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gain a quantitative under-
standing of QCD in-medium bound
states & QCD medium properties
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when one remains within the language of wavefunctions, a non-linear stochastic Schrödinger equation needs to be
solved to account for the full dissipative dynamics of the quarkonium system in a QCD medium. When interested on
the other hand in a description in terms of distribution functions for the quarkonium states, we have seen in Section 4.3
that a Boltzmann equation can be derived based on a set of clearly specified assumption. Note that all the derivations
of real-time dynamics in Section 4 were based on a fully thermal background. When considering an evolving medium,
as is present in the case of a heavy-ion collision a new timescale, describing the cooling process enters. If that scale
is large enough compared to the other relevant timescales we may regard the temperature of the medium as external
parameter, governing the values of e.g. the potential of the stochastic Schrödinger equation, an approximation that is
used in most models today.

Historically one of the most common approach to bottomonium modeling is to resort to solving a deterministic
Schrödinger equation which is governed by an in-medium potential. From our discussion in Section 4.2 we saw in
Eq. (238) that such an ansatz amounts to a truncation of the dynamics, neglecting dissipative e�ects, and in addition to
an adiabatic approximation that averages over the fluctuations. From the numerical tests within the stochastic potential
model, we learned that in such an adiabatic truncation the survival of quarkonium states may be underestimated if the
e�ects of decoherence are relevant. I.e. the RAA computed in that way may underestimate the correct physical value.

Combining the deterministic Schrödinger equation with an anisotropic hydrodynamic description of the medium
background evolution, as well as a Glauber model based initial distribution of primordial states and the decays account-
ing for feeddown after hadronization, the Kent State University group has explored the suppression of bottomonium
in heavy-ion collisions in detail. A full description of the framework is found in Ref. [185], where in particular the
implementation of the potential in an anisotropic background is discussed. Note that no recombination contribution
enters in this framework. (A similar model based on isotropic hydrodynamics has been used in Refs. [349, 350])

The potential used in the Schrödinger equation itself is an input of the model and so far two ansaetze have been
deployed. Both of these models feature a Debye screened Coulombic in-medium part. For the in-medium string part
either Eq. (180) or the similar legacy Gauss law parametrization is used. The main di�erence between them lies the
form of the imaginary part, which is taken to be the purely coulombic HTL one in the former [185, 271, 272, 351],
while in the latter it contains both contributions from the Coulombic and string in-medium potential [273].

A prescription of how to initialize the Schrödinger equation for a mixed ensemble of bottomonium states in agree-
ment with the scale separation of NRQCD has been put forward in Ref. [352]. Its proposal for e�cient evolution of
such an ensemble however remains restricted to unitary time evolution, i.e. when dissipation e�ects are small.

Let us start with Bottomonium at STAR, since there the separation of scales between the medium temperature
created in the collision center and the bottom mass is most pronounced. In addition bottomonium is expected to act
as a true non-equilibrium probe, without reaching any significant degree of kinetic thermalization. In such a scenario,
one may speculate that decoherence is not yet very e�ective and thus the adiabatic approximation may prove already
satisfactory. In the left panel of Fig. 55 we plot a comparison of the Bottomonium ground state RAA from recent
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Equilibrium QQ from lattice QCD

Exploit generic QCD domain knowledge (e.g. positivity) to regularize inversion: Bayesian inference (MEM,BR) 
prior knowledge does not include specific structures but require very high quality simulation data

Model the spectral function using EFT and perturbation theory and extract parameters
gives access to excited states and transport physics but introduces model dependence
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Necessity of 1st principles dynamics
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of the QGP phase or whether they are e�ciently melted on the way.
Two groups, one based at Texas A& M and the other at Tsinghua university have developed transport models

based on the Boltzmann equation, respectively on a corresponding averaged rate equation. Both approaches have
in common that they implement the possibility for dissociation of primordial charmonium particles, as well as the
dynamical recombination of such states throughout the QGP evolution. Feed-down from excites state is included at
the end of the medium evolution. Non-perturbative information on quarkonium dissociation is implemented in the
former approach by computing their stability properties via the T-matrix approach or via melting temperatures in
the latter. As we discussed in Section 3.2.1, the definition of the potential used in a Bethe-Salpeter based approach
and its relation to the EFT based potential remain an active area of research and constitute one significant source of
uncertatinty. On the other hand we have seen that the definition of a melting temperature in the presence of a thermal
width is not uniquely defined and especially di�cult when using direct lattice QCD results, which in turn contributes
to the overall systmatic uncertatinty. The recombination probability in these models is constructed using arguments of
detailed balance, which are expected to work well close to equilibrium but may require corrections at early times far
from equilibrium. More details on the construction of loss and gain terms can be found in Ref. [336] and Ref. [337].
The medium evolution is treated somewhat di�erently among the two models. In the former the concept of entropy
conservation in conjunction with the measured particle multiplicities is used to model a temperature profile within an
isotropically expanding fireball. The latter model on the other hand computes a temperature profile directly based on
2 + 1 dimensional Bjorken expansion in the QGP phase. In each case a first order transition like regime is used to
connect the QGP with a hadron resonance gas phase at lower temperatures.

Both models are able to describe the RAA in terms of centrality and transverse momentum at RHIC and LHC in
an equally good fashion as shown for the example of its centrality dependence in the center panel of Fig. 52, see also
Ref. [300] (in non-central collisions the model of Ref. [336] seems to somewhat underestimate the actual RAA). For
the pt dependence we select here for better readability in the right panel of Fig. 52 a single results from Ref. [337]
compared to the measurements by the ALICE collaboration at

˘

sAA = 2.76TeV. As indicated by the two di�erent
black lines referring to the primordial and the regeneration component of the total RAA there are two di�erent regimes
present, which are smoothly connected. At large pt primordial charmonium appears to contribute a majority of the
yield, while at small pt a significant fraction of produced J_ arises from recombination e�ects. Similar behavior
for the RAA dependence on centrality is observed: in non-central collisions primordial J_ dominates but for central
collisions regeneration plays an almost equally important role. The e�ects of regeneration at LHC are pronounced
but also at RHIC the transport model computations indicate that dissociation of primordial charmonium alone cannot
account for the observed patterns in RAA.

From considerations of the nuclear modification factor of the charmonium ground state J_ we have so far learned
that dissociation and regeneration are leading to an intricate pattern of charmonium suppression requiring insight into
all stages of the collision. While in the transport models a partial equilibration of the charmonium states occurs, that
equilibration is assumed to be complete in the statistical model. The question thus remains is there a way how to
distinguish between these two scenarios even though both reproduce the RAA well. This question becomes even more
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when one remains within the language of wavefunctions, a non-linear stochastic Schrödinger equation needs to be
solved to account for the full dissipative dynamics of the quarkonium system in a QCD medium. When interested on
the other hand in a description in terms of distribution functions for the quarkonium states, we have seen in Section 4.3
that a Boltzmann equation can be derived based on a set of clearly specified assumption. Note that all the derivations
of real-time dynamics in Section 4 were based on a fully thermal background. When considering an evolving medium,
as is present in the case of a heavy-ion collision a new timescale, describing the cooling process enters. If that scale
is large enough compared to the other relevant timescales we may regard the temperature of the medium as external
parameter, governing the values of e.g. the potential of the stochastic Schrödinger equation, an approximation that is
used in most models today.

