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Introduction

• Motivation: Search for the QCD critical point.

• Experimental approach: Beam Energy Scan (BES) program.

• Theory toolkit: Generalized hydrodynamic formalism with
I) fluctuations in arbitrary relativistic flow. II) critical slowing down (Hydro+).

Misha’s talk (Tuesday) Stephanov-Yin, 2017
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Intriguing hints and the goal of BEST

Where on the QCD phase boundary is the CP?
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vs T and µB :

“intriguing hint” (2015 LRPNS)

Motivation for phase II of BES at RHIC and BEST topical collaboration.
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Historical review

authors year relativistic arbitrary flow non-conformal charged critical

Andreev 1970s 8 4 4 4 8

Akamatsu-Mazeliauskas-Teaney 2017 4 8 4 8 8

Martinez-Schäfer 2018 4 8 8 4 8

XA-Başar-Stephanov-Yee 2019 4 4 4 4 4
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Separation of hydrodynamic scales

The Great Wave
K. Hokusai, 1830
Left : Original;
Right : Coarse-grained.

L

y  

b 

microscopic hydro cell fluctuation background
Length: ℓmic ≪ b < y ≪ L

Wavenumber: T ≫ Λ > q ≫ k

In equilibrium ←− q∗ −→ Out of equilibrium

Relaxation rate Γrelax = γq2
competition←−−−−−−−→ Evolution rate ω = csk =⇒ q∗ ∼

√
csk/γ .

Xin An (UIC) Relativistic Dynamics of Fluctuations Away and Near the QCD Critical Point QM 2019 4/16



From stochastic to deterministic approach

• Stochastic hydrodynamic equations:

∂tψ̆ = −∇ ·
(

flux [ψ̆] + noise
)

(conservation)

where ψ̆ = energy, momentum and baryon charge densities. click

• Deterministic hydrodynamic equations:{
∂tψ = −∇ · flux [ψ;G] ,
∂tG = relaxation[G−G(eq);ψ] .

where
ψ(x) = ⟨ψ̆(x)⟩ , δψ(x) = ψ̆ − ⟨ψ̆⟩ ; (1-pt)
G(x, y) = ⟨δψ(x+ y/2)δψ(x− y/2)⟩ ; (2-pt)
⟨noise(x+ y/2)noise(x− y/2)⟩ ∼ δ(4)(y) . (FDT)

x− y/2 x x+ y/2
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“Confluent” quantities

• “Confluent” quantities: correlators and derivatives adjusted by the fluid. XA, et al, 2019

equal time: u · y = 0

Confluent correlator

Same for the two-point function:

Ḡ(x, y) = ⇤(y/2)G(x, y)⇤(�y/2)T

and

r̄µḠAB = @µḠAB � !̄C
µAḠCB � !̄C

µBḠAC � !̊b
µa y

a @

@yb
ḠAB .

The last connection appears because we need a local triad ea to define
“y-fixed”. This tetrad, in general, rotates and we need

r̄�e
µ
a ⌘ @�e

µ
a + !̄µ

�⌫e
⌫
a � !̊c

�ae
µ
c = 0 .

We then define the Wigner transform WAB(x, q) of ḠAB(x, y).
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correlator: G
Λ−−→ Ḡ derivative: ∂

Λ−−→ ∂̄

• The “confluent” Wigner function

W (x, q) =

∫
y
e−iq·y Ḡ(x, y)

satisfies a “confluent” evolution equation. click
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x

x + ∆x

Λ(∆x)

δψ(x)

Λ(∆x)δψ(x)

δψ(x + ∆x)



“Confluent” evolution equations

• Upon averaging over fast modes on relevant time scales, seven slow modes survive.
The sound mode decouples and matches the kinetic equation for phonons: XA, et al, 2019

L[W++] =

[
(u+ v) · ∇̄+ force · ∂

∂q

]
W++ = −ΓLq

2(W++ − T/E) ,

where v = csq̂, E = cs|q| and

force ⊃
CoriolisInertial "Hubble"

“Finally, after about six months of work off and on, all the pieces suddenly fitted
together, producing miraculous cancellation, and I was staring at the amazingly simple
final result.” (C.N. Yang)
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Renormalization and long-time tails

• flux = flux [ψ;G] where

G(x) =

∫ Λ

d3qW (x, q) ∼ Λ3 + Λ ∂(u, µ/T )︸ ︷︷ ︸
divergent

+ G̃︸︷︷︸
remaining

.

