
1

swagato mukherjee

peeking into pion using lattice QCD 

January 2020, Mumbai



2

role of gluons in hadron mass generation … the enigma of pion mass

 significant contributions of gluons (trace-anomaly) to proton mass,  even in the chiral limit

QCD: Phys. Rev. Lett. 121, 212001 (2018)χ

X.-D. Ji: Phys. Rev. Lett. 74, 1071 (1995)

Mp = − ⟨Tμμ⟩ = ⟨Hm⟩ + ⟨Ha⟩

Mp = − ⟨T44⟩ = ⟨Hm⟩ + ⟨HE⟩ + ⟨Hg⟩ + ⟨Ha⟩/4

 : QCD trace anomaly  
 :  quark condensate

Ha
Hm mq ×

μ = 2 GeV

 : gluon field energy;   : quark energyHg HE
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role of gluons in hadron mass generation … the enigma of pion mass

 significant contributions of gluons (trace-anomaly) to proton mass,  even in the chiral limit

mq → 0 : − ⟨Tμμ⟩ = ⟨Hm⟩ + ⟨Ha⟩ = Mπ → 0

  contribution of gluons (trace-anomaly) to pion mass ?

understanding the role of gluons in hadron mass generation will remain 
incomplete without explaining the absence of pions mass

a puzzling dichotomy !! 
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where are the gluons? … valance quark PDF of pion 

JAM collaboration: Phys. Rev. Lett. 121, 152001 (2018)

DY:   (Fermilab E615, CERN NA10) 
LN:   (HERA ZEUS)  

πA → μ+μ−X
ep → e′ nXfrom fit to:
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where are the gluons? … valance quark PDF of pion 

Bednar, Cloet, Tandy: arXiv:1811.12310

qπ
v (x) = Axa(1 − x)b[1 + sub leading]

different for different models/fits

data: Fermilab E615  Phys. Rev. D39, 92 (1989) 

pQCD:   dominated by one-gluon exchange 
                                Berger, Brodsky: Phys. Rev. Lett. 42, 940 

JAM:   Phys. Rev. Lett. 121, 152001 (2018) 

ASV:   NLL threshold resummation  
                               Phys. Rev. Lett. 105, 252003 (2010)  

WIA:   DSE, rainbow-ladder truncation 
                           Nguyen et al: Phys. Rev. C83, 062201 (2011)  

DSE:    another DSE w/ different quark dressing, 
                             different contributions of gluons 
                             Bednar, Cloet, Tandy: arXiv:1811.12310

b ≃ 2

b ≃ 1

b ≃ 1.3

b ≃ 2

b ≃ 2

μ = 5.2 GeV
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partonic imaging of pion at EIC
Sullivan process w/ off-shell pion

t → 0

whitepaper: Eur. Phys. J. A55,190 (2019)

abstract



7

 bare matrix element, extract ground-state aptitude

equal-time, non-local operator within boosted  hadron

journey from Euclidean time to light-cone: LaMET

: Wilson line from 0 to zW(0,z)

Qb(z, pz) = ⟨H(pz,0) |ψ(0,τ)γ0W(0,z)ψ(z, τ) |H(pz, Tsink)⟩

X. Ji: Phys. Rev. Lett. 110, 262002 (2013)

rest frame of operator rest frame of hadron perturbative matching 
target-mass & higher-twist corrections

+𝒪 ( m2
H

P2
z

,
Λ2

QCD

P2
z )= +
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 renormalized operator: = Z(z, pR)Qb(z, pz)Q(z, pz, pR) non-perturbative RI-MOM

renormalization condition: Z(z, pR, a)Qb(z, p = pR, a) ≡ eizpR
z

by computing the same matrix element for Landau-gauge fixed off-shell quarks with p2 > 0

rest frame of operator rest frame of hadron perturbative matching 
target-mass & higher-twist corrections

+𝒪 ( m2
H

P2
z

,
Λ2

QCD

P2
z )= +
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 RI-MOM renormalized quasi-PDF (qPDF): =
1

4π ∫
∞

0
dze−izpzxQ(z, pz, pR)q(x, pz, pR)

fixed     , small xpz large |z| ΛQCD, mHcontaminations of 

rest frame of operator rest frame of hadron perturbative matching 
target-mass & higher-twist corrections

+𝒪 ( m2
H

P2
z

,
Λ2

QCD

P2
z )= +
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rest frame of operator rest frame of hadron perturbative matching 
target-mass & higher-twist corrections

+𝒪 ( m2
H

P2
z

,
Λ2

QCD

P2
z )= +

 RI-MOM qPDF to -PDF:MS +𝒪 ( m2
h

P2
z

,
Λ2

QCD

P2
z )q(x, Pz, PR) = ∫

dy
|y |

f(x, μ) C ( x
y

,
μ

yPz
,

PR
⊥

PR
z

,
yPz

PR
z )

