Introduction to Quantum Chromodynamics

Lecture 3

Steffen Schumann

Institute for Theoretical Physics

University of Géttingen

Quy Nhon — MCnet school 2019
FULBRIGH

e >N 17/09/19

GEFORDERT VOM

% Bundesministerium
fiir Bildung

und Forschung

1/30


http://www.physik.uni-goettingen.de
http://www.fulbright.de
http://www.montecarlonet.org
http://www.bmbf.de
http://physik.uni-goettingen.de
http://www.physik.uni-goettingen.de
http://www.physik.uni-goettingen.de

NLO QCD predictions



Hard Processes at Next-to-Leading Order QCD

The need for higher precision

@ derive exclusion bounds from a given measurement

e non-observation of a given hypothesis, e.g. heavy Higgs, BSM model
e crucial to know the corresponding production cross sections precisely
o derive limits on particle masses, model parameters

@ counting experiments to extract certain parameters, couplings

~» at hadron colliders a;s corrections indispensible, need one-loop QCD

stop mass bounds from Tevatron

[from the early days, T. Plehn private communication]
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Higgs coupling extraction
o o(gg = h— ) ~ =2
o rr
o o(gg —+ h— WW*) ~ £

o(qq — qqh, h — 77) ~ rWrrT

()
o
~ [~ giin, Tg ~ 8rtn

~> theoretical uncertainties dominate
~» systematics reduced for o ratios
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Hard Processes at Next-to-Leading Order QCD

Anatomy of NLO QCD calculations

IM|? = [Mg|? + as (|MR|2 + 2§R(M5ML)))< /;Q %
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Hard Processes at Next-to-Leading Order QCD

Anatomy of NLO QCD calculations

IM|? = [Mg|? + as (\MR|2 + 2§R(MBML)))< /yL §

aé\’io,, = /d(4)03+ d(d)aR+/d(d)UV
n n+1 n

s real & virtual corrections
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Hard Processes at Next-to-Leading Order QCD

Anatomy of NLO QCD calculations

IM2 = [Mg[? + as (\MR|2 + 23%(MBMTV))

aé\’ion :/d(4)03+/ d(d)aR+/d(d)UV
n n+1 n

s real & virtual corrections

@ real-emission of

~ IR divergence for soft/collinear emission
o (UV renormalized) virtual-corrections oV
~> IR divergent when propagator goes on-shell
o divergences manifest in dimensional regularisation, d = 4 — 2¢
~ occurence of single & double poles, i.e. 1/¢, 1/

o for IR safe observables poles cancel, the sum is finite [kinoshita '62; Lee, Nauenberg '64]
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Hard Processes at Next-to-Leading Order QCD

Infrared & Collinear safe observables

@ interested in observable-independent formulation

oF = / MO 46,00 (0, {p,})
9 = / M2 do, 00 (O, {pnyi1})

oV = / WR(MpML,) d0,00(0, {p,})

with d®, /.1 the n/n+ 1 particle phase space, ©/m1) ohs. measure function
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Hard Processes at Next-to-Leading Order QCD

Infrared & Collinear safe observables

@ interested in observable-independent formulation

oF = / MO 46,00 (0, {p,})

OR

/ MGV 0,100 D(0, {pni1})
oV = / 2R(MpML)) do,0(0, {p,})
with d®, /.1 the n/n+ 1 particle phase space, ©/m1) ohs. measure function

e formal requirements on the measurement function:

@(n+1)(P1a--~aPi:>\CI7~-->Pn+1) — e(n)(p17"'7p"+1)

for A =0 soft limit
@("+1)(pl7"'7pi,'"apja"'7pn+1) — e(n)(pla"'7p7"'apn+1)
for pp—zp, pj=(1-2)p collinear limit

simply remove (soft) parton i, or replace collinear pair {p;, pj} by p = p; + p;

~> definition of infrared & collinear safe observables
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Hard Processes at Next-to-Leading Order QCD

Anatomy of NLO QCD calculations cont'd

Jévig = /d(4)UB+/ d(d)0R+/d(d)JV
n n+1 n

as real & virtual corrections

@ finite corrections for IR safe observables

@ analytical integration with cuts in d-dim infeasible for high-multi final states

