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V(H) =
1
2

m2
HH2 + λHHHvH3 +

1
4

λHHHHH4Higgs potential

λHHH =
m2

H

2v2
= 0.13…in SM: (not directly measured)

[CMS: arXiv:1811.09689]: 

[ATL-PHYS-PUB-2019-009]:

−11.8 < λ/λSM < 18.8

−3.2 < λ/λSM < 11.9
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N. De Filippis Sept 30 - Oct 4, Higgs couplings 2019 22

Summary/Conclusions
HL-LHC: potential for new physics discoveries and precision
measurements in the Higgs sector:

§ Few per-cent level precision on most Higgs cross sections and 
couplings

§ significance of about 2.6s for HH production à triple self 
coupling

§ Higgs width measurable to within 1 MeV

§ sensitivity to BSM effects in Higgs physics derived

Many inclusive measurements limited by systematic uncertainties ➔
work needed from theoretical and experimental side

An exciting journey ahead!

talk slide by Nicola De Filippis on 1st Oct.
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The simplest process is Higgs pair production.

(a) (b) (c)

(d) (e) (f)

Figure 1: One- and two-loop Feynman diagrams contributing to gg ! HH. Solid, curly,
and dashed lines represent fermions, gluons, and Higgs bosons respectively.
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denote the contribution from one-particle reducible diagrams such as the

one shown in Fig. 1(f). In Ref. [9] this contribution has not been considered since the full
top quark mass dependence is available from Eqs. (24), (25) and (26) of Ref. [43].

At this point a comment on the definition of ↵s is in order. In Ref. [9] ↵s has been defined
with six active flavours which is an appropriate choice for the high-energy limit. In this
paper, we compare to Ref. [12] where a five-flavour ↵s has been used. Thus, we have to
transform ↵s and the gluon wave function from the six-flavour to the five-flavour theory
using the relations
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where A⌫ is the gluon wave function. As can be seen from these expressions the additional
terms cancel because the number of external gluon fields equals the number of strong
couplings gs in the Born amplitude, such that the resulting analytic expressions remain
identical.
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where A⌫ is the gluon wave function. As can be seen from these expressions the additional
terms cancel because the number of external gluon fields equals the number of strong
couplings gs in the Born amplitude, such that the resulting analytic expressions remain
identical.
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Figure 1: One- and two-loop Feynman diagrams contributing to gg ! HH. Solid, curly,
and dashed lines represent fermions, gluons, and Higgs bosons respectively.
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two-loop integrals: high-energy approximation 
and 
numerical evaluation
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based on JHEP 1803 (2018) 048, JHEP 1901 (2019) 176, JHEP 1902 (2019) 080

Expand each Feynman diagrams by means of the method of region.
[Beneke, Smirnov ’97, Smirnov `02, Jantzen `11]
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Apply the Padé approximation with respect to   . 
-> The region of convergence is significantly improved. 
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numerical evaluation
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based on PRL 117 (2016) 012001, JHEP 1610 (2016) 107, JHEP 1708 (2017) 088

Two-loop integrals: evaluated points are increased:  3398 → 6320

Numerically evaluated two-loop integrals (virtual correction) combined with parton 
showers within the POWHEG-BOX-V2 and MG5_aMC@NLO frameworks.

3

where the sum runs over all final state partons i. This
scale is known to give a good convergence of the pertur-
bative expansion and stable di↵erential K-factors (ratio
of NLO to LO predictions) in the e↵ective theory [68].
To estimate the theoretical uncertainty we vary indepen-
dently µF and µR by factors of 0.5 and 2, and exclude
the opposite variations. The total uncertainty is taken
to be the envelope of this 7-point variation.

To better highlight the di↵erences arising from the two-
loop massive contributions, we compare the new results
with full top-quark mass dependence, which we label as
“full theory result” or simply “full” in the following, to
two di↵erent approximations. In addition to predictions
in the e↵ective theory, which are referred to as HEFT in
the following, we show results in which everything but
the virtual amplitudes is computed with full top-quark
mass dependence. In this latter case only the virtual
contribution is computed in the e↵ective field theory and
reweighted by the full theory Born amplitude for each
phase space point. Following Ref. [69] we call this predic-
tion “approximated full theory” and label it as FTapprox

from now on.
We start by presenting the total cross sections, which

are reported in Table I. For comparison we present results
also for the HEFT and FTapprox approximations.

