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The different phases of strongly-interacting matter can be understood by studying the characteristics of 
the QCD phase diagram
‣  QGP is formed at large T,     ; ordinary hadronic matter at small T, 

‣  Crossover transition at T ~ 155MeV; possible first order phase transition at high 


❖ Search for the critical point with the RHIC Beam Energy Scan II (BES-II)

NSAC 2015 Long Range Plan for Nuclear Physics
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QCD Phase Diagram and Chemical Freeze-out
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• Chemical freeze-out: inelastic collisions cease; the chemical composition is 
fixed (particle yields and fluctuations)

• Kinetic freeze-out: elastic collisions cease; spectra and correlations are 
fixed
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The freeze-out parameters are determined by:

‣  Thermal fits of particle yields {               } or ratios {          }
‣  Fits of the net-charge fluctuations

Tf , μB, f , Vf Tf , μB, f

ALICE (F. Bellini), Nucl.Phys. A (2019); STAR (L. Adamczyk et al.) PRC (2017); P. Alba, et al, PLB (2014)
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Freeze-out parameters from heavy-ion collisions
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FIG. 35: Choice on including more particles: (Color online) Extracted chemical freeze-out parameters (a) Tch, (b) µB , and
(c) γS along with (d) χ2/ndf for GCE using particle yields as input for fitting. Results are compared for Au+Au collisions at√
sNN = 39 GeV for four different sets of particle yields used in fitting. Uncertainties represent systematic errors.
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where mT is the transverse mass of a hadron, ρ(r) =
tanh−1β, and I0 and K1 are the modified Bessel func-
tions. We use a radial flow velocity profile of the form

β = βS(r/R)n, (14)

where βS is the surface velocity, r/R is the relative ra-
dial position in the thermal source, and n is the exponent
of flow velocity profile. Average transverse radial flow
velocity ⟨β⟩ can then be obtained from ⟨β⟩ = 2

2+nβS .
Usually π±, K±, p, and p̄ particle spectra are fitted si-
multaneously with the blast-wave model. Including more
particles such as multi-strange hadrons in the fit would
amount to forcing all the species to freeze-out at the same
time which may not be true. It has been shown that at
top RHIC energy the spectra of multi-strange particles
reflect a higher kinetic freeze-out temperature [4, 90].
This can be interpreted as diminished hadronic inter-
actions with the expanding bulk matter after chemical

freeze-out. For the results presented here for kinetic
freeze-out, we use π±, K±, p, and p̄ spectra in the blast-
wave model fit. We also note the recent study of separate
fit of positively and negatively charged particles v2 using
a blast wave model [91, 92].
Figure 36 shows the blast wave model fits of π±, K±,

and p and (p̄) pT spectra in 0–5% central Au+Au colli-
sions at

√
sNN = 7.7, 11.5, 19.6, 27, and 39 GeV. The

model describes well the pT spectra of π±,K±, p, and
p̄ at all energies studied. The fit parameters are Tkin,
⟨β⟩, and n. The low pT part of the pion spectra is af-
fected by resonance decays, and consequently the pion
spectra are fitted only for pT > 0.5 GeV/c. The blast
wave model is hydrodynamics-motivated which provides
a good description of data at low pT , but is not suited
for describing hard processes at high pT [93]. Thus the
blast wave model results are sensitive to the pT fit ranges
used for fitting [66]. The results presented here use sim-
ilar values of low pT as were used in previous studies
by STAR and ALICE [43, 66]. We keep consistent pT
ranges for simultaneous fitting of the π±, K±, p, and p̄
spectra across all the BES energies as shown in Fig. 36.
The extracted kinetic freeze-out parameters for the BES
energies are listed in Table X.
Figure 37 shows the variation of Tkin with ⟨β⟩ for dif-

308 P. Alba et al. / Physics Letters B 738 (2014) 305–310

Fig. 2. Freeze-out temperature (upper panel) and baryo-chemical potential (lower 
panel) as functions of the collision energy, extracted from the data in Fig. 1. The 
corresponding values are listed in Table 1.

of these parameters. The error bars shown in Fig. 2 are based on 
HRG model calculations using the upper and lower uncertainty 
limits in the experimental data. Our values for Tch are lower than 
those found in Ref. [28]: even for the highest RHIC energies, our 
results are close to the lower bound for Tc determined in lattice 
QCD simulations [2]. This is evident in Fig. 3, where we show a 
comparison between the freeze-out points in the (T − µB ) plane 
obtained in the present analysis and the curve of Ref. [28].

Fig. 3. (Color online.) Freeze-out parameters in the (T − µB ) plane: comparison be-
tween the curve obtained in Ref. [28] (red band) and the values obtained from the 
combined analysis of σ 2/M for net-electric charge and net-protons (blue symbols) 
presented here.

Using these freeze-out conditions, we now proceed to calculate 
the higher-order susceptibility ratios χ3/χ2 and χ4/χ2 for net-
protons and net-electric charge. The results are shown in the dif-
ferent panels of Fig. 4 in comparison with the experimental data. 
It is evident that, with the obtained freeze-out conditions, one 
can reproduce all experimental results for the net-electric charge 
fluctuations (left panels). As already mentioned, the agreement be-
tween our results and the experimental data for the net-proton 
Sσ becomes less accurate with decreasing collision energy (up-
per right panel). For κσ 2, our HRG model cannot reproduce the 
anomalous depletion at the lower collision energies (lower right 
panel), but is in good agreement with the data for the very low 
and very high 

√
s (notice that this depletion disappears in more 

peripheral collisions and can be described in central collisions by 
uncorrelated, i.e. independent, particle production when the ex-
perimentally determined proton and anti-proton distributions from 
STAR are used [9]).

In order to determine by how much the freeze-out condi-
tions need to be modified to reproduce the higher-order cumu-
lants for the net-protons, we perform, as second choice, a si-
multaneous analysis of σ 2/M for the net-electric charge and Sσ
for the net-protons. The result improves the agreement with the 

Fig. 4. (Color online.) Comparison between HRG model results for χ X
3 /χ X

2 and χ X
4 /χ X

2 , with X = Q (left) and X = B (right) as functions of √s (blue crosses), and experimen-
tal data for the most central collisions (0–5%) from the STAR Collaboration [9,10] (red diamonds). The HRG model results are calculated for our new freeze-out conditions, 
listed in Table 1. In all panels, acceptance cuts in the kinematics have been introduced, following the experimental analysis.
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Fig. 5. (Color online.) Freeze-out parameters in the (T − µB ) plane: comparison be-
tween the values obtained by a combined analysis of σ 2/M for net-electric charge 
and net-protons (blue circles), and the values obtained from σ 2/M for net-electric 
charge and Sσ for net-protons (red squares).

Table 1
In this table we list the values of µB,ch and Tch at chemical 
freeze-out, corresponding to the relative collision energies. These 
values are based on our combined analysis of the data in Fig. 1.

√
s [GeV] µB,ch [MeV] Tch [MeV]

11.5 326.7 ±25.9 135.5 ± 8.3
19.6 192.5 ±3.9 148.4 ± 1.6
27 140.4±1.4 148.5 ± 0.7
39 99.9 ±1.4 151.2 ± 0.8
62.4 66.4 ±0.6 149.9 ± 0.5

200 24.3 ±0.6 146.8 ± 1.2

measured Sσ , the values for σ 2/M of the net-proton distributions 
are, however, not described particularly well. For the net-electric 
charge fluctuation data the uncertainties are such that the alter-
nate analysis is still within experimental error bars.

