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• The non-equilibrium fluctuations near the QCD critical point is non-universal, 

depending on various free parameters, such as the relaxation time and the 

trajectory of evolving fireball on phase diagram. The constructed universal 

variables may be a strong indication of  the critical point. 

• In the framework of Kibble-Zurek Mechanism (KZM),  the universal functions of 

order parameter field has been studied which are insensitive to the relaxation time 

and evolving trajectory [1,2]. We will investigate the critical universal scaling of 

the conserved charge within the framework of stochastic diffusion equation [3]. 

Introduction 

Kibble-Zurek Mechanism 

Results 

• Scaling of correlation function with different value of  susceptibility strength 𝑐𝑐 

Conclusions  

• For the system  cools down to the critical point, the typical scales are fixed at 

point where the system fall out-of-equilibrium. 

• By rescaling variables with the typical scales, universal functions that are 

insensitive to the free parameters can be constructed. In this work, we constructed 

the universal functions of two-point correlation function and second order 

cumulant for conserved charge, which insensitive to the strength of susceptibility 

or the initial temperature. 
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The 1+1-dimensional evolution of  the conserved charge density 𝑛(𝑦, 𝜏)  follows the 

stochastic diffusion equation [4]: 

𝜕

𝜕𝜏
𝛿𝑛 𝑦, 𝜏 = 𝐷𝑦 𝑦

  𝜕2

𝜕𝑦2
𝛿𝑛 𝑦, 𝜏 +

𝜕

𝜕𝑦
𝜁 𝑦, 𝜏 , 

where the noise 𝜁(𝑦, 𝜏) satisfies the fluctuation-dissipation theorem: 

𝜁 𝑦, 𝜏 = 0, 
𝜁 𝑦1, 𝜏1 𝜁(𝑦2, 𝜏2) = 2𝜒𝑦 𝜏 𝐷𝑦 𝜏 𝛿 𝑦1 − 𝑦2 𝛿(𝜏1 − 𝜏2) 

Here,  𝜒𝑦 and 𝐷𝑦 respectively  stand for the susceptibility and diffusion coefficient, 

which can be parametrized from 3D Ising model. Following the stochastic diffusion 

equation, we calculated the correlation function 𝐶 𝑦1, 𝑦2; 𝜏 ≡
〈𝛿𝑛 𝑦1, 𝜏 𝛿𝑛 𝑦2, 𝜏 〉 and second order cumulant 𝐾 Δ𝑦, 𝜏 ≡ 〈𝛿𝑄Δ𝑦 𝜏 2〉/Δ𝑦 of 

charge 𝑄Δ𝑦 𝜏 ≡  𝑑𝑦𝑛(𝑦, 𝜏)
Δy/2

−Δy/2
 deposed within rapidity window Δ𝑦. 
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 Kibble-Zurek scaling in diffusion dynamics  

• Relaxation time 𝜏𝑟𝑒𝑙: time scale of 

the system relaxes to equilibrium. 

• Quench time 𝜏𝑞𝑢𝑒𝑛𝑐ℎ: time scale of 

the system driven by external field. 

• 𝜏𝑟𝑒𝑙 < 𝜏𝑞𝑢𝑒𝑛𝑐ℎ: the  system have 

enough time to equilibrate; 

• 𝜏𝑟𝑒𝑙 > 𝜏𝑞𝑢𝑒𝑛𝑐ℎ: the system becomes 

out-of-equilibrium. 

Stochastic diffusion equation 

Kibble-Zurek scaling of the conserved charge 

• The quench time of the system under the 

Bjorken expansion: 

𝜏𝑞𝑢𝑒𝑛𝑐ℎ = |
𝜉

𝜕𝜏𝜉
| 

• The relaxation time: 

𝜏𝑟𝑒𝑙 =
𝜉2

2𝐷𝑦
 

• Scaling of cumulant with different value of  initial temperature 𝑇0 
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• For the system cools down to the critical point, the relaxation time 𝜏𝑟𝑒𝑙 diverges 

due to the critical slowing down. After the point 𝜏∗ where 𝜏𝑟𝑒𝑙 ≃ 𝜏𝑞𝑢𝑒𝑛𝑐ℎ, the 

system becomes out-of-equilibrium and the typical scales fixed:  

𝜏𝐾𝑍 = 𝜏𝑟𝑒𝑙 𝜏∗ = 𝜏𝑞𝑢𝑒𝑛𝑐ℎ 𝜏∗ ,   𝑙𝐾𝑍 = 𝜉𝑒𝑞(𝜏∗) 

• Variables in this region have universal behavior, such as the correlation function : 

𝐶 𝑟, 𝜏 = 𝑙𝐾𝑍
−2Δ𝐶 

𝑟

𝑙𝐾𝑍
,

𝜏

𝜏𝐾𝑍
 

where Δ denotes the critical exponent. 

𝝃𝒆𝒒 

𝝉 𝝉∗ 

• Comparing the quench time and the relaxation time gives the point 𝜏∗: 

𝜏𝐾𝑍 = 𝜏𝑟𝑒𝑙 𝜏∗ = 𝜏𝑞𝑢𝑒𝑛𝑐ℎ 𝜏∗ ,   𝑙𝐾𝑍 = 𝜉𝑒𝑞(𝜏∗) 

• Rescaling variables with characteristic scales 𝜏𝐾𝑍, 𝑙𝐾𝑍: 

 𝜏 ≡
𝜏 − 𝜏𝑐

𝜏𝐾𝑍
, 𝑦 ≡

𝑦

𝑙𝐾𝑍
, 𝜉 ≡

𝜉

𝑙𝐾𝑍
,    𝐷 𝑦 ≡

𝐷𝑦

𝑙𝐾𝑍

−2+𝜒𝜂+𝜒𝜆
, 𝜒 𝑦 ≡

𝜒𝑦

𝑙𝐾𝑍

2−𝜒𝜂
  

• The rescaled correlation function and rescaled function of cumulant can be 

constructed as 

𝐶 𝑦1 − 𝑦2, 𝜏 ≡ 𝑙𝐾𝑍

1−𝜒𝜂𝐶 (𝑦 1 − 𝑦 2, 𝜏 ) 

𝐾 Δ𝑦, 𝜏 ≡ 𝑙𝐾𝑍

2−𝜒𝜂𝐾 (Δ𝑦/𝑙𝐾𝑍, 𝜏 ) 

where 𝜒𝜂 , 𝜒𝜆 are critical exponents. 


