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1 Introduction

We have a big question since the discovery of Muon.
What is the principle to control flavors of quarks and leptons ?
Symmetry Approach: S;, A,, S,, A; ...
New approach appears by using Modular group

® Flavor symmetry is a finite subgroup of the modular group
® Flavor symmetry acts non-linealy (Modular forms)

® Lepton/Quark masses and mixing depend on a modulus T,
which is stabilized by some unknown mechanism



2 Modular Group

What is the origin of finite groups ?

It is well known that the superstring theory
on certain compactifications lead to
non-Abelian finite groups.

Indeed, torus compactification leads to Modular symmetery,
which includes S;, A,;, S,, A5 as its subgroup.

R.Toorop, F.Feruglio, C.Hagedorn, arXiv:1112.1340;
F.Feruglio, arXiv:1706.08749; A,

T.Kobayashi, K.Tanaka, T.H.Tatsuishi, Phys.Rev.D98(2018)016004, arXiv:1803.10391; S,
J.T.Penedo, S.T.Petcov, Nucl.Phys.B939(2019)292, arXiv:1806.11040; S,
P.P.Novichkov, J.T.Penedo, S.T.Petcov, A.V.Titov,

JHEP 1904(2019) 174, arXiv:1812.02158; A5
6.J.Ding, S.F.King, X.6.Liu, arXiv:1903.12588; A,
X.~6.~Liu and 6.~J.~Ding, arXiv:1907.01488 [hep-ph]. T



Superstring theory 10D The extra 6D
Our universe is 4D - should be compactified.

Torus compactification

@@ @

Two-dimensional torus T

Compactification
10D

We get 4D effective Lagrangian by integrating out over 6D.
5= fd4xd6y Liop = fd4x Lett

‘ L.sr depends on the structure of @

» 4D effective theory depends on internal space



The shape of a torus T? is represented by a modulus 7

The different value of 7 realize the different shape of T2

T=1Tq T=1;
However,

there are specific transformations of T which don’t change T*

- Modular transformation
- @ - &
T T’

[ . ar+b] ad-bc=1
T— 7 =

e +d a,b,c,d are integer SL(2,7)

1
ST — ——,
T

This transformation is generated by Sand T : | .



1
S:7— ——, duality - )

T S5 =1, (ST)” = 1.
T : 7 — 7 + 1. Dicrete shift symmetry

generate infinite discrete group

[ Modular group J

I['~{S,T|S*?=1,(5T)° =1}

Modular group has interesting subgroups

im‘llagi'ieence condition )7 {( : z ) = 5L2,2), ( : ff ) - ( %’ ? ) med V)

called principal congruence subgroups
WS F/T(N) quotient group finite group

My = {STIS2=1,(ST)3 =I,TV =1}

[F2253 3 = A, T,=5, |-52'4‘5}




We can consider effective theories with 'y, symmetry.

Losf E@qb(l) ¢(n) £(1), D non-trivial rep. of N
In some cases of [y, explicit forms of f(r) have been obtained.
Famous modular function : Dedekind eta-function

n(r) =g 1 -q")
n=1

2miT

q=c

n(=1/7) =W =ign(1),  n(r+1)=e""y(7)
So called Modular weight 1/2

Modular transformation of chiral superfields in MSSM

o) = (e + d) H)

Modular weight Representation matrix



3 Modular A, invariance as flavor symmetry
[ =& TIS2=1(T)? =LT" =1}
Taking T°=1, we have A, modular group ( [ ;).

There are 3 linealy independent modular forms for weight 2 .

A, triplet!
Fundamental domain of 7 on SL(2,Z) mm) Fundamental domain of 7 on I(3)

20— ————————— 2.07]
1.5} // sl
‘:n 1.0 i T E 1.0 _ N
L /-"’FF -\_\_""‘-..\ —
E £ L
0.5} )
[ 7
0.0 0.0 | ,
_1.0 _0.5 0.0 O.S 1.0 -_1'.5 1:0 1:5
Re[tau]

Re[tau]
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F. Feruglio, arXiv:1706.08749

A, triplet of modular function with weight 2

S transformation

) =7p(S) (

Yi(=1/7)
Ya(—1/7)

Yi(7)
Ya(7) |
Y3(=1/7) Y3(7)

T transformation

Yi(7+1) Yi(
Yo(T +1) p(T) | Yaf
V(1 + 1) Yi(

-q

-q

-,Ji

)
)
)