The comparison between the freeze-out parameters resulting 
from our two different calculations is shown in Fig. 5. While for 
high collision energies the two parameter sets are very similar, 
differences arise for smaller 

√
s. In order to be able to repro-

duce the higher-order cumulants, the curvature of the freeze-out 
curve turns up for larger baryo-chemical potential, which is oppo-
site to lattice expectations. This points at an inconsistency between 
the HRG model description of the lower- and higher-order cumu-
lants in the net-proton distributions, which might signal the on-
set of chiral critical fluctuations in the higher order cumulants at 
large µB [42,43]. In order to test whether, in the net-proton analy-
sis, already the second order cumulant could be affected, we have 
determined the σ 2/(⟨Np⟩ + ⟨Np̄⟩) ratio and found it to be con-
sistent with unity for both, the HRG model and the data, for all 
measured collision energies. In addition, since the gross features of 
the particle distributions are given by their lower-order cumulants, 
while higher-order cumulants are more sensitive to finer details, 
such as excluded volume effects or volume fluctuations, as well 
as to interactions in the late hadronic stage, obtaining chemical 
freeze-out parameters from the analysis of σ 2/M for net-electric 
charge and net-proton number is more reliable than using Sσ for 
the net-proton number. The corresponding values for the freeze-
out temperature and baryo-chemical potential for the different col-
lision energies are given in Table 1.

4. Conclusions

In conclusion, our study shows that we can simultaneously de-
scribe the net-electric charge fluctuations and the lower-order cu-
mulants of the net-proton multiplicity distributions measured at 
RHIC for collision energies spanning over more than an order of 
magnitude (

√
s = (11.5–200) GeV). We calculated these fluctua-

Fig. 6. (Color online.) Comparison between STAR particle ratio data for central events 
at √s = 200 GeV [47] and HRG model results for the specified chemical freeze-out 
parameters.

tion observables within the HRG model including the experimental 
acceptance cuts and the effects of resonance decays and regenera-
tion.

From a combined analysis of σ 2/M for net-electric charge 
and net-proton number, we obtain the freeze-out conditions sum-
marized in Table 1. Given the impressively small uncertainties 
presently reported in the measured fluctuation observables by the 
STAR Collaboration, we find that it is possible to constrain the re-
sulting freeze-out temperatures to better than 5 MeV for 

√
s >

11.5 GeV. The sensitivity of the fluctuations of conserved charges 
to the freeze-out parameters will be the subject of a forthcom-
ing publication [44]. With these freeze-out values, the higher-order 
susceptibility ratios for net-electric charge and net-proton num-
ber are reasonably well reproduced. If one takes the experimen-
tally given particle samples as approximate representatives for the 
quantum numbers of electric and baryon charge, similar studies in 
lattice QCD yield a remarkable agreement for the collision energy 
dependence of Tch and µB,ch [17].

We note that a useful cross-check of our extracted chemical 
freeze-out parameters can be provided through the independent 
determination of the same parameters via a common fit of stan-
dard SHMs to experimental particle yields or ratios [27,28,45]. Pre-
liminary results of measured particle ratios from the RHIC beam 
energy scan [46] for all µB values analyzed here, yield, based 
on those standard SHM fits, freeze-out temperatures ranging from 
(140–160) MeV for 

√
s = (7.7–200) GeV collisions when using a 

common fit for all particles (including strange particles). At first 
glance, our parameters are below those extracted from the particle 
ratio fits as is also evident from Fig. 3. In order to quantify this dif-
ference we show in Fig. 6 a comparison of particle ratios obtained 
with our parameters and the SHM parameters from Ref. [28], to 
the properly feed-down corrected particle ratios measured by STAR 
at the highest RHIC collision energy [47].

The overall agreement with the data is roughly equivalent for 
both parameter sets: we find χ2 = 0.63 for the higher tempera-
ture and χ2 = 0.71 for the lower one. These values are consistent 
with the ones reported in Ref. [45] for the highest RHIC energy. 
A fit to the particle yields directly (instead of ratios) could be more 
sensitive to the freeze-out parameters and a first attempt yields 
a slightly lower temperature than the Cleymans parametrization 
(162 MeV) [47], but it involves an additional free parameter (vol-
ume factor) which cannot be determined in our approach. Our cal-
culation significantly improves on the (anti-)proton yield, but falls 
short for the strange baryons. We note that the cumulant ratios of 
net-charge and net-protons are pion and proton dominated, which 
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Figure 3: Results of the thermal model fit to the yields of identified hadrons measured by ALICE in central (0-10%) Pb–Pb collisions at
p

sNN =
5.02 TeV. Data are preliminary results.
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Is there a quark flavor hierarchy in chemical freeze-out?

What is the effect of additional states in the HRG model? 

➡ Compare the HRG Model with experimental data from STAR by calculating 
particle multiplicities and fluctuations

‣ Thermal fits

❖ Utilize the Thermal-FIST software to fit particle yields

‣ Fluctuations 

❖ Ratio of lowest-order moments of net-kaon distribution

❖ Lattice QCD isentropes

11/06/2019 Chemical freeze-out of net-K in HICs — J. M. Stafford — QM 2019

Freeze-out parameters from fits and fluctuations
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6/21Figure 2.7: (a) State of the art lattice equation of state at zero chemical
potential. Figure taken from Ref. [116] (b) A sketch of QCD phase diagram as
a function of temperature T and baryon chemical potential µB. The dashed
line indicates a smooth crossover between hadronic and QGP phases, the
solid line—a conjectured first order transition with second order critical end
point (CEP). Figure taken from Ref. [29].

At temperatures below the deconfinement temperature Tc ⇠ 155MeV,
the main degrees of freedom of the QCD are hadrons and a hadron resonance
gas (HRG) model agrees well with the low temperature behavior of lattice
equation of state (see Fig. 2.7(a)). At temperatures much higher than the
deconfinement temperature Tc, the system is better described in terms of
weakly interacting quarks and gluons and the equation of state is not too far
from the massless gas limit. Lattice computations show that at zero chemical
potential the transition between the two phases is a smooth crossover [117].
However, for µB > 0 one can have a first order phase transition line, which
terminates at the critical end point (CEP) [118] (see Fig. 2.7(b)). This part
of the phase diagram is accessible at medium energy nuclear collisions and is
the target of the Beam Energy Scan program at RHIC [119, 120].

In Chapter 3, we use hydrodynamic equations derived in the confor-
mal limit, but with lattice equation of state (s95p-v1 parametrization from
Ref. [121]). The e↵ective kinetic theory of Chapter 4 treats the QGP as a
gas of weakly interacting massless particles, which automatically leads to a
conformal equation of state p = e/3. For the sake of simplicity, the conformal
equation of state is also used in semi-analytical computations of Chapter 5.

21

In the low temperature regime, the system is well-described by a gas of hadrons:

‣ Interacting gas of ground-state hadrons

❖  Treat as non-interacting system of resonant states


‣  Grand Canonical Ensemble

‣  Adaptable to match experimental conditions

‣  List of particles from the Particle Data Group (PDG)

Theory: Hadron Resonance Gas model

I Interacting hadrons in the ground state well approximated by non-interacting
resonance gas

I Pressure given by the sum of partial contributions:

P

T 4
=

1

V T 3

X
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ln Zi(T, V, ~µ)
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where:

I energy ✏i =
p

p2 + m2

i

I conserved charges ~Xi = (Bi, Si, Qi)

I degeneracy di, mass mi, volume V

NOTE: model fed with hadronic spectrum. Particle spectrum becomes a “variable”!
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H.T. Ding, et al, Int. J. Mod. Phys. (2015)
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Hadron Resonance Gas Model
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Different PDG lists will yield different results for the freeze-out parameters

Theory: Hadron Resonance Gas model
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Recall the pressure in the HRG Model:

‣PDG2012: 319 species  

‣PDG2016: 608 species (includes many more particles in the 
strange sector)


‣PDG2016+: 738 species (includes all experimentally observed 
particles, i.e. *,**,***,****)

List of hadrons and resonances

7/30

Particle list in the thermal model usually includes all hadrons
and resonances listed as established in the PDG listing