Theory LO [pb] NLO [pb]

HEFT: �LO = 8.22+3.17
�2.15 �NLO = 14.63+3.30

�2.54

FTapprox: �LO = 8.57+3.31
�2.24 �NLO = 15.07+2.89

�2.54

Full: �LO = 8.57+3.31
�2.24 �NLO = 16.01+1.59

�3.73

Table I. Total cross sections at LO and NLO in the HEFT and
FTapprox approximations and with full top-quark mass depen-
dence. The upper and lower values due to scale variation are
also shown. More details can be found in the text.

Together with the prediction obtained with the central
scale defined according to Eq. (1) we show the upper and
lower values obtained by varying the scales. While at LO
the top-quark mass e↵ects lead to an increase of 4.3%, at
NLO this increase is of the order of 9% compared to the
HEFT approximation, and there is an increase of about
6% in the total NLO cross section when comparing the
FTapprox result with the full theory one. It is important
to keep in mind that when taking into account massive
bottom-quark loop contributions, the interference e↵ects
are sizable and cancel to a large extent the increase in the
total cross section observed here between the HEFT and
the full theory results (see e.g. the results in Ref. [13]).
Note, however, that the bottom-quark mass e↵ects at
LO are of the order of 2% or smaller above the top quark
threshold.

Considering more di↵erential observables, it is well
known that very significant e↵ects due to resolving the
top-quark loop are displayed by the Higgs boson trans-
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Figure 1. Higgs boson transverse momentum spectrum at LO
and NLO in QCD in HEFT and with full top-quark mass de-
pendence. The upper panel shows the di↵erential cross sec-
tions, in the middle panel we normalize all distributions to
the LO HEFT prediction and in the lower panel we show the
di↵erential K-factors for both the HEFT and the full theory
distributions. More details can be found in the text.

verse momentum distribution, which is softened for larger
values of pt,H by the full top-quark mass dependence. By
considering the high energy limit of a point-like gluon-
gluon Higgs interaction and one mediated via a quark
loop it is possible to derive the scaling of the squared
transverse momentum distribution d�/dp

2

t,H [70, 71],
which drops as (p2t,H)

�1 in the e↵ective theory, and goes
instead as (p2t,H)

�2 in the full theory. This fact was shown
to hold numerically at LO for up to three jets in Ref. [13].
It is interesting to verify this also after NLO QCD cor-
rections are applied. To do so, in Figure 1 we show the
transverse momentum spectrum of the Higgs boson at
LO and NLO in the HEFT approximation and with the
full top-quark mass dependence.

In the upper panel we display each di↵erential distri-
bution with the theory uncertainty band originating from
scale variation. To highlight the di↵erent scaling in pt,H,
in the middle panel we normalize all the distributions to
the LO curve in the e↵ective theory. It is thus possible
to see that for low transverse momenta the full theory
predictions overshoot slightly the e↵ective theory ones.
For pt,H > 200 GeV the two predictions start deviating
more substantially. At LO the two uncertainty bands do
not overlap any more above 400 GeV, whereas at NLO
this happens already around 340 GeV due to reduction of
the uncertainty at this order. The logarithmic scale also
allows to see that the relative scaling behavior within

Figure 14: Higgs boson pair transverse momentum distribution p
hh
T (left column with hdamp=1,

right column with hdamp=250) comparing the fixed order result with showered results from both
Pythia 6 and Pythia 8 in the basic HEFT approximation (upper row) and in the full SM (lower
row).
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Figure 15: phT distribution comparing (a) showered results based on matrix elements in various
approximations (full, FTapprox, Born-improved HEFT) with (b) fixed order results.

also mention that the curve for hdamp= 250 in these figures is close to the NLO curves by
construction, as can be seen by comparing to the fixed order results shown in the previous
subsection.

