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Theoretical Oscillation

From the Newton law:
d?x -
m, — = —
€ dt2 Jelix

d’x q,
+ E. =20 1
dt2 m, * &)
Where:

* Xxis the electron position in the horizontal plane;
e m, is the electron mass;
* (., is the electron charge;

E, is the horizontal electric field due to the bunch passage which acts on the
electron:




Theoretical Oscillation

Electric Field of a Two-Dimensional Gaussian Charge
Bassetti-Erskine:

o . 0.
x =2 +iy=X
Oy oy

Z(sz - Uyz)

2 2

x2 L y?

E.(x,y) = Az Im|W Ty —e
280\/27T(O'x2 — ayz) \/Z(ze — ayz)

Where:
e yisthe electron position in the vertical plane;
* &, is the vacuum permittivity;
* o,and g, are the transverse dimension of the bunch (RMS), horizontal and vertical,
respectively (o, > ay,);
e A, is thelinear longitudinal charge density of the proton bunch;
« W({) is the complex error function:
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Theoretical Oscillation

Electric Field of a Two-Dimensional Gaussian Charge
Complex Error Function:

Expanding in series:

< Gon
W(Z)_;F(%+1)

Where the Gamma function is defined:
F'(n) = fooo tmle~tdt

Stopping at the first order:

J(3)_12
2) 2"

W) =1+j—=¢




Theoretical Oscillation

Electric Field of a Two-Dimensional Gaussian Charge

Iy

Ex(X)| T Ao Im|W - — e_Zf’TW Ox
=0 280\/27T(O'x2 — ayz) \/2(0,} — ayz) \/2(0,} — ayz)

Expanding in series and stopping at the first order:

Xo-y
A 2j 2j o,
Ex(x)| L z Im 1+\/]_ - —1—\/]_ Ox
B 280\/27T(O'x2 — ayz) n\/z(ng — gyz) ﬂ\/Z(JxZ _ Gyz)
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A 2 1-77
Ex ()| z fo

=0 280\/27T(0'x O'yz)\/_\/Z(O'x ayz)
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Theoretical Oscillation

Substituting (2) in (1):

2
d-;c de /12 x =0 5C°_|_wx2x=0
dt?> = m, 2meyo,(0y + 0y)

ez
2TTEGM L O,y (O'x + ay)

(3)

Wy =
\

The linear longitudinal charge density of the proton bunch:

e Uniform distribution:

CIer : .
,12 — (4) N, is the number of proton in the bunch
L L is the length of the bunch (4a,)
« Gaussian distribution:

2

N __Z
A,(2) = 1e7b_ 26,2 (5)
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Theoretical Oscillation

Equation of the Electron Transverse Motion: Harmonic Oscillator
Symmetry between Horizontal and Vertical plane

¥+ wx=0 (6

x(0) = x, (7.1)

Where:
* w, is the angular frequency of electron oscillation in the horizontal plane;

* X, isthe electron position at bunch head;
* v, is the electron velocity at bunch head.




Theoretical Oscillation

Solution of the harmonic oscillator:

x(t) = A, cos(w,t + @,) (8)

Where:
* A, is the amplitude of electron oscillation in the horizontal plane;
e tisthe arrival time of the proton slice;
* @, is the phase of electron oscillation in the horizontal plane.




Theoretical Oscillation

Solution of the harmonic oscillator:

x(t) 0S(w,{t +{@.) (8)

Oscillation Amplitude Oscillation Phase

Oscillation Angular Frequency




Theoretical Oscillation: Frequency

Solution of the harmonic oscillator:

x(t) = A, cos{w,|t + ¢,) (8)

Oscillation Angular Frequency

A
a)x — qe VA (3)

2TTEYM , T (O'x + ay)

\




Theoretical Oscillation

Solution of the harmonic oscillator:

x(t) os(w,t (8)

Oscillation Amplitude Oscillation Phase




Theoretical Oscillation: Amplitude - Phase

Solution of the harmonic oscillator (ultra-relativistic regime t = z/c):

x(cos [% (z —

Oscillation Amplitude Traslation in z axis: Oscillation Phase
Z, = 20,

{X(Zo) = Xo (9.1)
x(29) = Vxo (9.2)