@ we are interested in fully-differential answer, use of MC integration methods
however, both terms o® & &V exhibit divergences, i.e. are unbound

R v

o™ in (n+ 1)-particle phase space, 0 in n-particle phase space
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Hard Processes at Next-to-Leading Order QCD

Anatomy of NLO QCD calculations cont'd

Jévig = /d(4)03+/ d(d)JR+/d(d)JV
n n+1 n

as real & virtual corrections

@ finite corrections for IR safe observables

@ analytical integration with cuts in d-dim infeasible for high-multi final states

@ we are interested in fully-differential answer, use of MC integration methods
however, both terms o® & &V exhibit divergences, i.e. are unbound

R v

o™ in (n+ 1)-particle phase space, 0 in n-particle phase space

Subtraction methods
@ attempt to devise local subtraction term such that both integrals are
separately finite and can be performed as ordinary multi-dimensional
phase-space integrals
~» based on universality of QCD IR divergences
~ aim for IR regularisation at integrand level
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Hard Processes at Next-to-Leading Order QCD

Subtraction methods cont'd

@ subtraction terms provide local approximation for the real-emission process

/ gD oA — / / 4 A
n+1 nJ1l

< captures soft & collinear limits of amplitudes 1/ and 1/ poles]

— analytically integrable (d-dim) over one-parton emission phase space

7/30



Hard Processes at Next-to-Leading Order QCD

Subtraction methods cont'd

@ subtraction terms provide local approximation for the real-emission process

/ gD oA — / / 4 A
n+1 nJ1l

< captures soft & collinear limits of amplitudes 1/ and 1/ poles]

— analytically integrable (d-dim) over one-parton emission phase space

@ add & subtract from NLO differential cross section

gé"i??:/ {d(4)aRd(4)ﬁA\}+/ [d(4)aB+/ A@DgV /'d(d)(r\}
n+1 n loop J1 =0
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Hard Processes at Next-to-Leading Order QCD

Subtraction methods cont’d
@ subtraction terms provide local approximation for the real-emission process

/ gD oA — / / 4 A
n+1 nJ1l

< captures soft & collinear limits of amplitudes 1/ and 1/ poles]
— analytically integrable (d-dim) over one-parton emission phase space

@ add & subtract from NLO differential cross section

Jévig :/ {d(‘l)oR (1(4)0‘\} +/ [d(4)aB —|—/ d gV /‘(l(d)ff‘\:|
n+1 n loop J1 =0

~» separately finite phase-space integrals (4-dim)
~» can be performed by means of MC integration

~> no ambiguous or unphysical cut-offs/scales get introduced
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Hard Processes at Next-to-Leading Order QCD

DipOle Su btraCtion methOd [Catani, Seymour Nucl. Phys. B 485 (1997) 291]

o Catani & Seymour presented general expression for d(@)g4
(known as the dipole factorisation formula)

@ constructed from Born process using universal dipole terms

/ Z / /d(d)\/dipulw = / {d(d)nu R /}
J n+1 Jm

dipoles

spin- & color correlations <— < universal dipole terms

@ sum over dipoles contains all real-emission soft/collinear divergences
@ suited for any process with massless partons (0, 1,2 initial-state hadrons)

@ generalisation to massive partons [catanidittmaier, Seymour, Trocsanyi Nucl. Phys. B 627 (2002) 189]

Vi

C T e @‘““@

m+1

8/30



Hard Processes at Next-to-Leading Order QCD

Dipole subtraction method cont'd

@ subtraction method for arbitrary observables (IRC safe)
0® = [IMPP 40,000 {p)
o = / 41 [IME ({22 €O, {prsa})
- Z Dg,k({pn}) @(n)(o’ P1; -5 5lja 51(7 099 Pn+1})
i#i7k
01 = [ao, [2R(ua ) + [1081D] @0, 1p)
1

o [dp] phase-space element of one-parton

@ such, differential & integrated subtraction terms cancel exactly
— requires mapping of (n+ 1) — n configuration
— need to distinguish different dipole types

9/30



Hard Processes at Next-to-Leading Order QCD

Dipole subtraction method cont'd
@ dipoles involve three partons, splitting particles i, j and spectator k
o distinguish initial- & final-state splitter/spectator
@ all contributions known, suitable for automated evaluation
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Example: ete” — gg @ NLO QCD

