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Outline

I Experimental observations on nuclear effects in DIS

I Understanding and modelling nuclear corrections at large 𝑥. Effects due to
nuclear momentum distribution, binding, off-shell correction.

I Off-shell correction as a tool to describe medium modifications.
Determination of this effect from data.

I Verification of the model with recent JLab data.

I Nucleon and nuclear structure functions and nuclear ratios in the resonance
and transition region and comparison with JLab data on 𝐷/(𝑝+𝑛) BONuS, 2015

I Summary and conclusions
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Historic EMC measurement of nuclear effects in DIS
Exciting observation of strong
nuclear effects in DIS by EMC

Collaboration, 1983. Note, the time
dependence of small-𝑥 effect as
well as the calculation.
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Summary of nuclear ratios from DIS experiments
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Measurements for 3He
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Extraction of nuclear effects in 2H
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I SLAC E139 experiment [PRD49(1994)4348] obtains 𝑅𝐷 = 𝐹𝐷
2 /(𝐹

𝑝
2 + 𝐹𝑛

2 ) by
extrapolating data on 𝑅𝐴 = 𝐹𝐴

2 /𝐹
𝐷
2 with 𝐴 ≥ 4 assuming 𝑅𝐴 − 1 scales as

nuclear density.

I JLab BoNuS experiment [PRC92(2015)015211] obtains 𝑅𝐷 from a direct measurement
of 𝐹𝑛

2 /𝐹
𝐷
2 [PRC89(2014)045206] using “world data” on 𝐹𝐷

2 /𝐹
𝑝
2 .

Kulagin (INR) 6 / 25



Why nuclear corrections survive at DIS?
Space-time scales in DIS

𝑊𝜇𝜈 =

∫︁
d4𝑥 exp(𝑖𝑞 · 𝑥)⟨𝑝|[𝐽𝜇(𝑥), 𝐽𝜈(0)]|𝑝⟩

𝑞 · 𝑥 = 𝑞0𝑡− |𝑞|𝑧 ≃ 𝑞0(𝑡− 𝑧)− 𝑄2𝑧

2𝑞0

I DIS proceeds near the light cone: |𝑡− 𝑧| ∼ 1/𝑞0 and 𝑡2 − 𝑧2 ∼ 𝑄−2.

I In the TARGET REST frame the characteristic 𝑡 and 𝑧 individually are NOT small
𝑡 ∼ 𝑧 ∼ 2𝑞0/𝑄

2 = 1/𝑀𝑥Bj. E.g., 𝑧 ∼ 1 Fm for 𝑥Bj ∼ 0.2 and 𝑧 ∼ 20 Fm for
𝑥Bj ∼ 0.01.

I Two different regions emerge from comparison of coherence length (Ioffe time)
𝐿 = 1/𝑀𝑥Bj with average distance between bound nucleons 𝑟NN:

I 𝐿 < 𝑟NN (or 𝑥 > 0.2) ⇒ Nuclear DIS ≈ incoherent sum of contributions from
bound nucleons. Nuclear corrections expected to be ∼ 𝐸𝐿 and ∼ |𝑝|2𝐿2

where 𝐸 (𝑝) typical energy (momentum) in the nuclear ground state.
I 𝐿≫ 𝑟NN (or 𝑥≪ 0.2) ⇒ Coherent effects of propagation of intermediate

hadronic/quark-gluon states in nuclei are important.
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Incoherent regime of nuclear DIS

𝐹𝐴
𝑖 =

∫︁
d4𝑝𝐾𝑖𝑗

(︀
𝒫𝑝(𝑝)𝐹 𝑝

𝑗 (𝑥
′, 𝑄2, 𝑝2) + 𝒫𝑛(𝑝)𝐹𝑛

𝑗 (𝑥′, 𝑄2, 𝑝2)
)︀

𝑖, 𝑗 = 1, 2

I Integration over the four-momentum of the bound proton (neutron) 𝑝 = (𝑀 + 𝜀,𝑝)

I 𝒫𝑝,𝑛(𝜀,𝑝) the proton (neutron) nuclear spectral function, which describes
probability to find a bound nucleon with momentum 𝑝 and energy 𝑝0 =𝑀 + 𝜀.
Normalized to the nucleon number

∫︀
d𝜀d𝑝𝒫𝑝 = 𝑍 and

∫︀
d𝜀d𝑝𝒫𝑛 = 𝑁 .