Where:
* X, isthe electron position at bunch head;
* U, is the electron velocity at bunch head.
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Theoretical Oscillation: Amplitude - Phase

Solution of the harmonic oscillator (ultra-relativistic regime t = z/c):

x(cos [% (z —

Oscillation Amplitude Traslation in z axis: Oscillation Phase
Z, = 20,
( x(zg) = Ay cos(@y) = X (10)
! . dx dx dz Wy |
x(zg) =|—| =|——| = —-A4,—sin cC=7v (11)
\ Zg Zg
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Theoretical Oscillation: Amplitude - Phase

( A, cos(g,) = xq (10)
VA4, sin(g,) = — 22 (1)
Wy
| l
( 2
(10)2 + (11)? A% = x,? + (@) (12)
wx
3 Vo
X 13
(11) / (10) O, = —(,l”l"CtCln]V ( x{)(l)x> ( )
\




Theoretical Oscillation: Amplitude - Phase

Solution of the harmonic oscillator (ultra-relativistic regime t = z/c):

x(z) cos (Z —

Oscillation Amplitude: Traslation in z axis: Oscillation Phase:
2 _ v
sz = xo° + <i> (12) POy = —arctan,V< % 1(13)

Oscillation Angular Frequency:

A
W, = ez (3)
Zneomeax(ax + ay)




Theoretical Oscillation:

Linear Region Normalized ™
radius Eos.
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Theoretical Oscillation:
Linear Region

E, [MV/m]

0.2

In our case:
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Theoretical Oscillation:

. . 08
Linear Region
Firstly, we generate the electrons or we use a 2.
build-up simulation (no control on the velocity) .
0.2
Secondly, we can choose the electron: ;
( 0.0+ i :
2 T T T T T T
) sy (M) L, 0 apeanats
x = [Xo ~ HAxgoal 25001
) Wy 200073
. 2 o 1500-?
y0 2 Looo.
Ay = Yo* + <_> ~ Aygoal £ 1000
Wy z :
\ 5 500
_ 2 2 o]
Tmax = JAxgoal + Aygoal _s00} : |
. . . . . . 00 05 10 14 20 25 30 35 40
(rmax: When the electron is oscillating in phase in Norgalized Radius
the planes) (3) 1
Tmax NAs to be inside the linear region >4 /\
0.0
 Uniform longitudinal profile: 0] -

research at bunch start (24,) =

. Lo . Z-0al

« Gaussian longitudinal profile: T
-0.6

research at bucket start (z.,) |
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Theoretical Oscillation:
Linear Region

E, [MV/m]

The minimization of the mean squared error is the 02
criteria in order to choose the electron: ool

. 1
0.0 05 10 14 20 25 30 35 40
Norgnalized Radius

e~ = argmin;(d;) =0
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15001
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Theoretical Oscillation: Invariant
x(t) = Ay cos(wyt + @) (8) = Uy () = —Axwy sin(wyt + @) (17)

The kinetic energy of the system is:

1 1 :
K(t) = Emevxz(t) = —m, A 2w, 2sin?(wet + @) (18)
The potential energy of the system is:

1 1
U(t) = Emea)xzxz(t) = 7 Me Ay’ wy?cos? (wyt + @) (19)
The total energy of the system is:

1 , o, 1 5 Vxo®
E=K()+U(t) = f'meAx Wy = 7MWy | Xo + P~ (20)
X

(it does not depend on time: invariant)
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Simulation Parameters

Bunch Intensity: 1.2e1l protons per bunch

Bunch length: 1.20 ns

Enx = Eny = 2.5 um

Energy: 7 TeV

Electron density: 1e12 e/m3 (drift, dipole), build-up (quad)
« SEY:1.30

« By =Py=600m

&)

N/ S



Numerical Parameters
Slices = 500

MPs/slice = 5,000

Segments = 16

Max Electron MPs = 900,000
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Uniform Longitudinal Profile

o, = 89.9 mm
Zeyt =375 MM

500 slices
]

