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* Introduction



What is f(R) theory? - gt

* Einstein equation can be obtained by varying the Einstein-Hilbert
action:
1

Sey = ﬂf d*x /=g R + Sm|gu, P,

1
5SEH =0 = G[.LV — R,LI,V — _guvR — KT,LLV'
2

* General Relativity(GR) becomes f(R) theory by replacing the
Lagrangian density of GR, R, with a function of R, f (R):

1
5= ﬂf d4x\/jgf(R) + SM[guv: Lp],

55 = 0= FGpy — %gw(f(R) — FR) = V,,F + g,y OF = kT, = f.)




Jordan Frame v.s. Einstein Frame

e f(R) gravity in Jordan frame:

S =— [ d*xy=g f(R)
- 2k g

4G
Conformal transformation: l G = Q2(x) g, Q*(x) =F(R) =e\ 3 ©

e f(R) gravity in Einstein frame:

1 1
S=[d*x—§ [—R——g”"é‘ wd,w —V(w)|,

1 FR—f

where V(w) = i

) = e k-
B = Hf -
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Disformal Transformation e eacs2110171

* In 1992, Bekenstein proposed a new gravity theory which is a special
kind of bimetric theory.

* One of the metric, guv» describes the gravitational field of the
spacetime, the other, y,,,,, describes the particle trajectory in
gravitational field.

* Bekenstein argued that two metrics should be related through
disformal transformation in order to satisfy equivalence principle and
causality:

Yuv = A((,b,X)ng + B(Qb»X)au(pav(p- (X =—3 99,409 )

gravitational
scalar field

a matter (physical) —— gravitational
metric metric



Thermodynamics and Gravity

* In BH physics, the temperature and entropy are associated with the

surface gravity and area of the horizon. [comm.math. phys., volume 31, Number 2 (1973), 161-
170; Phys. Rev. D. 7.2333(1973)]

* In 1995, T. Jacobson further showed that Einstein equation can be
derived from the thermodynamic behavior of spacetime.[arxiv:grqeresosooae]

* |n 2005, R. G. Cai and S. P. Kim demonstrated that the Friedmann
equations can be derived from the first law of thermodynamics on
the apparent horizon of the universe.[arxiv:grac/osi107102]

e Connection between thermodynamics and f(R) gravity and other
modified gravity has been widely investigated. (arxiv:0909.2109, 1005.5234]
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*Thermodynamics in Jordan Frame
* Non-equilibrium description
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* Yap is related with g, by the disformal transformation:
Vap = A(P, X)gap + B(Pp, X)0,05¢

where X = —% geF 0,9 0p @ is the Kinetic term of disformal field ¢.

* Under the assumption of Principle of Cosmology :
»Metric g5 is given by Robertson-Walker metric: (k=0)

ds? = —dt* + a*(t)(dx* + dy?* + dz?)
» ¢ depends only on time now, i.e., ¢ = ¢ (t).




* Yap is related with g, by the disformal transformation:

Nap = A(q{):X)ga’B + B(@rx)aa(ﬁaﬁqb

where X = —; g%F 0,$0p ¢ is the Kinetic term of disformal field ¢.

* Under the assumption of Principle of Cosmology :
»Metric g5 is given by Robertson-Walker metric: (k=0)

ds? = —dt* + a?(t)(dx* + dy? + dz?)
> ¢ depends only on time now, i.e., ¢ = ¢ (t).