Divergent part: renormalize flux, i.e., ψ → ψR (EOS), γ → γR (transp.coeff.).
Remaining part: non-analytic terms (long-time tails)

G̃ ∼ q∗3 ∼ (csk/γ)
3/2 ≫ O(k2) .

• We obtain a closed set of cutoff-independent equations suitable for simulation : XA, et al, 2019{
∂tψ = −∇ · flux [ψ;G] ,
∂tG = relaxation[G−G(eq);ψ] .

−→

{
∂tψR = −∇ · flux [ψR; G̃] ,

∂̄tG̃ = relaxation[G̃;ψR] .
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Hydro+

• Critical slowing down: Γrelax ∼ ξ−z → 0 as the correlation length ξ →∞ near the critical
point.

• Hydrodynamics breaks down when relaxation rate ≲ evolution rate (i.e., Γrelax ≲ ω) .

• Hydro+: Extending Hydro by adding
one critical slow mode G relaxing
with Γλ ∼ ξ−3. Stephanov-Yin, 2017

• Our formalism merges with and extends Hydro+.
XA, et al, 2019

Xin An (UIC) Relativistic Dynamics of Fluctuations Away and Near the QCD Critical Point QM 2019 9/16



Dynamics of fluctuations near the critical point

• Sound mode decouples, while remaining slow modes mix :
L[Wσσ] =− 2Γλ

(
Wσσ −W (eq)

σσ

)
+ L[Wσi] ,

L[Wσi] =− (Γη + Γλ)Wσi + L[Wσσ,Wσi,Wij ] ,

L[Wij ] =− 2Γη

(
Wij −W (eq)

ij

)
+ L[Wij ,Wσi] .

• The correlation length ξ increases as the system approaches the critical point, thus
Γλ ∼ ξ−3 ≪ Γη ∼ ξ−2 ≪ ξ−1 .

• Don’t forget that Γrelax and ω compete !
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Dynamics of fluctuations near the critical point

• Sound mode decouples, while remaining slow modes mix :
L[Wσσ] =− 2Γλ

(
Wσσ −W (eq)

σσ

)
+ L[Wσi] ,

L[Wσi] =− (Γη + Γλ)Wσi + L[Wσσ,Wσi,Wij ] ,

L[Wij ] =− 2Γη

(
Wij −W (eq)

ij

)
+ L[Wij ,Wσi] .

• The correlation length ξ increases as the system approaches the critical point, thus
Γλ ∼ ξ−3 ≪ Γη ∼ ξ−2 ≪ ξ−1 .

• ω ≪ Γλ ≪ Γη :

toward the smaller system (increasing ω) approach the critical point (increasing ξ)
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Dynamics of fluctuations near the critical point

• Sound mode decouples, while remaining slow modes mix :
L[Wσσ] =− 2Γλ

(
Wσσ −W (eq)

σσ

)
+L[Wσi] ,

L[Wσi] =− (Γη + Γλ)Wσi + L[Wσσ,Wσi,Wij ] ,

L[Wij ] =−2Γη

(
Wij −W (eq)

ij

)
+ L[Wij ,Wσi] .

• The correlation length ξ increases as the system approaches the critical point, thus
Γλ ∼ ξ−3 ≪ Γη ∼ ξ−2 ≪ ξ−1 .