Historically one of the most common approach to bottomonium modeling is to resort to solving a deterministic
Schrödinger equation which is governed by an in-medium potential. From our discussion in Section 4.2 we saw in
Eq. (238) that such an ansatz amounts to a truncation of the dynamics, neglecting dissipative e�ects, and in addition to
an adiabatic approximation that averages over the fluctuations. From the numerical tests within the stochastic potential
model, we learned that in such an adiabatic truncation the survival of quarkonium states may be underestimated if the
e�ects of decoherence are relevant. I.e. the RAA computed in that way may underestimate the correct physical value.

Combining the deterministic Schrödinger equation with an anisotropic hydrodynamic description of the medium
background evolution, as well as a Glauber model based initial distribution of primordial states and the decays account-
ing for feeddown after hadronization, the Kent State University group has explored the suppression of bottomonium
in heavy-ion collisions in detail. A full description of the framework is found in Ref. [185], where in particular the
implementation of the potential in an anisotropic background is discussed. Note that no recombination contribution
enters in this framework. (A similar model based on isotropic hydrodynamics has been used in Refs. [349, 350])

The potential used in the Schrödinger equation itself is an input of the model and so far two ansaetze have been
deployed. Both of these models feature a Debye screened Coulombic in-medium part. For the in-medium string part
either Eq. (180) or the similar legacy Gauss law parametrization is used. The main di�erence between them lies the
form of the imaginary part, which is taken to be the purely coulombic HTL one in the former [185, 271, 272, 351],
while in the latter it contains both contributions from the Coulombic and string in-medium potential [273].

A prescription of how to initialize the Schrödinger equation for a mixed ensemble of bottomonium states in agree-
ment with the scale separation of NRQCD has been put forward in Ref. [352]. Its proposal for e�cient evolution of
such an ensemble however remains restricted to unitary time evolution, i.e. when dissipation e�ects are small.

Let us start with Bottomonium at STAR, since there the separation of scales between the medium temperature
created in the collision center and the bottom mass is most pronounced. In addition bottomonium is expected to act
as a true non-equilibrium probe, without reaching any significant degree of kinetic thermalization. In such a scenario,
one may speculate that decoherence is not yet very e�ective and thus the adiabatic approximation may prove already
satisfactory. In the left panel of Fig. 55 we plot a comparison of the Bottomonium ground state RAA from recent
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of the QGP phase or whether they are e�ciently melted on the way.
Two groups, one based at Texas A& M and the other at Tsinghua university have developed transport models

based on the Boltzmann equation, respectively on a corresponding averaged rate equation. Both approaches have
in common that they implement the possibility for dissociation of primordial charmonium particles, as well as the
dynamical recombination of such states throughout the QGP evolution. Feed-down from excites state is included at
the end of the medium evolution. Non-perturbative information on quarkonium dissociation is implemented in the
former approach by computing their stability properties via the T-matrix approach or via melting temperatures in
the latter. As we discussed in Section 3.2.1, the definition of the potential used in a Bethe-Salpeter based approach
and its relation to the EFT based potential remain an active area of research and constitute one significant source of
uncertatinty. On the other hand we have seen that the definition of a melting temperature in the presence of a thermal
width is not uniquely defined and especially di�cult when using direct lattice QCD results, which in turn contributes
to the overall systmatic uncertatinty. The recombination probability in these models is constructed using arguments of
detailed balance, which are expected to work well close to equilibrium but may require corrections at early times far
from equilibrium. More details on the construction of loss and gain terms can be found in Ref. [336] and Ref. [337].
The medium evolution is treated somewhat di�erently among the two models. In the former the concept of entropy
conservation in conjunction with the measured particle multiplicities is used to model a temperature profile within an
isotropically expanding fireball. The latter model on the other hand computes a temperature profile directly based on
2 + 1 dimensional Bjorken expansion in the QGP phase. In each case a first order transition like regime is used to
connect the QGP with a hadron resonance gas phase at lower temperatures.

Both models are able to describe the RAA in terms of centrality and transverse momentum at RHIC and LHC in
an equally good fashion as shown for the example of its centrality dependence in the center panel of Fig. 52, see also
Ref. [300] (in non-central collisions the model of Ref. [336] seems to somewhat underestimate the actual RAA). For
the pt dependence we select here for better readability in the right panel of Fig. 52 a single results from Ref. [337]
compared to the measurements by the ALICE collaboration at

˘

sAA = 2.76TeV. As indicated by the two di�erent
black lines referring to the primordial and the regeneration component of the total RAA there are two di�erent regimes
present, which are smoothly connected. At large pt primordial charmonium appears to contribute a majority of the
yield, while at small pt a significant fraction of produced J_ arises from recombination e�ects. Similar behavior
for the RAA dependence on centrality is observed: in non-central collisions primordial J_ dominates but for central
collisions regeneration plays an almost equally important role. The e�ects of regeneration at LHC are pronounced
but also at RHIC the transport model computations indicate that dissociation of primordial charmonium alone cannot
account for the observed patterns in RAA.

From considerations of the nuclear modification factor of the charmonium ground state J_ we have so far learned
that dissociation and regeneration are leading to an intricate pattern of charmonium suppression requiring insight into
all stages of the collision. While in the transport models a partial equilibration of the charmonium states occurs, that
equilibration is assumed to be complete in the statistical model. The question thus remains is there a way how to
distinguish between these two scenarios even though both reproduce the RAA well. This question becomes even more
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of the QGP phase or whether they are e�ciently melted on the way.
Two groups, one based at Texas A& M and the other at Tsinghua university have developed transport models

based on the Boltzmann equation, respectively on a corresponding averaged rate equation. Both approaches have
in common that they implement the possibility for dissociation of primordial charmonium particles, as well as the
dynamical recombination of such states throughout the QGP evolution. Feed-down from excites state is included at
the end of the medium evolution. Non-perturbative information on quarkonium dissociation is implemented in the
former approach by computing their stability properties via the T-matrix approach or via melting temperatures in
the latter. As we discussed in Section 3.2.1, the definition of the potential used in a Bethe-Salpeter based approach
and its relation to the EFT based potential remain an active area of research and constitute one significant source of
uncertatinty. On the other hand we have seen that the definition of a melting temperature in the presence of a thermal
width is not uniquely defined and especially di�cult when using direct lattice QCD results, which in turn contributes
to the overall systmatic uncertatinty. The recombination probability in these models is constructed using arguments of
detailed balance, which are expected to work well close to equilibrium but may require corrections at early times far
from equilibrium. More details on the construction of loss and gain terms can be found in Ref. [336] and Ref. [337].
The medium evolution is treated somewhat di�erently among the two models. In the former the concept of entropy
conservation in conjunction with the measured particle multiplicities is used to model a temperature profile within an
isotropically expanding fireball. The latter model on the other hand computes a temperature profile directly based on
2 + 1 dimensional Bjorken expansion in the QGP phase. In each case a first order transition like regime is used to
connect the QGP with a hadron resonance gas phase at lower temperatures.