In Fig. 19 we vary the shower starting scale Qsh in MG5_aMC@NLO by a factor of two
around the default value. In the latest version of MG5_aMC@NLO (version 2.5.3 onwards),

– 15 –

pp ➝ HH pp ➝ HJ

S. Borowka, N. Greiner, G. Heinrich, S. Jones, G. Luisoni, M. Kerner, J. Schlenk, L. Scyboz, T. Zirke

NLOPS HH & HJ production with full top mass dependence

Pioneering 2 ➝ 2 two-loop calculations with internal and external mass scales  

NLO corrns to HH with finite mt are large and not captured by mt ➝∞ K-factor    

NLOPS simulations implemented; variable λHHH recently added in POWHEG 

NLO corrns to HJ  with finite mt are large but are captured by mt ➝∞ K-factor
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Figure 5: Vfin as a function of
p
s for fixed values of pT . The data points and the

corresponding uncertainty bars are obtained from the grid [42]. The solid lines are based
on the Padé-improved high-energy expansion. For high values of pT the uncertainties of
the Padé results are smaller than the thickness of the lines. The uncertainties shown for
pT values below 200 GeV are taken over from Fig. 4.

We now define a criterion which provides a prescription for the improvement of the
grid [42]. In order to have guidance we show in Fig. 6 the relative uncertainty of the
Padé results in the

p
s–pT plane. We also overlay all grid points from [42] and use the

same colour scale for their uncertainties. Note that the kinematic boundary is obtained
from the requirement that 1� 4(m2

h
+ p

2

T
)/s (see Eq. (11)) is positive.

From Fig. 6 we learn that the uncertainty is below 0.1% for pT & 200 GeV and then
grows towards lower pT relatively quickly. Still, even for pT ⇡ 150 GeV the uncertainty
is around a few percent for most values of

p
s. Note that larger relative uncertainties for

larger values of
p
s are observed since in this region eVfin is small.

On the basis of this observation we extend the grid provided in [42] as follows:

• We increase the number of points computed using the full NLO result from 3398
to 6320. The new points are sampled according to the distribution of unweighted
events and, therefore, populate the same kinematic regime as the original points.

• For
p
s � 700 GeV and pT � 150 GeV we add points from the Padé approximation.

14
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Figure 7: Vfin as a function of
p
s for fixed values of pT . The data points are obtained

from the improved version of the grid and the solid lines are based on the Padé-improved
high-energy expansion.

6 Applications

In the following we discuss di↵erential distributions w.r.t. the Higgs boson pair invariant
mass mhh and the “single inclusive” Higgs boson transverse momentum pT,h for hadronic
centre-of-mass energies

p
sH = 14 TeV and

p
sH = 100 TeV. The emphasis of this analysis

is the comparison of the current [42] and improved grid introduced in the previous section.

For our analysis we use the parton distribution functions PDF4LHC15_nlo_100_pdfas [51–
53] and adopt the corresponding value for ↵s. For the top quark and Higgs boson masses
we use mh = 125 GeV and mt = 173 GeV and choose µ0 = mhh/2 as the central value for
the renormalization (µR) and factorization (µF ) scales. The uncertainties due to higher-
order QCD corrections are estimated using the usual seven-point scale variation around
µ0, i.e., for µR and µF we introduce µR,F = cR,Fµ0 with cR,F 2 {0.5, 1, 2} and omit the
extreme choices (cR, cF ) = (0.5, 2) and (cR, cF ) = (2, 0.5).

In Fig. 8 we show our results for
p
sH = 14 TeV. In the upper panels we present the

mhh and pT,h di↵erential distributions, and in the lower panels we display the ratio of the
NLO corrections to the LO values (K factor). The LO values are shown in black and the
coloured curves correspond to di↵erent versions of the NLO prediction, all of which contain
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 11Figure 6: Relative uncertainty of the Padé results in the
p
s–pT plane. The points of [42]

are overlayed. Note that a logarithmic scale is used for the relative uncertainty.

• For
p
s < 700 GeV and pT � 200 GeV we add points from the Padé approximation.