I The bound nucleon structure functions depend on 3 independent variables,
𝐹 𝑝,𝑛
2 = 𝐹 𝑝,𝑛

2 (𝑥′, 𝑄2, 𝑝2), 𝑥′ = 𝑄2/2𝑝 · 𝑞 the Bjorken variable of a nucleon with
four-momentum 𝑝. Note the nucleon virtuality 𝑝2 is additional variable for off-shell
nucleon which is not present for the physical nucleon.

I The kinematical factors 𝐾𝑖𝑗 can be derived starting from a relativistic approach and
nonrelativistically reducing the relevant matrix elements assuming smallness of
𝑝/𝑀 . All the terms 𝐾𝑖𝑗 are known to order 𝑝2/𝑀2 ∼ 𝜀/𝑀 (see S.K., Piller, Weise,

1994, S.K., R.Petti, 2004, S.K., Melnitchouk, 2008. E.g., for 𝐹2 this matrix has only the
diagonal term 𝐾22 = (1 + 𝑝𝑧/𝑀)

(︀
1 +𝒪(𝑝2/|𝑞|2)

)︀
.
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Nuclear spectral function

The nuclear spectral function describes probability to find a bound nucleon with
momentum 𝑝 and energy 𝑝0 =𝑀 + 𝜀:

𝒫(𝜀,𝑝) =

∫︁
d𝑡 𝑒−𝑖𝜀𝑡⟨𝜓†(𝑝, 𝑡)𝜓(𝑝, 0)⟩

=
∑︁
𝑖

|⟨(𝐴− 1)𝑖,−𝑝|𝜓(0)|𝐴⟩|2 2𝜋𝛿
(︁
𝜀+ 𝐸𝐴−1

𝑖 (𝑝)− 𝐸𝐴
0

)︁

I The sum runs over all possible states of the spectrum of 𝐴− 1 residual system.

I The nuclear spectral function determines the rate of nucleon removal reactions such
as (𝑒, 𝑒′𝑝). For low separation energies and momenta, |𝜀| < 50MeV,
𝑝 < 250MeV/c, the observed spectrum is dominated by bound states 𝐴− 1 similar
to those predicted by the mean-field model.

I High-energy and high-momentum components of nuclear spectrum is not described
by the mean-field model and driven by correlation effects in nuclear ground state
(short-range correlations, or SRC). We combine the mean-field together with SRC
contributions and consider a two-component model 𝒫 = 𝒫MF + 𝒫cor Ciofi degli Atti &

Simula, 1995; S.K. & Sidorov, 2000; S.K. & Petti, 2004
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EMC effect in impulse approximation (IA)

I Assume no 𝑝2 dependence:
𝐹2(𝑥

′, 𝑄2, 𝑝2) = 𝐹2(𝑥
′, 𝑄2,𝑀2)

I Momentum distribution (Fermi
motion) leads to a rise at large
Bjorken 𝑥 Atwood, West; Bodek,

Ritchie, 1970s.

I Nuclear binding correction is
important and results in a
“dip” at 𝑥 ∼ 0.6− 0.7
Akulinichev,Vagradov & S.K., 1984.

I In IA, even the using of a
realistic nuclear spectral
function fails to accurately
explain the slope and the
position of the minimum.  0.8

 0.9

 1

 1.1

 1.2

 1.3

 1.4

0.1 0.3 0.5 0.7 0.9

(F
2A

/A
) /

 (F
2D

/2
)

Bjorken x

56Fe  SLAC E139
56Fe  CERN BCDMS
63Cu  CERN EMC

Fermi gas model, no binding Q2=10 GeV2

Mean-field model
Mean field + SRC
Mean field + SRC+OS
Mean field + SRC+OS+MEC

Kulagin (INR) 10 / 25



Nucleon off-shell effect (OS)

