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PARTICLE SCATTERING NEAR THRESHOLD



• Consider the DY invariant mass distribution: 
 
 
 
 
 

• Near partonic threshold: 
 
 
 
the partonic cross section has the singular 
expansion 
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• Large threshold logarithms spoil the reliability of the perturbative expansion: needs to be 
resummed.  
 
 

• Resummation of LP logarithms is well established, relies on factorisation and 
exponentiation properties of soft radiation.   

• The resummation of threshold logarithms leads to a more reliable perturbative expansion. 

 0

 10

 20

 30

 40

 50

 60

 70

LO

N
LO

N
N

LO

N
3
LO

N
LO

+
N

LL

N
N

LO
+

N
N

LL

N
3
LO

+
N

3
LL

� 
[p

b
]

Higgs cross section: gluon fusion

mH = 125 GeV

LHC 13 TeV µ0 = mH/2

thick: AP2    thin: AP1

all constants in the exponent
default

all constants in g0
N-soft

Bonvini, Marzani, Muselli, Rottoli 2016

PARTICLE SCATTERING NEAR THRESHOLD: LP

cr
os

s 
se

ct
io

n 
pe

r b
in

 [f
b]

20

40

60

80

100

120
NLO+NNLL
NLO+NLL

Htt
LHC 13 TeV

 = M/2
f,0
µ

M (GeV)
500 600 700 800 900 1000 1100R

at
io

 to
 N

LO
+N

N
LL

0.8

0.9

1.0

1.1

1.2

Broggio, Ferroglia, Pecjak, Yang 2016

d�

dz
=

1X

n=0

⇣↵s

⇡

⌘n 2n�1X

m=0

c(�1)
nm

logm(1� z)

1� z

����
+

+ . . .



• What about NLP and higher power terms?  
 
 
 

• Recent analyses show that they can be relevant for precision physics!  
• Interesting physical problem: probes all-order structures beyond the semi-classical approximation. 

LN(N)/N TERMS

Can be numerically important

We know that the leading series lni(N)/N exponentiates

by replacing  in resummation formula
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SCATTERING NEAR THRESHOLD: 
FACTORISATION



FACTORISATION OF SOFT GLUONS: LP

• Emission of soft gluons from an energetic parton (quark): 
 
 
 
 
 
 
 

• Emission of multiple soft gluons factorises: 
 
 
 
 
 
 
 

• In general
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• Beyond leading power one has non-trivial effects due to virtual gluons: 
 
 
 
 
 
 
 
 

• The loop momentum runs over all scales, cannot be treated as soft:
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• Virtual gluons gives non-analytical contributions proportional to the scales of the problem. 
• LP: 

 
 
 
 
 
 
 
 
 
 
 
 

• Factorisation: physics at different scales is uncorrelated.
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• Virtual gluons gives non-analytical contributions proportional to the scales of the problem 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

• Need an effective approach to take into account hard, collinear and soft modes. 
• Two approaches: ~ Diagrammatic; ~ Soft Collinear Effective Field Theory.
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DIAGRAMMATIC FACTORISATION AT NLP

Del Duca 1990,  
Bonocore, Laenen, 
Magnea, Melville, LV, 
White, 2015,2016

Low 1958, 
Burnett,Kroll 1968

Laenen, Magnea, 
Stavenga, White, 
2009, 2010 
Bonocore, Laenen, 
Magnea, LV, 
White,2016

• Goal: factorise hard, collinear and soft modes;  
• describe them in terms of simpler, universal functions in QCD:
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FACTORISATION OF (NEXT-TO-)SOFT GLUONS
• Emission of soft gluon at NLP described in terms of ”NLP” Wilson lines:
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FACTORISATION OF VIRTUAL COLLINEAR MODES

• Collinear modes can be described by introducing a radiative jet function: 
 
 

• where  
 
 

• The radiative jet obeys the Ward identity 
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LV, White, 
2015,2016

Jµ,a (p, n, k)u(p) =

Z
ddy e�i(p�k)·y h0 |�n(1, y) (y) jµ,a(0) | pi ,

p

k2

n
k1

kµJ
µ,a (p, n, k) = gTaJ (p, n) , J(p, n)u(p) = h0 |�n(1, 0) (0)| pi ,

jµa (x) = g
n
� (x) �µ Ta  (x) + f bc

a

h
Fµ⌫
c (x)A⌫ b(x) + @⌫ (A

µ
b (x)A

⌫
c (x))

io
.

Del Duca 1990 



DIAGRAMMATIC FACTORISATION AT NLP: DRELL YAN

• For Drell Yan we obtain:  
 
 
 
 
 
 
 
for n1 = p2, n2 = p1. 
 
 
 
 
 
 
 
 
 
 
 

• Reproduces Drell-Yan up to NNLO.  
• Hard and soft terms contributes LLs, collinear terms NLLs.
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• To do list: 

• radiative gluon jet, 
• Multiple soft gluon emission, 
• Multiloop correction to the radiative jet and subtraction of double counting. 
• Valid at the amplitude level; generalise to the cross section level (beyond LLs).