Both models are able to describe the RAA in terms of centrality and transverse momentum at RHIC and LHC in
an equally good fashion as shown for the example of its centrality dependence in the center panel of Fig. 52, see also
Ref. [300] (in non-central collisions the model of Ref. [336] seems to somewhat underestimate the actual RAA). For
the pt dependence we select here for better readability in the right panel of Fig. 52 a single results from Ref. [337]
compared to the measurements by the ALICE collaboration at

˘

sAA = 2.76TeV. As indicated by the two di�erent
black lines referring to the primordial and the regeneration component of the total RAA there are two di�erent regimes
present, which are smoothly connected. At large pt primordial charmonium appears to contribute a majority of the
yield, while at small pt a significant fraction of produced J_ arises from recombination e�ects. Similar behavior
for the RAA dependence on centrality is observed: in non-central collisions primordial J_ dominates but for central
collisions regeneration plays an almost equally important role. The e�ects of regeneration at LHC are pronounced
but also at RHIC the transport model computations indicate that dissociation of primordial charmonium alone cannot
account for the observed patterns in RAA.

From considerations of the nuclear modification factor of the charmonium ground state J_ we have so far learned
that dissociation and regeneration are leading to an intricate pattern of charmonium suppression requiring insight into
all stages of the collision. While in the transport models a partial equilibration of the charmonium states occurs, that
equilibration is assumed to be complete in the statistical model. The question thus remains is there a way how to
distinguish between these two scenarios even though both reproduce the RAA well. This question becomes even more
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of the QGP phase or whether they are e�ciently melted on the way.
Two groups, one based at Texas A& M and the other at Tsinghua university have developed transport models

based on the Boltzmann equation, respectively on a corresponding averaged rate equation. Both approaches have
in common that they implement the possibility for dissociation of primordial charmonium particles, as well as the
dynamical recombination of such states throughout the QGP evolution. Feed-down from excites state is included at
the end of the medium evolution. Non-perturbative information on quarkonium dissociation is implemented in the
former approach by computing their stability properties via the T-matrix approach or via melting temperatures in
the latter. As we discussed in Section 3.2.1, the definition of the potential used in a Bethe-Salpeter based approach
and its relation to the EFT based potential remain an active area of research and constitute one significant source of
uncertatinty. On the other hand we have seen that the definition of a melting temperature in the presence of a thermal
width is not uniquely defined and especially di�cult when using direct lattice QCD results, which in turn contributes
to the overall systmatic uncertatinty. The recombination probability in these models is constructed using arguments of
detailed balance, which are expected to work well close to equilibrium but may require corrections at early times far
from equilibrium. More details on the construction of loss and gain terms can be found in Ref. [336] and Ref. [337].
The medium evolution is treated somewhat di�erently among the two models. In the former the concept of entropy
conservation in conjunction with the measured particle multiplicities is used to model a temperature profile within an
isotropically expanding fireball. The latter model on the other hand computes a temperature profile directly based on
2 + 1 dimensional Bjorken expansion in the QGP phase. In each case a first order transition like regime is used to
connect the QGP with a hadron resonance gas phase at lower temperatures.

Both models are able to describe the RAA in terms of centrality and transverse momentum at RHIC and LHC in
an equally good fashion as shown for the example of its centrality dependence in the center panel of Fig. 52, see also
Ref. [300] (in non-central collisions the model of Ref. [336] seems to somewhat underestimate the actual RAA). For
the pt dependence we select here for better readability in the right panel of Fig. 52 a single results from Ref. [337]
compared to the measurements by the ALICE collaboration at

˘

sAA = 2.76TeV. As indicated by the two di�erent
black lines referring to the primordial and the regeneration component of the total RAA there are two di�erent regimes
present, which are smoothly connected. At large pt primordial charmonium appears to contribute a majority of the
yield, while at small pt a significant fraction of produced J_ arises from recombination e�ects. Similar behavior
for the RAA dependence on centrality is observed: in non-central collisions primordial J_ dominates but for central
collisions regeneration plays an almost equally important role. The e�ects of regeneration at LHC are pronounced
but also at RHIC the transport model computations indicate that dissociation of primordial charmonium alone cannot
account for the observed patterns in RAA.

From considerations of the nuclear modification factor of the charmonium ground state J_ we have so far learned
that dissociation and regeneration are leading to an intricate pattern of charmonium suppression requiring insight into
all stages of the collision. While in the transport models a partial equilibration of the charmonium states occurs, that
equilibration is assumed to be complete in the statistical model. The question thus remains is there a way how to
distinguish between these two scenarios even though both reproduce the RAA well. This question becomes even more
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when one remains within the language of wavefunctions, a non-linear stochastic Schrödinger equation needs to be
solved to account for the full dissipative dynamics of the quarkonium system in a QCD medium. When interested on
the other hand in a description in terms of distribution functions for the quarkonium states, we have seen in Section 4.3
that a Boltzmann equation can be derived based on a set of clearly specified assumption. Note that all the derivations
of real-time dynamics in Section 4 were based on a fully thermal background. When considering an evolving medium,
as is present in the case of a heavy-ion collision a new timescale, describing the cooling process enters. If that scale
is large enough compared to the other relevant timescales we may regard the temperature of the medium as external
parameter, governing the values of e.g. the potential of the stochastic Schrödinger equation, an approximation that is
used in most models today.

Historically one of the most common approach to bottomonium modeling is to resort to solving a deterministic
Schrödinger equation which is governed by an in-medium potential. From our discussion in Section 4.2 we saw in
Eq. (238) that such an ansatz amounts to a truncation of the dynamics, neglecting dissipative e�ects, and in addition to
an adiabatic approximation that averages over the fluctuations. From the numerical tests within the stochastic potential
model, we learned that in such an adiabatic truncation the survival of quarkonium states may be underestimated if the
e�ects of decoherence are relevant. I.e. the RAA computed in that way may underestimate the correct physical value.

Combining the deterministic Schrödinger equation with an anisotropic hydrodynamic description of the medium
background evolution, as well as a Glauber model based initial distribution of primordial states and the decays account-
ing for feeddown after hadronization, the Kent State University group has explored the suppression of bottomonium
in heavy-ion collisions in detail. A full description of the framework is found in Ref. [185], where in particular the
implementation of the potential in an anisotropic background is discussed. Note that no recombination contribution
enters in this framework. (A similar model based on isotropic hydrodynamics has been used in Refs. [349, 350])

The potential used in the Schrödinger equation itself is an input of the model and so far two ansaetze have been
deployed. Both of these models feature a Debye screened Coulombic in-medium part. For the in-medium string part
either Eq. (180) or the similar legacy Gauss law parametrization is used. The main di�erence between them lies the
form of the imaginary part, which is taken to be the purely coulombic HTL one in the former [185, 271, 272, 351],
while in the latter it contains both contributions from the Coulombic and string in-medium potential [273].

A prescription of how to initialize the Schrödinger equation for a mixed ensemble of bottomonium states in agree-
ment with the scale separation of NRQCD has been put forward in Ref. [352]. Its proposal for e�cient evolution of
such an ensemble however remains restricted to unitary time evolution, i.e. when dissipation e�ects are small.