Uniform Bunch Profile

7000 e Theorl/
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< L
G 3000
0 z| > =
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Uniform Longitudinal Profile

Theoretical Oscillation: Frequency
In the case study: uniform distribution and round bunch

de’z ® _9eMo g

W, = 1 =
g N o (N e z L

\

1
fo =fy =5-wx =3.26 GHz

Where:
- N, =1.2ell;
e 0, =89.9 mm;
e L=360 mm;
* 0y =0, =448 ym.
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Uniform Longitudinal Profile: Drift Space

Axgoal = 0.1 mm Aygoal = 0.1 mm at bunch start
Drift Space  Uniform Bunch Profile  Horizontal Drift Space  Uniform Bunch Profile  Vertical
1.0: —— Simulation, f, = 3.24 GHz 0.81 —— Simulation, f, = 3.26 GHz
= Theory, fy = 3.26 GHz = Theory, f, = 3.26 GHz
0.81 0.6
—0.6 —_
£ €04
£ £
d 0_4_ e
X >
0.2
0.2
0.0+ 0.0-
-04 -03 -02 -01 00 01 02 03 04 -04 -03 -02 -01 00 01 02 03 04
z [m] z [m]

« Good agreement between simulation and theoretical prediction
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Uniform Longitudinal Profile

. Dipole
Axgoal = 0.0 mm Aygoal = 0.1 mm

at bunch start
Dipole  Uniform Bunch Profile  Horizontal Dipole  Uniform Bunch Profile  Vertical
0.01 0.0
-0.21 -0.2
£ £
£ -04 £ 04
x >
—-0.6 -0.6
—— Simulation = Simulation, f, = 3.28 GHz
—0.81 —— Theory -0.8 —— Theory, f, = 3.26 GHz
-04 -03 -02 -01 00 01 02 03 04 -04 -03 -02 -01 00 01 02 03 04
z[m]
[ ]

z [m]
Good agreement between simulation and theoretical prediction

In horizontal plane, the electrons cannot move due to the presence of the
dipolar magnetic field
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Uniform Longitudinal Profile: Quadrupole

Aygoal = 0.1 mm Aygoal = 0.0 mm at bunch start
Arc Quadrupole  Uniform Bunch Profile  Horizontal Arc Quadrupole  Uniform Bunch Profile  Vertical
0.20+ 0.20
0.151 0.15
0.10+ 0.10
' 0.05 ‘S 0.051
E E
< 0.00 > 0.00; W\
—0.051 —-0.05
-0.10+ -0.10 o
= Simulation, fx = 3.36 GHz = Simulation, f, = 2.92 GHz
—0.151 = Theory, fx = 3.26 GHz -0.15 =—— Theory, f, = 3.26 GHz
-04 -03 -02 -01 00 01 02 03 04 -04 -03 -02 -01 00 01 02 03 04
z [m] z[m]

« Good agreement between simulation and theoretical prediction




Uniform Longitudinal Profile: Quadrupole

Axgoal = 0.0 mm Aygoal = 0.1 mm at bunch start
Arc Quadrupole  Uniform Bunch Profile  Horizontal Arc Quadrupole  Uniform Bunch Profile  Vertical
0.101 0.4 —— Simulation, f, = 3.15 GHz
= Theory, f, = 3.26 GHz
0.05+
0.3
— —0.051 — 0.2
£ £
£ -0.10 E
0.1
X _0.15- > \_/
—0.201 0.0
—0.25; —— Simulation, f, = 3.26 GHz
—_— -3, —0.1-
~0.30- | | | Theow, f, | 3.26 GPI-IZ | | , | ‘ , , | | | | |
-04 -03 -02 -0.1 0.0 0.1 0.2 0.3 0.4 -04 -03 -02 -0.1 0.0 0.1 0.2 0.3 0.4
z[m] z [m]