DIAGRAMMATIC FACTORISATION AT NLP
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FACTORISATION IN SCET



SCET: REMINDER
• Effective Lagrangian and operators made of soft and collinear quarks and gluons.  
• Constructed to reproduce the amplitudes as obtained with the method of regions. 

• Each collinear sector described by a collinear Lagrangian, 
• Collinear sectors interact only through soft interactions. Bauer, Fleming, Pirjol, 

Stewart, 2000,2001; 
Beneke, Chapovsky, 
Diehl, Feldmann, 2002 
Hill, Neubert 2002
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DRELL-YAN AT NLP IN SCET
• Schematic factorisation formula at NLP: we expect 

 
 
 
 
where 
 
 

• C is the hard Wilson matching coefficient, 
• S is a generalised soft function, 
• J is a new collinear function. 

• The collinear function is trivial at LP, because all threshold collinear modes are scaleless. 
• The collinear scale is induced by the injection of a soft momentum.
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DRELL-YAN AT NLP IN SCET

• We match the collinear matrix element to a collinear function, which provides the 
equivalent of the radiative jet functions of the diagrammatic approach:  
 
 
 
 
 

• Collinear functions are labelled by a basis of soft structures, obtained after application of 
equations of motion:
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DRELL-YAN AT (N…)NLP IN SCET
• This is actually general at subleading power: there can be many Lagrangian insertions at 

various position, each with its own ! i conjugate to the large component of the collinear 
momentum. 
 
 
 
 
 
 

• After taking the matrix element squared, this leads to the appearance of generalised soft 
functions: 
 
 
 
 
 
 
which are equivalent to the generalised  
Wilson lines built in terms of NLP webs  
in the diagrammatic approach. 
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See also Larkoski, Neill, Stewart, 2014; Moult, Stewart, 
Vita, 2019 for factorisation in SCET in label formalism



DRELL-YAN AT (N…)NLP IN SCET
• The invariant mass reads  

 
 
where the hadronic tensor is  
 
 
 
 
 
 

• Phase space expansion:  
 
 
 
 

• The kinematic correction reads 
 
 

• Expansion of the QCD DY current at general subleading power in SCET: 
 
 
 
Where
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DRELL-YAN AT NLP IN SCET

• Up to NNLO (1r1v) there is only one collinear function contributing:
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DRELL-YAN AT NLP IN SCET

• We reproduce the 1real 1-virtual contribution to DY, 2-real almost completed. 
• The ingredients to reproduce 1r1v correction in DY are the 1-loop collinear and soft 

functions: 
 
 
 
 
 
 
 
 
 
 
 

• However: the convolution is regularised by dimensional regularisation. For resummation, 
we treat the two object independently, and expand in ϵ prior to performing the convolution. 
 
 
 
 

• Open problem that needs to be solved to achieve resummation beyond LL.
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RESUMMATION OF NLP LLS



• Many contributions drops out at NLP LL accuracy: 
 
 
 
 
 
 
 
 

• Resummation is achieved through RG evolution to a common scale: 
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"""""""""#

"""""""""$

!( µc)

Beneke, Broggio, Garny, Jaskiewicz, Szafron, LV, Wang, 2018
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RESUMMATION IN SCET - DY



• RGE for the hard function: 
 
 

• Solution: 
 
 

• Where  
 
 

• RGE for the soft function:  
 
 
 
 

• Solution:

Beneke, Broggio, 
Garny, Jaskiewicz, 
Szafron, LV, Wang, 
2018
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RESUMMATION IN SCET - DY
• All together: 

 
 

• We need evolution to a generic scale ! : this is obtained by consistency with PDF evolution: 
 
 
 

• This step is a bit technical, in the end one obtains:  
 
 
 

• The form is the same as the evolution to the scale ! c!  
      → No LL originating from the evolution of the collinear function. 

• Logarithms of (1-z) are generated by setting ! h = Q and ! s = Q(1-z), and expanding " s(! h) and 
" s(! s) at ! : we get 
 
 
 
 
in agreement with known results in literature. 
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See also Moult, Stewart, Vita, Zhu, 2018 for NLP LLs resummation in thrust; 
Boughezal, Isgrò, Petriello 2018; Ebert, Moult, Stewart, Tackmann, Vita, Zhu, 2018 
for power corrections in n-jettiness
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RESUMMATION IN SCET - HIGGS
• We consider Higgs production in gluon fusion as well:  

 
 
 
 
 
where the parton luminosity function reads  
 
 
 

• Resummation at NLP can be proven to be equivalent to DY, with CF → CA. Thus

Beneke, Garny, Jaskiewicz, Szafron, LV, Wang, 2019
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RESUMMATION IN SCET - HIGGS

• Sizeable effect of NLP correction; 
• High sensitivity to the soft scale at NLP LL; 
• Two initial conditions gives consistent results around the default soft scale µs ~ 38 GeV.

Beneke, 
Garny, 
Jaskiewicz, 
Szafron, LV, 
Wang, 2019
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• NLP LL resummation and LP NNLL resummation incluing π2 terms resummation gives a 
result which is comparable with the full N3LO fixed order result.

