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INTRODUCTION
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Vh = Kn é€n
“— v T
Final State Response Initial State

e Until now: only considered energy / entropy in initial state
e Goal: include effects from other components of T#>.

e Motivation: determine relevant aspects, quantify contribution & interplay with
eccentricity (important in small systems?)

OUTLINE

©® Reminder: v, = knen as leading term in systematic expansion

@ Ansatz for adding T#¥ contributions

© Numeric validation
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CUMULANT EXPANSION: ENERGY DENSITY

dN

.E%

N & ;
= — Z Vn e_ln¢
27 =

e Assumption 1: V, = F (T“”}T:m,f”L:m)
e THY ji at some time 7y determines final observable

final
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CUMULANT EXPANSION: ENERGY DENSITY

dN

.E%

N & ;
= Vne_ln¢
final 2T ,,:Z_oo
e Assumption 1: V, = F (TTT|T:TO>
e T77 at some time 1y determines final observable
e Assumption 2: Hierarchy of scales
e Structure at large length scales more important

(arXiv:1807.05213)
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CUMULANT EXPANSION: ENERGY DENSITY

CUMULANTS

e Separate scales with Fourier transform

eW(R) — /d2X eil_('-)_(’TTT(X7y)
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e System fully characterized by ordered set { Wy m}
e Smaller m — larger length scales — can truncate at some m = Mmy.

MATTHEW LuzumMm (USP) FULL MAPPING OF SYSTEM RESPONSE QM 2019



CUMULANT EXPANSION: ENERGY DENSITY

CUMULANTS

e Separate scales with Fourier transform

eW(R) — /d2X eil_('-)_(’TTT(X7y)

e Isolate large scales with Taylor series around k = \l? =0

(o)

W)= Wn()k™= > )" Wamk™e"
m=0

N=—00 m=|n|

e System fully characterized by ordered set { Wy m}
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CUMULANT EXPANSION: ENERGY DENSITY

CUMULANTS

e Separate scales with Fourier transform

eW(E) — /d2X eiE-)?TTT(X’y)

—

e Isolate large scales with Taylor series around k = |k| =0

(o)

E) = Z Wm(¢k)km = Z Z Wn,mkmein¢k
m=0 N=—00 m=|n|
e System fully characterized by ordered set { Wy m}
e Smaller m = larger Iength scales = can truncate at some m = M.
o V,~ f({W,, m}\

m< mmax
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CUMULANT EXPANSION: ENERGY DENSITY

CUMULANT SERIES
o Vn = f({ Wn7m})
e Power series in anisotropic (n # 0) cumulants:

V, ~ VY _ linear
+ quadratic
+ cubic + ...
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CUMULANT SERIES
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CUMULANT EXPANSION: ENERGY DENSITY

o Vn = f({ Wn7m})
e Power series in anisotropic (n # 0) cumulants:

Mmax

Vp ~ Vr(;eSt) = Z Kn,m Wn,m
m=n

Mmax Mmax  Mmax

- Z Z Z Kil,m,m’ I/Vl7mWn—l,m’

I=1 m=Il m'=|n—I|

+ O(W?)
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CUMULANT EXPANSION: ENERGY DENSITY

o Vn = f({ Wn7m})
e Power series in anisotropic (n # 0) cumulants:

Mmax

Vp ~ Vr(;eSt) = Z Kn,m Wn,m
m=n

Mmax Mmax  Mmax

- Z Z Z Kil,m,m’ I/Vl7mWn—l,m’

I=1 m=Il m'=|n—I|

+ O(W?)

e Double expansion — small m; lower powers of anisotropic cumulants W
e (No guidance for which type of correction more important)
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CUMULANT EXPANSION: ENERGY DENSITY

NORMALIZATION

e V), dimensionless, W, , dimensionful
e — compare W, n to relevant scale(s) to make dimensionless ratios
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e V), dimensionless, W, , dimensionful

e — compare W, n to relevant scale(s) to make dimensionless ratios
‘2

e E.g., lowest isotropic cumulant Wy = (r2). — |(re').

