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Quick Summary of Lectures 1 and 2

Asymptotic freedom allows us to treat hard QCD processes by 
using the parton language

SufÞciently inclusive (IR safe) observables can be deÞned which are free 
of infrared singularities and can be computed in perturbation theory

When initial state hadrons are present collinear singularities appear 
that are universal and can be reabsorbed in the PDFs

The Drell-Yan process (more generally, W! l!  and Z! ll production) is 
the simplest hadron collider process

Jet algorithms should be infrared safe
Only way in which jet data 
can be sensibly compared 
with perturbative predictions

PDFs become scale dependent!  DGLAP equations



Outline

Event generators

- parton showers, colour coherence,
- NLO matching, merging

Beyond Þxed order: analytic resummations
- transverse-momentum resummation

Lecture 4

QCD at higher orders

- NLO, NNLO and beyond
- NLO corrections to Drell-Yan

Lecture 3



Higher order calculations

At LO jets are partons: it is only including NLO corrections that we 
can distinguish among jet algorithms

LO (parton model) calculations give only an order of magnitude for cross 
sections and kinematical distributions

Physical quantities should be independent on renormalization and 
factorization scales but truncation of perturbative series at n-order induces a 
scale dependence at (n+1) order
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For the Drell-Yan process (k=0) no " S at LO but also no pT

For jet or heavy-quark production (k=2) the scale at which to evaluate 
" S is not deÞned !

ö! ij = " k
S

!

n

" " S

#

#n
ö! (n )

ij



Higher order calculations

At LO we have

N-jet cross section: k=N

3-jet cross section at hadron colliders

and if we
change scale

The effect increases with k
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Z.Nagy (2012)

! LO ({ pi } , µ!
R ) = " k

S(µR )
!

1 + k#0" S(µR ) ln
µ2

R

µ!2
R

+ ......
"

F ({ pi } )

! LO ({ pi } , µR ) = " k
S(µR )F ({ pi } )



Higher order calculations

tt! bb! production: k=4

Bredenstein et al. (2010)
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At LO we have

and if we
change scale

The effect increases with k

! LO ({ pi } , µ!
R ) = " k

S(µR )
!

1 + k#0" S(µR ) ln
µ2

R

µ!2
R

+ ......
"

F ({ pi } )

! LO ({ pi } , µR ) = " k
S(µR )F ({ pi } )

N-jet cross section: k=N



Higher order calculations

Including NLO corrections the result reads

The effect of a scale variation is now compensated 
and the residual dependence starts at NNLO

Scale variations typically used as a method to estimate 
perturbative uncertainties (see later)

NLO scale dependence 
determined by LO result
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! NLO ({ pi } , µR ) = " k
S(µR )F ({ pi } )

!
1 + " S(µR )

!
F (1) ({ pi } ) + k#0 ln

µ2
R

Q2

""

At LO we have

and if we
change scale

The effect increases with k

! LO ({ pi } , µ!
R ) = " k

S(µR )
!

1 + k#0" S(µR ) ln
µ2

R

µ!2
R

+ ......
"

F ({ pi } )

! LO ({ pi } , µR ) = " k
S(µR )F ({ pi } )



virtual

real

In particular we use conventional dimensional regularisation (CDR) 
with 2 polarizations for massless quarks and 2(1-#) for gluons

NLO corrections to DY

Real and virtual contributions are separately divergent: we 
regularise them by using dimensional regularisation

We work in D=4-2#
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Altarelli, Ellis, Martinelli (1978) 



The partonic cross section

The partonic cross section can be computed according to

Flux 
factor

Matrix element squared
Phase space

Lorentz invariant phase space 
element for each Þnal state particle

Overall four-momentum 
conservation 

dPSn =
n!

i =1

" dD ki

(2! )D (2! )" (k2
i ! m2

i )! (k0
i )

#
(2! )D " D

$
p1 + p2 !

n%

i =1

ki

&
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ö! ab! n =
1
2s

!
|M ab! n |2dPSn



! =
1
2s

|M 0|2(2" )4#4(p1 + p2 ! q)
d4q

(2" )4 2"# (q2 ! Q2)

= ! (0)
! ! (")#(1 ! z) z = Q2/s

! (0)
! ! (") =

4#2$ Q2
q(1 ! ")

Q2Nc
Born cross section in D dimensions

The cross section for                         can be obtained with an additional
 factor 

qøq ! µ+ µ!

