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Transition energies in Pb’?* ions

The knowledge about 2s-2p, ,, (and 2s-2p,,) transition energies is crucial
for the Gamma Factory PoP experiment.

A number of calculations have been performed since 1990 (table from
Jacek Bieron’s contribution to YR).

Table 1: Transition energies of the 25-2py g and 2s—2pg e lines in the Pb Li-like

1on

25-2p1/2 2s-2p3/2 vear  method reference

231.374 2642.297 1990 MCDF VP SE Indelicato and Desclaux (1990)

230.817 2641.980 1991 MCDF VP SE Kim et al. (1991)

230.698 2641.989 1995 RCT QED NucPol  Chen ef al. (1995)

231.16 2642.39 1996 3-rd order MBPT  Johnson et al. (1996)

230.68 2010 RCI QED NucPol  Kozhedub et al. (2010)

230.76(4) 2642.17(4) 2011 S-m. 2-1. NucPol  Sapirstein and Cheng (2011)

230.823(47)(4)  2642.220(46)(4) 2018 RCI QED NucPol  Yerokhin and Surzhvkov (2018)

230.80(5) 2642.20(5) 2019 S-m. 2-1. NucPol  Sapirstein and Cheng (2019)
2642.26(10) 2008 EBIT Zhang et al. (2008)

How shall we understand this table? Can we trust to some calculations

more than to others? = pE—
CA il i




Hydrogen atom: Well-known solutions

We all have studied in the quantum mechanics course the
Schrodinger equation for a one-electron atom:

hZ 2
(37 = 25w = £ 9

2m

We know analytical solutions of this equation!

ZZ
Energy: E, = —Ry ﬁ

Wave function: l,ljnlm(r) — Rnl(T)Ylm(@, QD)

L J
J

Three guantum numbers describe the system:

n =1,2,3.. (principal)
| =0,..n-1 (orbital)

m = -/, .... +/ (magnetic) SRS Technische
' :ﬁ PI-B t




Heavy multiply-charged ions

What is so special about multiply- 4 : )

charged, heavy ions?
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“velocity” in the ground state:

Vg R alc 'I: Ve = 0.7c Electron is exposed to huge fields
(for U%%) ) (of microscopic) dimensions. )

-

These ions are natural “laboratories” for studying
simple atomic systems under critical conditions.




Dirac equation: Hydrogen-like ions

Energy

— o Dirac equation is the relativistic wave equation
T for a %2-spin electron in the nuclear field:
n=2 2P;), R 5
——=. (—ihca-V+V({)+m.c?B )p@) = E(r)
Energy solutions .of _the Dirac equation for
Cpoint-like, infinitely heavy nucleus: )
1(a2)? 1(aZ)* 1 3
En] zmecz 1__u__( ) —_ _|_...
o 2 n2 2 n3 |., 1 4n
J+5
[ \
1512 Schrodinger energy Leading relativistic term
Bohr Dirac
levels fine structure §§'§c1%2 Techrische
(increased) P‘I-B 1,?;:3’;{?;:‘ g:::z;fl:iteig




Nuclear effects

Field shift
due to non-zero charge radii

(rey #0
V(r)

Is the electron-nucleus interaction just an
interaction of two point-like charges, one
of which (nucleus) is infinitely heavy?

Ze?

V(ir) = ———

r

J

\

Mass shift

due to finite nuclear mass

My

My # 0

Mme

J

Both corrections lead only to shift (not splitting!) of energy levels.

o,
Dv ) t“
' i3 %
4 s
= L2
WscH
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Nuclear recoll correction

Mass shift Mass shift has been discussed already in non-
due to finite nuclear mass | relativistic qguantum mechanics.

My Me In the non-relativistic approach, for single-
’ electron ions, we have just to introduce the
reduced mass:
meMy
m, —
VA
Accurate relativistic treatment is possible only
within the framework of quantum electrodynamics: aZ
AFE = AFEp, + AFy hivhd
¥ £
1 L -
ALy, = m(a“ﬁg—(D((_))-ﬁ—l—ﬁ-D(()))Ha),
AEy = /Oo dw (a| (D(w) - W’VC})G(LU+E ) (D) + 2
H oM | w + i0 @
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Finite nuclear size effect

p(M ] The potential induced by the nuclear charge distribution
\ p(r) is defined as:
.12 ’ 1
Vy(r) = 4naZ j dr'r'“p(r )r_ r~> = Max{r,r'}
>
0

And can be plugged in the Dirac equation

(—ihca -V +V(r) + mec?B )(r) = EY(r)