Let us start with Bottomonium at STAR, since there the separation of scales between the medium temperature
created in the collision center and the bottom mass is most pronounced. In addition bottomonium is expected to act
as a true non-equilibrium probe, without reaching any significant degree of kinetic thermalization. In such a scenario,
one may speculate that decoherence is not yet very e�ective and thus the adiabatic approximation may prove already
satisfactory. In the left panel of Fig. 55 we plot a comparison of the Bottomonium ground state RAA from recent
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of the QGP phase or whether they are e�ciently melted on the way.
Two groups, one based at Texas A& M and the other at Tsinghua university have developed transport models

based on the Boltzmann equation, respectively on a corresponding averaged rate equation. Both approaches have
in common that they implement the possibility for dissociation of primordial charmonium particles, as well as the
dynamical recombination of such states throughout the QGP evolution. Feed-down from excites state is included at
the end of the medium evolution. Non-perturbative information on quarkonium dissociation is implemented in the
former approach by computing their stability properties via the T-matrix approach or via melting temperatures in
the latter. As we discussed in Section 3.2.1, the definition of the potential used in a Bethe-Salpeter based approach
and its relation to the EFT based potential remain an active area of research and constitute one significant source of
uncertatinty. On the other hand we have seen that the definition of a melting temperature in the presence of a thermal
width is not uniquely defined and especially di�cult when using direct lattice QCD results, which in turn contributes
to the overall systmatic uncertatinty. The recombination probability in these models is constructed using arguments of
detailed balance, which are expected to work well close to equilibrium but may require corrections at early times far
from equilibrium. More details on the construction of loss and gain terms can be found in Ref. [336] and Ref. [337].
The medium evolution is treated somewhat di�erently among the two models. In the former the concept of entropy
conservation in conjunction with the measured particle multiplicities is used to model a temperature profile within an
isotropically expanding fireball. The latter model on the other hand computes a temperature profile directly based on
2 + 1 dimensional Bjorken expansion in the QGP phase. In each case a first order transition like regime is used to
connect the QGP with a hadron resonance gas phase at lower temperatures.

Both models are able to describe the RAA in terms of centrality and transverse momentum at RHIC and LHC in
an equally good fashion as shown for the example of its centrality dependence in the center panel of Fig. 52, see also
Ref. [300] (in non-central collisions the model of Ref. [336] seems to somewhat underestimate the actual RAA). For
the pt dependence we select here for better readability in the right panel of Fig. 52 a single results from Ref. [337]
compared to the measurements by the ALICE collaboration at

˘

sAA = 2.76TeV. As indicated by the two di�erent
black lines referring to the primordial and the regeneration component of the total RAA there are two di�erent regimes
present, which are smoothly connected. At large pt primordial charmonium appears to contribute a majority of the
yield, while at small pt a significant fraction of produced J_ arises from recombination e�ects. Similar behavior
for the RAA dependence on centrality is observed: in non-central collisions primordial J_ dominates but for central
collisions regeneration plays an almost equally important role. The e�ects of regeneration at LHC are pronounced
but also at RHIC the transport model computations indicate that dissociation of primordial charmonium alone cannot
account for the observed patterns in RAA.

From considerations of the nuclear modification factor of the charmonium ground state J_ we have so far learned
that dissociation and regeneration are leading to an intricate pattern of charmonium suppression requiring insight into
all stages of the collision. While in the transport models a partial equilibration of the charmonium states occurs, that
equilibration is assumed to be complete in the statistical model. The question thus remains is there a way how to
distinguish between these two scenarios even though both reproduce the RAA well. This question becomes even more

Preprint submitted to Elsevier

non-perturbative Master equation w/
transport coefficients

Stochastic
Schrödinger

Non-linear 
stochastic

Schrödinger

Deterministic
Schrödinger

weak coupling
“quantum Brownian 
motion limit”

quantum state diffusion
recoilless limit adiabatic approximation

QCD

weak coupling
Boltzmann 
equation

Rate 
equation

gradient expansion &
”quantum optical limit”

additional time-scale
separation

Li
nd

bl
ad

 e
qu

at
io

ns



ALEXANDER ROTHKOPF - UIS

Langevin for
QQ and Qfast loss of quantum superposition 

trace out
environment

directly
(influence functional)

XXVIIITH INTERNATIONAL CONFERENCE ON ULTRARELATIVISTIC NUCLEUS-NUCLEUS COLLISIONS – NOV. 8TH 2019 – WUHAN – CHINA

QUARKONIUM PRODUCTION AND SUPPRESSION: THEORY

9

Current real-time approaches

pNRQCD

0 50 100 150 200 250 300 350
〉partN〈

0

0.2

0.4

0.6

0.8

1

1.2

AA
R  = 5.02 TeVNNs  ALICE, Pb-Pb 

c < 15 GeV/
T

p < 4, y, 2.5 < -µ+µ →(1S) ϒInclusive 

Transport models
 (TM1)et al.Du 

 (TM2)et al.Zhou 
with
with

without regeneration
without regeneration

Hydro-dynamical model
 et al.Krouppa 

 
heavy-quark potential uncertainty

 
  
 

RAA
⌥(1S)

Im[V ]

RAA
˘

sNN = 5.02
⌥(1S) RAA

when one remains within the language of wavefunctions, a non-linear stochastic Schrödinger equation needs to be
solved to account for the full dissipative dynamics of the quarkonium system in a QCD medium. When interested on
the other hand in a description in terms of distribution functions for the quarkonium states, we have seen in Section 4.3
that a Boltzmann equation can be derived based on a set of clearly specified assumption. Note that all the derivations
of real-time dynamics in Section 4 were based on a fully thermal background. When considering an evolving medium,
as is present in the case of a heavy-ion collision a new timescale, describing the cooling process enters. If that scale
is large enough compared to the other relevant timescales we may regard the temperature of the medium as external
parameter, governing the values of e.g. the potential of the stochastic Schrödinger equation, an approximation that is
used in most models today.

Historically one of the most common approach to bottomonium modeling is to resort to solving a deterministic
Schrödinger equation which is governed by an in-medium potential. From our discussion in Section 4.2 we saw in
Eq. (238) that such an ansatz amounts to a truncation of the dynamics, neglecting dissipative e�ects, and in addition to
an adiabatic approximation that averages over the fluctuations. From the numerical tests within the stochastic potential
model, we learned that in such an adiabatic truncation the survival of quarkonium states may be underestimated if the
e�ects of decoherence are relevant. I.e. the RAA computed in that way may underestimate the correct physical value.

Combining the deterministic Schrödinger equation with an anisotropic hydrodynamic description of the medium
background evolution, as well as a Glauber model based initial distribution of primordial states and the decays account-
ing for feeddown after hadronization, the Kent State University group has explored the suppression of bottomonium
in heavy-ion collisions in detail. A full description of the framework is found in Ref. [185], where in particular the
implementation of the potential in an anisotropic background is discussed. Note that no recombination contribution
enters in this framework. (A similar model based on isotropic hydrodynamics has been used in Refs. [349, 350])

The potential used in the Schrödinger equation itself is an input of the model and so far two ansaetze have been
deployed. Both of these models feature a Debye screened Coulombic in-medium part. For the in-medium string part
either Eq. (180) or the similar legacy Gauss law parametrization is used. The main di�erence between them lies the
form of the imaginary part, which is taken to be the purely coulombic HTL one in the former [185, 271, 272, 351],
while in the latter it contains both contributions from the Coulombic and string in-medium potential [273].