) = e k-
B = Hf -
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Equation of Motion

. . o
*FGy, =K ), (Tﬂ(f,) + tﬁﬁ,)) + KTH(V) , F :==0f(R)/OR
0L; | (0a9)(404pA-2X0pB) 0L

"9p | (2X)(—4Ax+2B+2XB.x) 0(0qd) 0
where
P _ =2 8L
K y=g sg"v’
t(l) — —2 (_AgMV_ZA'Xauqbavd)+XB:Xau¢av¢) (a ¢) 0L;
- =g (2X)(—4A,x+2B+2XB,x) at ) 9(0,¢p)

111
~(d
T =~ [5 9uv(F(R) = FR) + VR, F = g,,0F




* With the perfect fluid assumption, one is able to express induced

matter in terms of ordinary matter: B 2ty - 1 G
o™ = 2p;, P = aw™p,
where . )
. (1—a?)(3a¢ + a3¢)
- 3ag¢
(in) .
(in) ._ i ad
and w = (m) de)msa} :

e Assume that ordinary matter only contaln non-relativistic matter(m) and
radiation(r).

" Pi = Pm t Pr = Py

- pl( n) _ p(ln) n p(l

P =P
. P(in) _ P(in) 4 P(in) — 1w (n) — 2w 5
i — m = AW (P tpr) = AW Dy

=A(Pm + pr) = Apum



Modified Friedmann Equations (Non-equilibrium case)”
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81TG 8nG A
*H* = = (Om + Pa + Apm) = —— Pes
o H = =2 [(Dm+pa +B +Py) + (1 + wim) gy,
4G
— (P + Pp),
where

1
Pa = 87‘[G( (FR — f)—3HF>

N

1
Po=c— (F + 2HF ——(FR f))

are the dark energy density and pressure, respectively.




1st & 2nd Law of Thermodynamics (Non-equilibrium case)
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* pe + 3H(p+ P) = © ——> Non-equilibrium Thermodynamics!

81tG

Temp. on S: Horizon W : Work density in

the horizon \ / entropy in f(R) / non-equil. picture

e First law: TdS + Td; S = —dE + Wav,

O°

entropy production
term in non-equil.
thermodynamic

s = d; S Ry 127TFH2
e Second law: = + St _
dt dt d GRH?3

Entropy change rate of ordinary
matter and induced matter
within the horizon

>0, provided F>0 (viable f(R) condition).

T~ =TT



*Thermodynamics in Jordan Frame

* Equilibrium description
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Modified Friedmann Equation (Equilibrium case)™

* H? === (pm + pa + Abm) = —— Py
e H = —4nG[(pm+pg +B- +Pg) + A(1 + wi) gy ]
= —4nG(ps + Py)
where
1
Pa = g— ( (FR — f) —3HF + 3H?*(1 — F))
1
Py = (F + 2HF — S(FR—f)— (1 - F)(2H + 3H2))

are the dark energy density and pressure in equilibrium picture, respectively.

81TG

81TG
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1st & 2nd Law of Thermodynamics (equilibrium case] ™

*pe +3H(pe +P) =0 |

Horizon entropy in
equil. descrlptlon

* First law: TdS = —dE +

> Equilibrium Thermodynamics

W

Work density in
equil. picture

Temp. on E = ptV(totaI energy
the horizon in equil. picture)

* Second law : % (S+5;) =

12T H 2
GRH3

Entropy change rate of ordinary matter and
induced matter within the horizon

= 0




Thermodynamics in Jordan Frame
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* Non-equilibrium case

= First law: TdS‘ + Td;S = —dE + WdV

dS dS 121TF H 2
- Second law: & 4+ %2 4 $5e _
dt dt dt GRH3

* Equilibrium case
= First law: TdS = —dE + WdV

T2
= Second law: %(S +S5,) = Lenh

GRH?3 = 0

> 0 provided F>0.




*Thermodynamics in Einstein Frame



Thermo

dynamics in Einstein Frame
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* Jap(x) = Q* () gap(x)
* The action becomes

d4x,/ [—R —= g"o,wo,w — V(a))] + z Sﬁ) [w, Gy Pu]
i

e The FRW metric becomes _dt=Qdt
a(t) = Qal(t)
ds? = —dt? + a*(t)(dx? + dy* + dz?)
> The EoMs

G = z k(T +E5) + 1Ty,
0L,  (0,9)(404,A —2X04B) 9L
dp  (2X)(—4A,x +2B + 2XB,x) a(aacp)

1 6L;
\/— M(\/_g G+ o w) __+z \/_5(1) gwt(l)) = 0.