Stewart, Zhao: Phys. Rev. D 97, 054512 (2018)

universal for all hadrons, presently only 1-loopfirst continuum limit, then pz → 0
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 Wilson-Clover valance quarks:    

 boosts:     

 latice spacing:    

 lattice size:    

 2+1 flavor HISQ HotQCD gauge configurations:

mval
π = 300 MeV

pz = 1.29, 1.72 GeV

a = 0.06 fm

3.8 × 2.93 fm4, mval
π L = 4.4

msea
π ≃ 160 MeV, msea

K ≃ 500 MeV

BNL-SBU (Nikhil Karthik): Phys.Rev. D100, 034516 (2019)

energy levels of boosted pion

chasing after pions on the light-cone 
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 Wilson-Clover valance quarks:    

 boosts:     

 latice spacing:    

 lattice size:    

 2+1 flavor HISQ HotQCD gauge configurations:

mval
π = 300 MeV

pz = 1.45, 1.93 GeV

a = 0.04 fm

2.64 fm4, mval
π L = 4

msea
π ≃ 160 MeV, msea

K ≃ 500 MeV

BNL-SBU-Tsinghua (Xiang Gao): on-going

energy levels of boosted pion

preliminary

Pz (GeV)

E(
P z

)
(G

eV
)



a = 0.06 fm

13

pion almost on the light-cone

p z
/E

(p
z)
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probing boosted pions

ratio of 3-pt to 2-pt corr. function

bare 3-pt operators in z-space

a = 0.06 fm
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scale dependence of non-perturbative renormalization factor

ξγt
(z, p, pR) = Zγt

(z, pR)/Zγt
(z, p) − 1 ≃ ∂ ln[Zγt

(z, p)]/∂p |pR

real part, imaginary part; lines: 1-loop pQCD
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real part, imaginary part

renormalized 3-pt operator in z-space

a = 0.04 fm

preliminary

Q
(z

,p
z,

pR )

Fourier transform w.r.t. z                  RI-MOM qPDF                              PDFMS
pQCD matching
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preliminary

a = 0.04 fm

a = 0.06 fm

BNL-SBU: Phys.Rev. D100, 034516 (2019) BNL-SBU-Tsinghua: on-going

valance quark PDF of pion 

f π
v (x) = f π

u(x) − f π
d (x) … 0 < x < 1 2⟨x⟩ = 0.43(6)

JAM: 2⟨x⟩ = 0.437
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comparison with JAM in z-space

real part, imaginary part

dashed black lines: reconstructions from JAM global fits by reversing the procedure

Q
(z

,p
z,

pR )

a = 0.06 fm
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Mb(z2, ν) = ⟨H(pz,0) |ψ(0,τ)γ0W(0,z)ψ(z, τ) |H(pz, Tsink)⟩ ν ≡ zpz

Radyushkin: Phys.Rev. D96, 034025 (2017) pseudo Ioffe-time distribution: Lorentz invariant

z2 → 0, ν = fixed approach to light-cone: lim
z2→0

M(z2, ν) → M(x, μ) = ∫
1

−1
C(μ, z)f(x, μ)eixμdν

 reduced Ioffe-time distribution:

rITD(z2, ν) =
Mb(z2, ν)
Mb(z2,0)

=
∞

∑
n=0

(−iν)n

n!
Cn(μ2z2)
C0(μ2z2)

⟨xn⟩(μ) +𝒪 (z2m2
H, z2ΛQCD)

renormalized target-mass, higher-twistperturbative, 1-loop

moments of   PDFMS

Izubuchi et. al.: Phys. Rev. D98, 056004 (2018) 

an alternative angle: Ioffe-time distribution
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preliminary

rI
TD

(z
2 ,ν

)
ν

reduced Ioffe-time distribution

rITD(zpz, z2) =
∞

∑
n=0

(−izPz)n

n!
Cn(μ2z2)
C0(μ2z2)

⟨xn⟩(μ)z, pzjoint fit to all     ν = zPz = 0 − 4
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z [fm]

⟨x2⟩ preliminary

μ = 3.2 GeV

BNL-SBU-Tsinghua, on-going

2nd moment of f π
v (x)

⟨x2⟩ ≃ 0.10(1)

JAM: ⟨x2⟩ = 0.095
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z [fm]

⟨x4⟩
preliminary

μ = 3.2 GeV

BNL-SBU-Tsinghua, on-going

4th moment of f π
v (x)

⟨x4⟩ ≃ 0.030(5)

JAM: ⟨x4⟩ = 0.032
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BNL-SBU-Tsinghua, on-going

f π
v (x) = Axa(1 − x)b

instead of a summary … the shape of  f π
v (x)

⟨x4⟩

μ = 3.2 GeV

a

b ⟨x⟩

⟨x2⟩

preliminary

JAMa = 0.04 fm

preliminary

from quasi-PDF from pseudo-ITD