A prescription of how to initialize the Schrödinger equation for a mixed ensemble of bottomonium states in agree-
ment with the scale separation of NRQCD has been put forward in Ref. [352]. Its proposal for e�cient evolution of
such an ensemble however remains restricted to unitary time evolution, i.e. when dissipation e�ects are small.

Let us start with Bottomonium at STAR, since there the separation of scales between the medium temperature
created in the collision center and the bottom mass is most pronounced. In addition bottomonium is expected to act
as a true non-equilibrium probe, without reaching any significant degree of kinetic thermalization. In such a scenario,
one may speculate that decoherence is not yet very e�ective and thus the adiabatic approximation may prove already
satisfactory. In the left panel of Fig. 55 we plot a comparison of the Bottomonium ground state RAA from recent
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of the QGP phase or whether they are e�ciently melted on the way.
Two groups, one based at Texas A& M and the other at Tsinghua university have developed transport models

based on the Boltzmann equation, respectively on a corresponding averaged rate equation. Both approaches have
in common that they implement the possibility for dissociation of primordial charmonium particles, as well as the
dynamical recombination of such states throughout the QGP evolution. Feed-down from excites state is included at
the end of the medium evolution. Non-perturbative information on quarkonium dissociation is implemented in the
former approach by computing their stability properties via the T-matrix approach or via melting temperatures in
the latter. As we discussed in Section 3.2.1, the definition of the potential used in a Bethe-Salpeter based approach
and its relation to the EFT based potential remain an active area of research and constitute one significant source of
uncertatinty. On the other hand we have seen that the definition of a melting temperature in the presence of a thermal
width is not uniquely defined and especially di�cult when using direct lattice QCD results, which in turn contributes
to the overall systmatic uncertatinty. The recombination probability in these models is constructed using arguments of
detailed balance, which are expected to work well close to equilibrium but may require corrections at early times far
from equilibrium. More details on the construction of loss and gain terms can be found in Ref. [336] and Ref. [337].
The medium evolution is treated somewhat di�erently among the two models. In the former the concept of entropy
conservation in conjunction with the measured particle multiplicities is used to model a temperature profile within an
isotropically expanding fireball. The latter model on the other hand computes a temperature profile directly based on
2 + 1 dimensional Bjorken expansion in the QGP phase. In each case a first order transition like regime is used to
connect the QGP with a hadron resonance gas phase at lower temperatures.

Both models are able to describe the RAA in terms of centrality and transverse momentum at RHIC and LHC in
an equally good fashion as shown for the example of its centrality dependence in the center panel of Fig. 52, see also
Ref. [300] (in non-central collisions the model of Ref. [336] seems to somewhat underestimate the actual RAA). For
the pt dependence we select here for better readability in the right panel of Fig. 52 a single results from Ref. [337]
compared to the measurements by the ALICE collaboration at

˘

sAA = 2.76TeV. As indicated by the two di�erent
black lines referring to the primordial and the regeneration component of the total RAA there are two di�erent regimes
present, which are smoothly connected. At large pt primordial charmonium appears to contribute a majority of the
yield, while at small pt a significant fraction of produced J_ arises from recombination e�ects. Similar behavior
for the RAA dependence on centrality is observed: in non-central collisions primordial J_ dominates but for central
collisions regeneration plays an almost equally important role. The e�ects of regeneration at LHC are pronounced
but also at RHIC the transport model computations indicate that dissociation of primordial charmonium alone cannot
account for the observed patterns in RAA.

From considerations of the nuclear modification factor of the charmonium ground state J_ we have so far learned
that dissociation and regeneration are leading to an intricate pattern of charmonium suppression requiring insight into
all stages of the collision. While in the transport models a partial equilibration of the charmonium states occurs, that
equilibration is assumed to be complete in the statistical model. The question thus remains is there a way how to
distinguish between these two scenarios even though both reproduce the RAA well. This question becomes even more
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when one remains within the language of wavefunctions, a non-linear stochastic Schrödinger equation needs to be
solved to account for the full dissipative dynamics of the quarkonium system in a QCD medium. When interested on
the other hand in a description in terms of distribution functions for the quarkonium states, we have seen in Section 4.3
that a Boltzmann equation can be derived based on a set of clearly specified assumption. Note that all the derivations
of real-time dynamics in Section 4 were based on a fully thermal background. When considering an evolving medium,
as is present in the case of a heavy-ion collision a new timescale, describing the cooling process enters. If that scale
is large enough compared to the other relevant timescales we may regard the temperature of the medium as external
parameter, governing the values of e.g. the potential of the stochastic Schrödinger equation, an approximation that is
used in most models today.

Historically one of the most common approach to bottomonium modeling is to resort to solving a deterministic
Schrödinger equation which is governed by an in-medium potential. From our discussion in Section 4.2 we saw in
Eq. (238) that such an ansatz amounts to a truncation of the dynamics, neglecting dissipative e�ects, and in addition to
an adiabatic approximation that averages over the fluctuations. From the numerical tests within the stochastic potential
model, we learned that in such an adiabatic truncation the survival of quarkonium states may be underestimated if the
e�ects of decoherence are relevant. I.e. the RAA computed in that way may underestimate the correct physical value.

Combining the deterministic Schrödinger equation with an anisotropic hydrodynamic description of the medium
background evolution, as well as a Glauber model based initial distribution of primordial states and the decays account-
ing for feeddown after hadronization, the Kent State University group has explored the suppression of bottomonium
in heavy-ion collisions in detail. A full description of the framework is found in Ref. [185], where in particular the
implementation of the potential in an anisotropic background is discussed. Note that no recombination contribution
enters in this framework. (A similar model based on isotropic hydrodynamics has been used in Refs. [349, 350])

The potential used in the Schrödinger equation itself is an input of the model and so far two ansaetze have been
deployed. Both of these models feature a Debye screened Coulombic in-medium part. For the in-medium string part
either Eq. (180) or the similar legacy Gauss law parametrization is used. The main di�erence between them lies the
form of the imaginary part, which is taken to be the purely coulombic HTL one in the former [185, 271, 272, 351],
while in the latter it contains both contributions from the Coulombic and string in-medium potential [273].

A prescription of how to initialize the Schrödinger equation for a mixed ensemble of bottomonium states in agree-
ment with the scale separation of NRQCD has been put forward in Ref. [352]. Its proposal for e�cient evolution of
such an ensemble however remains restricted to unitary time evolution, i.e. when dissipation e�ects are small.