Solution of the Dirac equation gnj(T) szﬂj(f‘)

is most conveniently written in wnjuj (r) == ( A
r \i fni(r) Qr;, (¥
the bi-spinor form: faj () lJ“J( )

N——

We can re-write Dirac equation for the radial components!
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Finite nuclear size: Relativistic treatment

We need to choose proper charge distribution )
and plug it in Dirac equation: ‘
2
>0

df,i(r)  « (1) a
( e ;fnjm) = —(E = V(1) = mec®)gnj(1) 3

dgnj(r) «
( . ;gn,-m) = (E = V() + mec®) f(r)

V(r)

. J/

One can find the relativistic correction (Shabaev 1993)

(aZ)*

AE =~
10n

Z R\
|1+ (aZ)? ¢ (aZ)] (2 a_h/mc> mec?

Nuclear radii are ,,input data“ fo us! Uncertainty in
nuclear data leads to uncertainty of our calculations.
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QED effects

[ Self-energy ]

Electron can also emit and absorb a
virtual photon. We can see this process as
interaction of electron with ist own
electromagnetic field.

[Vacuum polarization]

We can for a short time to
“borrow” energy from vacuum
and to create electron-
positron pairs.

il
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One-loop self-energy correction

<:\ —x |+ X

AERE AEDE AESY

The zero- and first-order terms are both divergent. These two terms
should be renormalized together with the mass-counter term and are
calculated within the momentum representation.

The remaining higher-order term is convergent and usually is
calculated in the coordinate space by using a partial-wave
decomposition for the electron propagators.

K.T. Cheng, W.R. Johnson, and J. Sapirstein, PRA, 1993
V.A. Yerokhin and V.M. Shabaev, PRA, 1999
A. Artemyev et al., PRA, 2013
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One-loop vacuum-polarization correction

~) nO-x+mQ-><+

The one-loop vacuum polarization diagram can be computed in the
traditional approach by a decomposition of the vacuum loop electron
propagator in powers of the external potential. In this expansion, the
first (also called the Uehling) term contains either one interaction with
the full effective potential:

ViZ -1
2f2 2

2 >0
Utveni(r) = —aZ—a dr’ 47’ p(r fdz‘
1

37
0

lexp (=2ml|r —r'|t) — exp (—2m(r + r")t)]
dmrt

X




Two-loop QED corrections

, Two-loop self-energy yields the dominant theoretical uncertainty for ‘
the Lamb shift in hydrogen and light hydrogen-like ions.
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Uncertainty budget. Lamb shift

Example: 1s Lambshift in hydrogen-like uranium ,in eV

Dirac equation Nuclear physics

/\ /\ v
Point Finite External Beyond Nuclear
nucleus nuclear size field ext. field polarization
approx. approx.
l l ______________________ N oo l ____________
—132279.92 1 198.54(19)7 266.45 -1.26(33)" 046 -0.20(10)
463.99(39) eV

Picture from Vladimir Shabaev




Many-electron ions: Theory

In guantum theory, states of an atom are described
by their energy values and by wave-functions:

E,, Y(r{,ry 1], ..., TY)
The wave function is a function of 3N coordinates,

where N is the number of electrons! How to deal
with this huge dimension?

-

\

~
For heavy ions like Pb the starting point is the Dirac equation:
i‘i = 2(—ihcai . ﬁi + V(T'i) + meCz]/O) + 2 V(|ri o ]|)
L / i<j e-e interactions
Hamiltonians of individual electrons
J

How to describe e-e interactions?

£ .
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Relativistic corrections to e-e interaction

How do electrons interact with each other? Is it just
Coulomb interaction of two static charges?

The relativistic electron-electron interaction is not
anymore just Coulomb-type interaction 1/7y,. It contains
magnetic and retardation terms.

4 N\
Ve =VE+ VB
1 N COS WTq> ( 7 v )cos wri; — 1
= — - A, —m A a-
. 10— 1 Volaz - Vo w21,

12
@897
Breit interaction: ﬁ+ O
. Retardation + magnetic interaction )




Theory of many-electron systems

The Hamiltonian of many-electron atoms reads as:

H= Z(_ihcai Vi + V() + mec?y®) + z V(|r - r]-|)
i Y, i<j

Hamiltonians of individual electrons e-e interactions

We can easily construct the many-electron wavefunctions and energies if we
neglect the electron-electron interaction term:

P1 (rl) (,DN(Tl)
Y(ry,ry,rs, .., ry) = D dg : . :

P1 (.T'N) PN GN)

Where ¢, (r;) are solutions of individual Hamiltonians:

(—ihca; - V; + V(r) + mec?y®) @;(r;) = g9 (11)

o,
, gﬁﬁ 3t Technische
‘ 4 S i%;‘ Universitat
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Which potential to use here?