@ most simple scattering process
@ sensitive to QCD colour charges & strong coupling as
@ first non-trivial contribution to jet sub-structure

~ stringent test of QCD dynamics
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Example: ete” — gg @ NLO QCD

@ most simple scattering process
@ sensitive to QCD colour charges & strong coupling as
@ first non-trivial contribution to jet sub-structure

~ stringent test of QCD dynamics

Born-level contribution: (ete™ —)v* — qg

P1
ieyLl

Mgz
P2
= Ua(p1)ieqypdanve(p2)

4ol
3Q2
where Q@ = (p1 + p2)°

B LO

2 2
045 = Ogqq < |Mag|” = €qNe
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Example: e"e” — gqg @ NLO QCD

real-emission correction, i.e. (ete™ —)v* — qgg

P1 P
iey iey
Mqag = v e + v ke
P2 P2
] ) e
ai(pt+K) . i(P2+K) .

= —Ua(p1)igsftas (o + k) ieqyuvb(p2) + aa(Pl)ieq’Yum’gsﬁ/tfbe(PZ)
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Example: ete” — gg @ NLO QCD

real-emission correction, i.e. (ete™ —)v* — qgg

) P4 ) P4
Mg = w8 1 R,
P2 P2

= —Da(pl)igsftfb%iem vb(p2) + Ua(pl)ieqw%igsﬁfbw(pz)

defining Q*> = (p1 + p2 + k)2 = s and x; = 2p; - Q/Q?, we find

8mas x2 + X3

Q2 (1 — X]_)(l — X2)

associated phase-space element

[Maagl® = Cr |Mgg|? ~ singular when x1,, — 1

2

1672

d¢(3) = XmdXQ @(1 — Xl)@(l — X2)@(X1 + Xo — 1)
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Example: ete” — gg @ NLO QCD

real-emission subtraction term there are two FF dipoles contributing
1

D1372(P17 P2, k) = 2[)7 Vag.a |Mq§|2
1
D23,1(P17 P2, k) = 2[)271( Vag,a |Mq§|2

corresponding subtracted real-emission cross section (d = 4)

~ ~ ~ 1 ~ 1
Oone = /[dfff:o — dolly] (Pfj +pe=Q,pk = PP = Q- ;kpk)
3

Cras !
|Mqa|2 ;a / dx; dx @(Xl + X2 — 1){
™ 0

[X12+X22 @(3)(p1 P2, p3)
( b b

1=x)(1-x)

[ 2 1-x7 503, 5
[1—X2 (2_X1 —x (1+X1)) + X2 ] 0 (p13, p2)
- 2 _ 1-%] g, 5 }
|:1*X1 (27)(17)(2 (1+X2)) + X1 :| @ (P237P1)

~ finite as x;,5 — 1 (implying 00 - 01)
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Example: ete” — gg @ NLO QCD

virtual correction & integrated dipole contribution (d = 4 — 2¢)

~iey, iey,
V> X

(d)2 MS | (d)2 Cras 1 4rp®\ ¢ 2 3 2
|Mqt‘7 ‘(lfloop) - ‘Mqa | 2 T(1—e) ( Q2 T2 e 8+ 7" + O(e)
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Example: ete” — gg @ NLO QCD

virtual correction & integrated dipole contribution (d = 4 — 2¢)

~iey, iey,
V> X

(d)2 MS | (d)2 Cras 1 4rp®\ ¢ 2 3 2
‘Mqa ‘(lfloop) - ‘Mqa | 2 T(1—e) ( Q2 T2 e 8+ 7" + O(e)

integrated dipole kernels

_CFas 1 4—7’[’M2 ‘ 2 3 2
() = £ r(1e)< Q2> {Z+2+10-7+006)}
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Example: ete™ — gg @ NLO QCD

virtual correction & integrated dipole contribution (d = 4 — 2¢)