~400 species

ln 𝑍𝑍hrg = ∑𝑖𝑖∈𝑀𝑀,𝐵𝐵
𝑖𝑖𝑖𝑖𝑉𝑉
2𝜋𝜋2 ∫0

∞±𝑝𝑝2𝑑𝑑𝑝𝑝 ln 1 ± exp 𝜇𝜇𝑖𝑖−𝐸𝐸𝑖𝑖
𝑇𝑇
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P. Alba et al, PRD (2017); C. Patrignani et al. (Particle Data Group), Chin. Phys. C (2016)
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PDG-based particle lists in HRG model
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In Fig. 1we compare, for several particle species, the states
listed in the PDG2016 (including states with two, three and
four stars) [33]; in the PDG2016þ (including also states with
one star) [33]; and those predicted by the original quark
model [30,31] and amore recent hypercentral version (hQM)
[34]. The latter contains fewer states than the ones found in
Refs. [30,31], due to inclusion of an interaction term between
the quarks in the bound state, and the decay modes are listed
for most of the predicted states. No mass cutoff has been
imposed. The total number of measured particles and
antiparticles, excluding the charm and the bottom sector,
increases from the 2016 to the 2016þ listing: considering
particles and antiparticles and their isospin multiplicity we
get 608 states with two, three and four stars and 738 states
when we also include the one star states. In the QM
description the overall increase is much larger: in total there
are 1517 states when merging the nonrelativistic QM states
[30,31] with the PDG2016þ and 985 in the list which adds
the hQM states [34,35] to the ones listed in the PDG2016þ.
The QM predicts such a large number of states because they
arise from all possible combinations of different quark-
flavor, spin and momentum configurations. However, many
of these states have not been observed in experiments so far;
also, the basic QM description does not provide any
information on the decay properties of such particles. As

alreadymentioned, the hQM reduces the number of states by
including an interaction term between quarks in a bound
state. A more drastic reduction can be achieved by assuming
a diquark structure [34,36,37] as part of the baryonic states,
although experiments and lattice QCD may disfavor such a
configuration [38].
In this paper, we perform an analysis of several strange-

ness-related observables, by comparing the lattice QCD
results to those of the HRG model based on different
resonance spectra: the PDG 2016 including only the more
established states (labeled with two, three and four stars);
the PDG 2016 including all listed states (also the ones with
one star); and the PDG 2016 with the inclusion of addi-
tional quark model states. This is done in order to
systematically test the results for different particle species,
and get differential information on the missing states, based
on their strangeness content. The observables which allow
the most striking conclusions are the partial pressures,
namely the contribution to the total pressure of QCD from
the hadrons, grouped according to their baryon number and
strangeness content. The main result of this paper is a lattice
determination of these partial pressures. This is a difficult
task, since the partial pressures involve a cancellation of
positive and negative contributions (see the next section),
and they span many orders of magnitude, as can be seen in
Fig. 2. From this analysis a consistent picture emerges: all
observables confirm the need for not yet detected, or at least
not yet fully established, strangeness states. The full
PDG2016 list provides a satisfactory description for most
observables, but for some of them the QM states are needed
in order to reproduce the lattice QCD results. Moreover, all
hadronic lists currently available underestimate the partial
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FIG. 1. Comparison of hadronic states, grouped according to
the particle species, experimentally established in the PDG2016
(green), PDG2016 including also one star states (red) [33] and
predicted by the QM (blue) [30,31] and the hQM (magenta)
[34,35].
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FIG. 2. Logarithmic plot illustrating the many orders of
magnitude the values of the partial pressures studied in this
paper cover. The total pressure is taken from Ref. [6]. Note that
the value for the B ¼ 0, jSj ¼ 1 sector is not a proper continuum
limit; it is a continuum estimate based on the Nt ¼ 12 and 16
lattices. For all other cases, the data are properly continuum
extrapolated. In all cases, the solid lines correspond to the HRG
model results based on the PDG2016 spectrum.
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System Size and Flavour Dependence of Chemical Freeze-out in

Relativistic Heavy Ion Collisions from RHIC-BES to LHC Energies

René Bellwied, Fernando Antonio Flor, Gabrielle Olinger

I. Motivation

Continuum Extrapolated Lattice QCD results for
‰4/‰2 for light and strange quarks depict di�erent
behaviors between light and strange quarks [1]:

• Flavour-specific kinks occurring at di�erent
temperatures

• Deviations of Hadron Resonance Gas (HRG)
Predictions from Lattice Curves coincide
with kinks

Does the transition from quark to hadron degrees

of freedom occur at the same temperature for all

quark flavours?

IV. Energy Dependence of Flavour Specific Freeze-out Temperatures
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Our thermal fits to fi K p � � � for most central (0 - 10%) A-A Collisions are shown on the left and
flavour specific fits (light and strange) are shown on the right. Bands show splined fits of the extracted
freeze-out temperature (Tch) as a function of the baryochemical potential (µB).

T |µB=0 values:

Tlight
ch = 150 ± 2.5 MeV

T full
ch = 158 ± 3.8 MeV

Tstrange
ch = 163 ± 4 MeV

TLQCD = 157±9 MeV [10]

We show flavour-dependent freeze-out temperatures across the

analyzed system energies.

By eye, T light
ch and T strange

ch lines converge at high µB

If we use temperatures extracted from yields that serve as suscep-

tibility (i.e. order parameter) proxies, then our measurements may

signal a critical point at high µB .

V. Grand Canonical vs. Strangeness Canonical Ensembles at ALICE
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SCE approach adequately describe all three systems consistently than the GCE approach:
• For dNch/d÷ < 10, quality of full fit still deteriorates
• Temperature splitting creates better quality of fits throughout light and strange fits

VI. System Size Dependence of Chemical Freeze-out Temperatures
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We show the ALICE data can be well-described by
the SCE thermal model using flavour dependent
freeze-out temperatures in ratios

ALICE Data is shown in grey and our calculations
using the 2CFO approach are shown in green

fi+ and p̄ yields calculated at at T light
ch = 150 MeV

�̄ �̄ �̄ yields calculated at T strange
ch = 163 MeV

We can describe strangeness enhancement in

the SCE approach with two freeze-out temper-

atures without a canonical suppression factor.

For dNch/d÷ > 10, strangeness appears saturated;
potentially a signature of a Quark Gluon Plasma.

II. Sequential Hadronization

Z

t

TS

TLLFO

SFO

⟨Tch⟩

QGP

We model the idea of two chemical freeze-out
(2CFO) temperatures:

• Strangeness Freeze-Out (SFO) occurs before
Light Freeze-Out (LFO) – TS > TL

Using a state-of-the-art thermal model package,

we will show the 2CFO approach produces a more

natural explanation of Strangeness Enhancement

across various system energies and system sizes.