« Good agreement between simulation and theoretical prediction




Uniform Longitudinal Profile: Quadrupole

Axgoal = 0.1 mm Aygoal = 0.1 mm at bunch start
Arc Quadrupole  Uniform Bunch Profile  Horizontal Arc Quadrupole  Uniform Bunch Profile  Vertical
0.3 0.3
0.2 0.2
0.1 0.1
E o0 € 0.0
£ £
— —0.11 — —0.11
X >
—-0.21 -0.2]
-0.3] -0.3
0.4 —— Simulation, f, = 3.38 GHz 04 — Simulation, f, = 3.03 GHz
’ =—— Theory, f, = 3.26 GHz ' = Theory, f, =3.26 GHz
-04 -03 -02 -01 00 01 02 03 04 -04 -03 -02 -01 00 01 02 03 04
z [m] z [m]

« The equations work well also when the electron oscillates in both the planes
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Gaussian Longitudinal Profile

o, = 89.9 mm
Zeyt =375 MM

500 slices
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Gaussian Longitudinal Profile: Drift Space

Axgoal = 0.1 mm Aygoal = 0.1 mm at bunch start
Drift Space  Gaussian Bunch Profile  Horizontal Drift Space  Gaussian Bunch Profile  Vertical
= Simulation
0.1] = Theory 0.3
0.2
_ 0.0 _
— —0.11 —
x >
0.0
-0.2
-0.1-
= Simulation
—0.31 = Theory
-04 -03 -02 -01 00 01 02 03 04 02454 63 -—62 -61 00 01 02 03 o4
z [m] z [m]

« Using the equations of the case of uniform longitudinal profile




Gaussian Longitudinal Profile: Drift Space

Axgoal = 0.1 mm Aygoal = 0.1 mm at bunch start
Drift Space  Gaussian Bunch Profile  Horizontal Drift Space  Gaussian Bunch Profile  Vertical
= Simulation
0.1] = Theory 0.3
0.2
_ 0.0 _
< 0.1 <
0.0
-0.2
\/ -0.1
= Simulation
—0.31 = Theory
-04 -03 -02 -01 00 01 02 03 04 02454 63 -—62 -61 00 01 02 03 o4
z [m] z[m]
* The frequency increases in the centre of the proton bunch (more protons):
qellz q Nb
Wy = B) 1, =22 (4

2n£0m60x(0x + O'y) L

 The amplitude decreases in the centre of the proton bunch (more

protons): o \2
A2 =x,2 + Zx0 (12)
X (Ux
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Gaussian Longitudinal Profile

= Uniform
= (Gaussian

/\ o
/ \ 1,(2) = \726_712 e 207° (5)

1 A N

-04 -03 -02 -0.1 0.0 0.1 0.2 0.3 0.4
z[m]

80

o2}
o

Charge [nC/m]
N
o

— wifom | o The |ocal frequency increases in
— Gaussian
the centre of the proton bunch

7 B qe (2)
E, / \ fx(2) = 2 J rresmo oy + ) )

-03 -02 -0.1

0.1 0.2 0.3 0.4




Gaussian Longitudinal Profile

In the case of Gaussian longitudinal profile the frequency depends on the time:

¥+ wl2t)x=0  (6)
x(t) = Ay cos(wx ()t +@x) (8)

Therefore, (8) is only a local approximated solution (not a global solution) of
our problem.

We can use an iterative method




Gaussian Longitudinal Profile
Step O

Drift Space  Gaussian Bunch Profile  Horizontal

0.20
0.15+ x(Zo) = Xy
0.10
0.05+

0.00

X [mm]

—0.051
—-0.10+

—0.15]

—0.20

-0.15 -0.10 -0.05 0.00 005 0.10 0.15
z[m]

The initial position of the electron is given by the initial conditions

(9.1)



Gaussian Longitudinal Profile
Step 1

Drift Space  Gaussian Bunch Profile  Horizontal

0.20 w (Z )
0.15 x(z) = A, cos [ X270 (z—2zy) + gox(,] (21)
0.101 ¢
2
— 0.05 1%
£ A= A — 2 X0 (12)
% Z'Z: x0 x(Zo) \/xo + (a)x(Zo)>
~0.051 v
-0 w0, (20) (13)
—o.15] Oxo = Px(29) = —arctanyy %o
—0.201

-0.15 -0.10 -0.05 0.00 005 0.10 0.15
z[m]

The local solution at z, is given by (21).