JE— 2 €
(d)2 MS |, (d)2 CFos 1 AT 2 3 2
‘Mqﬁ ‘(I*IOOP) - ‘Mqa | 2 T(1—e) ( Q2 T2 e 8+ 7" + O(e)

integrated dipole kernels

_CFas 1 4—7[’/.L2 ‘ 2 3 2
() = £ r(1e)< 02) {Z+2+10-7+006)}

combining both contributions yields

Cras
o = /[da:‘;‘:+/d'f§‘a} = [ Mg =22 /dym 5(1 = y12) © (p1, p2)
2 1 e=0

™

where y1o = 2p1 - p2/Q°
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Example: ete™ — gg @ NLO QCD

total scattering cross section

measurement functions given by ©G) = 92 =1
3 . ag
O_qNaLO — /da?asg + / [dafa —l—dU;%I] = af;ao (1 + 4CF7r) + O(ai)
3 2

Discussion:
o fully inclusive total cross section [IR safe]
~ real & virtual IR singularities properly cancelled
@ yields modest, finite correction

@ dependent on strong-coupling parameter and its running
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Example: ete” — gg @ NLO QCD

The emerging picture
@ corrections to gyt dominated by hard, large-angle gluons
@ soft gluons play no role for oot
o collision characterised by thara ~ 1/Q
o soft-gluons emitted on long time scales too ~ 1/(E6?)
~ cannot influence cross section
e transition to hadrons occurs on long time scales thaq ~ 1/Aqcp
~- can thus be ignored

@ with proper choice for scale of s, u? = @2, perturbation theory works well

2 2 2 2 3
Otot = Ogqg 1 +1. 045 2s(Q) +0.94 (@) —15 (@) 4.

LO \_\/_’
NLO NNLO NNNLO

[coefficients given for Q> = M2, including EW corrections]

Total cross sections are inclusive quantities,
inclusive in the number of additional QCD partons!
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Scale Uncertainties of Fixed-Order Predictions

The scale ambiguity
o fixed-order prediction depends on (arbitrary) renormalisation scale
@ estimate theory uncertainty through scale variations, e.g. % <p<2Q

~ provides estimate of uncalculated higher-order terms

MOR) = g (1+ Gos(1))
witha(12) = a(Q?) - 2602(@)1n (1 ) + O(a2)
= og (1 + Gas(Q%) — 2C1bea(Q%) In (g) + 0(a§)>
compare to
o O(1?) = 045 (14 Cas(p?) + G(p?)a2(1?))

with G (1%) = Go(@%) + 2Cbpa?(Q%) In (g)
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Scale Uncertainties of Fixed-Order Predictions

The scale ambiguity

scale-dep. of o(e*e” — hadrons) scale-dep. of s(e*e” — hadrons)
1.1 1.1
Q=M; LO —— Q=M LO ——
1.08 NLO —=-—-- 1 1.08 ¢ NLO —-=- ]
o o
T 1.06 [ ] T 1.06 k. NNLO ----
8 BRI 8 T~
o 04 F T T 1 L 104 prsermm T e e e <
s 1.02 f ! : s 1.02 | 1
8 | | :
T 1 - - T 1 - -
8 conventional range 3 conventional range
o 098 — 1 o 098 — N
:0.5<Xu<2: :0.5<Xu<2:
0.96 ' ' 1 0.96 ' ' N
0.1 1 10 0.1 1 10
uR/Q uRr/Q

~ use scale variations to estimate theory uncertainty

~» probe residual dependence on (uncalculated) higher orders
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NLO QCD: brief summary

Motivations
@ accurate cross-section estimates
@ real-emission kinematics corrections
@ reduced systematic uncertainties [scale dependences]
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NLO QCD: brief summary

Motivations
@ accurate cross-section estimates
@ real-emission kinematics corrections
@ reduced systematic uncertainties [scale dependences]

Anatomy

- XJX 3o bijx }]

lowest order term quantum corrections

+ Z Dy x4k
ke{aq,g}

radlatlve corrections

< subtraction of infrared singularities in real- & virtual corrections
[Catani, Seymour Nucl. Phys. B 485 (1997) 291, Frixione et al. Nucl. Phys. B 467 (1996) 399]

< dedicated one-loop amplitude codes: BLACKHAT, OPENLOOPS/COLLIER, RECOLA, ...
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Interlude: QCD jets & PDFs



The emergent picture: final-state jets

Jet definition (prel.): jets are collimated sprays of hadronic particles

@ hard partons undergo soft and collinear showering

@ hadrons closely correlated with the hard partons’ directions

Counting jets
~» near perfect two-jet event

~> almost all energy contained in two cones
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The emergent picture: final-state jets

Jet definition (prel.): jets are collimated sprays of particles

@ hard partons undergo soft and collinear showering

@ hadrons closely correlated with the hard partons’ directions

Counting jets
~> hard emissions can induce more jets

~ jet counting not obvious, is this a three- or four-jet event?