III. Thermal FIST (The FIST) [2]

Configuration: Ideal HRG, Grand Canonical (GCE)

and Strangeness Canonical (SCE)

Hadronic Spectrum: PDG2016+: 738 States [3]

(Includes *, **, *** and **** states from PDG)

Yield Data: ALICE pp 7 TeV, pPb 5.02 TeV, PbPb

2.76 TeV, PbPb 5.02 TeV [4,5,6,7] and STAR AuAu

11.5 – 62.4 GeV [8,9]
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VII. Concluding Remarks

We confirm a flavour separation of extracted Tch values from LHC down to lower RHIC energies. At
LHC energies, flavour separation prevails in small systems. We show Strangeness Enhancement can be
described without the need for canonical suppression via the 2CFO approach. Further studies are ongoing.
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Thermal Fits
Calculate particle yields by minimizing      in the ideal HRG model with the

Grand Canonical formalism 

χ2

Single Freeze-out Two-flavor Freeze-out

Light Strange

T [MeV] 161.4±2.2 150.9±4.5 164.8±2.6

µB [MeV] 27.2±8.6 22.7±14.0 29.9±11.4

Volume
⇥
fm3

⇤
1594 ±198 2977 ±702 1284 ±192

Single Freeze-out Two-flavor Freeze-out

Light Strange

T [MeV] 158.6±2.5 150.9±4.5 162.0±3.0

µB [MeV] 23.8±8.4 23.2±10.6 22.6±15.0

TLHC [MeV] TRHIC [MeV] Volume
⇥
3
⇤

Yields Ratios Yields Ratios LHC RHIC

PDG05 Light 146.8±3.3 146.8±3.3 159.5± 6.2 159.5± 6.2 7973±1388 2308±649

Strange 158.0±2.3 162.3±2.0 154.9± 2.1 165.3± 2.9 4575±613 3265±402

PDG16 Light 141.9±2.7 141.9±2.7 151.8± 4.7 151.8± 4.7 9283±1465 2888±699

Strange 159.5±2.4 161.0±2.1 168.7± 2.7 166.5± 3.3 3443±512 1128±166

PDG16+ Light 141.3±2.6 141.3±2.6 150.9± 4.5 150.9± 4.5 9463±1470 2977±702

Strange 153.7±2.2 155.1±1.8 164.8± 2.6 162.0± 3.0 4424±628 1284±192

QM Light 139.9±2.4 139.9±2.4 148.8± 4.1 148.8± 4.1 9932±1493 3190±719

Strange 149.1±1.9 150.5±1.6 158.2± 2.1 156.1± 2.5 5363±706 1670±225

Table 1: Temperatures from thermal fits with a two chemical equilibrium sce-

nario compared to either ratios or total yields from STAR data [?, ?] for

0 � 5% centrality in AuAu collisions at
p
sNN = 200 GeV and from ALICE

data [?, ?, ?, ?] for 0� 10% centrality in PbPb collisions at
p
sNN = 2.76 TeV,

using di↵erent PDG lists. For the case of total yields, the volume is shown as

well.

1
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Volume-independent ratios:

Directly compare HRG Model to experiment 
to identify chemical freeze-out conditions!

1 First example

The well known Pythagorean theorem sigma2+y2 = z2 was proved to be invalid
for other exponents. Meaning the next equation has no integer solutions:

�2/M = �2/�1

2 Second example

In physics, the mass-energy equivalence is stated by the equation E = mc2,
discovered in 1905 by Albert Einstein.

The mass-energy equivalence is described by the famous equation

E = mc2

discovered in 1905 by Albert Einstein. In natural units (c = 1), the formula
expresses the identity

E = m (1)

3 Third example

This is a simple math expression
p
x2 + 1 inside text. And this is also the same:p

x2 + 1 but by using another command.
This is a simple math expression without numbering

p
x2 + 1

separated from text.
This is also the same: p

x2 + 1

. . . and this: p
x2 + 1

1
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Fluctuations of Conserved Charges
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FIG. 11. (Color Online). Collision energy dependence of the
values of M/�2, S�, �2 for �NK multiplicity distributions
from 0-5% most central and 70-80% peripheral collisions in
Au+Au collisions at

p
sNN = 7.7, 11.5, 14.5, 19.6, 27, 39, 62.4

and 200 GeV. The error bars are statistical uncertainties and
the caps represent systematic uncertainties. The expectations
from Poisson and NBD and the results of the UrQMD model
calculations are all from the 0-5% centrality.

for net-baryon) [29] and net-charge [30] fluctuations in
Au+Au collisions from the first phase of the beam en-
ergy scan at RHIC. In this paper, we present the first
measurements of the moments of net-kaon (proxy for net-
strangeness) multiplicity distributions in Au+Au colli-
sions from

p
sNN = 7.7 to 200 GeV. The measured M/�2

values decrease monotonically with increasing collision
energy. The Poisson baseline for C1/C2 slightly under-
estimates the data. No significant collision centrality de-
pendence is observed for both S� and �2 at all energies.
For C3/C2 (=S�), the Poisson and NBD expectations are
lower than the measured S� values at low collision en-
ergies. The measured values for C4/C2 (=�2) are con-
sistent with both the Poisson and NBD baselines within
uncertainties. UrQMD calculations for S� and �2 are
consistent with data for the most central 0-5% Au+Au
collisions. Within current uncertainties, the net-kaon cu-
mulant ratios appear to be monotonic as a function of
collision energy. The moments of net-kaon multiplicity
distributions presented here can be used to extract freeze-
out conditions in heavy-ion collisions by comparing to
Lattice QCD calculations. Future high statistics mea-
surements with improved e�ciency correction method
will be made for fluctuation studies in the second phase
of the RHIC Beam Energy Scan during 2019-2020.
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‣ Calculate 𝜒1/𝜒2 for net-kaons in the HRG model, 
including acceptance cuts and resonance decays

‣ Find 𝜒1/𝜒2 along the lattice QCD isentropes

‣ Fit HRG results with experiment to extract freeze-
out temperature, 

‣ Obtain        from the isentropes μB, f

Tf

Determination of freeze-out parameters 
given only one experimental quantity:
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Freeze-out conditions from net-kaon fluctuations
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condition. We used the corresponding µB , µQ, nB and
nQ values at each given simulation point. For the T -
derivative in the entropy density we used the derivatives
of the already fitted functions (4). The naive T derivative
of these fit functions is a directional derivative along con-
stant µB/T and variable µQ and µS defined by Eq. (2).
Using the temperature dependence of µQ one can calcu-
late the partial T -derivative that defines the entropy. The
terms in " and s that are related to the variable µQ/T in
a fixed-µB/T dataset are smaller than the overall error.
Nevertheless, in the numerical analysis none of the terms
were dropped.

Therefore it is possible to obtain all the thermody-
namic quantities at finite chemical potential. In partic-
ular, we start with the entropy density s and baryonic
density nB . These quantities are relevant because, in
the absence of dissipative e↵ects, the medium created in
a heavy ion collision expands without generation of en-
tropy (S) and with a fixed baryon number (NB), so that
S/NB = s/nB is fixed in this case. We calculate the ratio
s/nB for the values of the freeze-out temperatures and
chemical potentials extracted in Ref. [31], which corre-
spond to the various collision energies of the RHIC beam
energy scan. After the initial collision, the system starts
from a point in the (T, µB) plane and follows a trajec-
tory which will bring it to one of the freeze-out points.
We start from the freeze-out points and reconstruct the
isentropic trajectories backwards in the (T, µB) plane.
This is done for the first time from lattice QCD simula-
tions to order µ6

B . Such isentropic trajectories are shown
in Fig. 3. The black points are the freeze-out parame-
ters from Ref. [31]. The last point corresponds to the
preliminary analysis of the new STAR run at 14.5 GeV
[32]. The curves are continued in the hadronic phase by
means of the Hadron Resonance Gas (HRG) model.
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FIG. 3. The QCD phase diagram in the (T, µB) plane with
the isentropic trajectories: the contours with fixed S/NB

value. The green points are the chemical freeze-out parame-
ters extracted in Ref. [31]. The S/NB ratios correspond to the
RHIC energies 200, 62.4, 39, 27, 19.6 and 14.5 GeV. The last
point is based on preliminary STAR data [32]. The freeze-
out parameters are obtained by a combined fit of net-electric
charge and net-proton fluctuations in the HRG model.

We use the continuum extrapolated fit parameters and
the formulas in Eq. (5) to extrapolate the pressure and
the trace anomaly to finite density. In Fig. 4 we plot
these observables for two of the RHIC energies along the
isentropic trajectories of Fig. 3. The e↵ect of the finite
chemical potential is more prominent at high tempera-
ture for the pressure, while the interaction measure is
mildly a↵ected by the change in µB , and mainly at low
temperatures.