Bound nucleons are off-mass-shell, 𝑝2 < 𝑀2. The treatment of 𝑝2 dependence
can greatly be simplified in the vicinity of the mass shell. If the virtuality
parameter 𝑣 = (𝑝2 −𝑀2)/𝑀2 is small (e.g. average virtuality 𝑣 ∼ −0.15 for
56Fe) then expand 𝐹2(𝑥,𝑄2, 𝑝2) in series in 𝑣 S.K., Piller & Weise, 1994

𝐹𝑁
2 (𝑥,𝑄2, 𝑝2) ≈ 𝐹𝑁

2 (𝑥,𝑄2)
(︀
1 + 𝛿𝑓(𝑥,𝑄2) 𝑣

)︀
𝛿𝑓 = 𝜕 log𝐹𝑁

2 (𝑥,𝑄2, 𝑝2)/𝜕 log 𝑝2

I 𝛿𝑓(𝑥,𝑄2) is a special structure function describing the modification of the
off-shell nucleon PDFs in the vicinity of the mass shell.

I Off-shell correction provides a tool to describe the nucleon modification in
nuclear environment S.K., R.Petti, 2004. Nuclear dependence emerges after the
averaging with the nuclear spectral function.
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Modelling the nuclear corrections

S.K. & R.Petti, NPA765(2006)126; PRC82(2010)054614; PRC90(2014)045204

𝐹𝐴
2 = ⟨𝐹 𝑝

2 (1 + 𝑣𝛿𝑓)⟩ + ⟨𝐹𝑛
2 (1 + 𝑣𝛿𝑓)⟩ + 𝛿𝐹MEC

2 + 𝛿𝐹 coh
2

Strategy of the analysis:

I Compute the proton and neutron structure functions in terms of free proton PDF
with relevant perturbative QCD corrections, TMC, as well as HT correction.

I Using 𝐹 𝑝,𝑛
2 compute 𝐹𝐴

2 with accurate treatment of nuclear spectral function
effects (Fermi-motion and nuclear binding), MEC and nuclear shadowing correction.

I Study the data on the nuclear DIS in terms of the ratios 𝐹𝐴
2 /𝐹

𝐵
2 and determine

𝛿𝑓(𝑥) from data.

I Verify the model by comparing the calculations with the data not used in analysis.
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Structure functions not only PDFs
If 𝑄2 is large compared the nucleon mass, the operator product expansion in QCD produces power series:

𝐹2(𝑥,𝑄
2
) = 𝐹

𝐿𝑇,𝑇𝑀𝐶
2 (𝑥,𝑄

2
) +

𝐻2(𝑥,𝑄)

𝑄2
+ · · ·

The leading term is given in terms of PDFs convoluted with coefficient functions:

𝐹
𝐿𝑇
2 =

[︂
1 +

𝛼𝑆

2𝜋
𝐶

(1)
𝑞

]︂
⊗ 𝑥

∑︁
𝑞

𝑒
2
𝑞(𝑞 + 𝑞)

+
𝛼𝑆

2𝜋
𝐶

(1)
𝑔 ⊗ 𝑥𝑔 + 𝒪(𝛼

2
𝑆)

The HT terms involve interaction between quarks and gluons and lack simple probabilistic interpretation.
In the region of high Bjorken 𝑥 and/or low 𝑄2 (small 𝑊 2) one has to account for the target mass correction
Georgi & Politzer, 1976

𝐹
𝐿𝑇,𝑇𝑀𝐶
2 (𝑥,𝑄

2
) =

𝑥2

𝜉2𝛾2
𝐹

𝐿𝑇
2 (𝜉,𝑄

2
) +

6𝑥3𝑀2

𝑄2𝛾4

∫︁ 1

𝜉

d𝑧

𝑧2
𝐹

𝐿𝑇
2 (𝑧,𝑄

2
) + 𝒪(𝑄

−4
)

𝜉 = 2𝑥/(1 + 𝛾) is the Nachtmann variable and 𝛾2 = 1 + 4𝑥2𝑀2/𝑄2. In this work we use the results of the
PDF global analysis performed to QCD NNLO approximation (i.e. to order 𝛼2