22/30



Defining jets

Jet definition (addendum): jet number shouldn’t depend upon just a

soft/collinear emission

~> Infrared & collinear safety

NN g

LO partons NLO partons parton shower hadron level
Jet | Defn Jet | Defn Jet | Defn Jet | Defn
jet1 jet2 jet1 jet2 jet1 jet2 jet1 jet2

VAR VAR VAV

Infrared & Collinear safe jet definitions

crucial for comparing theory with experimental results
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Jet algorithms

Jet definition
@ group together particles into a common jets et aigorithm]
@ typical parameter is R, distance in y — ¢ space, determines angular reach

@ combine momenta of jet constituents to yield jet momentum [recombination scheme]

two generic types of jet algorithms are commonly used:

@ cone algorithms
o widely used in the past at the Tevatron
e jets have regular/circular shapes
o some suffer from IR or collinear unsafety

@ sequential recombination algorithms
o widely used at LEP [purham k1 algorithm]
o jet can have irregular shapes
o default at the LHC experiments [antiky algorithm]
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Sequential recombination algorithms

A generic jet finding algorithm
@ compute a distance measure y;; for each pair of final-state particles
@ determine all distance measures wrt the beam y;g

© determine the minimum of all y;'s and yig's

@ if y; is smallest, combine particles ij, sum four-momenta
@ if y;g is smallest, remove particle /, call it a jet

@ go back to step one, until all particles are clustered into jets
in analyses one typically uses

@ jets with inter-jet distances yj; > ycut [exclusive mode]
@ jets with inter-jet distances yj; > Yeus & E > Ecyy [inclusive mode]

different algorithms use different measures: y; & yig
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Sequential recombination algorithms: the kt algorithm

recall the soft and collinear limit of the gluon-emission probability for a — ij

2OéSCA/F dE, dGU
m mII"I(E,,EJ) 0,1 ’

dS ~

using min(E;, E;) we can avoid specifying which of i and j is soft

The kr-algorithm distance measure

2min(E?, E?)(1 — cos6j)

i =j

Q2

Yij =

. . I i e ST
~ in the collinear limit: y; ~ min(E7E7)0;/Q
~ relative transverse momentum, normalized to total energy

~> soft/collinear particles get clustered first
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Sequential recombination algorithms: the anti-k7 algorithm

recall the soft and collinear limit of the gluon-emission probability for a — ij

ds ~ 20[5C,' . dE, d@U ’
s mln(E,-, EJ) 9’1

using min(E;, E;) we can avoid specifying which of i and j is soft
The anti-kr-algorithm distance measure
yi = 2Q*min(E?, E;%)(1 — cos b))
~ jet-finding starts out with hard objects
~ softer particles get clustered into hard jets later on
~ produces nicely regular shaped jets
>

default in current LHC physics analyses
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Jet algorithms at work: kr jets at LEP

1 T 1 1 T T] 1 T T3
A4 . Rzm . HZ]E{
L] - - R [ - Ry,
08 | 108 o {1 08¢ o
4 Ryt 4 Ry et
v - HS]et
06 | ! theory 1 061 a2 theory 1 06 F a? theory
ALEPH data ALEPH data ALEPH data
Q =206 GeV Q=206 GeV Q =206 GeV
04 \ 4 04/ ", 1 q
a, (My)=0.1189 " a, (M) =0.1189 a, (My)=0.1189
y i . .
i ] LN | ",
021 i i i) 5
\ ~ . 1, LN
* b *y b
o Lt I o Lt Ches - Eeg S
-4 3 2 0 -4 3 2 1 0 KT 0
109, (Y cu) 10g:0(Yoy) 109 (You)