! (pb)
µs = µdyn

s

µ2
h = m2

H µ2
h = ! m2

H

! NNLL
LP 24.12 28.04

! NNLO
LP 28.93

! N3LO
LP 29.24

! LL
NLP (A) 7.18 12.76

! LL
NLP (B) 8.82 15.68

! NNLO
non LP 11.90

! N3LO
non LP 16.27

! NNLL
LP + ! LL

NLP (A) 31.30 40.80

! NNLL
LP + ! LL

NLP (B) 32.94 43.72

! NNLO 40.82

! N3LO 45.52

Table 2: Resummed Higgs production cross section in gluon fusion at LP with NNLL,
and at NLP with LL accuracy. For NLP we present the result for the two cases deÞned
in (4.6). For comparison, we also show the Þxed order results for gluon fusion at NNLO
and N3LO based on theiHixs code [43]. In addition, we distinguish the LP contribution
and the di! erence between the full result and LP contribution (denoted by non LP) for
the Þxed-order results.

Þnd that the NLP correction is sizeable, and constitutes up to 40% of the NNLL LP
resummed cross section. Furthermore, we Þnd that the resummation of" 2 enhanced
terms, although contributing formally beyond LL accuracy, is numerically important.
Its inclusion leads to a combined NNLL LP + LL NLP resummed cross section that is
comparable to the N3LO result [2,3].

In Þgures 1 and 2 we study the dependence of our resummed result on the soft scale
µs. As expected, the sensitivity toµs is larger for the NLP corrections, given that only
the LLs are available, compared to the LP cross section, which is resummed at NNLL
accuracy. These numerical results should therefore be interpreted with care. Despite the
large sensitivity to µs, the NLP correction proves to be stable in the region aroundµdyn

s :
the resummed cross section obtained for the two initial conditions A and B overlaps in
this region.

13

Beneke, Garny, Jaskiewicz, Szafron, LV, Wang, 2019

� �� �� �� �� ��� ���
��

��

��

��

��

��
�(	
)

������

����(�)

����(�)
������+
����(�)
������+
����(�)

RESUMMATION IN SCET - HIGGS



DIAGRAMMATIC RESUMMATION (NLP LLS)

• Partonic cross section at NLP: at LL accuracy only corrections to the matrix element:  
 
 
 
 
 
 

• Furthermore, the radiative jets contribute only at NLL: at LL only next-to-soft radiation.  
 
In Mellin space 
 
 
 
 
 

• where the NLP soft function is made out of generalised Wilson lines:

e.g. Bonocore, Laenen, Magnea, LV, White, 2014; 
Bahjat-Abbas, Sinninghe Damsté, LV, White, 2018
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• At one loop, in Mellin space, summing LP and NLP gives  
 
 
 

• The singularities cancel with those coming from the PDF. Exponentiation gives 
 
 
 
 
 
 
 

• In z space this gives  
 
 
 
 
 

• The coefficient of the NLP LL corresponds to the NLP term in the Altarelli-Parisi splitting kernels.

Bahjat-Abbas, Bonocore, Sinninghe 
Damsté, Laenen, Magnea, LV, White, 2019

Kraemer, Laenen, Spira, 1998; 
Laenen, Magnea, Stavenga, 2008; 
Kidonakis 2009; 
Marzani, Bonvini 2014 ….
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DIAGRAMMATIC RESUMMATION (NLP LLS)
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“Replica trick”, 
Gardi, Laenen, 
Stavenga, 
White, 2010



• Consider the production of N colour singlet particles: additional NLP contribution, associated 
to the orbital angular momentum of incoming particles. Up to NLP:  
 
 
 
 
the orbital angular momentum contribution can be combined with the spin angular 
momentum contribution into WNLP, to give the total angular momentum.  

• At NLO NLP the partonic cross section take the simple form 
 
 
 
where KNLP is a universal factor  
 
 

• We can interpret this as  
 
 

• Thus 

Bahjat-Abbas, 
Bonocore, 
Sinninghe Damsté, 
Laenen, Magnea, 
LV, White, 2019

DIAGRAMMATIC RESUMMATION: UNIVERSALITY
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Del Duca, 
Laenen, Magnea, 
LV, White, 2017
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CONCLUSION
• Differential distributions near threshold develop large logarithms, needs 

resummation. 

• Resummation is well known at leading power. Better knowledge of NLP logarithms 
welcome for precision physics at the LHC. 

• Two approaches: diagrammatic and SCET based.  

• Diagrammatic methods provide a “bottom-up” approach; 

• SCET provides a systematic “top-bottom” approach. 

• Derived factorisation theorem for Drell Yan, at NLP within the diagrammatic 
approach, and at general subleading power in SCET.  

• Resummation of NLP LLs obtained within the diagrammatic approach and SCET. 

• ”Simple”, because collinear modes do not contribute. 

• NLP LL resummation gives a sizeable contribution to the resummed cross section.  

• High sensitivity to the soft scale motivates further development of NLP 
resummation at NLL. 