! / (3" Q2)

At Born level we have
p1

p2
q

spin average color average

s = ( p1 + p2)2

|M 0|2 = 4e2Q2
q s(1 ! ! ) "

1
4

"
1

Nc

quark charge

NLO corrections to DY
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 qq! channel: real corrections

p1

p2

q q
k

k

p1

p2

s = ( p1 + p2)2

t = ( p1 ! q)2

u = ( p2 ! q)2

p1 + p2 = q + k

|M qøq! ! ! g|2 =
32! 2 " Q2

q

Nc
(1 ! #)CF (µ2)" " S T0(Q2, u, t)

Matrix element
squared

T0(Q2, u, t) = (1 ! ! )
!

u
t

+
t
u

"
+

2Q2(Q2 ! u ! t)
ut

! 2!

initial state collinear 
singularities

singular in the soft and 
collinear limit

t = ( p1 ! q)2 = ! 2kp2

u = ( p2 ! q)2 = ! 2kp1
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Phase space:

DeÞne y = (1 + cos ! )/ 2 and integrating the delta function we Þnd:

dPS =
1

8!

!
4!
Q2

" ! 1
! (1 ! ")

z! (1 ! z)1! 2! y! ! (1 ! y)! ! dy

dPS = (2! )D " D (p1 + p2 ! k ! q)
dD q

(2! )D 2!" (q2 ! Q2)
dD ! 1k

(2! )D ! 12Ek

where

dPS =
(4! )!

4!
" (q2 ! Q2)|k |1! 2! d|k |

sin#1! 2! #
! (1 ! $)

d#

dD ! 1k = |k |D ! 2d|k |(sin ! )D ! 4dcos! d! D ! 3

!
d! D ! 3 =

2! (D ! 2) / 2

" ((D ! 2)/ 2)
Setting D=4-2# and using we get

q2 ! Q2 = ( p1 + p2 ! k)2 ! Q2 = s ! 2
"

s |k | ! Q2
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t = !
Q2

z
(1 ! z)y

u = !
Q2

z
(1 ! z)(1 ! y)

T0(Q2, u, t) = (1 ! ! )
!

y
1 ! y

+
1 ! y

y

"
+

2z
(1 ! z)2y(1 ! y)

! 2!

Integrating over y we obtain:

Collinear pole 
already explicit

(1 ! z)! 1! 2! = !
1
2!

" (1 ! z) +
!

1
1 ! z

"

+
! 2!

!
ln(1 ! z)

1 ! z

"

+
+ O(! 2)

! real
qøq =

" S

2#
z ! (0)

! ! ($)CF

!
4#µ2

Q2

" " ! (1 ! $)
! (1 ! 2$)

!
!

2
$

"
#
(1 ! z)1! 2" z" + 2(1 ! z)! 1! 2" z1+ " $

use the identity:

Soft pole hidden in 
the z! 1 limit

z factor coming from 
ßux factor 1/(2s)

Collinear singularities correspond to y! 0,1
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virtual correction

|M virt |2 = !M 0|M 1" + c .c. =
! S

2"

!
4" µ2

Q2

" ! ! (1 # #)
! (1 # 2#)

CF

#
#

2
#2 #

3
#

# 8 +
2
3

" 2
$

|M 0|2

Double and single IR poles 

! real
qøq =

" S

2#
z ! (0)

! ! ($)CF

!
4#µ2

Q2

" " ! (1 ! $)
! (1 ! 2$)

!

!
2
! 2 " (1 " z) "

2
!

"
2

(1 " z)+
" 1 " z

#
+ 4(1 + z2)

"
ln(1 " z)

1 " z

#

+
" 2 ln z

1 + z2

1 " z

$

Double pole to be 
cancelled with virtual

Real part of 
DGLAP kernel

! virt
qøq =

" S

2#
! (0)

! ! ($)CF

!
4#µ2

Q2

" " ! (1 ! $)
! (1 ! 2$)

#
!

2
$2 !

3
$

! 8 +
2
3

#2
$

%(1 ! z)

! virt
qøq =

1
2s

|M virt |2 2"# (s ! Q2)
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! real
qøq + ! virt

qøq =
" S

2#
z ! (0)

! ! ($)CF

!
4#µ2

Q2

" " ! (1 ! $)
! (1 ! 2$)

!

!

"
2
!

