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Special Galileon

scalar field theory in d dimensions

L =

d+1∑

n=1

gnφ


εµ1...µdεν1...νd

n−1∏

i=1

∂µi∂νiφ

d∏

j=n

ηµjνj




for sGal: g2k = −(−1)k

d! 2k

(
d

2k − 1

)
α2(1−k), g2k+1 = 0

Gal symmetry: φ→ φ+ a+ bµxµ

sGal symmetry: φ→ φ− 1
2G

µν
(
α2xµxν + ∂µφ∂νφ

)
,

where Gµν is symmetric and traceless

Gal symmetry ensures O(p2) soft-behavior, sGal symmetry even O(p3)
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Special Galileon — geometry

fluctuations of a d-dimensional brane in a 2d-dimensional flat space

metric on the brane: gµν = ηµν + 1
α2∂µ∂φ · ∂∂νφ

inverse metric: gµν = ηµν − 1
α2∂

µ∂φ · ∂∂νφ+ . . .

Christoffel symbols, Riemann tensor, etc. as usual

external curvature: Kµν% = − 1
α∂µ∂ν∂%φ

Gauss equation implies: Rαβµν = g%σ(K%µαKσνβ −K%µβKσνα)

another invariants: ddZ ≡ (−1)d−1 det
(
η + i

α∂∂φ
)

ddx
ddZ̄ ≡ (−1)d−1 det

(
η − i

α∂∂φ
)

ddx

it holds:
√

ddZddZ̄ =
√
g ddx
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Graphical representation1

≡ ∂µ1
∂µ2

. . . ∂µn
φµ1

µn

µ2

(a) (b) (c)

µ ν ≡ ηµν

≡ ∂µ∂nuφ∂
µ∂nuφ ≡ ∂µ∂

µφ

gµν ≡
µ ν

≡ (−1)n

α2n

+ Σ∞
n=1

=
µ ν µ ν

n

µ ν

n ( )

︸ ︷︷ ︸
(n−1) times

µ ν

1Figures courtesy of J. Novotný
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Graphical representation

Kαµν = − 1
α

µ

ν

α

µ

ν

αΓαµν =
1
α2

dDZ = dDx[1 + i
α

− 1
2α2

( − )

− i
6α3

( + 2 − 3 ) + O(φ4)]

√
dDZdDZ̄ = dDx[1 + 1

2α2
− 1

2α4
+ 1

8α4 +O(φ6)]
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Minimal coupling to photon

L4DsGal = −1
2φ�φ+ 1

24α2φ
[
(�φ)3 + 2〈∂∂φ·3〉 − 3�φ∂∂φ : ∂∂φ

]

the simplest possible term to add to the sGal action is schematically∫
F 2dµ(a, b)

. . . or not so schematically∫
−1

4
FµαFνβg

µνgαβ dµ(a, b)

where µ(a, b) ≡ a
√

ddZddZ̄ + bddZ + b?ddZ̄

we must have a+ b+ b? = 1 (photon kinetic term normalization)

a must be real (action hermiticity)

this term yields interaction vertices with 2 photons and how many
galileons we want
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Minimal coupling to photon

example: expanding up to O(φ4) yields for b = 0:

La = −1

4
a

{
FµαF

µα
[
1 +

1

2α2
∂∂φ : ∂∂φ− 1

4α2
〈∂∂φ·4〉+

1

8α2
(∂∂φ : ∂∂φ)2

]

− 2

α2
FµαF

α
ν ∂µ∂φ · ∂∂νφ

[
1 +

1

2α2
∂∂φ : ∂∂φ

]

+
2

α4
FµαF

α
ν ∂µ∂φ · ∂∂φ · ∂∂φ · ∂∂νφ

+
1

α4
FµαFνβ∂

µ∂φ · ∂∂νφ∂α∂φ · ∂∂βφ
}

similarly, we can compute the part corresponding to a = 0
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Next-to-minimal coupling to photon

let us try 4 photons now

possible terms to add to the action are schematically∫
F 4K2dµ,

∫
F 4(∇K)dµ,

∫
F 3(∇F )Kdµ,

∫
(∇F )2F 2dµ

where ∇ is the covariant derivative constructed using the metric g

the easiest to analyze is the derivative-less one

there are in fact 12 unique terms of this type (assuming parity
conservation), so we can write

S4γ =

12∑

i=1

ci

∫
[F 4K2]idµ(ai, bi)

this introduces 12× 3 = 36 new free parameters to the model
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Next-to-minimal coupling to photon

the list of the terms is the following

I1 = Kµναgµ%gνσgαβK%σβ ×F
I2 = Kµναgµ%gνσgαβK%σβ × G
I3 = gµνKµναgαβKβ%σg%σ ×F
I4 = gµνKµναgαβKβ%σg%σ × G
I5 = Kµναgµ%gνσK%σβ[gακFκγg

γδFδλg
λβ]×F

I6 = Kµναgµ%K%σβ[gακFκλg
γβ][gνδFδλg

λσ]×F
I7 = gµνKµναgαβKβ%σ[g%κFκγg

λδFδλg
λσ]×F

I8 = gµνKµνα[gακFκγg
γδFδλg

λβ]Kβ%σg%σ ×F
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Next-to-minimal coupling to photon

I9 = Kµναgµ%gνσK%σβ[gακFκγg
γδFδλg

λεFειg
ιζFζξg

ξβ]

I10 = Kµναgµ%K%σβ[gνδFδλg
λσ][gακFκγg

γδFδλg
λεFειg

ιβ]

I11 = Kµναgµ%K%σβ[gνδFδλg
λεFειg

ισ][gακFκγg
γδFδλg

λβ]

I12 = KµναK%σβ[gµϕFϕψg
ψ%][gνδFδλg

λεFειg
ισ][gακFκλg

γβ]

the terms might be linearly dependent, not known yet
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Next-to-minimal coupling to photon — derivative terms

currently work in progress

example:

∇µKαβγ =− 1

α
∂µ∂α∂β∂γφ

+K%βγg
%σΓσµα +Kα%γg

%σΓσµβ +Kαβ%g
%σΓσµγ
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Thank you for your attention

Filip Přeučil (IPNP) Special Galileon coupled to photon April 12, 2019 13 / 13


