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Global Spin Polarization In HIC

  - (AMPT) SS, K.Li & J.Liao, PLB2018 
Similarly in: 
  - (AMPT)  H.Li, L.Pang, Q.Wang, X.Xia, PRC2017 
  - (UrQMD+vHLLE) I.Karpenko& F.Becattini, EPJC2017
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  - (Hydro)  F. Becattini & I. Karpenko, PRL 2018 
Similarly in: 
  - (AMPT)  X. Xia, H. Li, Z. Tang, Q. Wang, PRC2018

Local Spin Polarization In HIC

STAR, Preliminary

Local longitudinal polarization 
due to collective flow
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  - (Hydro)  F. Becattini & I. Karpenko, PRL 2018 
Similarly in: 
  - (AMPT)  X. Xia, H. Li, Z. Tang, Q. Wang, PRC2018

Local Spin Polarization In HIC

STAR, Preliminary

Local longitudinal polarization 
due to collective flow
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More physics are needed in a precise 
quantification of the spin polarization rate:  
‣ non-equilibrium correction, 
‣ feedback to the fluid. 
On top of that, the theory should correctly 
reflect microscopic properties of the system.
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Outline

‣ Microscopic Theory (for Massless Fermions) 

Chiral Kinetic Theory 

‣ Thermal Equilibrium 

Ideal Spin Hydrodynamics 

‣ ... + Non-Equilibrium Correction  

Viscous Spin Hydrodynamics 

‣ Theoretical Framework for future precise study of Global & Local Polarization
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Microscopic Theory
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Wigner function: quantum distribution function

a 4×4 matrix

Chiral Kinetic Theory 04/12
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Wigner function: quantum distribution function

a 4×4 matrix, decomposed in Clifford basis

Hydrodynamic Quantities:

Chiral Kinetic Theory
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Wigner function: quantum distribution function

a 4×4 matrix, decomposed in Clifford basis

Chiral Kinetic Theory
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Hydrodynamic Quantities:



Dirac equation => Equation of Motion

! µ (pµ +
1
2

i ! " µ )W (x, p) = mW (x, p)
<latexit sha1_base64="d9Ic8mrTeEcFhC2Y0SqadubY+5U="></latexit>

Chiral Kinetic Theory 05/12



Dirac equation => Equation of Motion
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Equation of Motion for Clifford components:
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Chiral Kinetic Equation (up to ħ-order):

Distribution Function

Chiral Kinetic Theory
Dirac equation => Equation of Motion

Equation of Motion for Clifford components:

!
pµ ! µ ± !

"
! µ

"µ !"# p" u#

2u áp

#
! !

$
f ± = 0

<latexit sha1_base64="xYAK1P0YGo7ZGprT/j0b4hpOgrU="></latexit>

J µ
± !

1
2

(Vµ ± A µ ) =
!

pµ ± !
! µ !"# p" u#

2u áp
" !

"
f ±

<latexit sha1_base64="jQe9L2n4O/Z4kNjiExijW03y9mw="></latexit>

06/12

[Refs: Hidaka-Pu-Yang PRD2017&2018;  
Huang-Shi-Jiang-Liao-Zhuang PRD2018; 

Liu-Gao-Mameda-Huang PRD2019]

Massless Limit
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Chiral Kinetic Equation (up to ħ-order):

Chiral Kinetic Theory
Dirac equation => Equation of Motion

Equation of Motion for Clifford components:
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Quantum Corrections

[Refs: Hidaka-Pu-Yang PRD2017&2018;  
Huang-Shi-Jiang-Liao-Zhuang PRD2018; 

Liu-Gao-Mameda-Huang PRD2019]

Massless Limit



from Microscopic to Macroscopic



Thermal Equilibrium Distribution

Thermal Equilibrium Distribution:
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[Ref: Liu-Gao-Mameda-Huang PRD2019]



Thermal Equilibrium Distribution

Thermal Equilibrium Distribution:
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Ideal Chiral Hydrodynamics:

chiral-vortical current

feedback to the medium
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[Ref: Liu-Gao-Mameda-Huang PRD2019]



Non-Equilibrium Correction
rì! X: polynomials of (u  p)

non-eq. correction to polarization

14+6 Moment Expansion:
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Non-Equilibrium Correction

Dissipative Quantities: ! f ± ! f ± " f ±
eq
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non-eq. correction to polarization

rì! X: polynomials of (u  p)
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EoM for Dissipative Quantities:

Non-Equilibrium Correction
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14+6 Moment Expansion:
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Chiral Kinetic Equation
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non-eq. correction to polarization

rì! X: polynomials of (u  p)



Viscous Spin Hydrodynamics
Spin-Hydro with Non-Equilibrium Correction:

J µ
± = n± uµ + ! µ

± ± !
! 3J ±

1,1

2T
!

3!
2m2

"
" µ ±

!
2

#µ !"# u! $"

! G(1) ,±
4,1

D ±
3,1

! ± ,#

"

±
!
2

#µ !"# u! %"
$
! J ±

2,2

2J ±
4,2

&#$

"
"

!
2

" #

! J ±
2,2

2J ±
4,2

&µ#
"

<latexit sha1_base64="W4DlEnK8jGlqeaKk1wgwCUrFJhk="></latexit>

10/12

Tµ! = !uµ u! + ( P0+ ! )(uµ u! ! gµ ! ) + " µ ! + !
J +

2,1 ! J !
2,1

2T
(uµ #! + u! #µ ) + ! (I +

1,0 ! I !
1,0)#µ u!