(v 2 (Lef2) 0D o2 27?;%:%))\
1 2r \n(7/3)  n((r+1)/3)  n(r+2)/3)  nBr) )’
i) = (L) p D) e+ 2/
’ m \n(7/3) " a((r+1)/3) T (T +2)/3)
() (D) ()
G’( | m (?'J'(T/3) nT+1/3) " ff(('f+2)/3)) )
g Yi(r) = 1+ 12¢+36¢2+ 12¢3 + - - - . q=e"" A
Yo(r) = —6¢"3(1+7q+8¢%+---). la] <1
. Ys(1) = —18¢**(1+2¢+5¢*+---). Yy +2Y1Y5 =0

) |
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Seesaw Model : 3( Le, Ly, LT)

3( Ver. ViR, ViR )

T.Kobayashi, N.Omoto,Y.Shimizu, K.Takagi, M.T, T.H.Tatsuishi, arXiv:1808.03012
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Consider both quarks and leptons in modular symmetry

Leptons T
Compactification 4 Quarks T

M A OGNS

.
>

H.Okada, M.T, arXiv:1905.13421 [hep-ph] A,
T.Kobayashi, Y.Shimizu, K.Takagi, M.T, T.H.Tatsuishi, arXiv:1906.10341 [hep-ph] S,

Simple A, model: left-handed doublet 3 right-handed singlets 1, 1”7, 1°
Wy = uH Y Q + Buc HoYP Q + 7t HYQ

Quarks e L g () ——
wy = agd HdY3 Q -+ I,'de HdY3 Q + "}’&r_b HdYg Q
o, 00\ /Y1 Vs Vi
Mg=10 5 0 Yo i Xy for both up- and down-quarks
0 0 ’“Jr"q }/3 }/2 }/1 RL

Prarameters ¢, B q» Vq areresponsible for quark mass hierarchy.
After removing parameters ¢, B qs Y q DY inputting quark masses,
one can examine CKM matrix elements by scanning modulus 7.

This simple mass matrix cannot reproduce observed three CKM mixing angles
by fixing one complex parameter T ! We need extra free parameters |



Let us consider Modular forms with higher weights k=4, 6 ..
# of modular forms is k+1

b
Y a 1
Weight 2 V.2 — Y.l az | @ | by | = (arby + agbs + asby); & (asbs + arby + azby);,
3 Modular forms CRE as/ 5 \bs/ 4
};3 53 (azbg + (115?3 + G-gbl)ln
. . . 2"-’Ilbl - GQbB - GSbZ agbg — a.3b2
Modular forms with higher weights are © 5 | 20bs — arby — b1 | &< | aabs — azby
constructed by the tensor product of 20205 — arby —asbh / azhy —arbs/
modular forms of weight 2
1@1:1: 1!®1!:1!!J 1H®1H:1!J 1f®11’!:1.

J.T.Penedo, S.T.Petcov, Nucl.Phys.B939(2019)292

Y =17 4omYs, Y =W 4amY,, YU =Y+ 2mvi=o0,

Weight 4
5 Modular forms (Yf - Y;_Y'g)
v _
W —

Bn:

Y7 — Y1Ys
Weight 6

Y = V24V 4+ Y] - 3V YLYs

7 Modular forms Yl{ﬁ) Y3 4 2V 1YLY; YIF(G) Y3+ 2Y1Y5Y,
YO = v = (ver2my| . YP= 0O | = vy
}/3(6) }/'12}/3 + 2}/32]/2 }/3’(6) }/;2}/2 1 2}/22)/1

13



14

4 Modular A, invariance in Quarks and Leptons

Quark Sector

We have two A, triplets in weight 6 modular forms.

Q (45,45, 45) H, Yéﬁ). Y:(;f) Q=(Q;,Q,.Q3) Left-handed doublets
SU(2) 5 | 5 | Freedom of Interchange 1,2,3
(9:¢, 9.°, qs°) Right-handed singlets
Ay 3 (1,17, 1) 1 3. 3’ Freedom of Interchange 1,2,3
—kp | 2] (-4, -4, -4 | 0 k=6 no effect on masses and mixing

Modular invariant 6 couplings

e 6 e 6 ; c 6 . e 6 c 6 e 6
wy, = i H,YYQ + i H Y Q + B, s H Y Q + BlasH Y Q + 7,05 H, Y Q + v/ gsH, Y Q

a, 0 0 DD AL T G 0 0\ (YO y[© y©
- - (6 (6 (6 A6 A6 A6
M,=|0 B, 0 v v vO91 410 gp O 1%(] 111“ }%“
0 0 7, ng) Y—Q(G) Yl(a) 0 0 gy Y, (6) Y, (6) Y, (6)