0o —__ Wom
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E.g., 5272 =& =—
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CUMULANT EXPANSION: ENERGY DENSITY

NORMALIZATION

e V), dimensionless, W, , dimensionful
e — compare W, n to relevant scale(s) to make dimensionless ratios

e E.g., lowest isotropic cumulant W = (r3)e — ‘(rei¢>>€‘2
_ Wh m
® Enm = W o)
2020\ _ (rgi®)2 2 Ai2¢
o Eg, 5272 = 52 — _<r e >e (re >2€ Cengred _0’672%
(r?)e — |(re®)| (r)e
[dPxTT ...

<...>€EW
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CUMULANT EXPANSION: ENERGY DENSITY

ECCENTRICITY SCALING
e Lowest order estimators:

e Can be systematically improved (see talk by Mauricio Hippert)
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CUMULANT EXPANSION: ENERGY DENSITY

ECCENTRICITY SCALING

e Lowest order estimators:
Vz(est) — ko
Véest) — k3&s

e Can be systematically improved (see talk by Mauricio Hippert)
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CUMULANT EXPANSION: ENERGY DENSITY

CUMULANT EXPANSION PROPERTIES
© Symmetries: well-defined rotation modes n
© Symmetries: Translation-invariant
© Ordered in length scales

MATTHEW LuzumMm (USP) FULL MAPPING OF SYSTEM RESPONSE QM 2019 8/15



CUMULANT EXPANSION: ENERGY DENSITY

CUMULANT EXPANSION PROPERTIES
© Symmetries: well-defined rotation modes n
© Symmetries: Translation-invariant
© Ordered in length scales

e Note: for 777 = 0 = &pm=0
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CUMULANT EXPANSION: INCLUDING TH”

ANZATZ: INCLUDING TH*” COMPONENTS

p(X) =T (X)
W) = /d2x &F % p(%)

nN=—oo M=n

5 _ Wn,m
n,m - (Wo}z)m/z
Vn ~ /ﬁ}n(‘:mn AF ooo
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p(X)=T" ()+aa,TT'(x) 8,6, T(X)
W(K)
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CUMULANT EXPANSION: INCLUDING TH”

ANZATZ: INCLUDING TH*” COMPONENTS

p(X)=T" ()+aa,TT'(x) 8,6, T(X)
W(K)

) = /d2x e’“

W(k) = Z Z Wo,mk™ e

N=—oco Mm=n

Wn,m(aa 5)
Enm(a, B) = *W

Vp ~ /‘vngn,n(aa B) +

e (o, 8) = transport coefficients (not dependent on n, m!)
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CUMULANT EXPANSION: INCLUDING TH”

V,, ESTIMATOR EXPANSION PROPERTIES

© Symmetries: well-defined rotation modes n
© Symmetries: Translation-invariant
© Ordered in length scales
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CUMULANT EXPANSION: INCLUDING TH”

V,, ESTIMATOR EXPANSION PROPERTIES

© Symmetries: well-defined rotation modes n

© Symmetries: Translation-invariant

© Ordered in length scales

@ for T, Ti — 0 contribution to V{**Y vanishes*

e *Note: can have energy density without momentum density, but not vice versa
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ADDITIONAL JUSTIFICATION

THOUGHT EXPERIMENT

e Consider a system with only 77" at some time 7y

e Cumulant expansion of p(X) = T™"(1g) predicts final V,,
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e At a slightly different time 7 = 1o + 4;:
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e Other components are generated via conservation of energy/momentum
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BT =00, T = 9,0, T"
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e At a slightly different time 7 = 1o + 4;:

T™(r) = T (7o) + 670, T |, + 5i62 T + O(67%)

e Other components are generated via conservation of energy/momentum

0T = —§;T"
BT =00, T = 9,0, T"

e Final V, still determined by p(X) = T™" (1) ~ T7"(7) + 678, T (10) — ‘ia,a, T'(r0)
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ADDITIONAL JUSTIFICATION

THOUGHT EXPERIMENT

e Consider a system with only 77" at some time g
e Cumulant expansion of p(X) = T7" (o) predicts final V,

e At a slightly different time 7 = 7o + 6,

572

T (1) = T (10) + 670 T |, + 78? T |7 + O(67°)

e Other components are generated via conservation of energy/momentum

O, T =0T
BT = —00, T = 9,0, T"

e Final V, still determined by p(X) = T™"(X) + ad; T™'(X) — 38,0, TV(X)

