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AbstractIn this work we build threshold quantum secret sharing schemesby using particular states that are maximally mixed across anyarbitrary bipartition of the multi-qudit system. We introduce firstmulti-qudit disconnected states as states of a multi-qudit Hilbertspace associated to a multi-qubit system of n non-interacting qu-dits. The interaction between qudits generates maximally entan-gled states. The multi-qudit entangled states are chosen to bemaximally mixed with respect to any possible bipartition (A ∪ B)with |A| < |B| of the whole system. The maximally mixed propertyof multi-qudit states will be used to share secret between the twosets A and B.
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B. Maximally mixed multi-qubit states
We consider a multi-qudit physical lattice where all the qudits occupying the sites are dis-connected and prepared in the ground state (|+〉 = 1√

d
∑d−1
j=1 |j〉. Then, the initial state ofthe physical lattice denoted |φ~0〉 can be considered as a cluster state without any connectionbetween qudits and it is obtained as

|φ~0〉 = |+,+, ...,+〉 = 1√
dn

d−1∑
k1,k2,...,kn=0 |k1, k2, ..., kn〉 . (1)

The corresponding separable density matrices σ~0 write σ~0 = |φ~0〉 〈φ~0| = [1
d

∑d−1
ki,k ′i
|ki〉 〈k ′i|

]⊗n.Now we consider a special dynamical evolution of the separable density matrices σ~0. Thisdynamical evolution writes [5]
e+itHσ0e−itH = σ0(t) with H = n∑

r<h
grhMrh and t = π(2l−q) with q ∈ Z/dZ and l ∈ N. (2)

The actions of the unitary operators Mrh on the computational basis are defined by
Mrh|k1, · · · , kn〉 = krkh|k1, · · · , kn〉. The coupling constant grh entering in the expression ofthe Hamiltonian describing the multi-qubit system corresponds to the simplest qudit exchangebetween two sites. The resulting entangled density matrices denoted now ρ0 = σ0(t) writes as
ρ~0 = |Φ, n〉 〈Φ, n| = 1

dn
∑

k1,...,knk ′1,...,k ′n
ω

∑
r<h prh(krkh−k ′rk ′h) |k1, ..., kn〉 〈k ′1, ..., k ′n| ; with prh = qgrh.

(3)where the vector state |Φ, n〉 is obtained as |Φ, n〉 = 1
dn

∑
k1,...,kn ω

∑
r<h prhkrkh |k1, ..., kn〉. In thefollowing, we consider the splitting of the entire system into two subsystems; one subsystem

A2 = {kn−m+1, ..., kn} containing any m(1 ≤ m ≤ n−1) qudits and the other A1 = {k1, ..., kn−m}containing the remaining (n − m) = s qudits. The density matrix associated to the subsystem
A2 is obtained by tracing out the qudits of the subsystem A1

ρA2 = TrA1(|Φ, n〉 〈Φ, n|) = ∑
k1,...,kn

〈k, ..., ks|Φ, n〉 〈Φ, n|k1, ..., ks〉 ; s = n −m. (4)
Operating the partial trace, we get

ρA2 = 1
dk

∑
k1,...,ks,ks+1...kn,k ′s+1...k ′n

ω
∑n

j=s+1 k1[p1j(kj−k ′j)]ω∑n
j=s+1 k2[p2j(kj−k ′j)]... (5)

... ω
∑n

j=s+1 ks[psj(kj−k ′j)]ω∑
i<j ;i,j 6={1,...,s} pij(kj−k ′j) |ks+1, ..., kn〉 〈k ′s+1, ..., k ′n| .Then, the entangled state |Φ, n〉 is m-maximally mixed [6, 7] or equivalently, the reduced densitymatrix ρA2 for the subset A2 is totally mixed, ρA2 = 1

dmIdm if and only if the (n − m) vectors(pi(s+1), pi(s+2), ..., pin) with (0 ≤ i ≤ n−m) are linearly independent. We note at the end, thatif |φ〉 is a m-uniform maximally mixed and |ψ〉 = U|φ〉, where The operation U is a local unitaryoperation which preserves the amount of the entanglement in the states |φ〉, then the basicentanglement properties of the entangled states |ψ〉 are encoded in the m-uniform maximallystates of type |φ〉.
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A. Quantum secret sharing
Quantum teleportation is one of the strangest uses of entanglement. It allows distant parts toshare a secret (quantum secret) [1, 2] from one part to the other. In a pure state (k, 2k − 1)threshold quantum secret sharing scheme [3, 4], the secret is encoded into a pure state thatis distributed among an odd number of players P = {1, ..., 2k − 1} such that a subset B ⊂ Pof players is authorized if and only if the set contains more than half the players, |B| ≥ k .Furthermore, a subset B ⊂ P of players with less than k-players is always a forbidden set.More precisely, the dealer shares an unknown quantum state with a set of players such thatauthorized subgroups of players can recover the quantum state, where the role of the dealer
D is assigned to one of the 2k − 1 parties of a maximally entangled state. The correspondingprotocol is described as follows: the secret that the dealer will share with the other players isencoded in an arbitrary qudit given by