FIG. 4. Pressure (upper panel) and interaction measure
(lower panel) as functions of temperature, calculated along
the highest and lowest isentropic trajectories from Fig. 3.

In conclusion, we have presented lattice QCD results
for the Taylor expansion coe�cients of the pressure up to
order (µB/T )6. These results, simulated at the physical
mass and continuum extrapolated, are achieved for the
first time in this paper, using to the method of analyti-
cal continuation of the baryonic density from imaginary
chemical potential and taking its derivatives with respect
to µB . As our results indicate, this approach leads to
a more precise determination of the coe�cients, as com-
pared to their direct simulation at µB = 0. Starting from
the freeze-out parameters of Ref. [31], we have then de-
termined the isentropic trajectories in the (T, µB) plane
up to order (µB/T )6, and calculated the pressure and
interaction measure along these trajectories. The results
presented here allow to reliably extend the calculations
of the thermodynamic quantities up to µB/T ' 2, which
covers most of the Beam Energy Scan program at RHIC.
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In order to extract the {           }, the isentropic trajectories from Lattice 
QCD are utilized

‣ Shows the path of the system across the phase diagram

‣ S/NB is conserved 

Tf , μB, f
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Lattice QCD Isentropes
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condition. We used the corresponding µB , µQ, nB and
nQ values at each given simulation point. For the T -
derivative in the entropy density we used the derivatives
of the already fitted functions (4). The naive T derivative
of these fit functions is a directional derivative along con-
stant µB/T and variable µQ and µS defined by Eq. (2).
Using the temperature dependence of µQ one can calcu-
late the partial T -derivative that defines the entropy. The
terms in " and s that are related to the variable µQ/T in
a fixed-µB/T dataset are smaller than the overall error.
Nevertheless, in the numerical analysis none of the terms
were dropped.

Therefore it is possible to obtain all the thermody-
namic quantities at finite chemical potential. In partic-
ular, we start with the entropy density s and baryonic
density nB . These quantities are relevant because, in
the absence of dissipative e↵ects, the medium created in
a heavy ion collision expands without generation of en-
tropy (S) and with a fixed baryon number (NB), so that
S/NB = s/nB is fixed in this case. We calculate the ratio
s/nB for the values of the freeze-out temperatures and
chemical potentials extracted in Ref. [31], which corre-
spond to the various collision energies of the RHIC beam
energy scan. After the initial collision, the system starts
from a point in the (T, µB) plane and follows a trajec-
tory which will bring it to one of the freeze-out points.
We start from the freeze-out points and reconstruct the
isentropic trajectories backwards in the (T, µB) plane.
This is done for the first time from lattice QCD simula-
tions to order µ6

B . Such isentropic trajectories are shown
in Fig. 3. The black points are the freeze-out parame-
ters from Ref. [31]. The last point corresponds to the
preliminary analysis of the new STAR run at 14.5 GeV
[32]. The curves are continued in the hadronic phase by
means of the Hadron Resonance Gas (HRG) model.
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FIG. 3. The QCD phase diagram in the (T, µB) plane with
the isentropic trajectories: the contours with fixed S/NB

value. The green points are the chemical freeze-out parame-
ters extracted in Ref. [31]. The S/NB ratios correspond to the
RHIC energies 200, 62.4, 39, 27, 19.6 and 14.5 GeV. The last
point is based on preliminary STAR data [32]. The freeze-
out parameters are obtained by a combined fit of net-electric
charge and net-proton fluctuations in the HRG model.

We use the continuum extrapolated fit parameters and
the formulas in Eq. (5) to extrapolate the pressure and
the trace anomaly to finite density. In Fig. 4 we plot
these observables for two of the RHIC energies along the
isentropic trajectories of Fig. 3. The e↵ect of the finite
chemical potential is more prominent at high tempera-
ture for the pressure, while the interaction measure is
mildly a↵ected by the change in µB , and mainly at low
temperatures.

FIG. 4. Pressure (upper panel) and interaction measure
(lower panel) as functions of temperature, calculated along
the highest and lowest isentropic trajectories from Fig. 3.

In conclusion, we have presented lattice QCD results
for the Taylor expansion coe�cients of the pressure up to
order (µB/T )6. These results, simulated at the physical
mass and continuum extrapolated, are achieved for the
first time in this paper, using to the method of analyti-
cal continuation of the baryonic density from imaginary
chemical potential and taking its derivatives with respect
to µB . As our results indicate, this approach leads to
a more precise determination of the coe�cients, as com-
pared to their direct simulation at µB = 0. Starting from
the freeze-out parameters of Ref. [31], we have then de-
termined the isentropic trajectories in the (T, µB) plane
up to order (µB/T )6, and calculated the pressure and
interaction measure along these trajectories. The results
presented here allow to reliably extend the calculations
of the thermodynamic quantities up to µB/T ' 2, which
covers most of the Beam Energy Scan program at RHIC.
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In order to extract the {           }, the isentropic trajectories from Lattice 
QCD are utilized

‣ Shows the path of the system across the phase diagram

‣ S/NB is conserved 

Tf , μB, f

Guenther, J. et al. Nucl.Phys. A (2017) 
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to match {χ p
1 /χ

p
2 ,χQ

1 /χQ
2 }. Such an analysis was performed

in Ref. [28]. However, for strange particles only net kaons
have been measured, so it is not possible to determine both
{Tf , µB f } by fitting χK

1 /χK
2 . We tried a simultaneous fit of

χK
1 /χK

2 and χK
3 /χK

2 , but the experimental error bars on the
latter did not allow a precise determination of the freeze-out
parameters. In Fig. 3 of Ref. [30], isentropic trajectories using
lattice QCD results for the Taylor-reconstructed QCD phase
diagram at finite µB are shown. These trajectories assume that
the entropy per baryon number is conserved and illustrate the
path across which the quark gluon plasma evolves through
the phase diagram after a heavy-ion collision in the absence
of dissipation. They are a reasonable approximation of the
actual ones over a short section of the system evolution,
close to the freeze-out. Thus we assume that the evolution
of the system created in a heavy ion collision lies on the
lattice QCD isentropic trajectories, which yield a relationship
between T and µB. These isentropes were determined by
starting from the chemical freeze-out points for light hadrons
from Ref. [28], calculating S/NB at those points, and imposing
that the ratio is conserved on the corresponding trajectory.
In this way we take into account the possibility that kaons
can freeze-out at a different moment in the evolution of
the system at a given collision energy, related to the light
particle freeze-out point by the conservation of S/NB. This
procedure allows us to determine {Tf , µB f } for kaons. Re-
cently, the authors of Ref. [31] performed an analysis similar
to the one presented here, but they determined the freeze-
out chemical potentials by fitting the antibaryon-over-baryon
abundance ratios for the different collision energies. The
results they found are compatible with ours.

III. RESULTS

In Fig. 1, χK
1 /χK

2 is calculated along the lattice QCD
isentropic trajectories (pink, dashed band) and compared

to the (M/σ2)K (mean-over-variance) data from the STAR
Collaboration [27] (gray, full band). At

√
sNN = 200 GeV, due

to the large experimental uncertainty, the region of overlap
between the theoretical band and the experimental data corre-
sponds to a temperature range of T ≈ 163–185 MeV, which
is clearly above the light chemical freeze-out temperature
T f = 148 ± 6 MeV. At lower energies, the overlap region is
smaller but it is still located around T ≈ 160 MeV. We would
like to stress that, even though we calculate χK

1 /χK
2 in the

HRG model up to temperatures as high as T ≈ 190 MeV,
we do not expect this approach to hold for these values of
T , well above the pseudocritical temperature predicted from
lattice QCD. Nevertheless, we show the curves up to these
high temperatures for completeness, and to see how large the
overlap region with the experimental value turns out to be in
this approach.