Let us start with Bottomonium at STAR, since there the separation of scales between the medium temperature
created in the collision center and the bottom mass is most pronounced. In addition bottomonium is expected to act
as a true non-equilibrium probe, without reaching any significant degree of kinetic thermalization. In such a scenario,
one may speculate that decoherence is not yet very e�ective and thus the adiabatic approximation may prove already
satisfactory. In the left panel of Fig. 55 we plot a comparison of the Bottomonium ground state RAA from recent
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of the QGP phase or whether they are e�ciently melted on the way.
Two groups, one based at Texas A& M and the other at Tsinghua university have developed transport models

based on the Boltzmann equation, respectively on a corresponding averaged rate equation. Both approaches have
in common that they implement the possibility for dissociation of primordial charmonium particles, as well as the
dynamical recombination of such states throughout the QGP evolution. Feed-down from excites state is included at
the end of the medium evolution. Non-perturbative information on quarkonium dissociation is implemented in the
former approach by computing their stability properties via the T-matrix approach or via melting temperatures in
the latter. As we discussed in Section 3.2.1, the definition of the potential used in a Bethe-Salpeter based approach
and its relation to the EFT based potential remain an active area of research and constitute one significant source of
uncertatinty. On the other hand we have seen that the definition of a melting temperature in the presence of a thermal
width is not uniquely defined and especially di�cult when using direct lattice QCD results, which in turn contributes
to the overall systmatic uncertatinty. The recombination probability in these models is constructed using arguments of
detailed balance, which are expected to work well close to equilibrium but may require corrections at early times far
from equilibrium. More details on the construction of loss and gain terms can be found in Ref. [336] and Ref. [337].
The medium evolution is treated somewhat di�erently among the two models. In the former the concept of entropy
conservation in conjunction with the measured particle multiplicities is used to model a temperature profile within an
isotropically expanding fireball. The latter model on the other hand computes a temperature profile directly based on
2 + 1 dimensional Bjorken expansion in the QGP phase. In each case a first order transition like regime is used to
connect the QGP with a hadron resonance gas phase at lower temperatures.

Both models are able to describe the RAA in terms of centrality and transverse momentum at RHIC and LHC in
an equally good fashion as shown for the example of its centrality dependence in the center panel of Fig. 52, see also
Ref. [300] (in non-central collisions the model of Ref. [336] seems to somewhat underestimate the actual RAA). For
the pt dependence we select here for better readability in the right panel of Fig. 52 a single results from Ref. [337]
compared to the measurements by the ALICE collaboration at

˘

sAA = 2.76TeV. As indicated by the two di�erent
black lines referring to the primordial and the regeneration component of the total RAA there are two di�erent regimes
present, which are smoothly connected. At large pt primordial charmonium appears to contribute a majority of the
yield, while at small pt a significant fraction of produced J_ arises from recombination e�ects. Similar behavior
for the RAA dependence on centrality is observed: in non-central collisions primordial J_ dominates but for central
collisions regeneration plays an almost equally important role. The e�ects of regeneration at LHC are pronounced
but also at RHIC the transport model computations indicate that dissociation of primordial charmonium alone cannot
account for the observed patterns in RAA.

From considerations of the nuclear modification factor of the charmonium ground state J_ we have so far learned
that dissociation and regeneration are leading to an intricate pattern of charmonium suppression requiring insight into
all stages of the collision. While in the transport models a partial equilibration of the charmonium states occurs, that
equilibration is assumed to be complete in the statistical model. The question thus remains is there a way how to
distinguish between these two scenarios even though both reproduce the RAA well. This question becomes even more
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Caveat: pNRQCD assumes a hierarchy of scales that 
needs to be ascertained for all involved states. 
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when one remains within the language of wavefunctions, a non-linear stochastic Schrödinger equation needs to be
solved to account for the full dissipative dynamics of the quarkonium system in a QCD medium. When interested on
the other hand in a description in terms of distribution functions for the quarkonium states, we have seen in Section 4.3
that a Boltzmann equation can be derived based on a set of clearly specified assumption. Note that all the derivations
of real-time dynamics in Section 4 were based on a fully thermal background. When considering an evolving medium,
as is present in the case of a heavy-ion collision a new timescale, describing the cooling process enters. If that scale
is large enough compared to the other relevant timescales we may regard the temperature of the medium as external
parameter, governing the values of e.g. the potential of the stochastic Schrödinger equation, an approximation that is
used in most models today.

Historically one of the most common approach to bottomonium modeling is to resort to solving a deterministic
Schrödinger equation which is governed by an in-medium potential. From our discussion in Section 4.2 we saw in
Eq. (238) that such an ansatz amounts to a truncation of the dynamics, neglecting dissipative e�ects, and in addition to
an adiabatic approximation that averages over the fluctuations. From the numerical tests within the stochastic potential
model, we learned that in such an adiabatic truncation the survival of quarkonium states may be underestimated if the
e�ects of decoherence are relevant. I.e. the RAA computed in that way may underestimate the correct physical value.

Combining the deterministic Schrödinger equation with an anisotropic hydrodynamic description of the medium
background evolution, as well as a Glauber model based initial distribution of primordial states and the decays account-
ing for feeddown after hadronization, the Kent State University group has explored the suppression of bottomonium
in heavy-ion collisions in detail. A full description of the framework is found in Ref. [185], where in particular the
implementation of the potential in an anisotropic background is discussed. Note that no recombination contribution
enters in this framework. (A similar model based on isotropic hydrodynamics has been used in Refs. [349, 350])

The potential used in the Schrödinger equation itself is an input of the model and so far two ansaetze have been
deployed. Both of these models feature a Debye screened Coulombic in-medium part. For the in-medium string part
either Eq. (180) or the similar legacy Gauss law parametrization is used. The main di�erence between them lies the
form of the imaginary part, which is taken to be the purely coulombic HTL one in the former [185, 271, 272, 351],
while in the latter it contains both contributions from the Coulombic and string in-medium potential [273].

A prescription of how to initialize the Schrödinger equation for a mixed ensemble of bottomonium states in agree-
ment with the scale separation of NRQCD has been put forward in Ref. [352]. Its proposal for e�cient evolution of
such an ensemble however remains restricted to unitary time evolution, i.e. when dissipation e�ects are small.

Let us start with Bottomonium at STAR, since there the separation of scales between the medium temperature
created in the collision center and the bottom mass is most pronounced. In addition bottomonium is expected to act
as a true non-equilibrium probe, without reaching any significant degree of kinetic thermalization. In such a scenario,
one may speculate that decoherence is not yet very e�ective and thus the adiabatic approximation may prove already
satisfactory. In the left panel of Fig. 55 we plot a comparison of the Bottomonium ground state RAA from recent
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of the QGP phase or whether they are e�ciently melted on the way.
Two groups, one based at Texas A& M and the other at Tsinghua university have developed transport models

based on the Boltzmann equation, respectively on a corresponding averaged rate equation. Both approaches have
in common that they implement the possibility for dissociation of primordial charmonium particles, as well as the
dynamical recombination of such states throughout the QGP evolution. Feed-down from excites state is included at
the end of the medium evolution. Non-perturbative information on quarkonium dissociation is implemented in the
former approach by computing their stability properties via the T-matrix approach or via melting temperatures in
the latter. As we discussed in Section 3.2.1, the definition of the potential used in a Bethe-Salpeter based approach
and its relation to the EFT based potential remain an active area of research and constitute one significant source of
uncertatinty. On the other hand we have seen that the definition of a melting temperature in the presence of a thermal
width is not uniquely defined and especially di�cult when using direct lattice QCD results, which in turn contributes
to the overall systmatic uncertatinty. The recombination probability in these models is constructed using arguments of
detailed balance, which are expected to work well close to equilibrium but may require corrections at early times far
from equilibrium. More details on the construction of loss and gain terms can be found in Ref. [336] and Ref. [337].
The medium evolution is treated somewhat di�erently among the two models. In the former the concept of entropy
conservation in conjunction with the measured particle multiplicities is used to model a temperature profile within an
isotropically expanding fireball. The latter model on the other hand computes a temperature profile directly based on
2 + 1 dimensional Bjorken expansion in the QGP phase. In each case a first order transition like regime is used to
connect the QGP with a hadron resonance gas phase at lower temperatures.