𝑆) and which includes the proton

(and deuteron) data sets from DIS, DY and collider data. Kinematical range 0.8 < 𝑄2 < 105 GeV2 and

10−6 < 𝑥 < 1 with the cut 𝑊 > 1.8 GeV Alekhin, Melnikov, Petriello, 2007; Alekhin, S.K., Petti, 2007
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Determination of the function 𝛿𝑓(𝑥) from data

I Analysis of 𝐴/𝐷 and 𝐴/𝐶 ratios with
a model
𝛿𝑓(𝑥) = 𝐶𝑁 (𝑥−𝑥1)(𝑥−𝑥0)(1+𝑥0−𝑥)
gives a good fit to all studied nuclei
from 4He to 208Pb with
𝜒2/d.o.f. = 459/556 S.K. & R.Petti, 2006.

I A different approach: global QCD
analysis using deuteron data and a
model 𝛿𝑓(𝑥) = 𝐴𝑥2 +𝐵𝑥+ 𝐶 Alekhin,

S.K., Petti, 2017.

I The function 𝛿𝑓(𝑥) provides a measure of the modification of the quark
distributions in a bound nucleon.

I The slope of 𝛿𝑓(𝑥) in a single-scale nucleon model is related to the change of the
radius of the nucleon in the nuclear environment S.K. & R.Petti, 2004. The observed
slope suggests an increase in the bound nucleon radius in the iron by about 10%
and in the deuteron by about 2%.
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Off-shell effect and the bound nucleon radius
The valence quark distribution in a (off-shell) nucleon
S.K., Piller & Weise, 1994; S.K. & Petti, 2004

𝑞val(𝑥, 𝑝
2) =

∫︁ 𝑘2
max

d𝑘2Φ(𝑘2, 𝑝2)

𝑘2max = 𝑥
(︀
𝑝2 − 𝑠/(1− 𝑥)

)︀
I A one-scale model of quark 𝑘2 distribution: Φ(𝑘2) = 𝐶𝜑(𝑘2/Λ2)/Λ2, where 𝐶 and
𝜑 are dimensionless and Λ is the scale.

I Off-shell: 𝐶 → 𝐶(𝑝2), Λ → Λ(𝑝2)

I The derivatives 𝜕𝑥𝑞val and 𝜕𝑝2𝑞val are related in this model

𝛿𝑓(𝑥) =
𝜕 ln 𝑞val
𝜕 ln 𝑝2

= 𝑐+
d𝑞val(𝑥)

d𝑥
𝑥(1− 𝑥)ℎ(𝑥)

ℎ(𝑥) =
(1− 𝜆)(1− 𝑥) + 𝜆𝑠/𝑀2

(1− 𝑥)2 − 𝑠/𝑀2

𝑐 =
𝜕 ln𝐶

𝜕 ln 𝑝2
, 𝜆 =

𝜕 lnΛ2

𝜕 ln 𝑝2
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I A simple pole model 𝜑(𝑦) = (1− 𝑦)−𝑛 (note that 𝑦 < 0 so we do not run into
singularity) provides a resonable description of the nucleon valence distribution for
𝑥 > 0.2 and large 𝑄2 (𝑠 = 2.1 GeV2, Λ2 = 1.2 GeV2, 𝑛 = 4.4 at
𝑄2 = 15÷ 30 GeV2).

I The size of the valence quark confinement region 𝑅𝑐 ∼ Λ−1 (nucleon core radius).

I Fix 𝑐 and 𝜆 to reproduce 𝛿𝑓(𝑥0) = 0 and the slope 𝛿𝑓 ′(𝑥0). We obtain 𝜆 ≈ 1 and
𝑐 ≈ −2.3. The positive parameter 𝜆 suggests the decreasing scale Λ in nuclear
environment (or “swelling” of a bound nucleon).
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Summary of results on the nuclear ratios 𝐹𝐴
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Verification with recent JLab data (not fit)

0.9

1

1.1

1.2

 σ
1

2
C
/σ

2
H

KP model

0.9

1

1.1

1.2

 σ
9

B
e
/σ

2
H

KP model (IA)

0.8

0.9

1

1.1

1.2

0.3 0.4 0.5 0.6 0.7 0.8 0.9

 σ
4

H
e
/σ

2
H

JLab E03103 scaled by 0.98

Bjorken x

I Very good agreement of our predictions
S.K. & R.Petti, PRC82(2010)054614 with
JLab E03-103 for all nuclear targets:
𝜒2/𝑑.𝑜.𝑓. = 26.3/60 for 𝑊 2 > 2 GeV2.