In Fig. 2 we directly compare our acceptable bands for the
strange {T f , µ

f
B} (gray bands) and the light {T f , µ

f
B} from

Ref. [28] (red points). Note that the shape of the strange
{T f , µ

f
B} regions reflects the shape of the overlap regions

seen in Fig. 1. From the plot it is clear that, performing the
same analysis as was done in Ref. [28] for light particles, the
freeze-out parameters that we obtain from kaon fluctuations
are in disagreement with the light particle ones. Therefore,
we conclude that the kaon fluctuation data from the STAR
Collaboration cannot be reproduced within the HRG model,
using the freeze-out parameters obtained from the combined
analysis of χ

p
1 /χ

p
2 and χQ

1 /χQ
2 . Kaon fluctuations seem to

confirm a flavor hierarchy scenario. In the same figure, we also
show the freeze-out parameters from thermal fits to particle
yields by the STAR Collaboration at

√
s = 39 GeV [10].

The orange triangular point has been obtained by fitting all
measured ground-state hadrons, while for the blue diamond-
shaped point the fit only included protons, pions and kaons.
It is clear that the inclusion of all strange particles drives the
freeze-out temperature to values which are close to the ones

FIG. 1. Results for χK
1 /χK

2 calculated in the HRG model along the lattice QCD isentropic trajectories (pink, dashed band) compared to
(M/σ2)K data from [27] (gray, full band) across the Beam Energy Scan at STAR.

034912-3

At 200 GeV: 
Tf ≳ 163 MeV

Calculate 𝜒1/𝜒2  along the isentropes corresponding to the five 
highest energies of the Beam Energy Scan at RHIC

‣ Extract Tf by identifying the overlap regions

R. Bellwied, JS, et al., PRC (2019)
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Net-kaon fluctuations along Lattice QCD Isentropes
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Compare the freeze-out parameters for the kaons and light particles for the 
different lists in order to determine the effect of the number of resonant states

With the inclusion of more states in the HRG Model the kaon freeze-out 
temperature is decreased, but separation from light hadrons remains
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PDG2012 and PDG2016+

See also:

M. Bluhm and M. Nahrgang 


Eur.Phys.J. (2019)

JS, et. al. in preparation
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Calculate fluctuations for net-𝛬 using the kaon and light hadron 
freeze-out parameters
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Net-lambda predictions with PDG2016+

JS, et. al. in preparation; R. Bellwied SQM 2019
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Kaon freeze-out with PDG2016+

Light freeze-out with PDG2016+
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The two freeze-out scenario is also seen in the determination of the correlations 
between baryon number and strangeness

11/06/2019 Chemical freeze-out of net-K in HICs — J. M. Stafford — QM 2019

Cross-correlators of Conserved Charges

R. Bellwied, JS, et. al. arXiv: 1910.14592; R. Bellwied SQM 2019

See poster by P. Parotto
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FIG. 17. Behavior of the proxies eC⇤,⇤K
BS,SS and eCK,⇤K

QS,SS along
freeze-out lines with T0 = 145MeV (blue dashed line) and
T0 = 165MeV (black dotted line) – using di↵erent cuts for
the di↵erent species, according to the experimental situation
– compared to the experimental results [56, 57] (light blue
points).

with each of the three possible cross-correlators of baryon
(B), electric charge (Q) and strangeness (S).

The BQ correlator in equilibrium is dominated by pro-
ton fluctuations, with the other contributions – most no-
tably the proton-pion correlation and hyperons self corre-
lations – almost perfectly canceling each other. Nonethe-
less, the information loss caused by isospin randomization
prevents from constructing successful proxies for ratios
including �

BQ

11 .
Luckily, neither the isospin randomization, nor the in-

troduction of cuts on the kinematics had a significant
e↵ect on either �

BS
11 or �

QS

11 . Because of this, we were
able to construct proxies for the ratios �

BS
11 /�

S
2 and

�
QS

11 /�
S
2 that are within 10% of the grand canonical pre-

diction. These two ratios are not independent, since in
the isospin symmetric case they are related by the Gell–
Mann-Nishijima formula. It is striking that only two
measured quantities, namely the variances of net-kaon
and net-Lambda distributions, were su�cient to build

the proxies for �
BS
11 /�

S
2 and �

QS

11 /�
S
2 . We showed that

the inclusion of multi-strange hyperons does not improve
the quality of the proxy. Moreover, although these are
cross correlators of conserved charges, particle species
cross correlators do not contribute significantly. In fact,
none of the particle cross correlators contributes to any
of the charge fluctuations or cross correlators, with the
exception of the proton-pion one, but the latter is largely
a↵ected by isospin randomization.
Thus, we have a ratio at hand that is available both

from lattice simulations and for experimental measure-
ment. The ratio �

BS
11 /�

S
2 behaves as a strangeness-

related thermometer for chemical freeze-out. We pro-
vided continuum extrapolated results at zero and finite
chemical potential for this quantity.
Finally, we compare our results to experiment. A di-

rect use of lattice data in the experimental context would
require the use of the same kinematic cuts for ⇤ and K.
The STAR Collaboration has published results for fluc-
tuations of K and preliminary results for ⇤ fluctuations,
though with di↵erent kinematic cuts. To test our proxy,
we recalculated its HRG model prediction with the actual
cuts used in experiment. We saw that the �

2
⇤/(�

2
K
+ �

2
⇤)

ratio quite evidently favors the higher freeze-out tem-
perature, in line with what was already shown by other
analyses [59, 60].
These high temperatures for the chemical freeze-out

motivates the use of lattice QCD in future studies since
they fall at the limit of the validity of the HRG model.
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with each of the three possible cross-correlators of baryon
(B), electric charge (Q) and strangeness (S).

The BQ correlator in equilibrium is dominated by pro-
ton fluctuations, with the other contributions – most no-
tably the proton-pion correlation and hyperons self corre-
lations – almost perfectly canceling each other. Nonethe-
less, the information loss caused by isospin randomization
prevents from constructing successful proxies for ratios
including �

BQ

11 .
Luckily, neither the isospin randomization, nor the in-

troduction of cuts on the kinematics had a significant
e↵ect on either �

BS
11 or �

QS

11 . Because of this, we were
able to construct proxies for the ratios �

BS
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2 and
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QS
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2 that are within 10% of the grand canonical pre-

diction. These two ratios are not independent, since in
the isospin symmetric case they are related by the Gell–
Mann-Nishijima formula. It is striking that only two
measured quantities, namely the variances of net-kaon
and net-Lambda distributions, were su�cient to build
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2 . We showed that

the inclusion of multi-strange hyperons does not improve
the quality of the proxy. Moreover, although these are
cross correlators of conserved charges, particle species
cross correlators do not contribute significantly. In fact,
none of the particle cross correlators contributes to any
of the charge fluctuations or cross correlators, with the
exception of the proton-pion one, but the latter is largely
a↵ected by isospin randomization.
Thus, we have a ratio at hand that is available both

from lattice simulations and for experimental measure-
ment. The ratio �
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2 behaves as a strangeness-

related thermometer for chemical freeze-out. We pro-
vided continuum extrapolated results at zero and finite
chemical potential for this quantity.
Finally, we compare our results to experiment. A di-

rect use of lattice data in the experimental context would
require the use of the same kinematic cuts for ⇤ and K.
The STAR Collaboration has published results for fluc-
tuations of K and preliminary results for ⇤ fluctuations,
though with di↵erent kinematic cuts. To test our proxy,
we recalculated its HRG model prediction with the actual
cuts used in experiment. We saw that the �

2
⇤/(�

2
K
+ �

2
⇤)

ratio quite evidently favors the higher freeze-out tem-
perature, in line with what was already shown by other
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• With the PDG2016+ list, the two-freeze-out scenario fits the 
experimental data for particle yields better.