The boundary above which we include points from the Padé approximation is denoted as
a yellow line in Fig. 6. We note here that if one reproduces Figs. 5 and 6 using the 6320
points described above the behaviour is qualitatively the same and we therefore refrain
from showing them in this paper.

In Fig. 7 we compare the Padé results to the improved version of the grid, which provides
precise results in the whole relevant phase space. We note that the wiggly behaviour and
the deviation of the grid data points from the Padé approximation for larger values of

p
s

and smaller values of pT could be improved by including further data points from the Padé
approximation. This behaviour would then be pushed to higher values of

p
s. We judge

the performance of the grid as displayed by Fig. 7 to be su�cient for the phenomenological
applications of this paper, and further improvements of the grid not to be necessary. This
improved grid can be downloaded from [42].
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Figure 7: Vfin as a function of
p
s for fixed values of pT . The data points are obtained

from the improved version of the grid and the solid lines are based on the Padé-improved
high-energy expansion.

6 Applications

In the following we discuss di↵erential distributions w.r.t. the Higgs boson pair invariant
mass mhh and the “single inclusive” Higgs boson transverse momentum pT,h for hadronic
centre-of-mass energies

p
sH = 14 TeV and

p
sH = 100 TeV. The emphasis of this analysis

is the comparison of the current [42] and improved grid introduced in the previous section.

For our analysis we use the parton distribution functions PDF4LHC15_nlo_100_pdfas [51–
53] and adopt the corresponding value for ↵s. For the top quark and Higgs boson masses
we use mh = 125 GeV and mt = 173 GeV and choose µ0 = mhh/2 as the central value for
the renormalization (µR) and factorization (µF ) scales. The uncertainties due to higher-
order QCD corrections are estimated using the usual seven-point scale variation around
µ0, i.e., for µR and µF we introduce µR,F = cR,Fµ0 with cR,F 2 {0.5, 1, 2} and omit the
extreme choices (cR, cF ) = (0.5, 2) and (cR, cF ) = (2, 0.5).

In Fig. 8 we show our results for
p
sH = 14 TeV. In the upper panels we present the

mhh and pT,h di↵erential distributions, and in the lower panels we display the ratio of the
NLO corrections to the LO values (K factor). The LO values are shown in black and the
coloured curves correspond to di↵erent versions of the NLO prediction, all of which contain
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order QCD corrections are estimated using the usual seven-point scale variation around
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extreme choices (cR, cF ) = (0.5, 2) and (cR, cF ) = (2, 0.5).

In Fig. 8 we show our results for
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sH = 14 TeV. In the upper panels we present the
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NLO corrections to the LO values (K factor). The LO values are shown in black and the
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Figure 8: mhh and pT,h distributions for a hadronic centre-of-mass energy
p
sH = 14 TeV.

the full real radiation corrections and only di↵er in the way that the virtual corrections are
implemented. The blue curve, denoted “FTapprox”, incorporates the virtual corrections
computed in the infinite top quark mass limit and rescaled by the exact LO prediction.
The red curve is based on the grid constructed in Ref. [13] but improved by increasing
the number of points from 3398 to 6320 (see discussion above). Finally, the green curve
is based on the new grid, the construction of which is described in Section 5. This curve
constitutes our best prediction. The grey and green bands around the corresponding
curves have been obtained by independent variations of µR and µF as described above.

It is interesting to note that for small mhh and pT,h there is perfect agreement of the red
and green curves, which is expected since in this region the dependence on Vfin comes
primarily from the region in the (partonic)

p
s–pT plane where the support of the old

grid was dense. For higher values of mhh and pT,h, one observes a di↵erence between the
red and the green curves. However, in both cases the red curve lies well within the green
uncertainty band.

The mhh and pT,h distributions for
p
s
H
= 100 TeV are shown in Fig. 9, where the same

notation is used as in Fig. 8. Note that now a significant di↵erence is observed between
the red and green curves; for higher values of mhh and pT,h the red curve lies outside the
green uncertainty band. As an example let us consider pT,h = 2000 GeV. For this value
the K factor is reduced from K ⇡ 1.7 to K ⇡ 1.5 after including the high-energy results
in the grid.