I Nuclear corrections at large 𝑥 is driven
by nuclear spectral function, the
off-shell function 𝛿𝑓(𝑥) was fixed from
previous studies.

I A comparison with the Impulse
Approximation (shown in blue)
demonstrates that the off-shell
correction is crucial to describe the
data leading to both the modification
of the slope and the position of the
minimum of the ratios.
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Verification with HERMES data (not fit)
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I A good agreement of our predictions
S.K. & R.Petti, PRC82(2010)054614 with
HERMES data for 14N/D and 84Kr/D
with 𝜒2/𝑑.𝑜.𝑓. = 14.7/24

I A comparison with CERN NMC data
for 12C/D shows a notable 𝑄2

dependence at small 𝑥 in the
shadowing region related to the 𝑄2

dependence of effective cross-section.

The model correctly describes the
observed 𝑥 and 𝑄2 dependence.
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Comparison with recent JLab data Schmookler et.al. 2019
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Compare predictions for 𝐴 = 3 nuclei

Our predictions S.K., R.Petti (KP), 2010 vs. recent analysis by Tropiano et.al. (TEMS), 2018
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Using 𝐹 𝑛
2 /𝐹

𝑝
2 as a consistency test of nuclear data
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𝐷
2 (NMC)

and 𝐹
3He
2 /𝐹𝐷

2 (JLab)
with account of nuclear
effect (full symbols)
and also with no
nuclear effects (open
symbols).

I Mismatch in 𝐹𝑛
2 /𝐹

𝑝
2 extracted from different experiments. At 𝑥 ∼ 0.35,

where nuclear corrections are negligible, the ratio 𝐹𝑛
2 /𝐹

𝑝
2 from JLab E03-103

is 15% bigger than that from NMC.

I Normalization of 𝐹𝑛
2 /𝐹

𝑝
2 is directly related to the normalization of 3He/D.

Requiring 𝐹𝑛
2 /𝐹

𝑝
2 from JLab to match NMC, we obtain a renormalization

factor of 1.03+0.006
−0.008 for the central values of JLab 3He/D measurement.
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Compare predictions for 4He/D
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Nuclear scattering at large 𝑥 / low 𝑄2

I Region of large Bjorken 𝑥 / low 𝑄2 falls into a transition region of nucleon
resonance excitation

𝑊 2 = (𝑝 + 𝑞)2 = 𝑀2 + 𝑄2(1/𝑥− 1) ∼ a few GeV2

I In order to address description of nuclear processes we need a quantitative
model of the proton and neutron structure functions in this region.
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Comparison of DIS and RES fits: 𝐹2

0.1

0.2

0.3

Q2 = 1 GeV2

P
ro

to
n

 F
2

DIS (Alekhin)
RES (Christy-Bosted)

Q2 = 2 GeV2 Q2 = 4 GeV2

0.1

0.2

0.3

Q2 = 1 GeV2

N
e

u
tr

o
n

 F
2

Q2 = 2 GeV2 Q2 = 4 GeV2

0.1

0.2

0.3

2 4 8 16

Q2 = 1 GeV2

D
e

u
te

ro
n

 F
2

W2  (GeV2)
2 4 8 16

Q2 = 2 GeV2

W2  (GeV2)
2 4 8 16

Q2 = 4 GeV2

W2  (GeV2)

Kulagin (INR) 27 / 25



Comparison of DIS and RES fits: 𝐹𝑇 = 2𝑥𝐹1
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Duality

DIS and RES structure functions are dual in the integral sense Bloom & Gilman, 1970:∫︁ 𝑊 2
0

𝑊 2
th

d𝑊 2 𝐹DIS
2 (𝑊 2, 𝑄2) =

∫︁ 𝑊 2
0

𝑊 2
th

d𝑊 2 𝐹RES
2 (𝑊 2, 𝑄2)

𝑊th = 𝑀𝑝 + 𝑚𝜋 the pion production threshold energy and 𝑊0 = 2 GeV the
boundary of the resonance region.