Pqq(z) + 4(1 + z2)
"

ln(1 " z)
1 " z

#

+
" 2 ln z

1 + z2

1 " z
+ " (1 " z)

"
" 8 +

2
3

#2
# $

Cancelled by the factorization counterterm (µF=Q)

The Þnal result is:

Soft and virtual terms that give the 
dominant contribution as z! 1

Note that at z$1 the term in square bracket can be rewritten as

Purely collinear contribution originating from the integration from the 
factorization scale (µF=Q here) to the maximum qT allowed by kinematics

qmax
T ! (1 " z)2Q2/z

summing real 
and virtual

2Pqq(z) ln
(1 ! z)2

z
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! (1)
qøq =

" S

2#
CF ! (0)

! ! z
!
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"
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#

+
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! 8 +
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qg channel
p1

p2

q
k

Only real contribution must be considered

The matrix element can be obtained from
through crossing

|M qøq! ! ! g|2

|M qg! ! ! q|2 = !
32! 2 " Q2

q

Nc
(1 ! #)TR (µ2)" " S

!
(1 ! #)

"
s
t

+
t
s

#
+

2Q2u
st

! 2#
$

1
1 ! #

Minus sign from 
fermion crossing CF ! TR Additional (1-#) factor due to average over 

the polarizations of the initial state gluon
(remember that in CDR gluon and quark 
have 2(1-#) and 2 polarizations, respectively)

Integrating over the phase space and adding 
the collinear counterterm we get:

! (1)
qg =

" S

2#
z ! (0)

! ! TR

!
(z2 + (1 ! z)2) ln

(1 ! z)2

z
+

1
2

+ 3z !
7
2

z2
"

As in the qq! channel this is a purely collinear 
contribution driven by Pqg(z) which is left over 
after the cancellation of the collinear singularity

Note that the hard part differs from 
the original result by Altarelli,Ellis and 
Martinelli, where a slightly different 
regularisation was used 93



The Drell-Yan cross section has 
been measured by a variety of 
experiments with different 
beams, targets and energies

Low mass lepton pair production 
at high energies is sensitive to the 
small x behavior of PDFs

In pp collisions the cross section is sensitive to the 
sea quark distributions complementary information to DIS

The size of QCD corrections for the Drell-Yan process depends on the collider 
energy and on the invariant mass of the lepton pair

!
s = 38.8 GeV

NLO QCD prediction

Can be O(50%) at Þxed target 
experiments and decreases at 
higher energies
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QCD coupling is ßavour blind: NLO corrections for W production are the same !
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Dependence on µF=µR=µ strongly reduced 
when moving from LO to NLO
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Scale dependence:



NLO calculations

The example we have just seen allows us to compute NLO corrections 
to a speciÞc observable, the inclusive cross section 

The amplitudes can be more efÞciently evaluated by using helicity 
techniques and then squared numerically

The phase space integrals are also evaluated numerically

The traditional method of analytically computing the amplitudes, their 
square, and the phase space integration does not work for more 
complicated processes
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 Real and virtual are affected by different kinds of singularities:

 Additional complication: 

Even if the relevant tree and loop amplitudes are known the integrals 
over unresolved partons cannot be performed analytically when 

arbitrary cuts  are imposed !

NLO calculations

 UV singularities affect only virtual 
corrections: removed by renormalisation

 IR (soft and collinear) singularities: present in both 
virtual and real corrections: use dimensional 
regularisation (work in d=4-2#) dimensions

How do we cancel IR singularities ?
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I = lim
! ! 0

! " 1

0

dx
x

x! F (x) !
1
!

F (0)
#

Where the function F(x) is too 
complicated to perform the integral 
analytically

x: energy of a gluon 
or angle between 

two partons       

ÒvirtualÓ 

contribution      

 Slice the integration region 0<x<% and %<x<1
 If we choose % !  1 we can approximate F(x) "  F(0)
 and write

I ! lim
! ! 0

!

F (0)
" "

0

dx
x

x! +
" 1

"

dx
x

x! F (x) "
1
!

F (0)

#

= F (0) log ! +
! 1

!

dx
x

F (x)

 The approximation relies on  % !  1 but if % is too small the 
two contributions are separately large      

Phase space slicing:

 The two terms are separately divergent # "  0 but their sum is Þnite      

NOTE:

can be computed

numerically      

Suppose you have to calculate

Fabricus, Schmitt, Kramer, Schierholz (1981)
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 An example:



I = lim
! ! 0

! " 1

0

dx
x

x! [F (x) ! F (0)] + F (0)
" 1

0

dx
x

x! !
1
!

F (0)
#

=
! 1

0

dx
x

[F (x) ! F (0)]

 Rewrite the same integral as

 The integration can now be done numerically

The divergence 
cancels out !