|S〉D = d−1∑
i=0 αi |i〉 , (11)

by combining the secret with a maximally entangled state, the dealer prepares a general stateof the form
|S〉D |Φ, n〉 . (12)Where |Φ, n〉 is a maximally entangled state shared between the dealer and the (n−1) players.The dealer gives a share to every player and measures after that his two qudits in the generalizedBell basis

|ψmn〉 = ∑
j
ωjn |j〉 |j +m〉 . (13)

If the dealer informs the players of their measurement result (m,n), then only a set of players(the authorized set) can apply a correction operator to recover the secret.
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C. QSS with maximally mixed states
In the following we consider a n-qudit entangled state

|Φ, n〉 = 1√
dn

∑
k1,...,kn

ω
∑

r<h prhkrkh |k1, ..., kn〉 , (17)
which is maximally mixed with respect to bipartition A1|A2, where the sets A1 and A2 termedrespectively unauthorized and authorized sets are given by A2 = {k1, ..., km−1} and A1 =
{km, ..., kn}. Following [3, 4], the (m-1)-maximally mixed state |Φ, n〉 takes the form
|Φ, n〉 = 1√

dm−1
∑

k1,...,km−1
|k1〉 ... |km−1〉 ⊗ |ψ(k)〉A1 ; where |ψ(k)〉A1 = 1√

dn−m+1
∑

km,...,kn

ω
∑
r<h prhkrkh |k1, ..., kn〉 . (18)

Satisfies 〈|ψ(k)〉 | |ψ(k ′)〉〉 = δkk ′. To construct a threshold quantum secret sharing scheme, wenote first the role of the dealer D will be assigned to the first qudit k1 of A2. The dealer possesa quantum secret described by an arbitrary qudit state (14) which will share with the other(n − 1) players {k2, ..., kn} of the whole system. To do that he prepares the general state
|Ψ〉 = |S〉D |Φ, n〉 = 1√

dn
∑
k1,...,kn

αiω
∑
r<h prhkrkh |i〉D |k1, ..., kn〉 = 1√

dm−1
∑

i,k1,...,kn
αi |i〉D |k1, ..., kn〉 | ˜ψ(k, i)〉 . (19)

where 〈| ˜ψ(k, i)〉 | | ˜ψ(k ′, i′)〉〉 = δkk ′δii′ and he distributes the player’s qudits to them by a publicchannel. After that the dealer {k1} ≡ {D} measures her two qudits in the generalized Bell basis
|Blq〉 = 1

d
∑
j ωjl |j〉 |j + q〉. The projection of the operator |Blq〉 〈Blq| on the state |Ψ〉 gives

|Blq〉 〈Blq|Ψ〉 = |Bjq〉
∑

j
αjω−jl |φj〉

 ; where |φj〉 = 1√
dn

∑
k2,...,kn

ω
∑
r≥2 p1r(j+q)krω∑2≥r≥h prhkrkh |k2, ..., kn〉 . (20)

Which is labeled entangled state and can be cast in the form
|φj〉 = 1√

dm−2 ∑
k2,...,km−1

|k2〉 ... |km−1〉 |φ̃(k, j)〉 ; (21)
with |φ̃(k, j)〉 = 1√

dn−m+2 ∑
k2,...,kn ω

∑
r≥2 p1r(j+q)krω∑2≥r≥h prhkrkh |km, ..., kn〉. The dealer informsthe players of their measurement result (l, q), then a set of players (authorized players) applya correction operator Umn = K−nN−11 Z−mA−11 to obtain the state

|χ〉 = ∑
j
αj |Oj〉 ; where |Oj〉 ∼= ∑

k2,...,kn
ω

∑
r≥2 p1r(j+q)krω∑2≥r≥h prhkrkh |k2, ..., kn〉 , (22)

which is maximally mixed state. Then, the parts of the authorized set A1 can perform a jointquantum operation to recover the secret |S〉 = ∑
j αj |i〉j .
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ConclusionOne application for k-uniform maximally mixed multi-qubit states is to construct quantumsecret sharing (QSS) protocols. In a quantum secret sharing protocol, a secret is encodedinto a quantum state shared between n players P such that certain subsets of P , the au-
thorized sets, are able to recover the secret by performing joint quantum operations. Inthe detailed work [7] we have described quantum secret sharing protocols and we haveconstructed threshold quantum secret sharing schemes by using particular states that aremaximally mixed across any arbitrary bipartition.