[Gehrmann-De Ridder et al. Phys. Rev. Lett. 100 (2008) 172001]
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Jet algorithms at work: k7 jets at LEP

5 075 | .
=
° NNLO ———
~—
ki NLO  -----.
bm 0.5 LO e B
6 T
8 (%) _----
4 ‘,"
0.25 . ) 1]
. Q=M _/— |

o, (M) = 0.1189
ALEPH data

10g5(Yeur)

[Gehrmann-De Ridder et al. Phys. Rev. Lett. 100 (2008) 172001]
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Jet algorithms at work: anti-kt jets at LHC

anti-k1 inclusive jets at LHC

—10¥ Ty 5
% o1 F anti-k, jets, R=0.4 ® |y[<03(x10"7) O
(\5 10 | £dt=37 pb™, \s=7 Tev 2 ggim:?gglg* 3
Re) 18 o= O 12sly|<21(x10%)
&10 E _'_—.-_._ A 21g\y\<2.a(x10°)z =
E o —e— A 285y <36(x107) -
%10152 e T e, 7 36xhl<aa(x10% 3
E o o 4
2 e —e— - —
_8_ 1 O = - -e-_e__e_ - . -
B 1 09 e g 'e'-e-_e_ -
o = fn= i T - =
3 e T Teg, m -
10° = —a— E=1 -
E —i— ---_' e -
1 = == —— -—5 @ﬁ =
3 = == —
1 0 3E Systematic =¥ ] ES =
E uncertainties  =¥= S ! =
107 By NLOJET++ == 3
z@ (CT10, p=p™) x =
-9 £ Non-pert. corr. ATLAS ::
107 B openet, 1y Co Tl
2 2 3
20 30 10° 2x10 10
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Jet algorithms at work: anti-kt jets at LHC

The V+jets processes
@ background to many BSM searches

@ wide range of kinematics

— multi-scale QCD problem

four jets

two jets .
three jets

o) [PP]

o(Zhy*+N

Pred./Data Pred./Data Pred./Data

Q

0.5

Niets: jet multiplicity

[ATLAS-CONF-2016-046]

v MG5_aMC+Py8 CK

Ty T

T T T T T T T T
EF ATLAS Preliminary ZIy* (= IT) + jets
E-13TeV,3.16fb" /& Data
E anti k, jets, R=0.4 W BLACKHAT + SHERPA
de‘ >30GeV, |y <25 A4 SHERPAZ21
ALPGEN + PY6

R B ® MGS5_aMC + PY8 FxFx

KWI

BH+SH NLO QCD MEs

A4

" v
W fecee tos porrs v //////,/ 4

HERPA 0 1.2 MEPS@NLO + 3.4j MEPS@LO
A

, %
w

= e o

Fxe 0, 1 2J NLO MES + shower

- s I,
£ ey L T Ay
E e . o 3

S0 T 32 33 34 35 36 37
N,

30/30



Jet algorithms at work: anti-kt jets at LHC

The V+jets processes Ht: scalar sum of jet pt's
@ background to many BSM searches [ATLAS-CONF-2016-046]
. . . = 10:'E T T T T T T E|
@ wide range of kinematics 2 E ATLAS Preliminary Z* (> 1) +2 1 jet
. S 10°E13Tev, 3161 /% Data
— multi-scale QCD problem S F ik jets R=04 5 Z+z1jetN,, NNLO
I'_ 10 LS et ®  BLACKHAT + SHERPA
S E pf'>30GeV,|ly <25 & suempa2.1
E s ALPGEN +PY6
Z R v MG5_aMC + PY8 CKKWI
aia = L] . ® MG5_aMC +PY8 FxFx
2 10" L
5 E LS
o aco 102 Ll
Proton Proton prediction F i
10°E =
? //i”,
104? } Il Il } } }
o 150+t \ \ \ \ \
g 1:] . s
T LB N
one jet g 18T } } ‘l } jmimin
g 15E E
Q | & - g
3 A AT EE KK i * — »77A
o E 3
& 05E | | | | ——
s 15T ' ! ! ! "y
R N S R
S = + 2
5 F E
o 05k

| | , | L 1 =|
200 400 600 800 1000 1200 1400

two jets Hr [GeV]

three jets
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