Comparing Christy-Bosted (RES) and Alekhin (DIS) analyses:

I For the proton the error of the duality relation is better than 5% for
1 ≤ 𝑄2 < 10 GeV2.

I For the neutron the error is larger ∼ 5 − 10%. This could be related to a
different treatment of the deuteron correction in Alekhin and CB fits.
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Hybrid model for the proton

A good matching between RES and DIS models in overlap region of
1.8 < 𝑊 < 3 GeV motivates us to use a combined model in a wide region of 𝑊
and 𝑄2:

𝐹2 =

⎧⎪⎪⎨⎪⎪⎩
𝐹RES
2 (𝑊 2), 𝑊 ≤ 𝑊1,

𝐹RES
2 (𝑊 2

1 ) +
𝑊 2 −𝑊 2

1

𝑊 2
2 −𝑊 2

1

[︀
𝐹DIS
2 (𝑊 2

2 ) − 𝐹RES
2 (𝑊 2

1 )
]︀
, 𝑊1 < 𝑊 < 𝑊2,

𝐹DIS
2 (𝑊 2), 𝑊 ≥ 𝑊2

Here 𝑊1 = 1.8 GeV and 𝑊2 = 2 GeV.
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Hybrid model for the neutron

I For the neutron, the matching between RES and DIS models is somewhat
worse than for the proton. As the neutron is extracted from the deutron –
proton difference, a significant part of disagreement could arise from a
different treatment of the deuteron correction (discussed below).

I We compute neutron 𝐹𝑛
2 in the resonance region using the RES model for

the proton and the ratio 𝑅𝑛𝑝 = 𝐹𝑛
2 /𝐹

𝑝
2 from the DIS model.

I Special care has to be taken in the ∆(1232) region and near threshold. The
isospin conservation suggests equal contribution to the proton and the
neutron from the ∆(1232) resonance = 𝐹Δ

2

𝐹
𝑛(RES)
2 = 𝑅𝑛𝑝

(︁
𝐹

𝑝(RES)
2 − 𝐹Δ

2

)︁
+ 𝐹Δ

2
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Model 𝐹2 vs. proton and deuteron data
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Comparison with BoNuS data on 𝐹 𝑛
2 /𝐹
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EMC effect in the deuteron

DIS model
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The slope of 𝑅 = (𝐹 𝑝
2 + 𝐹𝑛

2 )/𝐹𝐷
2 , d𝑅/d𝑥 ≈ 0.1, is explained by combined effect

of the deuteron momentum distribution (wave function), binding energy and
off-shell correction.
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Comparison with JLab BoNuS measurement
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(dotted-blue) line shows the DIS (RES) results at average 𝑥 and 𝑄2 for each 𝑥-bin. The
dash-dotted green line is the result of averaging over 𝑥 within each 𝑥-bin. The solid line
is the result of the full averaging over the BoNuS data points within the given 𝑥 bin, i.e.∑︀
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Summary

I The data on the ratio of nuclear structure functions 𝐹𝐴
2 /𝐹𝐵

2 show nontrivial
oscillating shape spanning different kinematical regions of Bjorken 𝑥 (known
as nuclear EMC effect).

I The data in the DIS region can be understood if we address a number of
corrections including nuclear momentum distribution and binding effects,
off-shell correction, meson-exchange currents as well as the matter
propagation effects of hadronic component of virtual photon. Those nuclear
effects result in the corrections relevant in different regions of 𝑥.

I In the resonance region (low 𝑄2 and/or large 𝑥) the nuclear ratios for light
nuclei (2H, 3He and 3H) show a strong 𝑄2 and 𝑥 dependence. Current data
on those ratios (JLab) can be understood in terms of smearing of the
resonance structures with nuclear spectral function (the wave function in the
deuteron case).
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