Both models are able to describe the RAA in terms of centrality and transverse momentum at RHIC and LHC in
an equally good fashion as shown for the example of its centrality dependence in the center panel of Fig. 52, see also
Ref. [300] (in non-central collisions the model of Ref. [336] seems to somewhat underestimate the actual RAA). For
the pt dependence we select here for better readability in the right panel of Fig. 52 a single results from Ref. [337]
compared to the measurements by the ALICE collaboration at

˘

sAA = 2.76TeV. As indicated by the two di�erent
black lines referring to the primordial and the regeneration component of the total RAA there are two di�erent regimes
present, which are smoothly connected. At large pt primordial charmonium appears to contribute a majority of the
yield, while at small pt a significant fraction of produced J_ arises from recombination e�ects. Similar behavior
for the RAA dependence on centrality is observed: in non-central collisions primordial J_ dominates but for central
collisions regeneration plays an almost equally important role. The e�ects of regeneration at LHC are pronounced
but also at RHIC the transport model computations indicate that dissociation of primordial charmonium alone cannot
account for the observed patterns in RAA.

From considerations of the nuclear modification factor of the charmonium ground state J_ we have so far learned
that dissociation and regeneration are leading to an intricate pattern of charmonium suppression requiring insight into
all stages of the collision. While in the transport models a partial equilibration of the charmonium states occurs, that
equilibration is assumed to be complete in the statistical model. The question thus remains is there a way how to
distinguish between these two scenarios even though both reproduce the RAA well. This question becomes even more
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Lindblad equation & potential

fluctuations fluctuations dissipationdissipation

Lindblad equation for the quantum Brownian motion regime at high temperature
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Real-part of the heavy-quark potential from the Gauss-Law
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Interplay between screening (mD) & decoherence (lcorr)
see discussion in S. Kajimoto, Y.Akamatsu, M. Asakawa, A.R., PRD97 (2018), 014003
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decay of off-diagonal terms = decoherence 
⇢(x1; x2; t) ⇠ ⇢(x1; x2; 0)exp
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´
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Decoherence at work

Semi classical approximation?

If decoherence is efficient: classicalization possible

⇢(x; y) ⇡ ⇢(R+ r=2;R� r=2)‹(r)
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If color d.o.f. thermalizes quickly: similar to Abelian

Straight forward generalization to many QQ pairs

M

2
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Color Stochastic Potential

Stochastic SE in the recoilless limit including SU(3) color d.o.f.:
(poster: S. Kajimoto & see also poster: A. Tiwari )
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Experimental results

SU(3) stochas7c poten7al model3
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Noise property: ,

① SU(3) color effects

② Noise effects

H(r, t) ⌘ �r2
r/M + V (r)(ta ⌦ t

a⇤) +⇥(r, t)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

=<latexit sha1_base64="TP3+PxE3LJ27KnsNcA6qkzeZO3Q="></latexit><latexit sha1_base64="TP3+PxE3LJ27KnsNcA6qkzeZO3Q="></latexit><latexit sha1_base64="TP3+PxE3LJ27KnsNcA6qkzeZO3Q="></latexit><latexit sha1_base64="TP3+PxE3LJ27KnsNcA6qkzeZO3Q="></latexit>

for color octet state 

for color singlet state

thermal fluctuaCon

potenCal termkineCc term
(relaCve moCon)
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lcorr � l lcorr ⌧ l 

!"#$$: Noise correlation length
!% :  size of quarkonium wave function

SU(3) 1D numerical calcula7on (preliminary)
◇ Time evolu7on in a sta7c QGP (T=400 MeV) 

Initial state: Ground state of Debye potential

NX: 512 / T: 0.4 GeV / 1000 events

In Cme evoluCon operator, the noise rotates wave funcCon randomly.

Wave func7on decoherence
State mixing due to 
local rotaCons of the noise. 

Open quantum system

Q. How should we understand these phenomena 
in a unified manner? 
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Sequen7al suppression Recombina7on

residual interaction

where                  is a.racCve potenCal

itself does not mix color states.
Color state mixing occurs due to noise.

Wave func7on decoherence4

Parity symmetry of thermal fluctua7on term

・derived based on framework of open quantum system 
・unitary time evolution
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◇Time evolu7on 
in a Bjorken-expanding QGP

Bo.omonium

Consistent with experimental results.
Behavior of occupation of 2nd excited 
state at late time is owing to projection 
from Debye unbound states 
to vacuum states.

CorrelaCon b/w different posiCon is lost 
because of decoherence.
Diagonal(& = (): 
only same-posiCon correlaCon remains.
AnC-diagonal(& = −(): 
long-distance correlaCon remains due to 
ini7al parity conserva7on.

NX: 512 / T(iniCal): 0.4 GeV/ 1000 events

Conclusion and Outlook
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▷We invesCgated dynamics of a quarkonium in a staCc/Bjorken-expanding QGP 
through SU(3) stochas7c poten7al model.

A. Quantum treatment is necessary!
suppression … quantum dissociation (screening + noise)

recombination … wave function decoherence
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Tensor structure of Θ:
parity odd

octet 

singlet

r
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: SU(3) generator

▷ The FIRST numerical simula7on in color singlet and octet states w/o invoking any 
semi-classical approxima7on.
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SU(3): no parity
SU(2): parity even

,

0

odd

odd

even

+,(.)

+0(.)
1 lim56→8

1
Δ.

Δ+,
Δ+0

=

(i) (ii)

(iii)

For SU(2) , subsCtuCng them into (noise only) Schrödinger eq. 1
;+ (, .
;. = Θ (, . + (, . ,

Singlet always becomes octet(triplet) after Δ. due to noise.
Only for SU(2), fluctuation term keeps initial parity.
For SU(3), initial parity is gradually lost as time.

Initial state(t=0):

(

Given an initial state, we can confirm that initial 
parity is kept for SU(2) even after time evolution.

even

0

=>?
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Survival probability

▷ Not only Debye color screening, but dynamical wave function decoherence due to noise 
is also important to understand quarkonium dynamics.  
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Cf. under constant diffusion coefficient 

Octet density matrix

Octet Wigner distribution R =
x+ y

2
, r = x� y
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▶ Comparison between quantum-mechanical and classical distribuCon of octet states 

trace out 
environment d.o.f.

Noise gives energy ∼ AB to a quarkonium 
at every sca.ering. The (anC)quarks gerng 
momentum move away from each other in 
repulsive potenCal. 
It moves like a classical parCcle except for 
origin while its evoluCon is genuinely 
quantum mechanical.
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Color Stochastic Potential

Stochastic SE in the recoilless limit including SU(3) color d.o.f.:
(poster: S. Kajimoto & see also poster: A. Tiwari )
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Decoherence at work

Semi classical approximation?

