‘ e VT ‘ e V" ‘ e " ‘ e V" e "
4 3.15 1.26 1.16 0.32 0.10 0.19 -0.019
5 1.42 0.852 0.428 0.081 0.020 0.029 -0.005
6 0.629 0.461 0.141 0.019 0.003 0.004 -0.001

7 0.274 0.226 0.043 0.004 0.001 0.001 -

8 0.118 0.104 0.013 0.001 - - -

Comparison with the free-pion approximation

ma L ‘ F0d) = (1+5) 7 ‘ Fr(k?) =1

0 ~N o oA

m2
3.15 2.12
1.42 1.05
0.629 0.491
0.274 0.223
0.118 0.099
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Finite- T corrections

3
AaVP(T) = AadB(T) + AalPS(T) + A&l (T) + O(e™2™")

Out-of-the-Box contribution

o 3
AsP(T) = [ b K(x) [ xS0 (0, 7 (0
=1

2

Backward-Propagating-States contribution
% 3
AEPS(T) :/ dxo K(x0) /d3xZ(ju(T—x0,x)jH(O)>w
0 . =t

Proper Finite-Temperature contribution

% d3p e—T\/mgrﬂlz
AagT(T):/ dxo K(x0) /—7><
0 J (@m)®2/mZ +p?

3
X lim /d3x > D (P alip(x0,%)jp(0) P, 4)
' —p

q=0,%£1 p=1

TO do: estimates!



Some comments — Conclusions

The space-like form factor is the natural quantity that enters in the finite-L effects, not the
time-like one (but one can always use dispersion relation).

We studied the finite-volume effects of a particular estimator of aHVP, ie.

T/2 L 3
V(T L) — / dxo K(x0) / d*x > G (50, ¥)ju (0)) 7,1
0 0 —
=1
Different estimators will have different finite-volume effects.

Because of the noise at large distance, one may need to cut the integral over xp, i.e.

%0 L 3 ) )
ST > [ oK) [ a3 (607 O)
0 0 —
=1
The finite-volume corrections of this integral can be calculated with the same techniques.

If the tail of the two-point functions is reconstructed with a subset of states e.g. extracted
with a GEVP, power-law finite-L corrections are artificially introduced (people are doing more
refined things).

NNLO chiral perturbation theory gives divergent integrals.

Finite-T corrections can be estimated as well, but they are likely to be negligible in standard
setups T > 2L. Choosing T = L seems to be a bad idea.
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A representation suitable for numerics
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Integrate over p3 and isolate the distribution

dps il e
T(ki;lnIL):/z—’:e Il m2 P8 (K2, —kaps) = 2(4m? + K2)F2(K2)C(KZ: In|L) + T™5(K2; |n|L)

d _ 2, 2 1 1
C(Kilnl) = Re [ e '"‘Lv"’m’z{ + : }
iy

k§+2p3k37i6 k32 — 2p3ks —

- dps _jol1 [ 752 e
TG i) = [ e MR BTG o)
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A representation suitable for numerics

2
HVP o 1 fee = dks 2.
AMVP(L) = _WE"#O:H'/O dxo K(myuxo) /Ecos(xokg) T (K n|L)

Fourier representation of the integration kernel
—~ > d
K(t) =2 %f(wz) [w2t2 -2+ 2cos(wt)]
o W

~ 16
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A representation suitable for numerics

2
HVP a 1 i = dks 2,
Aa (L) = 7@ E#O ol /0 dxp K(muxo) /g cos(xoks) T (k3;|n|L)

Fourier representation of the integration kernel

= > dw

K(t) =2 ?f(wz) [w2t2 -2+ 2cos(wt)]
flw?) = 1
VAT [VET W + V|

Integrate over xp
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A representation suitable for numerics

AVP(L) = / dxo K(mpxo) /7 cos(xok3) T (k3; |n|L)
27er2
W #0
Fourier representation of the integration kernel
—~ > d
K(t) =2 & f(w?) [wth 24 2cos(wt)]
oo W
2 16

f(w)’m{m+\/ﬁ]

Integrate over xp

/Oo dxo cos(xoks)K(myuxo) = —mm?, 8" (k) + 4 /jo %“;f(f) [5(wm,s — ks) — 5(ks)]

Integrate over k3

SR dk
/ dxo IC(mMXO)/—3cos(x0k3)T(k32;|n|L) =
0 27

T (K: n|L) — T(0; n|L)

*—miT’(O;\n\L)+4mM/O dksf(my, > k3) 7
3




A representation suitable for numerics: summary

2

AVP(L) = ot T 1

"~ 2nlm, parr |n|

’ o — T 2; — T7(0;
{mﬂ‘(o;|n\L)—4/0 dksF(m243) (kg InlL) — 710 |"|L)}

K

Forward Compton scattering amplitude in space-like region

2(4m% + K2)F2(K)  2(4m2 + K)F2(K?
-,—(_k27 —kp) — ( m. + ) 7r.( ) + ( mz + ) 7r‘( ) + 7—reg(_k27 —kp)
k2 + 2pk — ie k2 — 2pk — ie

reg

where Ffr(kz) is the pion electromagnetic form factor and 7" is the regular part.

Intermediate quantities

T (k3 InlL) = 2(4m’ + k)7 (k3)C(KS: n|L) + T"(k3; [n|L)

k3 )2 k3 )2
u —|n|L1/m3\.+(p3—423~) —|n\L,/m3‘,+(p3+§)
p3 € —e
27

2p3k3
dps _ 2
TR InlL) = [ 2B TG~ apa)

¢(k3iInlL) =

Integration kernel in Fourier sapce
16

= [VaTar+ V]
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