In order to simplify the mathematical notation:

xx = x(zx)
(ka = wx(Zk)

Ay = Ax(2k)
Pxrx = (px(zk)
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Gaussian Longitudinal Profile
Step 1

Drift Space  Gaussian Bunch Profile  Horizontal

0.20

0.15- / X 7 \
0.10 ] \ !

/ \
0.05 ' % !
1 \ ! \
0.00- / \ / \
! \ !

1
X -0.05 ! \ !
1

[mm]

!
~0.10- ! \ 7

~0.15- 7 oo/
N./, ~N_7

—0.201

-0.15 -0.10 -0.05 0.00 005 0.10 0.15
z[m]

The electron position at z, is given by (22).

The initial conditions of the next step are:
X1

; C‘)xO
Vy1 = —AyoWyo SIN _c AZ + @40

W0
X1 = Ay COS lT (z, — ZO) + (Pxol

AZl - Zl - ZO
Uniform sampling:
Az, = Az

Wxo
X1 = A, COS [T Az + <px0]

(22)



Gaussian Longitudinal Profile
Step 2

Drift Space  Gaussian Bunch Profile  Horizontal

0.20 Wy

x(2) = Agy cos |2 (2= 20) + 91| (23)

0.101

0.05- Ux1 ’

0.00 Ay1 = |x1%+ (_> (12)
® W1

—0.051

"1/,
1 Q1 = —arctan,v< xl) (13)

X [mm]

—0.151 x1

—0.201

-0.15 -0.10 -0.05 0.00 005 0.10 0.15
z[m]

The solution at z, is given by (23)




Gaussian Longitudinal Profile
Step 2

Drift Space  Gaussian Bunch Profile  Horizontal

0.20 W 1
- - x
0.15 = / \\\ X, = A,q COS lT Az + §0x1] (24)
0.10{ |\ / \ K \
0.051 |\ / \ ;
\

0.001 \ I “ /

X [mm]

—0.051 \ 1 \ 1
] \ !
~0.10 . \ /

—0.151 AR AU

—0.201

-0.15 -0.10 -0.05 0.00 005 0.10 0.15
z[m]

The electron position at z, is given by (24).

The initial conditions of the next step are:
X2

. W1
Vyp = _Axlwxl sin (T Az + (pxl) And so on...
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Gaussian Longitudinal Profile

Step k
Summary:
b\
Axk = sz + < Xk> (25)
Wk
Uxk
Oy = —arctan,V< 9{:)’”‘> (26)
w
Xk+1 = Ay COS [Txk Az + ‘ka] (27)

. (Wxk
Uxk+1 = —Axk Wy SIN (Tx Az + (pxk) (28)




Gaussian Longitudinal Profile: Drift Space

Axgoal = 0.1 mm Aygoal = 0.0 mm at bucket start
Drift Space  Gaussian Bunch Profile  Horizontal Drift Space  Gaussian Bunch Profile  Vertical
0.081 —— simulation 0.8+ — Simulation
= Theory = Theory
0.06- 0.6
0.04- 0.4
— 0.02- — 0.2
£ S
£ 0.001 E 00 =——
X ~0.02 >-0.2-
~0.04 -0.4
—0.06- -0.6
-0.08" -0.8-
-04 -03 -02 -01 00 01 02 03 04 -04 -03 -02 -01 00 01 02 03 04
z [m] z [m]

« Good agreement between simulation and theoretical prediction




Gaussian Longitudinal Profile: Drift Space

Axgoal = 0.0 mm Aygoal = 0.1 mm at bucket start
Drift Space  Gaussian Bunch Profile  Horizontal Drift Space  Gaussian Bunch Profile  Vertical
= Simulation = Simulation
0.10 = Theory o = Theory
0.05 0.05
€ /~ €
£ 0.00; /M £ 000
x >
—0.05; -0.05
—0.101 -0.10
-04 -03 -02 -01 00 0.1 0.2 03 0.4 -04 -03 -02 -01 00 01 02 03 0.4
z[m] z [m]