=0,




5} = e 34 . -
B = -
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where

T(l) =2 oL;

wv - y=gsghv’

;D _ =2 0L; (—Aﬂ_zguv_ZA'Xaﬂd’an)+XB’X6”¢6V¢) 820)/0((6 b)
Uv _ﬁa(aacp) (2X)(—4A,x+2B+2XB,x) e

~ o 1 o
Tw = G (_E B9 w dpw — V(a))) + 0,0 0yw
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Modified Friedmann equations

8mG
(Pm + Pw) + Apm ) = ==,

e H' = —47TG ((pM + Py + B+ B,)+ A(1 + a(i“))ﬁM)
= —4nG (P; + Pr)
With ppM= P + Prr D= %w’z +V(w), and P, = %w’z —V(w).

e 2 — 81G (

» It can be shown that the total energy and pressure obeys the continuity equation:
pi+3H(p, + P,) = 0.

» Thermodynamics in Einstein frame can be considered as an equilibrium
description.




15t & an Law of Thermodynamlcs (in Einstein frame)

B -

W : work density
in Einstein frame

S: Horizon entropy
in Einstein frame

5 0 ©
* First law: TdS = —dE + WdV
E = p,V (Total energy

within the horizon in
Einstein frame)

T: Temperature in
Einstein frame

12mH"?
* Second law: —(S + St) = —==
° o

— — =
dS,: Entropy change rate of ordinary matter
and induced matter within the horizon

~—

:fJ )ﬁj
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Summary

* Consider the physical metric directly coupled to matter.
* Consider the simple case: y,g = 15

* Interpret the effects of f(R) deviated from GR as dark energy.
* Assume Principle of Cosmology.
e Assume all the matter including dark energy as perfect fluids.

Verify the first and second laws of thermodynamics in f(R)
gravity with disformal transformation in both Jordan and Einstein
frames.

THANK YOU FOR YOUR ATTENTION!
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Back-up slides



* Consider only simple case : Y45 = 145 = diag(—1,+1,+1,+1).

Thus, the disformal transformation becomes
Nap = A(D, X)gap + B($,X)0, P05

° 5776(,8 =0 = 5(63@')) VﬁA 5g,uv + V,B 5¢

46¢A —2X ach

where Vg = (dg) (2X)(—44,x+2B+2XB,x)

_ —Agupy—A Xau¢av¢+XB Xau¢av¢
v 40 A—2X0 4B

A



Y = e k-
B = M 3
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1st & 2nd Law of Thermodynamics (non-equilibrium case)

A ~ ~ 3H?F el . :
* P+ 3H(p. + P,) = — —— Non-equilibrium Thermodynamics!
b ks 1 TA _ FA 1 ~
1_%_27TT_"4(1_2H‘FA) S:E /W=§(ﬁt—Pt)
<

e First law: TdS + Tdi.§' = —dE + WdV,
Q©°° Eal
A ./\ A ° 2
* Second law: —Z‘: TR

dt dt GRH3
B

- 174 . R
d.S = 7 2—;7(1 + 21, T)dF




B = [ -

1st & 2nd Law of Thermodynamics (equilibrium case]

*p+3H(p+P)=0 | > Equilibrium Thermodynamics!

1 -
W==(p,—P

e First law: TdS = —dE + WdV

E=Vp,

127 H 2

GRH3 =0

* Second law of thmodynamics: 2 (S+S;) =
dt .

dS, = —[n’ oV

)+ PdV]



— ﬁtV

d rx . =~ 12mH"?
* Second law: —,.(S + St) =—72=0
dt s GRH3

O
1 N o
ds, = = (d(p.V) + P.dV),