MATTHEW LuzumMm (USP) FULL MAPPING OF SYSTEM RESPONSE QM 2019 11/15



GENERALIZED ESTIMATORS

e With this ansatz, we find,
(r2e2%), — 2a(re'?), — 48(1)c — ((re’®). — a(1),)*
(r?)e — [(ref®)c[?
<r3ei3q§>6 _ 3a<f26i2¢>u _ 125<re’¢>c _92 (<,-ei<i>>6 — 04<1>u)3
((r2)c = I{reie) )
((re)e = a(1)u) (3(r2€2%) — Ba(re’?), — 126(1)c)

((r2). — |(rei®) [2) 3

V(eSt) = rp€22(a, B) = —

Ve — kas3(ar, B) = —

+ K3
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GENERALIZED ESTIMATORS

e With this ansatz, we find, (in coordinate system with W, 1(a, 3) = 0)
(r2e29), — 20(ref®), — 43(1)c — ((re®). — a(1)y)®
(r2)e — [{ref®)[?
(r’eB?). — Ba(r?e??), — 12B(re*); — 2 ((re")c — a(1)u)
(1) — |(re)[2)
(&) — (1)) (3(r26™%) — Bagre)y — 125(1)c)
(). — |(rei#) J2) 2

Vg(eSt) = kp&o2(a, B) = —kK2

3
est
V(S)_

ra3€33(a, f) = —k3

+/€3
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GENERALIZED ESTIMATORS

e With this ansatz, we find, (in coordinate system with W; 1(a, 3) = 0)

es <r29i2¢>€ - 20‘<rei¢>u - 45<1 >c
V2( ) _ I€252,2(O[>B) = —ka2 <r2>6 — |<rei¢>5|2
VO _ o) = g ) = B0 (207, — 125(%),
(¢2), = [Kre#), )°
UX)= T +iT” e [dPx.. U(X)
C(X) %( TX - TW) 4+ iTY YT [ d2XTTT(X)
[d?x...C(X)

(. )e=

[dPx...T™(X) (..
[ xT™ (%)
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NUMERICAL VALIDATION

DOES IT WORK?

e Check with numerical simulations

@ Adjustable toy model (see backup slides)
© Realistic simulations — IP-Glasma + MUSIC + UrQMD

e Quantify the quality of estimator statistically

e Q, = linear correlation between V,, and V!

e Q,=1 = perfect estimator
e Q, =0 — no (linear) correlation
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NUMERICAL VALIDATION

Pearson Coef.

Pb+Pb

1.000 4

0.975

0.950

0.925

0.900 A

0.875 -

0.850 -

0.825 -

0.800 A

centrality (%

T
30 40 50 60 70 80

e Traditional £, a good estimator
= TH¥ contributions small*

(*Note: Pb-Pb, zero initial viscous tensor)
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NUMERICAL VALIDATION

Pearson Coef.

Pb+Pb

1.000 A - & 75 -

&~ *
0.975 \
0.950 A
0.925

—— ( ’ )
0.900 A

—e— Q5(0,0)
0.875 1 Q?(abesu ﬂbesl)
0.850 A Q3(al)r esty ﬁbr sf)
0.825 4 —h— Q2(2 fm 20 le )
s —2— @3(2 fm, 20 fm?)

0 1‘0 2‘0 3‘0 4‘0 5‘0 6‘0 7‘0 80

centrality (%

e Traditional £, a good estimator
— TH¥ contributions small*
(*Note: Pb-Pb, zero initial viscous tensor)

e Accounting for T*” improves
estimator
e («, B) independent of

harmonic, small dependence
on centrality
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SUMMARY

e Cumulant expansion
e Assuming hierarchy of scales, can make direct connection between final and initial state,
isolate effects of system evolution
e Can be systematically improved — higher cumulants (smaller length scales) and
non-linear terms can be relevant.
e Can generalize to include effects of initial T+

e Determine the relevant aspects
e Interplay between spatial and momentum components

e Hybrid hydrodynamic simulations give validation to proposed framework.
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TOoy MODEL TESTS