 Both methods require knowledge of F(0)
behaviour of  the 
matrix element in 
the singular region

 General algorithms available

 Their generality relies on the 
universality structure of soft and 
collinear singularities

Subtraction method:

Frixione, Kunszt, Signer (1995)

Ellis, Ross, Terrano (1981) 

Dipole subtraction

FKS

Catani, Seymour (1996)
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 The subtraction method does not require to introduce an 
IR cut-off and it is the one that is used nowadays

Subtraction 
Òcounterterm"



Automation of NLO corrections

Combine available methods to 
compute real corrections.....

p1

p2

k1

kn

kn

k1p1

p2

with most efÞcient techniques for virtual corrections:

G.Ossola, C.Papadopoulos, R.Pittau (2007)
K.Ellis, W.Giele, Z.Kunszt (2007)

ÒtraditionalÓ methods to evaluate tensor and 
scalar integrals

fully numerical evaluation based on reduction at 
the integrand level

A.Denner, S.Dittmaier (2006,2011)

 Enormous progress in the last years
For many years the bottleneck has been the computation of the relevant 
one-loop amplitudes

NLO automation
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Numerical off-shell methods

Combine efÞciency of the numerically stable tensor-integral reduction with the 
automation made possible by a completely recursive approach

OpenLoops

Unitarity and on-shell methods

Specify process (input card), 
deÞne cuts/distributions  run and get the results

 The problem is Òin principleÓ solved

MadGraph5_aMC@NLO BlackHat+Sherpa NJet

GoSam+Sherpa Helac-NLO

NLO automation
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NLOXRecola



MadGraph5_aMC@NLO: sample from 172 processes

NLO automation
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Impact of NLO corrections
NLO effects on rapidity 
distributions usually well 
approximated by overall K-factor
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Impact of NLO corrections

QCD dynamics is transverse

101
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LO
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!
s = 13 TeV

Large NLO impact on shape of 
pT distributions

Lepton pT distribution

In the narrow width 
approximation the 
LO distribution is 
bounded at mW/2

huge NLO effect
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pmiss
T > 25 GeV

pe
T > 20 GeV

|! e| < 2.5

Selection cuts:



NNLO

NLO is the Þrst order at which a reliable prediction can be obtained

LO just order of magnitude

NNLO is the Þrst order at which one can get 
a reliable estimate of the uncertainty

Moreover: NNLO is the Þrst order at which all partonic channels contribute

Example: Z boson pair production

LO: qq! annihilation
NNLO: gg fusion

NLO: q(q!)g channel

Z

q

øq

Z

øq

g

Z

Z g

g Z

Z

Quantitatively 
relevant



NNLO: building blocks

Tree-level amplitudes with two 
additional partons

One-loop amplitudes with one 
additional parton
(to be evaluated in unresolved 
regions where instabilities may arise)

All the three 
contributions 

separately 
divergent !

Two-loop amplitudes           currently the 
major bottleneck (new class of functions, 
charting new territoryÉ)
+ One-loop squared

Q

øQ

Q

øQ

Q

øQ

Crucial to keep the calculation fully differential: corrections for Þducial and 
inclusive rates may be signiÞcantly different

!106



NNLO challenges

Organise the cancellation of IR singularities: broadly speaking there are 
two approaches that we can follow:

Two-loop amplitudes available essentially only for 2" 2 processes

Tree-level and one-loop amplitudes can be recycled from NLO calculations butÉ

- when we start to add legs and/or masses we get into troubles
- exceptions are the tt!  and HH amplitudes (computed numerically)
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Organise the calculation from scratch so as to cancel all the singularities

ÒAntennaÓ, ÒColorful subtractionÓ, ÒSectorÓ decomposition, 
ÒSector+subtractionÓÉ.

Start from an inclusive NNLO calculation (sometimes obtained through 
resummation) and combine it with an NLO calculation for n+1 parton process

ÒqTÓ, ÒjettinessÓ, ÒP2BÓÉ.

Search for an ÒidealÓ subtraction method that can be applied as easily as 
CS or FKS at NLO is still subject of intense work

1)

2)



2002 2005 2007 2009 2011 2013 2015 2017 2019

NNLO status
Antenna

qT

N-jettiness

SD/subtraction

Colourful

P2B
! t øt

tot

! W/Z
tot ! H

tot

Z& W&

ZZ WW WZ

HH tt!

tt!