Extra 3 complex parameters appear in addition to a,, B, 7, !
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Viable Model for Quarks

Weight 6 modular forms

Q | (d°,s°,b°) (u¢,c%,t¢) | Hua | Y | Y, YO
SU©2) || 2 1 1 2 1 1
A, 3 (1, 1", 1) (1,1, 1) 1 3 3. 3
k|| =2] (0,0,0) |(=4, -4, —4)| 0 |k=2| k=
ag 0 0\ /Y, V3 Y,
My=10 8, 0] [ Vi Y3 Weight 2 modular forms
00 ) \¥s Yo Vi),
a0 0 [ VO Y v\ g 0 0 MO 0
- (6 (6 (6 (6 ol
My=|0 B, 0 }QEG; }1;; }.{6; +1 0 go O }%ES; }%EG;
00 7%/ [\13” 119 v 0 0 gu) \v,® v

After removing parameters a,, B,, v, by inputting quark masses,
we have 3 complex parameters in addition to 7 (8 real parameters).

We set ¢,:=9,,=9,3 - 4 real parameters < 4 CKM elements



Input : quark masses and three mixing angles at GUT scale

Effect of RGE depends on tan 8, Mg,sy, threshold effect ....

(tan B =5, M =1 TeV)
Output : CP violating phase J . (PDG)

0.006
350¢ 5
300¢ 0.005:-
250¢ 0.004}
¥ 200 £ 0.003;
= 150} 0002
100 . el 0.001f |
] S ———— §- S .
: : 00000 o v o L]
ob e ol L - 0.01 002 003 004 005 0.06
0.002  0.003  0.004  0.005  0.006 _
. ”/-:hl
Ipuhl
0.5537 0.6135 0.5631 0.4857 0.6859 0.5419
Vil = 1 0.8110 0.2439 0.5317 | V.= {08198 0.2382 0.5208
0.1889 0.7511 0.6326 0.3034 0.6876 0.6596

16  Hierarchical CKM elements are obtained by cancellation betweenV, andV,.



Y,
Vs |
}1 RL

Ys
Y,
Yy

Yy
Yy
Ys

[

0
0
/d

0
J)d
(

Yg
0
0

My

0
J)u
0

Yy,
0
0

M,

If we set g,,, 9., , 9,3 are different ones,

two extra phases appear !

" 0.006

0.005

T 0.003

0.002

0.004

I I"ut:tl

17
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Alternative assignment of weight for quarks

Alternative Quark Mass Matrix appears !

C (i C k
Q (11’11 q3; Qs) Hq Yg )
2
3

SU(2) 1 2 1
Ay (1,17, 1) | 1 3
—kr || -2 (=4, =2,0)| 0 | k=2,4,6

ay 0 0 Yl(ﬂ} + qu;(G) YS[G] + quSF{G} 1@(5} + QQYQF(S)
M,=v, {0 B, 0 VAR Y, y4
0 0 7 '

After removing parameters a,, B, y, by inputting quark masses,

we have 1 complex parameters in addition to 7 (4 real parameters).

4 real parameters & 4 CKM elements
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Lepton Sector

Common modulus 7 for both quarks and leptons

L | (ec,ps,7%) | Hy | Hy | Y.9, Y, @
SU2) || 2 1 2 | 2 1
A, 3/ (1,17.1)| 1|13 {311}
k| =2] 00,0 | 0] o0 |2 4
a., 0 0 Yi Y3 Y5
Mg=10 B, 0 Y5 Y1 Y5
0 0 Y5 Yo 1, .

1
wy = — (H,H,LLY™);  Weinberg operator by using weight 4 modular forms

jorfi

After removing parameters &, B ,, 7 ; by inputting charged lepton masses,
we have 2 complex parameters (4 real parameters if 7 is fixed).

| Am?_

2}71(4) _}/’3(4] _}/2(4}

Ly gy® _y® 54)(

_}/'2(4) _}/’1(4] 2};3(4}

=
> [

ﬂf v —

o O =

0
0
1

o = O
o = O
o O =

LL

Input of 4 observed values: 6 |,, 0,;, 6 ,;, Am?
output: 0 cp, <mMm_ >, 2Zm,

sol



@ Common T for quarks and leptons Normal hierarchy of neutrino masses

— - 1.6
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Quark CKM fitof T brown-colored |

" Lepton PMNS fitof T  green, blue, red |

i ‘1 { ]