Too()—(») _ Aef§(1+an cos ng)

U(x) = T°X+/T°y |U|e®

(1 —bn cos ne)

|U| =rBe 27
$u =¢ — Cpsin ne
1

C(x) =3

(bc :¢ — Sin n¢

(T — TW) +iTY = |C|e/?%
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TOY MODEL MOMENTUM DENSITY
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TOY MODEL MOMENTUM DENSITY
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Toy MODEL TESTING

0.08 |
0.07 A

. I l vp = Kkpep(a = 0.0 fm, 8 = 0.0 frnz)

0.05 I

2
Too _ Ae—za—z(H—az cos 2¢)

0:03- I l |U| _ rBe_§(1—b2 cos 2¢)
0.02 A | I ¢u — (ZS _ 02 s|2n 2(25
0.01 ‘C’ _ r2Pe_2r7(1_p2 cos 2¢)

0.0 0.1 0.2 i) 0.3 0.4 0.5 bo = b — 0o sin 2¢

B (fm™>) ap by C2
{0.0—40} | {0.0— 045} | {0.0— 06} | {0.0— 0.4}
P(fm™®°) | pe
0 0 0
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Toy MODEL TESTING

w.- vp = Kkpea(aw = 9.0 fm, 8 = 0.0 frnz)
0.05 2
Sy 700 — Ae_2r072(1+a2 cos29)
0.03 4 |U| — rBe_§(1_b2 cos 2¢)
0.02 ¢y = ¢ — Cosin2¢
0.01 1 ‘C’ _ r2Pe—$(1—Pz cos 2¢)
0.0 0.1 0.2 i) 0.3 0.4 0.5 be = — Qosin2¢
B (fm_5) ao by Co
{00—40] | {0.0_045} | {0.0—06} | {0.0—04]
P (fm=%) | po
0 0 0
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Toy MODEL TESTING

0.07 Vo = I{gEQ(O& =9.0 fl’l’l, B =0.0 fl’l’lz)
0.06 ,
N 0.05 T00 _ Ae—za—z(H—ag cos 2¢)
- 0‘0'4' ‘U| _ rBe_$(1_b2 cos 2¢)
0.02 4 Gu=¢—Co S|2n 2¢
0014 ‘C’ _ r2Pe_2r7(1_p2 cos 2¢)
) 01 02 03 04 05 Pc=¢— sin 2(;25
62(&,,3)
B (fm_5) ao bo Co
0.0 40} | {0.0_0.45} | {0.0 0.6} | {0.0_04]
P (fm ) P

{0.0-40} | {0.0—-04} | {0.0— 06}
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Toy MODEL TESTING

0.07 Vo = I{gEQ(O& =9.0 fl’l’l, B =5.0 fl’l’lz)
0.06 ,
N 0.05 T00 _ Ae—za—z(H—ag cos 2¢)
- 0‘0'4' ‘U| _ rBe_$(1_b2 cos 2¢)
0.02 4 Gu=¢—Co S|2n 2¢
0014 ‘C’ _ r2Pe_2r7(1_p2 cos 2¢)
200 01 02 03 04 05 Pc=¢— sin 2(;25
62(&,,3)
B (fm_5) ao bo Co
0.0 40} | {0.0_0.45} | {0.0 0.6} | {0.0_04]
P (fm ) P

{0.0-40} | {0.0—-04} | {0.0— 06}
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Toy MODEL TESTING

V-

0.0200

0.0175 4

0.0150 4

0.0125 4

= 0.0100 4

0.0075 4

0.0050 4

0.0025 4

0.0000
0.0

(-' v3 = kzez(a=9.0 fm, 8 = 5.0 fm2)
2 ( T00 _ Ae*%(1+33C053¢)
- { ‘U‘ _ rBefzr7(1fb3 cos 3¢)
// ”~ ¢u:¢—cssi2r13¢
‘C’ _ rzpe—;?(1—p3 cos 3¢)
01 02 ) 03 04 ¢C = ¢ - sin Sd)
e3(a
B (fm_5) as bs Cs
0.0 _4.0] | {0.0_045} | {0.0_06} | {0.0_04}
P (fm~*) ps
0.0 4.0} | {0.0_04] | {0006}
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