Theory of many-electron systems

LIJ(T1»T2»T3» ""rN) — Zs dS

We can construct the many-electron wavefunctions as:

‘P1€7"1) PN .(7”1)

901(.TN) PN GN)

Where @;(1;) are solutions of individual Hamiltonians:

(—ihea; - Uy + Vopp(ry) + moc®y®) (1) = &0i(1)

(Just Coulomb eIectron-\ : It is usually convenient to include a part of the )
nucleus interaction? e-e interaction already in the one-electron
- 702 orbitals by introducing a screening potential
Ve ri) = ——
Y ’ VDFU‘])WH):Zfdfﬂ'ffffz)ri
Too rough! We need to ¢ .
account for e-e interactions X Welr) ¥(ry) — Ye(r) ¥ (ra)]
. J U y,

But... We need to account for the rest of

e-e interactions!

Technische
Universitit
Braunschweig

PIB

WLy
AR
o, %

?.‘i )
« A7 z
v 4 % >
&
Ty, |vt4Y
NscH




Configuration interaction method

We can use CSF as basis functions to construct
more accurate wavefunction

(pl(rl) ‘PN(T'1)
l'p(rp rp,rs;, ...,TN) — Zr o ZS dS . . :

o1(rn) . on(rw) '
I
Summation over configurations State of particular symmetry |y, J* M)

u/ T4

In the ClI method, the energy levels of the system and the mixing
coefficients c, are obtained by solving the secular equation

det{(Vr]PM| Zi ﬁi + Zi<j V(|ri B rj|) |Vs]PM> o Er5rs} =0

In present calculations the V(|rl- — rj|) usually accounts for (frequency-

dependent) Breit interaction corrections.
5‘%‘?&‘% TetihnisFI'_n_e
:ﬁ PI-B 38 b,




Configuration interaction method

TABLE 1. Contributions to the Coulomb energy (in a.u.) for the
ls252p4P|‘:,2 state of lithium-like iron (Z = 26), for the infinitely
heavy nucleus. The values listed after the first row are the increments
obtained on successively adding configurations while increasing the
maximal value of the orbital quantum number L, and enlarging the
size of the one-electron basis. Label SD denotes single and double
excitations, T denotes the triple excitations, n, is the number of
B splines in the one-electron basis set, and € is the energy cutoff

parameter; see text for the details.

Lmax

§E

SD,n, =30,e =4

-~ R D =

=8
SD,ﬂa=4[},E=g

3

S

>4
SD,n, =50,¢e = 16

3
>4

Final result

—497.762 342 48

—0.008 719 04
—0.000 662 72
—0.000 124 13
—0.000 034 81
—0.000 012 45
—0.000 005 18
—0.000 005 55

—0.000 173 23
—0.000 001 34
—0.000 001 13
—0.000 001 07

—0.000 006 46
—0.000 000 43

—0.000 000 22
—0.000 000 77
—0.000 000 09
—0.000 000 04

—497.772 091(7)

V. A. Yerokhin and A. Surzhykov, Phys. Rev. A 86 (2012) 042507

Y(ry,r,rs;, ., ry)

01(r) . @n(ry)
— Zr Cr Zs ds : 3
o1(ry) ... on(ry)

The summation over configurations can
not be infinite. The finite size of the
basis is one of the sources of theoretical
uncertainty.

One can control the convergence by
enhancing the basis in a clear way.
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Transition energies in Pb’?* ions

Z Present Sapirstein and Cheng[5] Kozhedub ef al. [4] Yerokhin et al. [3]
2pa e — 2s:

18 35.03759 (73) 35.037 (1) 35.0378 (6)

20 41.02497 (78) 41.024 (1) 41.0251(7)

21 44.30923 (84) 44.308 (1) 44,3092 (7)

26 64.5646 (12) 64.562 (1) 64.5650 (9) 64.5647 (26)
28 T4.9586 (14) 74.955 (1) T4.9586 (11) 74.9585 (28)
30 87.0274(15) 87.023 (1) 87.0282(12)

32 101.0489 (17) 101.04

36 136. 1808 (22) 136.17 136, 1818 (17)

40 183.1095 (27) 183.10 183.1106 (23)

42 2119871 (29)(1) 211.98

47 303.6714 (38)(2) 303.67 303.6709 (36) 303.6704 (52)
50 374.6774 (46)(2) 374.67 AT4.6757 (46)

52 129.9055 (50)(3) 420,88 429.904 (5)

54 492.2258 (58)(8) 49221 492.225 (6)

60 729.2038 (84)(8) 729.19(1) 729.204 (6)

64 937.376 (11)(2) 937.39 (1)