H+jet

W+jet

Z+jet

&+'

2jets

H
Z/W WH

&&

Hjj (VBF)

e+e! 3jets

e+e! 3jets

&&
H+jet

Z+jet

VH

ep! jet

W+jet

HHjj (VBF)
H

ZH

W/Z

1991

ep! 2jets

ZZ
Z&&+'

Most of NNLO results now cross checked with independent methods

2jets
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NNLO impact

6 7 8 9 10 11 12 13 14 15!
s [TeV]

102

103

! t
t

[p
b]

NNPDF3.1 PDFs
mt = 173.3 GeV

pp " tøt + X @ LHC

NNLO
NLO
LO
ATLAS + CMS

Impact of NNLO corrections can be moderate

Example: top-pair production where NNLO effect is typically O(+10%)

Important to reduce 
perturbative uncertainties
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µF = µR = mt

µ0/2 < µF, µR < 2µ0          

0.5< µF /µR  <2

Perturbative uncertainties 
estimated through:

µ0=mt



NNLO impact

Larger effects are obtained when NLO corrections are also large

Example: WZ production where a radiation zero in the dominant helicity 
amplitude at Born level is broken by real radiation

NLO effects typically 
of O(+80%)

NNLO impact O(+20%)
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NNLO impact

Larger effects are obtained when NLO corrections are also large

Example: WZ production where a radiation zero in the dominant helicity 
amplitude at Born level is broken by real radiation

NLO effects typically 
of O(+80%)

NNLO impact O(+20%)
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NNLO clearly improves data-theory agreement



 111

NNLO: deployment of results

Fast tool for total cross sections and repository for differential distributions

Top-quark pairs Czakon et al. 

Applegrid (fast interpolation grids)

Public codes for limited 
sets of processes

NNLO computations are generally rather expensive (may need up to O(106) 
CPU hours for a production run): most results obtained through private codes

Process speciÞc: FEWZ, DYNNLO, 
HNNLO, 2 &NNLO, proVBFHÉ

General purpose: MCFM, MATRIX

Interpolation kernelsnodesmakes use in PDF Þts possible

!111



N3LO

For some benchmark processes N3LO can lead to a reduction of theoretical 
uncertainties and increase our conÞdence on the perturbative convergence

First N3LO result was obtained 
for inclusive Higgs production

O(105) diagrams
O(103) master integrals

Even more complicated integrals: much less known

!112

This result is at the core of the 
reference prediction for the 
ggH cross section



N3LO

Recently various new results have been achieved

I expect the major impact of N3LO in the near future could be in the 
description of the Drell-Yan process where the data are already 

extremely precise and N3LO could help constraining the pT 
distribution at low pT

rapidity distribution in Higgs production

Fully differential Higgs production
(qT subtraction)

H! bb (N-jettiness+P2B)

Inclusive H and HH in VBF

Inclusive bb! H Duhr, Dulat, Mistlberger (2019)

Mondini,Schiavi,Williams (2019) 

Dulat, Mistlberger, Pelloni (2019)

Cieri et al (2018)

Karlberg, Dreyer (2018,2019)
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If the calculation could be done to all orders, the cross section would not depend 
on µR and µF (for example: the µF dependence of the parton distributions would be 
exactly compensated by that of the partonic cross section)

Truncating the perturbative expansion at a given order n, the hadronic cross 
section has a residual scale dependence of order n+1

Variations of µR and µF around a central scale µ0 can give an idea of the 
size of uncalculated higher order contributions

Perturbative uncertainties

! (P1, P2) =
!

i,j

"
dx1dx2f i/h 1 (x1, µ2

F )f j/h 2 (x2, µ2
F )ö! ij (p1, p2, " S (µR ), Q2; µ2

F , µ2
R )

Choose µ0 and vary µF, µR within

! 0/2 < ! F, ! R < 2! 0             0.5< ! F /! R  <2

Constraint introduced to avoid 
large ln µR/µF terms

Ò7-point scale variationÓ
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Issues:

How should we choose µ0 ? Simple for processes and observables when 
only one hard scale Q is present (then µ0 ~ Q) but not so simple when 
disparate scales are present

Interpret scale variations

Effect of scale variations should not be taken as uncertainty without further 
investigations

For example: compare highest available order (say NNLO) with previous order 
(say NLO)

If the difference NNLO-NLO is larger than effect of 
NNLO scale variations

Perturbative uncertainties

Take such difference as uncertainty

 115

Example: tt! production
µ0 ~ HT/2=1/2(mTt+mTt! ) works for 
the most relevant observables



Higher order summary

LO
Automated tools: calculations 
essentially limited only by CPU 

time

NLO
Automated tools: calculations 
limited only by CPU time: 2 ! 6 

current limit

NNLO No automated tool, few public 
codes: 2 ! 2 current limit

N3LO
Current frontier: gg ! H, bb"! H 

and H! bb" completed at present
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