« Good agreement between simulation and theoretical prediction




Gaussian Longitudinal Profile: Drift Space

Axgoal = 0.1 mm Aygoal = 0.1 mm at bucket start
Drift Space  Gaussian Bunch Profile  Horizontal Drift Space  Gaussian Bunch Profile  Vertical
= Simulation = Simulation
0.0751 — Theory 0.0751 — Theory
0.050- 0.050;
. 0.025; __ 0.025]
£ £
£ 0.000" £ 0.0001
X _0.025 > _0.025
-0.050 —0.0501
—-0.0751 —0.0751
-0.100 - ‘ : - - - - - - - - - - - : ‘ ‘ -
-04 -03 -0.2 -0.1 0.0 0.1 0.2 0.3 0.4 -04 -03 -02 -01 0.0 0.1 0.2 0.3 0.4
z [m] z[m]

« The equations work well also when the electron oscillates in both the planes
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Gaussian Longitudinal Profile: Dipole

Axgoal = 0.0 mm Aygoal = 0.1 mm at bucket start
Dipole  Gaussian Bunch Profile  Horizontal Dipole  Gaussian Bunch Profile  Vertical
—— Simulation = Simulation

0.101 = Theory 0.104 = Theory

0.05 0.05
' 0.00; € 0.00]
E E
x —0.05] > —0.05

~0.101 ~0.101

—0.15] ~0.15-

-04 -03 -02 -01 00 01 02 03 04 -04 -03 -02 -01 00 01 02 03 04
z [m] z [m]

« Good agreement between simulation and theoretical prediction

* In horizontal plane, the electrons cannot move due to the presence of the
dipolar magnetic field
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Gaussian Longitudinal Profile: Quadrupole

Axgoal = 0.1 mm Aygoal = 0.0 mm at bucket start
Arc Quadrupole  Gaussian Bunch Profile  Horizontal Arc Quadrupole  Gaussian Bunch Profile  Vertical
0.3 0.31 —— Simulation
= Theory
0.2 0.21
0.1 0.11
£ oo £ ool — ™
X 0.1 > 0.1
-0.2 -0.21
= Simulation
—-0.31 — Theory —0.31
-04 -03 -02 -01 00 01 02 03 04 -04 -03 -02 -01 00 01 02 03 04
z [m] z[m]

 The magnetic field force on the electrons is not negligible compared to the
electric field outside the range +2g,

« Good agreement between simulation and theoretical prediction inside the
range +2g,
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Gaussian Longitudinal Profile: Quadrupole

Axgoal = 0.0 mm Aygoal = 0.1 mm at bucket start
Arc Quadrupole  Gaussian Bunch Profile  Horizontal Arc Quadrupole  Gaussian Bunch Profile  Vertical
0.3 = Simulation 0.3
= Theory
0.2 0.2
E 01 T 0.1
0 T OO 7 00
—0.1 —0.11
= Simulation
= Theory
-0.2% : : : . ; . . i -0.24, . . . ; ‘ ‘ i .
-04 -03 -0.2 -0.1 0.0 0.1 0.2 0.3 0.4 -04 -03 -02 -01 0.0 0.1 0.2 0.3 0.4
z[m] z[m]

« Good agreement between simulation and theoretical prediction inside the
range +2g,




Gaussian Longitudinal Profile: Quadrupole

Axgoal = 0.1 mm Aygoal = 0.1 mm at bucket start
Arc Quadrupole  Gaussian Bunch Profile  Horizontal Arc Quadrupole  Gaussian Bunch Profile  Vertical
0.4 : ?erzlr.;tion 0.4 : _Sr:;\zlr;tion
0.2 0.2
£ oo \,/\/\/\//\ £ 00
< <
—0.21 —0.21
-0.41 0.4
-04 -03 -02 -01 00 01 02 03 04 -04 -03 -02 -01 00 01 02 03 04
z[m] z [m]
« Good agreement between simulation and theoretical prediction inside the
range +2g,