66 1059.503 (13)(11) 1059.56 (1)

70 1345.526 (17)(6) 1345.57(2)

74 1696.129 (24)(3) 1696.10(3)

79 2244.036 (36)(10) 2244.00(3)

80 2370.446 (39)(9) 2370.38 (4)

82 2642.220(46)(4) 2642.17(4)

83 2788.127 (52)(10) 2788.04 (5)

a0 AD25.410 (96)(96) A025.25(7)

92 4459.580 (94)(31) 4459.46 (8)

V. A. Yerokhin and A. Surzhykov, Journal of Physical and Chemical Reference Data 47 (2018) 023105
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Transition energies in Pb’?* ions

The knowledge about 2s-2p, ,, (and 2s-2p,,) transition energies is crucial
for the Gamma Factory PoP experiment.

A number of calculations have been performed since 1990 (table from
Jacek Bieron’s contribution to YR).

Table 1: Transition energies of the 25-2py g and 2s—2pg e lines in the Pb Li-like

1on

25-2p1/2 2s-2p3/2 vear  method reference

231.374 2642.297 1990 MCDF VP SE Indelicato and Desclaux (1990)

230.817 2641.980 1991 MCDF VP SE Kim et al. (1991)

230.698 2641.989 1995 RCT QED NucPol  Chen ef al. (1995)

231.16 2642.39 1996 3-rd order MBPT  Johnson et al. (1996)

230.68 2010 RCI QED NucPol  Kozhedub et al. (2010)

230.76(4) 2642.17(4) 2011 S-m. 2-1. NucPol  Sapirstein and Cheng (2011)

230.823(47)(4)  2642.220(46)(4) 2018 RCI QED NucPol  Yerokhin and Surzhvkov (2018)

230.80(5) 2642.20(5) 2019 S-m. 2-1. NucPol  Sapirstein and Cheng (2019)
2642.26(10) 2008 EBIT Zhang et al. (2008)
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Transition probabilities in Pb’?* ions

2p1yp — 25 2p3sp — 25
Z E(au) A(s™h) E(au) A(s™1
52 4.1825  4.928[9] 15.799  2.852[11]
53 4.2934  5.104[9] 16.911  3.354[11]
54 4.4055  5.275[9] 18.090  3.941[11]
55 45200  5.460[9] 19.341  4.629[11]
56  4.6361  5.640[9] 20.667  5.432[11]
57 4.7543  5.834[9] 22.072  6.361[11]
58 4.8745  6.026[9] 23.560  7.444[11]
59 4.9968  6.233[9] 25,134  8.708[11]
60 51212  6.438[9] 26.799  1.018[12]
61 52476  6.660[0] 28.559  1.186[12]
62 5.3758  6.879[9] 30.417  1.383[12]
63 5.5072  7.123[9] 32,380  1.610[12]
64 5.6404  7.340[9] 34451  1.873[12]
65 5.7766  7.606[9] 36.636  2.176[12]
66 5.9159  7.850[9] 38.941  2.322[12)
67  6.0544  8.107[9] 41.366  2.922[12)
68 6.2008  8.384[9] 43.926  3.388[12]
69 6.3458  8.644[9] 46.618  3.920[12]
70 6.4941  8.937[9] 49.452  4.526[12]
71 6.6461  9.236[9] 52.435  5.216[12]
72 6.7996  9.529]9] 55.571  6.015[12]
73 6.9573  9.863[9] 58.870  6.940[12)
74 7.1155  1.015[10] 62.335  7.972[12]
75 7.2797  1.050[10] 65.979  9.167[12]
76 7.4451  1.083[10] 69.806  1.052[13]
77 7.6132  1.121[10] 73.824  1.209[13]
78 7.7845  1.154[10] 78.043  1.383[13]
79 7.9586  1.193[10] 82.471  1.583[13]
80 8.1335  1.225[10] 87.116  1.815([13]
81 8.3137  1.263[10] 91.993  2.072[13]
82 8.4950  1.306[10] 97.106  2.368[13]

A(2py/, > 2s)
A(2p3/, - 2s)

1.306 X 1010 s~
2.368 x 1013 s~

W. R. Johnson, K. T. Cheng, and J. Sapirstein,

At. Data Nucl. Data Tables 64 (1996) 279.

\.

g
Ay(2p1/2 = 25) = 1.50 x 1010 s~
A(2p1/2 > 25) = 1.37x 1010 s~

Ay(2p3/, > 25) = 2.46 X 1013 s~
A(2p3/, > 2s) = 245 x 1013 s~

, 8 "% Technische

‘ 4 3 %» Universitat
‘ = ¥ Braunschweig
scH