Let us mention that in Figs. 8 and 9, the same phase-space points have been used for all
curves. Thus, the di↵erences between the curves is only due to the di↵erent implementa-
tions of the virtual corrections.

We should emphasize that one observes no change in the total cross section due to the
change from the red to the green curve, since the main contribution to �tot comes from
smaller centre-of-mass energies. However, Figs. 8 and 9 show that it is important to use
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Figure 8: mhh and pT,h distributions for a hadronic centre-of-mass energy
p
sH = 14 TeV.

the full real radiation corrections and only di↵er in the way that the virtual corrections are
implemented. The blue curve, denoted “FTapprox”, incorporates the virtual corrections
computed in the infinite top quark mass limit and rescaled by the exact LO prediction.
The red curve is based on the grid constructed in Ref. [13] but improved by increasing
the number of points from 3398 to 6320 (see discussion above). Finally, the green curve
is based on the new grid, the construction of which is described in Section 5. This curve
constitutes our best prediction. The grey and green bands around the corresponding
curves have been obtained by independent variations of µR and µF as described above.

It is interesting to note that for small mhh and pT,h there is perfect agreement of the red
and green curves, which is expected since in this region the dependence on Vfin comes
primarily from the region in the (partonic)

p
s–pT plane where the support of the old

grid was dense. For higher values of mhh and pT,h, one observes a di↵erence between the
red and the green curves. However, in both cases the red curve lies well within the green
uncertainty band.

The mhh and pT,h distributions for
p
s
H
= 100 TeV are shown in Fig. 9, where the same

notation is used as in Fig. 8. Note that now a significant di↵erence is observed between
the red and green curves; for higher values of mhh and pT,h the red curve lies outside the
green uncertainty band. As an example let us consider pT,h = 2000 GeV. For this value
the K factor is reduced from K ⇡ 1.7 to K ⇡ 1.5 after including the high-energy results
in the grid.

Let us mention that in Figs. 8 and 9, the same phase-space points have been used for all
curves. Thus, the di↵erences between the curves is only due to the di↵erent implementa-
tions of the virtual corrections.

We should emphasize that one observes no change in the total cross section due to the
change from the red to the green curve, since the main contribution to �tot comes from
smaller centre-of-mass energies. However, Figs. 8 and 9 show that it is important to use
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Figure 9: mhh and pT,h distributions for a hadronic centre-of-mass energy
p
sH = 100 TeV.

the improved grid for phenomenological analyses, if one wishes to consider large values of
mhh or pT,h, even for

p
sH = 14 TeV. In these regions the predictions based on “FTapprox”

deviate significantly from the green curve.

7 Conclusions

We provide optimized predictions for the NLO corrections to Higgs boson pair production
by combining the exact numerical results with analytic expressions for the form factors
obtained in a high-energy expansion. For the latter the region of convergence is signifi-
cantly improved by constructing Padé approximants, which are validated at the level of
master integrals. Furthermore, we identify regions in the phase space where both the ex-
act numerical evaluations and the Padé results provide precise predictions and find good
agreement. We thus combine both approaches and generate a new grid which is available
from [42]. The analytic expressions for the high-energy expansion of the form factors are
available from [48].

We apply the improved grid to phenomenological studies of the Higgs boson pair invari-
ant mass and Higgs boson transverse momentum distributions at LHC energies and for
p
sH = 100 TeV. We show that at high energies the improvements are noticeable and we

recommend to use the updated grid for phenomenological studies, even for
p
sH = 14 TeV.
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• We have improved the NLO virtual corrections to the Higgs pair production cross section 
via gluon fusion by combining numerical evaluation and the high-energy approximation. 

• The two method agree when   

• Padé improved high-energy approximation provides reasonable results even down to 

   

• The updated gird is available at https://github.com/mppmu/hhgrid

200 GeV < pT < 400 GeV, s < 800 GeV

pT ≃ 150 GeV

https://github.com/mppmu/hhgrid