If decoherence is efficient: classicalization possible

⇢(x; y) ⇡ ⇢(R+ r=2;R� r=2)‹(r)
<latexit sha1_base64="C6PSOQblqLj6WrwMgwb1vHvajXw="></latexit>

If color d.o.f. thermalizes quickly: similar to Abelian

Straight forward generalization to many QQ pairs

M

2
r̈i = �‚i jv �riV (r) + „i (r; t)
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Im[V ](0) + Im[V ](r)
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J.P. Blaizot, M. Escobedo JHEP 1806 (2018) 034 & PRD98 (2018) 074007
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Experimental results

SU(3) stochas7c poten7al model3
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Noise property: ,

① SU(3) color effects

② Noise effects

H(r, t) ⌘ �r2
r/M + V (r)(ta ⌦ t

a⇤) +⇥(r, t)
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for color octet state 

for color singlet state

thermal fluctuaCon

potenCal termkineCc term
(relaCve moCon)

V (r) = �↵e↵

r
exp (�mDr)
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lcorr � l lcorr ⌧ l 

!"#$$: Noise correlation length
!% :  size of quarkonium wave function

SU(3) 1D numerical calcula7on (preliminary)
◇ Time evolu7on in a sta7c QGP (T=400 MeV) 

Initial state: Ground state of Debye potential

NX: 512 / T: 0.4 GeV / 1000 events

In Cme evoluCon operator, the noise rotates wave funcCon randomly.

Wave func7on decoherence
State mixing due to 
local rotaCons of the noise. 

Open quantum system

Q. How should we understand these phenomena 
in a unified manner? 
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Sequen7al suppression Recombina7on

residual interaction

where                  is a.racCve potenCal

itself does not mix color states.
Color state mixing occurs due to noise.

Wave func7on decoherence4

Parity symmetry of thermal fluctua7on term

・derived based on framework of open quantum system 
・unitary time evolution

 0.001

 0.01

 0.1

 1

 0  1  2  3  4  5  6  7  8  9

OC
CU

PA
TI

ON
 P

RO
BA

BI
LI

TY

TIME [fm]

without noise, ground state
ground state

1st excited state
2nd excited state

◇Time evolu7on 
in a Bjorken-expanding QGP

Bo.omonium

Consistent with experimental results.
Behavior of occupation of 2nd excited 
state at late time is owing to projection 
from Debye unbound states 
to vacuum states.

CorrelaCon b/w different posiCon is lost 
because of decoherence.
Diagonal(& = (): 
only same-posiCon correlaCon remains.
AnC-diagonal(& = −(): 
long-distance correlaCon remains due to 
ini7al parity conserva7on.

NX: 512 / T(iniCal): 0.4 GeV/ 1000 events

Conclusion and Outlook
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▷We invesCgated dynamics of a quarkonium in a staCc/Bjorken-expanding QGP 
through SU(3) stochas7c poten7al model.

A. Quantum treatment is necessary!
suppression … quantum dissociation (screening + noise)

recombination … wave function decoherence
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Tensor structure of Θ:
parity odd

octet 

singlet

r
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: SU(3) generator

▷ The FIRST numerical simula7on in color singlet and octet states w/o invoking any 
semi-classical approxima7on.

a = 1 ⇠ 8
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▷

H(r, t) ⌘ �r2
r/M + V (r)(ta ⌦ t
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SU(3): no parity
SU(2): parity even

,

0

odd

odd

even

+,(.)

+0(.)
1 lim56→8

1
Δ.

Δ+,
Δ+0

=

(i) (ii)

(iii)

For SU(2) , subsCtuCng them into (noise only) Schrödinger eq. 1
;+ (, .
;. = Θ (, . + (, . ,

Singlet always becomes octet(triplet) after Δ. due to noise.
Only for SU(2), fluctuation term keeps initial parity.
For SU(3), initial parity is gradually lost as time.

Initial state(t=0):

(

Given an initial state, we can confirm that initial 
parity is kept for SU(2) even after time evolution.

even

0

=>?
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Survival probability

▷ Not only Debye color screening, but dynamical wave function decoherence due to noise 
is also important to understand quarkonium dynamics.  
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Cf. under constant diffusion coefficient 

Octet density matrix

Octet Wigner distribution R =
x+ y

2
, r = x� y
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▶ Comparison between quantum-mechanical and classical distribuCon of octet states 

trace out 
environment d.o.f.

Noise gives energy ∼ AB to a quarkonium 
at every sca.ering. The (anC)quarks gerng 
momentum move away from each other in 
repulsive potenCal. 
It moves like a classical parCcle except for 
origin while its evoluCon is genuinely 
quantum mechanical.
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color singlet density matrix color octet density matrix

Wigner distribution around origin
shows non-positive contributions

Genuine quantum nature of quarkonium remains relevant

W (R; p) =

Z
dr⇢(x; y)e�ipr
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The full dissipative dynamics
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Lindblad equation equivalent to stochastic wavefunction dynamics: Quantum State Diffusion
T. Miura, Y.Akamatsu, M. Asakawa, A.R., arXiv:1908.06293
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Lindblad equation equivalent to stochastic wavefunction dynamics: Quantum State Diffusion
T. Miura, Y.Akamatsu, M. Asakawa, A.R., arXiv:1908.06293

QCD derivation of stochastic non-linear Schrödinger equation, used in pheno. studies of dissipative dynamics
c.f. e.g. R. Katz, P. Gossiaux Annals Phys. 368 (2016) 267
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Lindblad equation equivalent to stochastic wavefunction dynamics: Quantum State Diffusion
T. Miura, Y.Akamatsu, M. Asakawa, A.R., arXiv:1908.06293

(poster: T. Miura)First potential based computation thermalizing quantum quarkonium system in one dimension

QCD derivation of stochastic non-linear Schrödinger equation, used in pheno. studies of dissipative dynamics
c.f. e.g. R. Katz, P. Gossiaux Annals Phys. 368 (2016) 267
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Lindblad equation equivalent to stochastic wavefunction dynamics: Quantum State Diffusion
T. Miura, Y.Akamatsu, M. Asakawa, A.R., arXiv:1908.06293

(poster: T. Miura)First potential based computation thermalizing quantum quarkonium system in one dimension

QCD derivation of stochastic non-linear Schrödinger equation, used in pheno. studies of dissipative dynamics
c.f. e.g. R. Katz, P. Gossiaux Annals Phys. 368 (2016) 267

Unified framework: dynamics of a single quark governed by the same function D in its Lindblad operator (ImV)
Y.Akamatsu, M. Asakawa, S. Kajimoto, A.R., JHEP 1807 (2018) 029
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Conclusion
Progress on in-medium quarkonium both in equilibrium & its real-time dynamics

intricate interplay of color screening and decoherence governs quarkonium evolution

improved understanding of the role of the complex heavy-quark potential in evolution

new Lindblad type master equations for accurate real-time simulations (stochastic NLSE)
(poster: T. Miura)

QCD derivation of Boltzmann/rate & Schrödinger equation: range of validity & parameters  
(talk: X. Yao 05/11/2019, 17:20)

(dynamical reshuffling of states instead of static melting)  

Quarkonium in HIC tell us about QCD screening properties (mD) and correlation length (lcorr) 

(deterministic SE only crude approximation to dissipative dynamics)  

equilibrium lattice QCD progress towards excited states spectra & transport properties 
(Talk: R. Larsen 06/11/2019, 17:00) (Talk: O. Kaczmarek 05/11/2019, 14:40)

ToDo: non-perturbative & colored OQS + early time quarkonium formation
(poster: S. Kajimoto & poster: A. Tiwari ) (see e.g. talk: I. Vitev 06/11/2019, 9:00)