« The equations work well also when the electron oscillates in both the planes
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Conclusions

> No bugs in the code: we find the frequency we expect
(when A, is uniform);

> When A, i1s Gaussian we can compute local frequencies
(for estimating Az);

> This is also valid in the presence of a magnetic field

Future Developments

> Study the oscillation of all electrons
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Thanks for your attention







Extended Presentation

[eos/user/l/lusabato/e cloud studies/milesto
nes/2019-02-13 electron_oscillation_8.pptx




Appendix: Amplitude - Phase

v (12)
A2 =x2 + <LO)
X 0 Wy
( vxo/
3 Vo arctan( ) xg >0
/a)x X0 (13)
@, = —arctan;y, o = 4 Vso /
+m — arctan( a)x) xo < 0
X0
L \
_Uxo0
NS
( 3
A, cos(p,) = x5 (10) \?} 0,
. Uxo 2
) 4y sin(py) = -2 (1) -
\ o

cw
\
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Appendix: Invariant (2.1)

An Ordinary Differential Equation (ODE) of the second order can be written as a
system of two ODE of the first order:

[ dx
E:vx (6.1)
¥+ wylx =0 (6) mmmp \ dv
——~ = —w,2x (6.2
| dt
«(6.1) + B*(6.2) dx_l_ dvy 5
o*(6. B..adt 'Bdt av, — fw, " x

o (ax + Bv,) = av, — Bw,°x

In order to have this quantity (ax + Bv,) constant with the time:

—Bw,x =0 wWEp f=qa (1)

Wy 2 X
Substituting (14) in the invariant:
a (%
(ax + Bv,) = — (x + = ) (22)
X W, 2

cw
\
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Appendix: Invariant (2.2)

In order to have the same invariant (13), we can choose a:

1 1
a = Emewxzx (23) ‘ g = Emevx (24)
1 V.
(ax + fv,) = Emewxz (xz + a)zz) (25)

‘/




Gaussian Longitudinal Bunch Profile: Drift Space

Axgoal = 0.1 mm Aygoal = 0.1 mm at bunch start
Drift Space  Gaussian Bunch Profile  Horizontal Drift Space  Gaussian Bunch Profile  Vertical
= Simulation
0.1] = Theory 0.3
0.2
_ 0.0 _
— 0.1 =
x >
0.0
-0.1
= Simulation
—0.31 = Theory
-04 -03 -02 -01 00 01 02 03 04 02454 63 -—62 -61 00 01 02 03 o4
z [m] z[m]
_wx /
x(z) =|Ay|cos 2 (z  zo) Hox (9)
Oscillation Amplitude: Traslation in z axis: Oscillation phase:
2 vyo\’ 12 2y = 20, X0/
A = x% + <w_> (12) N @, = —arctan;y 2 (13)
x/ Oscillation Angular Frequency: Xo
qely N
Wy = (3 A,=T2 (@

- 27t€0meax(ax + ay) L
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Gaussian Longitudinal Bunch Profile: Quadrupole

Axgoal = 0.1 mm Aygoal = 0.1 mm at bucket start
Arc Quadrupole  Gaussian Bunch Profile  Horizontal Arc Quadrupole  Gaussian Bunch Profile  Vertical
0.4+ 0.4 —— Simulation
= Theory
0.2 0.2
E 0.0 g 0.0
< =y
—0.21 —-0.2
= Simulation
—0.41 — Theory =041
-04 -03 -02 -01 0. 0.1 0.2 0.3 0.4 -04 -03 -02 -01 0. 0.1 0.2 0.3 0.4
z [m] z [m]

« Discrepancy between the theoretical predictions and the simulations
 The magnetic field force on the electrons might be non-negligible compared
to the electric field:
1. considering only the part of the bunch where there are more protons (in the
longitudinal centre, for example in the range +24,)
2. coupling between the planes

&)

N/ S



