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QCD Fock space 
At low-energies QCD = hadronic degrees of freedom ⇡ ⇠ ūd, K ⇠ s̄u, p ⇠ uud
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At low-energies QCD = hadronic degrees of freedom ⇡ ⇠ ūd, K ⇠ s̄u, p ⇠ uud

Infinite-dimensional matrix for each set of quantum numbers

QCD Fock space 
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scattering rate unitarity relation

pions

Extracting resonance properties

Protopopescu et al. (1972)
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Analytic continuation reveals a complex pole

ER = MR + i�R/2
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E (GeV)
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pions

EB = MB

scattering rate unitarity relation

bound state

resonance

Protopopescu et al. (1972)
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Riemann sheets
Most useful to analytically continue the scattering amplitude

M`(s) =
1

K`(s)�1 + ⇢(s) ⇢(s) / �i
p

s� (2M⇡)2



physical sheet unphysical sheets = E2
cm

sR = (MR + i�R/2)
2

Riemann sheets
Most useful to analytically continue the scattering amplitude

Each channel generates a square-root cut → doubles the number of sheets

M`(s) =
1

K`(s)�1 + ⇢(s) ⇢(s) / �i
p

s� (2M⇡)2



To proceed we have to make three modifications

Euclidean 
signature

3
nonzero lattice spacing1

finite volume,2 L

ImE

ReE

Lattice QCD

=

Z
dN� e�S

h
interpolator 

for observable

i
observable?



Difficulties for multi-hadron observables

The finite volume… 
Discretizes the spectrum 
Eliminates the branch cuts and extra sheets 
Hides the resonance poles

L
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Observables available in LQCD

hOj(⌧)O†
i (0)i =

X

n

h0|Oj(⌧)|EnihEn|O†
i (0)|0i =

X

n

e�En(L)⌧Zn,jZ
⇤
n,i

LQCD → Energies and matrix elements
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X
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Determine optimized operators by diagonalizing (GEVP) - requires distillation

⌦
⌦m0(⌧) J (0) ⌦†

m(�⌧)
↵
⇠ e�Em0⌧ e�Em⌧ hEm0 |J (0)|Emi+ · · ·

⌦
⌦m(⌧)⌦†

m(0)
↵
⇠ e�Em(L)⌧ + · · ·

Our task is relate             and                            to experimental observablesEn(L)
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KEY IDEA: We can use the finite volume as a tool to extract  
multi-hadron observables 

Multi-hadron processes from LQCD 

Single-channel two-to-two scattering

Coupled-channel two-to-two scattering + spin

Two-to-three and three-to-three scattering
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The finite-volume as a tool
Finite-volume set-up
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Scattering leaves an imprint on finite-volume quantities

The finite-volume as a tool
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Hint of the derivation

M`=0(Ecm) = + · · · = ��+O(�2)

In the infinite-volume world…
Low-energy degrees of freedom  

(e.g. pions in QCD)
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Leading order → no poles
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Two-particle quantization condition

Matrices in angular momentum space

Holds only for 

Ignores suppressed volume effects (            )

E⇤2
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Matrices block diagonalize into finite-volume irreps, e.g.

Finite-volume energies = solutions to…
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 Alexandrou et al. (2017) 
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Strategy:

Diagonalize (GEVP) to 
extract energies

Vary L and P to recover a 
dense set of energies 

hOa(⌧)O†
b(0)i h⌦m(⌧)⌦†

m(0)i ⇠ e�Em(L)⌧

[000],A1

[001],A1

[011],A1

En(L)

Matrix of correlators 
with varied operators

The cubic volume mixes different partial waves…

…as well as different flavor channels…



Identify a broad list of K-matrix parametrizations

Vary L and P to recover a 
dense set of energies 

hOa(⌧)O†
b(0)i h⌦m(⌧)⌦†

m(0)i ⇠ e�Em(L)⌧

[000],A1

[001],A1

[011],A1

En(L)

Matrix of correlators 
with varied operators

Diagonalize (GEVP) to 
extract energies

EFT basedpolynomials 
and poles

dispersion 
theory based

det

✓
Ma!a Ma!b

Mb!a Mb!b

◆�1

+

✓
Fa 0
0 Fb

◆�
= 0

a = ⇡⇡

b = KK
e.g.

det

✓
M�1

s 0
0 M�1

p

◆
+

✓
Fss Fsp

Fps Fpp

◆�
= 0

K⇡ ! K⇡
~P 6= 0

e.g.

The cubic volume mixes different partial waves…

…as well as different flavor channels…

Strategy:

Not a one-to-one mapping



Identify a broad list of K-matrix parametrizations

Perform global fits to the 
finite-volume spectrum

Matrix of correlators 
with varied operators

Vary L and P to recover a 
dense set of energies 

hOa(⌧)O†
b(0)i h⌦m(⌧)⌦†

m(0)i ⇠ e�Em(L)⌧

[000],A1

[001],A1

[011],A1

En(L)

Diagonalize (GEVP) to 
extract energies

EFT basedpolynomials 
and poles

dispersion 
theory based

Strategy:

det

✓
Ma!a Ma!b

Mb!a Mb!b

◆�1

+

✓
Fa 0
0 Fb

◆�
= 0

a = ⇡⇡

b = KK
e.g.

det

✓
M�1

s 0
0 M�1

p

◆
+

✓
Fss Fsp

Fps Fpp

◆�
= 0

K⇡ ! K⇡
~P 6= 0

e.g.

The cubic volume mixes different partial waves…

…as well as different flavor channels…

Not a one-to-one mapping



Conclusions and outlook
Multi-hadron observables accesible in LQCD
Use the finite-volume as a tool

L

L

L

E0(L)

E1(L)

E2(L)

Numerical implementation well underway… still lots to come

Room for thought: 
Incorporating lattice/residual volume effects
Confronting the non-one-to-one mapping
Extending beyond two-to-two! (Steve’s talk)



Conclusions and outlook
Multi-hadron observables accesible in LQCD
Use the finite-volume as a tool

L

L

L

E0(L)

E1(L)

E2(L)

Numerical implementation well underway… still lots to come

Room for thought: 
Incorporating lattice/residual volume effects
Confronting the non-one-to-one mapping
Extending beyond two-to-two! (Steve’s talk)

Approaches not covered here
Finite-volume hamiltonian method

HALQCD potential method

Reconstruction of the spectral function

Lüscher + KSS methods for long-range matrix elements

W2 - Tues - Derek, Finn

Fri - John, Antonin

Tues - Zohreh



Conclusions and outlook
Multi-hadron observables accesible in LQCD
Use the finite-volume as a tool

L

L

L

E0(L)

E1(L)

E2(L)

Numerical implementation well underway… still lots to come

Room for thought: 
Incorporating lattice/residual volume effects
Confronting the non-one-to-one mapping
Extending beyond two-to-two! (Steve’s talk)

Thanks for listening   -   Enjoy the workshop!
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