• The net-kaon fluctuation data from the STAR collaboration cannot be 
reproduced in the HRG model by using the freeze-out parameters 
obtained from the combined fit of χp

1/χp
2 and χQ

1 /χ
Q

2  (T ≳ 150 MeV).  

• With the inclusion of more strange resonances in the HRG Model, the 
kaon freeze-out temperature becomes T ≳ 160 MeV in AuAu 
collisions at          = 200 GeV.sNN

11/06/2019 Chemical freeze-out of net-K in HICs — J. M. Stafford — QM 2019

Conclusions
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Rapidity cuts and conserved charge fluctuations

1

Fluctuations of conserved charges

How can CONSERVED CHARGES fluctuate?

I If we could measure ALL particles in a collision, they would not

I If we look at a small enough subsystem, fluctuations occur and become meaningful
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STAR THERMUS fits of particle yields
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FIG. 35: Choice on including more particles: (Color online) Extracted chemical freeze-out parameters (a) Tch, (b) µB , and
(c) γS along with (d) χ2/ndf for GCE using particle yields as input for fitting. Results are compared for Au+Au collisions at√
sNN = 39 GeV for four different sets of particle yields used in fitting. Uncertainties represent systematic errors.

by [51]

dN

pT dpT
∝
∫ R

0
r drmT I0

(

pT sinh ρ(r)

Tkin

)

×K1

(

mT cosh ρ(r)

Tkin

)

, (13)

where mT is the transverse mass of a hadron, ρ(r) =
tanh−1β, and I0 and K1 are the modified Bessel func-
tions. We use a radial flow velocity profile of the form

β = βS(r/R)n, (14)

where βS is the surface velocity, r/R is the relative ra-
dial position in the thermal source, and n is the exponent
of flow velocity profile. Average transverse radial flow
velocity ⟨β⟩ can then be obtained from ⟨β⟩ = 2

2+nβS .
Usually π±, K±, p, and p̄ particle spectra are fitted si-
multaneously with the blast-wave model. Including more
particles such as multi-strange hadrons in the fit would
amount to forcing all the species to freeze-out at the same
time which may not be true. It has been shown that at
top RHIC energy the spectra of multi-strange particles
reflect a higher kinetic freeze-out temperature [4, 90].
This can be interpreted as diminished hadronic inter-
actions with the expanding bulk matter after chemical

freeze-out. For the results presented here for kinetic
freeze-out, we use π±, K±, p, and p̄ spectra in the blast-
wave model fit. We also note the recent study of separate
fit of positively and negatively charged particles v2 using
a blast wave model [91, 92].
Figure 36 shows the blast wave model fits of π±, K±,

and p and (p̄) pT spectra in 0–5% central Au+Au colli-
sions at

√
sNN = 7.7, 11.5, 19.6, 27, and 39 GeV. The

model describes well the pT spectra of π±,K±, p, and
p̄ at all energies studied. The fit parameters are Tkin,
⟨β⟩, and n. The low pT part of the pion spectra is af-
fected by resonance decays, and consequently the pion
spectra are fitted only for pT > 0.5 GeV/c. The blast
wave model is hydrodynamics-motivated which provides
a good description of data at low pT , but is not suited
for describing hard processes at high pT [93]. Thus the
blast wave model results are sensitive to the pT fit ranges
used for fitting [66]. The results presented here use sim-
ilar values of low pT as were used in previous studies
by STAR and ALICE [43, 66]. We keep consistent pT
ranges for simultaneous fitting of the π±, K±, p, and p̄
spectra across all the BES energies as shown in Fig. 36.
The extracted kinetic freeze-out parameters for the BES
energies are listed in Table X.
Figure 37 shows the variation of Tkin with ⟨β⟩ for dif-
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STAR net-kaon distributions
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FIG. 1. (Color Online). Raw �NK distributions in Au+Au collisions from
p
sNN = 7.7 to 200 GeV for 0-5%, 30-40%, and

70-80% collision centralities at midrapidity. The distributions are not corrected for the finite centrality bin width e↵ect nor the
reconstruction e�ciency.

III. DATA ANALYSIS

The results presented in this paper are based on the
data taken at STAR [38] for Au+Au collisions at

p
sNN

= 7.7, 11.5, 14.5, 19.6, 27, 39, 62.4 and 200 GeV. The
7.7, 11.5, 39, 62.4, and 200 GeV data were collected in
the year 2010, the 19.6 and 27 GeV data were collected
in the year 2011, and the 14.5 GeV data were collected
in the year 2014.

The STAR detector has a large uniform acceptance at
midrapidity (|⌘| < 1) with excellent particle identifica-
tion capabilities , i.e., allowing to identify kaons from
other charged particles for 0.2 < pT < 1.6 GeV/c. En-
ergy loss (dE/dx) in the time projection chamber (TPC)
[39] and mass-squared (m2) from the time-of-flight de-
tector (TOF) [40] are used to identify K+ and K�. To
utilize the energy loss measured in the TPC, a quantity
n�X is defined as:

n�X =
ln[(dE/dx)measured/(dE/dx)theory]

�X
(7)

where (dE/dx)measured is the ionization energy loss from
TPC, and (dE/dx)theory is the Bethe-Bloch [41] expec-
tation for the given particle type (e.g. ⇡,K, p). �X is
the dE/dx resolution of TPC. We select K+ and K�

particles by using a cut |n�Kaon| < 2 within transverse
momentum range 0.2 < pT < 1.6 GeV/c and rapidity

|y| < 0.5. The TOF detector measures the time of flight
(t) of a particle from the primary vertex of the colli-
sion. Combined with the path length (L) measured in
the TPC, one can directly calculate the velocity (v) of
the particles and their rest mass (m) using:

� =
v

c
=

L

ct
(8)

m2c2 = p2
✓

1

�2
� 1

◆
= p2

✓
c2t2

L2
� 1

◆
(9)

In this analysis, we use mass-squared cut 0.15 < m2 <
0.4 GeV2/c4 to select K+ and K� within the pT range
0.4 < pT < 1.6 GeV/c to get high purity of kaon sample
(better than 99%). For the pT range 0.2 < pT < 0.4
GeV/c, we use only the TPC to identify K+ and K�.
The kaon purity between 0.2 and 0.4 GeV/c is about
95%, where only TPC is used.
The collision centrality is determined using the

e�ciency-uncorrected charged particle multiplicity ex-
cluding identified kaons within pseudorapidity |⌘| < 1.0
measured with the TPC. This definition maximizes the
number of particles used to determine the collision cen-
trality and avoids self-correlations between the kaons
used to calculate the moments and kaons in the refer-
ence multiplicity [42]. Using the distribution of this ref-
erence multiplicity along with the Glauber model [43]
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FIG. 9. (Color online). Upper panel: Ratio (µS/µB)LO as
a function of the temperature. Lower panel: �S

4 /�
S

2 as a
function of the temperature. In both cases, the lattice results
are compared to the HRG model curves based on the PDG
2016 (black, solid line), the PDG2016+ (green, dashed line)
and the PDG2016+ with additional states from the hQM (red,
dotted line).

|S| = 1, 3 baryons, it looks like even more states than
PDG2016+ with hQM are needed in order to reproduce
the lattice results: the agreement improves when the res-
onances predicted by the QM [30, 31] are added to the
spectrum. Fig. 2 shows the relative contribution of the
sectors to the total pressure. Notice that three orders of
magnitude separate the |S|=1 meson contribution from
the |S| = 3 baryon one. The method we used for this
analysis, namely simulations at imaginary µS , was crucial
in order to extract a signal for the multi-strange baryons.