• Γλ ≪ ω ≪ Γη ≪ ξ−1 :

toward the smaller system (increasing ω) approach the critical point (increasing ξ)
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Dynamics of fluctuations near the critical point

• Sound mode decouples, while remaining slow modes mix :
L[Wσσ] =− 2Γλ

(
Wσσ −W (eq)

σσ

)
+ L[Wσi] ,

L[Wσi] =− (Γη + Γλ)Wσi + L[Wσσ,Wσi,Wij ] ,

L[Wij ] =− 2Γη

(
Wij −W (eq)

ij

)
+ L[Wij ,Wσi] .

• The correlation length ξ increases as the system approaches the critical point, thus
Γλ ∼ ξ−3 ≪ Γη ∼ ξ−2 ≪ ξ−1 .

• Γλ ≪ Γη ≪ ω ≪ ξ−1 :

toward the smaller system (increasing ω) approach the critical point (increasing ξ)
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Dynamics of fluctuations near the critical point

• Sound mode decouples, while remaining slow modes mix :

Equations need nonlocal modification ! −→ Model H

• The correlation length ξ increases as the system approaches the critical point, thus
Γλ ∼ ξ−3 ≪ Γη ∼ ξ−2 ≪ ξ−1 .

• Γλ ≪ Γη ≪ ξ−1 ≲ ω :

toward the smaller system (increasing ω) approach the critical point (increasing ξ)
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Dynamics of fluctuations near the critical point

• Schematic frequency dependence of the transport coefficients due to fluctuations:

Xin An (UIC) Relativistic Dynamics of Fluctuations Away and Near the QCD Critical Point QM 2019 15/16



Summary and outlook

• Our formalism is designed to

1) apply to arbitrary relativistic flow;
2) extend hydrodynamics to smaller system;
3) extend Hydro+ closer to the QCD critical point.

• To Do List:

1) higher-points functions;
2) first order phase transition;
3) freeze-out of heavy ion collisions;
4) hydrodynamics with other DOFs.
A lot of work could to be done and interesting physics is just ahead!

Xin An (UIC) Relativistic Dynamics of Fluctuations Away and Near the QCD Critical Point QM 2019 16/16



Backup
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Hydrodynamic quantities and equations

• The conserved quantities

ψ = (T 00, T i0, J0) , flux = (T i0, T ij , J i) ,

where the stress tensor Tµν and charge current Jµ are given by back

Tµν(ϵ, n, u) = w(ϵ, n)uµuν + p(ϵ, n)gµν +Πµν , w ≡ ϵ+ p(ϵ, n) ,

Jµ(ϵ, n, u) = nuµ + νµ,

and
Πµν = −2η

(
θµν − 1

3
∆µνθ

)
− ζ∆µνθ , νµ = −λ∂µ⊥(µ/T ) ,

θµν ≡ 1

2
(∂µuν + ∂νuµ) , θ ≡ ∂ · u , ∆µν ≡ gµν + uµuν , ∆µν∂ν ≡ ∂µ⊥.

• Conservation equations
∂µT̆

µν = 0 , ∂µJ̆
µ = 0 .
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“Confluent” fluctuation evolution equation

• Fluctuation evolution equation: back

u · ∇̄W (x, q) =−
[
iL(q) + K(a),W

]
−

{
1

2
L̄ + D(q) + K(s),W

}
+ θW + 2Q(q)

+ (∂⊥λuµ)q
µ∂W

∂qλ
+

1

2

(
aλ +

∂⊥λcs
cs

){
L(q),

∂W

∂qλ

}
+

∂

∂qλ

(
{Ω(s)

λ ,W}+ [Ω(a)
λ ,W ]− 1

4
[Hλ, [L

(q),W ]]

)
,

where schematically

L(q) ∼ csq, L̄ ∼ cs∇̄⊥, D(q) ∼ Q(q) ∼ γq2,
K ∼ ∂(u, α), H ∼ cs∂u, Ω ∼ c2sωq.
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