- (0*— Quarkckm — ¢} 1

| “ .‘ -
v

15 -10 -05 00 05 1.0 L5

Re|T7]

uozi /51112923:(].46 0.47 \

0. (}ﬂl] l] (}I]% 0 (}10 0 (}15 0 (}20 0 (}25 0 030 \E: m; =~ 9[]1110\? 120meV /

0L, = 100°-120° and 240°-260°

(Mee) = 4-18meV

Cosmological bound
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5 Summary

A, modular symmetry for quarks and leptons gives

a viable model by using weight 2,4 and 6 modular forms

22

Modulus T is common in both quarks and leptons
Quark Mass matrices is consistent with observed CKM matrix

Lepton mass matrix is consistent with 3 observed mixing angles
NH is favored. (IH is not allowed)

By imposing common T for quarks and leptons,
©,; and &, are predicted distinctly !

sin? oy = 0.46-0.47 Orp = 100°-120° and 240°-260°

Towards Quark-Lepton unification with modular invariance !
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2D torus (T#) is equivalent to

parallelogram with identification of confronted sides.
T? [
T

~ Two-dimensional torus T2 is obtained
- as T2=R2/ A
A is two-dimensional lattice

o 1
The shape of torus is represented by a modulus 7 € C.

@ @ The different value of T
realize the different shape of T'?
T=T T=T;

- Legr dependson . eg) LoD Y (1) + -

» 4D effective theory depends on a modulus 1
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Modular transformation

The shape of a torus T? = The shape of a lattice on C-plane

T

12

o 1
Two-dimensional torus T2 is obtained as
T2=R2/ A

A is two-dimensional lattice,
which is spanned by two lattice vectors

(x,y)~(x,y)*+n,a,+n,a, o ,=2mR and «a,=2nR T

T =« , | @ | is a modulus parameter (complex).

The same lattice is spanned by other bases under the transformation

ay \ [ a b (o ad-bc=1
o )\ c d aq a,b,c,d are integer SL(2,Z)
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N
at +b

Modular transformation
cT + d
y

T=azla| T—_:’Tf:
\_

Modular transf. does not change the lattice (torus)

-

4D effective theory (depends on 1)
must be invariant under modular transf.
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The modular transformation is generated by S and T .

[ , (YT—f-b]
T — T =

ct +d
1

G. = T:7—7174+1

—_

1

Dicrete shift symmetry

(c4)=G D

duality

(20)= (% o)




2
Kinetic term of the modulus T |0,7|
(=it +1i7)?
Modular transformation - Sziz,ad —bc=1

B numerator
B (ad,t)(ct + d) — (at + b)(ca,7) _(ad—=bc)o,t Oyt

d, 7" = — — K
(ct + d)? (ct + d)? (cT + d)?

B denominator
_(at+b)(ct+d)—(aTt+b)(ct+d) (ad—bc)(t—7T) 1—7
) ez +d]* T Jer+dr v +df?

! ff

2 2
|auT!| _ |6#T| . .
(—it' + iT')2 — (—iT + iT)2 Modular invariant

27



How to find A, triplet modular functions.

Prepare 4 Dedekind eta-functions as Modular functions

n(=1/7) = V—itn(r),  n(t+1)=e"12y(r)

—IT \

n(37) — 3 n(T/3), S: 7 —>-1/T

+1)/3) = n((T +2)/3),

<
n(r/3) >l + 1)/3). T 7 — 741
(7
(7 +2)/3) = e7/12(7/3), y




Comment: Two special sets of T

T(7 — T+1) preserved: <T>=jo (q=0) (Y,,Y,,Y35)=(1,0,0)

S(t — -1/7) preserved : <7 >=i (qg=e?") (Y,,Y,, YQ@ -«/_3,@

Another eigenvector of S

Eigenvector of S (1,1,1) cannot be realized

Yi(1) = 1+12¢+36¢* +12¢° + - -- .
Yo 7) = —6¢"3(1+7q+8¢2+---),
Ya(1) = —18¢*2(142¢+5¢*+---).

Y7 4+2Y1Y; =0

29



. CP violation best-fit
best-fit
150 A - 0.04
100 T, 0.02
—. 50 T
= S 0.00
5 0 ._EJJ .
© _s0
-0.02!
-100
-150 -0.04
040 0.45 0.65 040 045 050 055 060 0.65
5"12323
0.20 2.0
1.8 j
q _ e?mr
0.15 1.6
é—" .:.1.4
~ 0.10 T 1.2) 0 0 (
£ E
1.0
0.05 20 08
sy 0.6
0.00 2
0.130 0.135 0.140 0.145 0.150 -15 -10 -05 0.0 05 1.0 1.5

Zm [eV]

30 Planck 2018 results €0.12 eV@RACDM model ?

Re[7]