As for strange mesons, we point out that the PDG2016
and 2016+ coincide since there is no star ranking for
mesons. In this sector, it was not possible to perform
a continuum extrapolation for the data, since apparently
they are not in the scaling regime. However, there is clear
trend in the Nt = 10, 12, 16 data that makes it very nat-
ural to assume that the continuum extrapolated results
will lie above the HRG curves. We also include a contin-
uum estimate of this quantity, based on only the Nt = 12
and 16 lattices, which is clearly above the HRG curves.
This might mean that, for strange mesons, the interac-

tion between particles is not well mimicked by the HRG
model in the Boltzmann approximation, or that we need
even more states than the ones predicted by the QM. This
was already suggested in Ref. [56], based on a di↵erent
analysis. In general, one should keep in mind that here
we use a version of the HRG model in which particles are
considered stable (no width is included). Any width ef-
fects on the partial pressures can be considered in future
work. Analogously, our previous lattice QCD results did
not show indications of finite volume e↵ects for the to-
tal pressure. These e↵ects have not been checked for the
partial pressures presented here.
Our analysis shows that, for most hadronic sectors, the

spectrum PDG2016, does not yield a satisfactory descrip-
tion of the lattice results. All sectors clearly indicate the
need for more states, in some cases up to those predicted
by the original Quark Model. One has to keep in mind
that using the QM states in a HRG description will intro-
duce additional di�culties in calculations used in heavy
ion phenomenology, as the QM does not give us the de-
cay properties of these new states. The HRG model is
successfully used to describe the freeze-out of a heavy-
ion collision, by fitting the yields of particles produced in
the collision and thus extracting the freeze-out temper-
ature and chemical potential [57–59], which are known
as “thermal fits”. To this purpose, one needs to know
the decay modes of the resonances into the ground state
particles which are reaching the detector. As of yet, the
QM decay channels are unknown so predictions for their
decay channels are needed first, before one can use them
in thermal fits models.
In conclusion, we re-calculate the two observables

which triggered our analysis, namely (µS/µB)LO and
�S
4 /�

S
2 , with the updated hadronic spectra. They are

shown in the two panels of Fig. 9. The upper panel shows
(µS/µB)LO as a function of the temperature: the lattice
results are compared to the HRG model curves based
on the PDG2016, PDG2016+ and PDG2016+ with the
inclusion of the states predicted by the hQM. The two
latter spectra yield a satisfactory description of the data
up to T ' 145 MeV. In the case of �S

4 /�
S
2 , all three spec-

tra yield a good agreement with the lattice results. Our
analysis shows that the original QM overestimates these
quantities because it predicts too many |S| = 2 baryons
and not enough |S| = 1 mesons. In the context of fu-
ture experimental measurements this study gives guid-
ance to the RHIC, LHC and the future JLab experiments
on where to focus their searches for as of yet undetected
hadronic resonances.
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FIG. 3. (Color online). Ratio µS/µB at leading order as
a function of the temperature. The HRG results are shown
for di↵erent hadronic spectra, namely by using the PDG2012
(black solid line) and the QM (dashed red line).

content of the hadrons show a discrepancy between HRG
model and lattice results [29]. An example of such dis-
crepancy is shown in Fig. 3 and will be explained below.
Such observables involve the evaluation of susceptibilities
of conserved charges in the system at vanishing chemical
potential:

�BQS

lmn
=

✓
@l+m+nP (T, µB , µQ, µS)/T 4

@(µB/T )l@(µQ/T )m@(µS/T )n

◆

µ=0

. (1)

Cumulants of net-strangeness fluctuations and corre-
lations with net-baryon number and net-electric charge
have been evaluated on the lattice in a system of (2 + 1)
flavours at physical quark masses and in the continuum
limit [13, 16, 41]. The same quantities can be obtained
within the HRG model. In this approach, the total
pressure in the thermodynamic limit for a gas of non-
interacting particles in the grand-canonical ensemble is
given by:

Ptot(T, µ) =
X

k

Pk(T, µk) =
X

k

(�1)Bk+1 dkT

(2⇡)3

Z
d3~p

ln

 
1 + (�1)Bk+1 exp

"
�
(
p

~p2 +m2
k
� µk)

T

#!
, (2)

where the sum runs over all the hadrons and resonances
included in the model. Here the single particle chemical
potential is defined with respect to the global conserved
charges (baryonic B, electric Q and strangeness S) as
µk = BkµB + QkµQ + SkµS . More details on the HRG
model used here can be found in Ref. [42]. In order to
describe the initial conditions of the system occurring
during a heavy-ion collision, we require strangeness neu-
trality and the proper ratio of protons to baryons given
by the colliding nuclei, nQ = Z

A
nB ' 0.4nB . These con-

ditions yield µS and µQ as functions of µB ; their specific
dependence on µB is a↵ected by the amount of strange
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FIG. 4. (Color online). Upper panel: Ratio �S

4 /�
S

2 as a
function of the temperature. HRG model calculations based
on the PDG2012 (black solid line) and the QM (red dashed
line) spectra are shown in comparison to the lattice results
from Ref. [21]. Lower panel: comparison of up-strange corre-
lator �us

11 simulated on the lattice [13] and calculated in the
HRG model using the PDG2012 (solid black line) and the QM
(dashed red line) spectra.

particles and charged particles included in the model. To
leading order in µB , the ratio µS/µB reads [15, 16]:

✓
µS

µB

◆

LO

= ��BS
11

�S
2

� �QS

11

�S
2

µQ

µB

. (3)

The inclusion of a larger number of heavy hyperons, such
as ⇤ and ⌅, and the constraint of strangeness neutrality
are reflected by a larger value of the strange chemical
potential µS as a function of temperature and baryo-
chemical potential. In Fig. 3 this ratio is shown as a
function of the temperature: our new, continuum extrap-
olated lattice results are compared to the HRG model
calculations based on the 2012 version of the PDG and
on the Quark Model states (as done in Ref. [29]). One
should expect agreement between HRG model and lattice
calculations up to the transition temperature which has
been determined independently on the lattice to be ⇠ 155
MeV [1–4]. The HRG model based on the QM particle
list yields a better agreement with the lattice data within
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both the freeze-out temperature and the curvature of the freeze-out line. The left panel

of Fig. 11 shows the ratio of ratios of �1/�2 for electric charge and proton number

used for this fit. The value of the freeze-out temperature (Tf = (147 ± 2) MeV) is

in agreement with the one obtained in Ref. [130]. The curvature value is found to be

f < 0.011, compatible with lattice QCD results on the curvature of the QCD transition

line.

Figure 11. Left: From Ref. [132]: the ratio of ratios �1/�2 for net-electric charge
and net-proton fluctuations measured by the STAR and PHENIX Collaborations
[109, 110, 111, 133]. Right: Preliminary results of the WB collaboration [134]. The
colored lines are the contours at constant mean/variance ratios of the net electric
charge from lattice simulations. The contours that correspond to STAR data intersect
in the freeze-out points of Ref. [63]. The red band is the QCD phase diagram shown
in the left panel of Fig. 6. Also shown are the isentropic contours that match the
chemical freeze-out data.

The WB collaboration recently performed a combined fit of �1/�2 for electric

charge and baryon number and found freeze-out temperature and chemical potential

corresponding to the five highest collision energies at RHIC (from
p

s = 200 GeV to

19.6 GeV) [134]. These results are in agreement with the freeze-out temperature and

curvature values extracted in Ref. [132] and, remarkably, with the same fluctuation

analysis performed in an HRG model in which the e↵ects of resonance decay and

regeneration, and the kinematic cuts corresponding to the experimental situation, were

taken into account [63].

The left panel of Fig. 11 also shows data from the PHENIX collaboration [133],

which published results only for net-charge fluctuations with 0.3 GeV pT 2.0 GeV and

|⌘|  0.35; the discrepancy between these results and the STAR ones can be understood

in terms of the di↵erent pT and rapidity windows [132].

Most results discussed so far concerned lower-order fluctuations and their ratios.

They are more suitable to extract the freeze-out parameters because they are measured
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