+ ! (uµ " !
+ + u! " µ

+ ) ! ! (uµ " !
! + u! " µ

! )

+
!
2

! J +
3,2

2J +
4,2

!
J !

3,2

2J !
4,2

"
! µ "#$ u! u" ($# u%)" $% +

!
2

! µ "#$ u" $#

!! J +
3,2

2J +
4,2

!
J !

3,2

2J !
4,2

"
" !

$

"

+
!
2

! µ "#$ u" ($# u! )(K + %+ ,$ ! K ! %! ,$ ) +
!
2

! µ "#! u" ($# u$ )(K + %+ ,$ ! K ! %! ,$ )

+ ! #µ (K + %!
+ ! K ! %!

! ) +
!
2

! µ "#$ u" u! $# (%+ ,$ ! %! ,$ ) +
!
2

! µ "#! u" u$ $# (%+ ,$ ! %! ,$ )
<latexit sha1_base64="8+LtIjtB2X6AemjJ8D7NmrOYxfE="></latexit>

CVE in eq."normal" viscous hydro
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Relaxation Equations for Dissipative Quantities:

Viscous Spin Hydrodynamics

 Ωμ: non-equilibrium correction of spin polarization vector. 

 #: Relaxation Time; M & C: Mixing Terms 

#, M & C are integrals of collision kernel, and reflect the microscopic  properties
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Summary & Outlook

‣ Chiral Kinetic Theory !  (14+6) moment expansion <z 

‣ Viscous-Spin Hydrodynamics (for Massless Fermions) 

‣ Accounting for: 

‣ Non equilibrium correction to spin polarization 

‣ Back-reaction to the orbital motion of fluid 

‣ Future:  

‣ precise phenomenological study of global and local spin polarization
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Back-Up Slides
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Chiral Kinetic Equation (up to ħ-order):

Chiral Kinetic Theory
Dirac equation => Equation of Motion
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u!  
• time-like auxiliary field;  
• reflects the ambiguity in spin-tensor; 
        (a.k.a. side-jump effect, see e.g. 
                     [Chen-Son-Stephanov PRL2015],  
                     [Hidaka-Pu-Yang PRD2017&2018],  
                     [Huang-Shi-Jiang-Liao-Zhuang PRD2018]) 
• physical observables are independent of u! ; 

• u! = flow velocity in this research. By doing so, 
the "f" is to the distribution function in fluid co-
moving frame.



about the Symmetry of Stress Tensor
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It could be asymmetric at quantum level, e.g. if taking the eq. distribution:

In principle, one could symmetrize T!"  by performing "pseudo-gauge" transformation:
!Tµ ! = Tµ! +

1
2

! " (! " ,µ ! + ! µ, !" + ! ! ,µ " ), ! " ,µ ! + ! " ,! µ = 0 .
<latexit sha1_base64="b2umGfZT3GjT30tyHMUyKI8UFJM="></latexit>

see e.g. [W. Florkowski, R. Ryblewski, A. Kumar, Prog.Part.Nucl.Phys.108(2019)103709]



Notations
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projectors

derivatives
! µ ! ! ! µ !

"# " " u#
<latexit sha1_base64="vIjqcdmSN+DK6vlL+29epabECRQ="></latexit>

! ! " áu
<latexit sha1_base64="lCSDao1zbRogYwDIToSs1gHMEYM=">AAACB3icbVDLSgNBEJyNrxhfUY+CDAbBU9iNgh4DXvQWwTwgu4TZ2U4yZPbhTG8ghNy8+CtePCji1V/w5t84m+SgiQUNRVX3THf5iRQabfvbyq2srq1v5DcLW9s7u3vF/YOGjlPFoc5jGauWzzRIEUEdBUpoJQpY6Eto+oPrzG8OQWkRR/c4SsALWS8SXcEZGqlTPHaxD8ioCw+pGFI3YQoFk9TlQYw07RRLdtmegi4TZ05KZI5ap/jlBjFPQ4iQS6Z127ET9MbZq1zCpOCmGhLGB6wHbUMjFoL2xtM7JvTUKAHtxspUhHSq/p4Ys1DrUeibzpBhXy96mfif106xe+WNRZSkCBGffdRNJcWYZqHQQCjgKEeGMK6E2ZXyPlOMo4muYEJwFk9eJo1K2TkvV+4uStXbeRx5ckROyBlxyCWpkhtSI3XCySN5Jq/kzXqyXqx362PWmrPmM4fkD6zPH4uUmR4=</latexit>

! µ !
1
2

"µ !"# u! #" u#
<latexit sha1_base64="l9d1JZimLviJ73rOYLyRytHGRPQ="></latexit>

! µ ! !
1
2

!
" !

uµ

T
" " µ

u!

T

"

<latexit sha1_base64="Wxatm4FmMTsDrHYQMXC6DkfCD/M="></latexit>

I n,q !
1

(2q + 1)!!

!
d3p

(2! )3 Ep
(u áp)n ! 2q"

" ! µ ! pµ p!
#q

f 0

Jn,q !
1

(2q + 1)!!

!
d3p

(2! )3 Ep
(u áp)n ! 2q"

" ! µ ! pµ p!
#q

f 0(1 " f 0)

G(q)
n,m ! Jn,q Jm,q " Jn ! 1,qJm +1 ,q

Gn,m ! G(0)
n,m = Jn, 0Jm, 0 " Jn ! 1,0Jm +1 ,0

Dn,q ! Jn +1 ,qJn ! 1,q " J 2
n,q

<latexit sha1_base64="PtcBnh8fLHHBgFcT1hiMSdSBGNk="></latexit>

thermal 
integrals


